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THE DISCRETE GALERKIN METHOD FOR 
NONLINEAR INTEGRAL EQUATIONS (*) 

KENDALL ATKINSON AND FLORIAN POTRÀ 

ABSTRACT. Let K be a completely continuous nonlinear 
integral operator, and consider solving x = K(x) by Galerkin's 
method. This can be written as xn = PnK(xn),Pn an or­
thogonal projection; the iterated Galerkin solution is defined 
by xn = K(xn). We give a general framework and error anal­
ysis for the numerical method that results from replacing all 
integrals in Galerkin's method with numerical integrals. A 
special high order formula is given for integral equations aris­
ing from solving nonlinear two-point boundary value prob­
lems. 

1. Introduction. Consider the problem of solving the nonlinear 
Urysohn integral equation 

(1.1) x(i)= I K{t,s,x(s))ds, ted. 
Jn 

Denoting this equation by 

(1.2) x = K(x), 

we assume that K is a completely continuous operator from an open 
set D C L°°(Q) into C(fi), with Q a set in R m , some m > 1. We 
will analyze the use of the discretized Galerkin method to solve for the 
fixed points x* of K. 

Let Sh denote a finite dimensional approximating subspace of Loc(Q)i 

with h the discretization parameter. The Galerkin method for solving 
(1.2) is to find the element Xh € Sh for which 

(1.3) (xhiiP) = (K(xh)^), all ^ G Sh. 

This is a well-analyzed method with a large literature; for example, 
see Krasnoselskii (1964), Krasnoselskii-Vainikko, et al. (1972), and 
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Krasnoselskii-Zabreiko (1984). Recently, we have given a more detailed 
analysis of the Galerkin method, in [6], and some of those results will 
be referred to in the following. 

Assuming Sh is also a subspace of L2(0) , let Ph be the orthogonal 
projection of L2(Q) onto Sh- Then (1.3) can be rewritten as 

(1.4) xh = PhK(xh), xheL™(n). 

After obtaining the approximation Xh to the desired solution x*, define 

(1.5) xh = K(xh), 

which is called the iterated Galerkin solution. For the approximating 
properties of S^, we assume 

(1.6) PhX —• x, as ft —• 0, 

for all x e C{Q). 

Assuming [J — AT'(x*)]_1 exists and is bounded, we can show the 
existence of Xh for all sufficiently small ft, along with its convergence 
to x*. In particular, it can be shown that 

(1-7) | | a f ' - a ! Ä | | < c | | » ' - P f c a ! | | 

(1.8) 
ih | |< c || x* -Phx || 

. M a x f l l s ' - i V t I U n J - P f c l / C V ) * 

where c is a generic constant. This shows the superconvergence of Xh 
to x*, as compared to that of Xh to x*. More details on the resulting 
speed of convergence are given in [6], 

The numerical scheme (1.3) is implemented by letting if) run through a 
basis of Sh- The resulting nonlinear system will involve many integrals, 
both inner products and the integral operator K. When these are 
approximated numerically, a new numerical method results. We will 
analyze that method, to see when the results (1.7)-(1.8) are still valid 
for the solutions obtained from the discretized nonlinear system. 

In the next section we will present an abstract framework within 
which the discrete Galerkin methods can be analyzed. §3 contains some 
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general error estimates for integral equations of the form (1.1), which 
can be used to obtain the actual rates of convergence of the discrete 
Galerkin and the discrete iterated Galerkin methods for a large class of 
problems. In §4 we obtain more specific results for the case where f2 is 
a compact one-dimensional interval and the kernel K(t, s, u) belongs to 
the class foi®, l) defined in [6]. Finally in §5, we give some numerical 
examples which illustrate the theory. 

We note that the results of this paper generalize some previous re­
sults obtained in the linear case ([4] and [7]). Although the present 
paper is self-contained, we will often refer for proofs and details to the 
above-mentioned works. 

2. Discrete inner products and projections. As we have 
mentioned in the introduction, the implementation of the Galerkin 
method requires the computation of many integrals connected both 
with the inner product L2(Q) and with the integral operator. The 
numerical integration rules used to this effect may be different. In this 
section we discuss only the problems related to the computation of 
the inner product and the corresponding projection operator. For each 
discretization parameter h > 0 we introduce a numerical quadrature 
formula of the form 

P Rh 

(2.1) / f(t)da{t) = Y,w^f{t3^ 

Here / belongs to a certain space of piecewise continuous functions 
Ch C L°°(Q) that is supposed to contain both C(fi) and Sh- In what 
follows, the subscript h will usually be dropped from Ä ^ w ^ , ^ , 
although implicitly understood. Applying (2.1) to the inner product of 
L2(Q), we have a discrete inner product 

R 

(2.2) (/,^:=E^/fe)^)-
3 = 1 

This discrete inner product is an example of an indefinite inner product. 
For an abstract theory of indefinite inner product spaces, the interested 
reader may consult [8]. However, all properties of (2.2) needed for our 
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purposes are proved directly in [4]. We will use the notation introduce 
in the latter work. 

