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ABSTRACT

We consider solving integral equations on a piecewise smooth surface S in
R? with a smooth kernel using collocation with isoparametric piecewise polynomial
interpolation. Symbolically, we write the integral equation as (A — K)f = ¢g. We
approximate both the surface S and the unknown solution f by using such
interpolation.

P, 1is the bounded projection such that P, f is the piecewise quadratic

interpolant of f. For the collocation method,

Hf - anoo S B Hf - Pnf”oo

for an appropriate B and all sufficiently large n. We can define K,f by using
piecewise quadratic interpolation of f and the surface S; and by the theory of the
Nystrém method, we obtain a solution f,,, (A — ICn)fn =g.

The result of the two methods coincides at the node points, and for the

Nystrom method,
1 = Falloe < BIKS = Kuflloo-

We have proved that ||[Kf — K, f|le = 0(54) where § is the mesh size of the
triangulation, and this is faster than ||f — P, f||s which is 0(53). The techniques

we use generalize to higher degree interpolation of f and S.



Next we consider the boundary integral equation for the Laplace’s equation in

R?. For example, the interior Dirichlet problem is to find u such that

Au(A)=0 AeD;  wu(P)=f(P), PeS.

The density function p is determined from the integral equation

0 [ 1
vo | P—Q

2mp(P) + [ p(Q) dSo + [2n = Q(P))(P) = f(P),  PeS,

where vg denotes the interior unit normal to S at @, and Q(P) is the inner
solid angle of S at P € 5. We have investigated theoretically the effect of the
numerical integration errors and surface approximation errors that occur in the
evaluation of single layer integrals and Q(P). The same procedures will be extended

in future work to the numerical solution of the full integral equation by collocation.
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CHAPTER 1

INTRODUCTION

Consider the numerical solution of integral equations of the second kind on
piecewise smooth surfaces in R?. Many mathematical problems in physics and
engineering can be solved by means of integral equations. For instance, problems in
fluid mechanics, hydraulics, geomechanics, and plate bending have been studied
through the use of boundary integral equations.

In general, most work has been for the two-dimensional problem; see
Brebbia[13, 14, 15, 16, 17]. All aspects of the three-dimensional problem are less
developed than for the two-dimensional problem. Several methods have been used
to study the three-dimensional problem (see Atkinson[8]), and most numerical
methods can be considered to be of collocation or Galerkin type. Atkinson[2, 6, 7]
and Wendland[33, 36] used the collocation method, and Costabel and Stephan|[22],
Ervin and Stephan[23, 24], Giroire and Nedelec[25], and Wendland[35] studied
Galerkin’s method. Also, Nedelec[29] used a variational formulation and Galerkin’s
method to study a special case of the first-kind equation. When solving the
boundary integral equations, one has to solve a linear system with a dense matrix.
Atkinson[3] resolves this problem by using an iterative method; but work is only

beginning on the development of iterative methods.



For the collocation method, it is common to use polynomials of degree k to
approximate surfaces and polynomials of degree d to approximate functions.
Wendland[33] states that for smooth boundaries, the error of the numerical solution
is of order n, where n is the minimum of d+1 and k+1. Most practical work has used
piecewise constant collocation with piecewise linear approximation of the surface.

In this thesis, we investigate numerical methods for the solution of Fredholm
integral equations of the second kind on surfaces in R?. In Chapter II, we give
terminology, notation, and results that are required in defining and solving problems
that are presented in the succeeding chapters. Chapter III studies the collocation
method for solving the integral equations on a piecewise smooth surface with a
smooth kernel function. We also examine the error at nodal points for the
collocation method. Following that, we discuss the computation of the single layer
integral and the solid angle at points on the surface. In Chapter IV, we introduce
the discrete collocation method for solving the integral equations, and we analyze
the rate of convergence of the method. Finally, we evaluate the single layer integral
and the solid angle numerically, and give an error analysis.

Because of the heavy computation involved in this thesis, we used the symbolic
mathematics program Maple to aid in studying the rate of convergence of the
numerical method. This thesis only presents the work of using polynomials of
degree two to approximate both of the surface and the solution. We also used Maple

to do error analysis for other degrees of interpolation of the solution and the surface,



and the results are consistent with the kind of results we have obtained for the
quadratic case.
We give a preliminary result here, and rigorous definitions and proofs will be

given in Chapter III and IV. Consider the integral equation

AP = [ KP.Q)[(Q)dSg = g(P),  PES

where S is a piecewise smooth surface in R?®. Using collocation with isoparametric
piecewise quadratic interpolation for both surface S and the unknown function f,
we obtain that the error of the numerical solution at node points is 0(54), where &
is the mesh size of the triangulation. For generalization involving other degrees of

polynomial interpolation, see Sections 3.7 and 4.7.