Let {<pi, <£>2> • • • ? <PNh} be a basis of Sh and let us consider the N xR 
matrix 

(2.3) $ = [wit;)], 1 < i < N, 1 < j < R. 

For all h > 0, assume that 

[HI] R > N 

[H2] Rank ($) = N 

[H3] wj>0, l<j<R 

[H4] <p G Sh and ^ ^ 0 => (p, <p)/l > 0. 

_ Under the above hypotheses there is a unique linear operator Qh : 
Cfc —• Sh defined by 

(2.4) (Qhz, <p)h = (z, <p)h, all (p e Sh. 

It is easily seen that the linear operator Qh is a projection (i.e., 
Q\ —Qh) a n d that it satisfies 

(2.5) (Qhx, y)h = (x, QhV)h, all x, y € C&. 

If fi = iV, then Q/jX is simply the element of S h that interpolates x 
at the nodes {tj}. In order to obtain a representation for Qh in the 
general case, we need some additional notation. Introduce the diagonal 
matrix 

(2.6) W = diag[wi , . . . ,wÄ ] . 

and the vector function <p_ : Q —• R ^ 

(2.7) ^ ) = biW, . . . ,^nW] T . 
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Also we will associate with any function x ECh the vector 

(2.8) x = [x{t1),...,x(tR)]T. 

Then it is straightforward to prove that 

(2.9) (Qhx)(t) = (pitfl^W^y^W]^ 

for any function x ECh and alH G fi. 

In the Introduction we have considered the orthogonal projection 
Ph : L2(fi) —• Sh- From now on, it will be called the "continuous 
projection" onto Sh, in contrast to the "discrete projection" Qh> We 
assume that 

[H5] || Phx - x ||oo-> 0, as h - • 0, all x G C(fi), 

[H6] sup || QÄ 11«, < oo. 
h>0 

The above assumptions ensure the fact that 

(2.10) | | « - Q Ä x | | o o < c | | a ; - P Ä a ; | | o o , xeC(Q). 

For a proof and other details, see [4]. The same reference contains 
some sufficient conditions under which [H1]-[H6] are satisfied, as well 
as some examples satisfying those conditions. In the remainder of this 
section we will give one such example which then is used in §4. 

Single variable results. Let fi = [a, 6] be a finite interval and let A^n^ 
be a partition of this interval of the form 

(2.11) a = 4n) < r[n) < < T^l = b. 

Let us define 

ft(n) = T{n) _ ^ n ) ^ A ( n ) = m ^ fc(n) ? 

uin) 
(2.12) <?(*)= max " 

l<i,j<mn fi (n)' 
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and suppose that the sequence of partitions {A^n^} is quasi-uniform in 
the sense that 

(2.13) lim m n = oo, sup</n) < oo. 

Under this assumption we have 

(2.14) lim fc(n) = 0. 
n—•oo 

In what follows we will measure the convergence rates of different 
approximation schemes in terms of the parameter h = hSn\ For 
notational convenience we will drop the index n and we will write 
h —• 0 instead of n —» oo. The elements of the partition A = A^n^ 
will be denoted simply 

(2 15) I A = = t7"0'71'"-'7™}' Ti = r i n ) ' A* = fc-i»7"»] 
\hi = h\n\m = ron, q = <?W, h = h^ 

We will denote C A the space of all piecewise continuous functions 
g : [a, 6] —• R such that g |A,-€ C^A»), i = 1,2, . . . , m . Clearly 
C A = C A *S a closed subspace of L°°[a, b] which contains the space of 
all continuous functions defined on [a, 6]. Let r be a nonnegative integer 
and let Pr^ denote the subspace of CA composed of all functions that 
are polynomials of degree < r on each of the subintervals A». 

We now put the above into the general framework considered af the 
beginning of this section. Let 

(2.16) H = [a,6], Sh = />r,A, Ch = CA. 

We have N = m(r + 1) = dimS^. The continuous projection Ph • 
L*[a,b]-+Sh, 

(2.17) {Phf,*>) = U,v), all tp G S*. 

In our case this means that for any polynomial xß of degree < r, we 
must have 

(2.18) (Phf,fl>)i = (f,1>)i, t = l , 2 , . . . , m 
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where (•, •) denotes the inner product in L2(A^), i.e., (u,v)i = 
IT%- u(t)v{t)dt. ^n 0I"der to define a discrete projection Qh ' Ch —• S/i, 
we first construct a numerical integration formula of the form 

(2.19) f f(t)dt = J2^jf(h)' 
Ja j=l 

We start with a numerical quadrature rule on [0,1], 

f1 P 

/ g(t)dt = Y,' (2.20) / g(t)dt = J2^j9(h)' 
3-

It is assumed to have the degree of precision d, such that 

(2.21) d > p - 1 > r, 

and positive weights 

(2.22) WjX), j = l , 2 , . . . , p . 

Then using the partition A, we define a numerical integration formula 
on [a, b] by 

pb m p 

(2.23) / f(t)dt = YlhiYl&i/(r»--i + fct*i)-

This can be identified with (2.19) by setting 

(2.24) R = rap, ti^.ijp+y = / i ^ - , t(i-i)p+j = n-t + Ä*2j 

for i = l , . . . , r a and j — l , . . . , p . Following [7] we consider the 
following sets of integers, 

(2.25) Ji = {(i-l)p + j] J = l , . - . , p } , t = l , . . . , m 

which allow us to rewrite (2.23) as 

mat = £ E wi/(*i).-
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With this numerical integration method, we define a discrete scalar 
product, as in (2.2), and then a discrete projection Qh : Ch —• Sh, as 
in (2.4). As in [7], we can state 

PROPOSITION 2.1. Let Ph,(-, -)h and Qh be defined as above, and 
suppose that (2.13), (2.21), (2.22) hold. Then [H1]-[H6] are satisfied for 
any basis <pi,..., <PN, N = mp, of Sh = Pr,A • 

PROPOSITION 2.2. Suppose that the hypothesis of Proposition 2.1 is 
satisfied with p > r + 1. Let z G C iy~1(A î) be given such that z^~^ is 
absolutely continuous on A{, i = 1 , . . . , m andzM €L°°[a,b}. Then 

jeJi V" 

where 
fi = min{i/, r + 1}. 

We note that the conclusion of the above proposition is trivially verified 
in case p = r + 1 when z(tj) = (Qhz)(tj)i j = 1, • • •, R-

PROPOSITION 2.3. Under the hypothesis of Proposition 2.1, 

\\z-QhZ\\oo=0{h^). 

3. Nonlinear discrete Galerkin methods. Let us consider 
again the nonlinear integral equation (1.1). Suppose we have chosen 
a sequence of finite dimensional spaces {Sh} and some numerical 
quadrature formulas of the form (2.1) such that conditions [H1]-[H6] 
are satisfied. The standard way of constructing a discrete nonlinear 
operator Kh to approximate the continuous nonlinear operator K from 
(1.1) is to use the same numerical integration formula (2.1) and define 

771 

(3.1) [<h{x)){t) = ^wiK{t,ti,x(tj)), t € n . 
t = i 
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In some cases it is advantageous to use a quadrature formula different 
from (2.1) in constructing the discrete operator K. Such a formula will 
be considered in §4. 

Once the discrete inner product (•, -)h and the discrete operator Kh 
have been defined, then the corresponding discrete Galerkin approxi­
mation to the solution of (1.1) is an element Zh E S h of the form 

N 

3 = 1 

The set {<£>i,..., (pn} is a basis of S^, and the coefficients £ i , . . . , fjv 
are obtained solving the nonlinear system 

N N 

(3-2) J2 &to' Wh = (**GC &^i)' ^h' 
j=l j=l 

The iterated discrete Galerkin solution is 

N 

(3.3) **(0 = K*Ete)W, ^ n -
j=i 

LEMMA 3.1. The discrete Galerkin method (3.2) is equivalent to 
solving 

(3.4) Zh = QhKh{zh) 

while the iterated Galerkin solution (3.3) satisfies 

(3.5) zh = Kh(Qhzh) 

where Qh is the discrete projection induced by the discrete inner prod­
uct (•, -)h as described in §2. 

PROOF. Equation (3.4) implies (1) Zh € Range (Qh) — SA, and (2) Zh 
satisfies 

(zh,ip)h = (Kh(zh),il))h, all il) e Sh. 
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Letting ij) = <pi,... ,<Piv, we obtain (3.2). The argument is easily 
reversed as well. 

From (3.3) for zhi 

(3.6) zh = Kh(zh) 

(3.7) QhZh = QhKh{zh) = zh. 

Substituting into (3.6), we obtain (3.5). D 

The analysis of (3.5) and Zh will follow closely the framework of Atkin­
son (1973), which gave a general theory for collectively compact fam­
ilies of approximating operators. From this, we assume the following 
hypotheses for {Kh}-

[Al] K and Kh, h > 0, are completely continuous nonlinear operators 
from the open set D C L°°(n) into C(Q). [In the case that Sh C C(fi), 
the domain space L°°(Q) can be replaced by C(Q).] 

[A2] {Kh | h > 0} is a collectively compact family on D, i.e., for every 
bounded set 5 c D , the closure of 

U <h(B) 
h>0 

is compact in C(O) 

[A3] Kh is pointwise convergent to K on D, i.e., for all i G D , 

Kh(x) - • K(x) as ft->0. 

[A4] At each x E D, {Kh} is an equicontinuous family. 

Examples of such families {Kh} are given in Atkinson (1973). For 
K(t,s,u) continuous, the definition (3.1) satisfies [A1]-[A4]. For a 
satisfactory definition of point evaluation for functions in L°°(fi), see 
[5, §2]. 

We begin the analysis of Zh by examining the operators 

(3.8) KhQh : x - Kh{Qhx), xeb 