CHAPTER II

PRELIMINARIES

2.1 Introduction

This chapter gives terminology, notation, and results that are required in
defining and solving problems that are presented in the succeeding chapters. The
presentation is divided into four sections. The first section states the boundary
integral equation (BIE) method for Laplace’s equation in R, with two specific

problems that motivate our studies. These are

1. The interior Dirichlet problem, using an indirect BIE formulation.

2. The exterior Neumann problem, using a direct BIE formulation.

The second section gives the definitions, notation and assumptions on the
triangulation of the surface S. The third section describes how to interpolate a
given function. The last section of this chapter gives general results that are

associated with the collocation method and the Nystrom method.

2.2 The two BIE problems

Two problems for Laplace’s equation and associated boundary integral

equations were studied.



P1 The interior Dirichlet problem. Let D be a bounded, open, simply
connected region in R?, and let its boundary S be piecewise smooth. The

problem is to find u € C(D)N C*(D) such that

u(P) = f(P), Pe€S.

We assume u can be represented as a double layer potential:

M@zép@wiLAiQdd%, AeD. (2.1)

The density function p is determined from the integral equation

27p(P) + /S/)(Q)ai? [| 2 i 9 |] dSg + 27 — Q(P)] p(P) = f(P), hspace3exP € §2.2)

in which vy denotes the unit normal to S at @ (if it exists), pointing into D.
Q(P) is the inner solid angle of S at P € S5; and we assume 0 < Q(P) < 4w
(see Mikhlin[30, pp. 349-357]).

Symbolically, we write the integral equation (2.2) as

27 +K)p = .

Under suitable additional assumptions on 5,

K:C(S) — O(S5)

is a bounded linear operator; see Wendland[36].



P2 The exterior Neumann problem. Let D and S be the same as for P1,
and let D, = R?\ D, the region exterior to D and S. The problem is to find

u e C(D.)NC*D,.) such that

al/p

u(P)=0( P ™), |[Vu(P)|=0( P[7) as |P|— oo.

It can be shown that such a function u exists (under suitable assumption on S

and f) and that Green’s third identity can be applied to wu:

1

dru(A) :/Sf(Q)mdSQ —/S u(Q)aiQ L AiQ |] dSo, A€ D..(23)

To find u on S, we solve the integral equation

2ru( P) +/S u(Q)ala/Q L - ! J |] dSo + 27 — Q(P)] u(P)

1

Then (2.3) gives u on D..
The integral equations (2.2) and (2.4) are different only in their right hand

inhomogeneous terms.



2.3 The triangulation of S

In this section, we describe the triangulation of the surface S and discuss its

refinement to a finer mesh. As discussed in Atkinson[6], we assume

where each S; is a closed, “smooth” surface in R?. The only possible intersection
of a pair S; and S; is to be along a common portion of the edges of these two
sub-surfaces. We also assume each S; has a parametrization in a region of R?,
with the parametrization six times continuously differentiable. In this case, we say
S is piecewise smooth. By a smooth surface, we mean that for each point P € 5,
there is a neighborhood on S of P, with the neighborhood having a local six times
continuously differentiable parametrization in R? with its Jacobian determinant
not vanishing.

The surface S of (2.5) is then divided into a triangular mesh

(Agn | 1<K <N} (2.6)

for a sequence N = Ny, Ny, .... Each §; is to be broken apart into a set of
nonoverlapping triangular shaped elements A n,’s. In referring to the element
A N, the reference to N will be omitted, but understood implicitly. Define the

mesh size of (2.6) by

by = max diam(ANy
N T SKEN (Ax).

diam(Ok) = mex |p—q].



Let o denote the unit simplex in the st — plane
o= {(5t) [0S, ts b 1< 1],

Let pq,...,pe denote the three vertices and three midpoints of the sides of o,

numbered according to Figure 2.1.

P2

P4 P5

>
-

P P6 P3

Figure 2.1: The unit simplex

One way of obtaining the triangulation (2.6) and the mappings from o to
each Ak is by means of a parametric representation for the region S; of (2.5).

Assume that for each 5;, there is a mapping

- 141
J onto

FjiR S]‘, 1§]§J7 (27)

where R; is a polygonal domain in the plane and F; € C%(R;). Then



triangulations of [; map onto triangulations of S; . Since the R;’s are polygonal
domains and can be written as a union of triangles, without loss of generality, we
assume that the R;’s are triangles in this thesis. A paraboloid with top is a good
example of an S for the assumption (2.7); but a circular cone is an example of an
S for which the assumption (2.7) is not valid, because of the discontinuity of the
gradient at the vertex. Let /A\K be an element in the triangulation of E;, and let

U1, U2, and ©3 be its vertices. Define
m(s,t) = Fj(uvy + tog + sv3), u=1-—s—1, (s,t) €0 (2.8)

and let Ak be the image of /A\K under this mapping. Most surfaces S of
interest can be decomposed as in (2.5), with each S; representable as in (2.7).
Also, the surface S could be smooth, and we would often still want to decompose
it as in (2.5).

The mapping (2.8) is used in defining interpolation and numerical integration

on Ag. Introduce the node points for Agx by
vik =mr(p;) j=1,....6

Collectively, the node points of the triangulation {Ax} will be denoted by
{v; |1 <1< My}, with My the number of distinct node points.

The sequence of triangulations (2.6) will usually be obtained by successive
refinements. The refinement process is based on connecting the midpoints of the

sides of a given element A,. Given {0y,...,06}, connect 0y4,0s,06 by lines
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Figure 2.2: Refinement

parallel to the sides of EK, as in Figure 2.2, producing four new triangular
elements. The new elements all are congruent, and they are similar to EK. More
importantly, any symmetric pair of triangles, as shown in Figure 2.3,
have the following property:

U1 — Uy = — (01 — 04)

Uy — U3 = — (01 — ¥s)

The assumptions on S and the node points that we made in this section are
for the use of quadratic interpolation. There are other degrees of interpolation that
can be used, and the assumptions on the smoothness of S and the definition of the
nodes will change appropriately. But the general process of refinement will still
remain the same, and we still subdivide Afg’s in the same way as we do for the

quadratic interpolation.



Figure 2.3: A Symmetric pair of triangles

2.4 Interpolation

To define interpolation, introduce the basis functions for quadratic

interpolation on o. Letting v = 1 — (s + ), define

Lhis,t) =uRu—1), Ls,t)=1t2t—1), I3(s,t) =s(2s —1),
l4(s,1) = 4tu, Is(s,1) = 4st, le(s,1) = 4su.

Define a corresponding set of basis functions {l; x(¢)} on Ak :
l]‘7]((mK(S,t)) == l]‘(S,t), 1 S] S 6, 1 S K <N.

Given a function f € C(S5), define

11

6
Prf(a) =2 foix)lin(a), g€ D, (2.9)
7=1
for K =1,...,N. This is called the piecewise quadratic isoparametric function

interpolating f on the nodes of the mesh {Ag} for S.
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Other kinds of interpolation can be used, such as piecewise cubic isoparametric
function interpolation to f, and in this case, we need ten node points, p1,..., p1o,

and ten basis functions for this interpolation on o.

Lemma 2.1 Let {Ag} be a sequence of triangulations for S. Then Py, as in

(2.10), defines a bounded projection operator on C'(S) with
[Pl =5/3.
For any f € C(9),

5
1f = Pnfllee < gw(f, oN) (2.10)
with w the modulus of continuity function.

Proof: See Atkinson[6]. n
To improve the order of convergence in (2.10), we use the Taylor error

formula. Let ¢ € C*(c). Then

gls.1) = To(s,t) = 5 / 3g<x )] lwg)=eio) 6
with Ty(s,t) the degree two Taylor polynomial for ¢(s,t) about (0,0).

Lemma 2.2 Let the triangulation {Ag n} be defined by using the mapping (2.8)
and a triangulation {/A\KN} of the polygonal regions R; in ( 2.7). Then for
fe (),

1 =P flloe < b3
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Sy is the mesh size of the triangulation {EKN}. The constant ¢ depends on f

and Fj, but not on N or the triangulation.

Proof: See Atkinson[6]. n

2.5 Some general results

In this section we state some of the important results used in this paper. First
we describe the collocation method which will be applied to solve problems on a
surface S in R?. This material is taken from Atkinson [9, pp. 5H4-62].

Let K be a compact operator on the Banach space X, and consider solving

the Fredholm integral equation of the second kind

For our work, X 1is the space of continuous functions on the piecewise smooth

surface S, and the integral equation is

M(P) = [ HP.Q)J(Q)dQ = g(P),  PeS. (211)

where ¢g € C(S) and k(P,Q) is continuous on S x S. Let {Q1,...,Q,} be a set
of distinct collocation nodes, and let ¢1(P),...,¢,(P) be continuous functions on

S with

det[¢:(Q;)] # 0.

Define the collocation method as following: for

Fu(P) = Y a6 (P), (2.12)
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define the residual as
ra(P) = Afu(P) = K fo(P) — g(P).
Determine aq,...,a, by making
ra(Q) =0 i=12...,n; (2.13)

and therefore, hopefully, making r,(P) also small everywhere else in S. The

resulting linear system is

> a6i(Q) — [ @ @)6(Q0Q) = (@) =12,

In Atkinson[9, pp. 50-62], it is shown that (2.12) and (2.13) define a
projection method. Let X be a Banach space, X,, a finite dimensional subspace,
and P, a bounded projection operator from X onto X,. The projection method

for solving (A — K)f =g is to solve
AN=P.K)f =Pug .

Theorem 2.3 Let X be a Banach space, let K be a bounded operator from X
into X, and let P, be a bounded projection operator from X onto the subspace

X,.. Assume that (A —K)™! exists on X and that

1
K-PK|l<—---—.
| I < To=x

Then (A —P,K)™! existson X with

I =K1
(A= K)HHIKE =PaK

o e
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For ()\ — IC)f =g and ()\ - ,Pnlc)fn = ,Pngv

| A 1
1f = Pufll < IIf = Fall S TAT IO =Pu)N LS = Pof]] -
A =P.K]l
From this theorem, we notice that the rate of convergence of f, to f is exactly

the same as the interpolation error f — P, f.

We describe now the Nystrom method, following Atkinson[9, pp. 88-93]. Let

[I(PUP ~ Y f(Qi)  FECS), w1 (2.14)

denote a numerical method which converges for all continuous functions f on S,
and assume that all the node points ();, liein 5; generally the second subscript
n will be dropped, although implicitly understood. The Nystrom method

approximates (2.11) by the equation

Mu(P) = S i b(P.Qi ) a(@in) = 9(P) P ES. (2.15)

i=1

By letting P = Q1,...,Q,, we convert the equation (2.15) into the linear system

Az — i%k(@,@j)%‘ =9(Q:) i=1....n. (2.16)

At this point, Nystrom found that to each solution {z1,...,2z,} of (2.16), there

corresponds a unique solution z(P) of (2.15) with which it agrees at node points

Qs .., Q.

Now, introduce the numerical integration operator K,

K J(P) =S wk(P.QIQ),  Pes. fec(s).  (217)

J=1
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K., is a compact operator on C(S) to C(S). Symbolically, we can write equations

(2.11) and (2.15) as

A=K)f=9, (A=-K.)f=g,

respectively.

Lemma 2.4 Let k(P,Q) be continuous and K be the associated integral
operator on C(5). Let the numerical scheme (2.14) converge for all continuous

functions, and let K, be defined by (2.17) . Then:

1. For any feC(S), K,.f—Kfas n— oo;
2. Forall n>1, |IK=K,|>|K];
3K =K)K|| =0 as n— o0 (2.18)

4K =K K|l = 0 as n— o0 . (2.19)

The following set of assumptions are due to P. Anselone and R. Moore (see

Anselone[l, pp. 5-8]) and they will imply (2.18) and (2.19).
Al) X is a Banach space and K, K,, n > 1, are linear operators on X to X.
A2) Ko — Kz, VazelX.
A3) {K,} is a collectively compact family of operators, i. e., the set
S={ K,z|n>1 and ||| <1}

has compact closure in X.
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Lemma 2.5 Assume A1-A3. Then

1. K is compact;
2. The sequence {K,} is uniformly bounded;
3. (K =K)M]| — 0 as n — oo, for any compact operator M : X — X .
4K =K K] = 0 as n— oo .
Now we complete the abstract error analysis.

Theorem 2.6 Assume A1-A3. Assume X # 0 is not an eigenvalue of K. Then for
all sufficiently large n, say n > N(X), we have

i |
0= el = =

Furthermore, (A —K,)™! exists for all n > N(A), and

L+ [(A = K) I

I =R = O 1K — Kk

this means that (A —K,)™' is uniformly bounded for all n > N()). For the error

in (A=K,)f, =g as an approximation to (A — K)f = g, we have

1 = Fall < IO = K)THINK = K ] - (2.20)

This can be applied by using asymptotic error formula for the numerical integration
error (K — K,,)f(P). Also, the hypotheses A1-A3 allow K, to have its definition
extended to include product integration, which will include X, = KP,, P, an

interpolatory projection.
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CHAPTER III

THE COLLOCATION METHOD

3.1 Introduction

In this chapter, we investigate the collocation method for solving an integral
equation on a surface in R?. Then, we try to examine the relation between the
collocation method and the Nystrom method by using the product integration

method.

3.2 The collocation method for a smooth kernel

Consider the integral equation

MP) = [ HP.Q)FQ)dS = g(P).  Pes (3.)

with k(P,Q) continuous for P, € S. We write the equation (3.1) as

A=K)f=yg

symbolically. We assume A is nonzero and is not an eigenvalue of the integral
operator K defined implicitly in (3.1). Thus, (3.1) has a unique solution
feC(S) foreach g€ C(S). S is a piecewise smooth surface in R?, as discussed

in Section 2.3.
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Following the discussion in Section 2.3, let {Aq,...,Ax} be a triangulation

of 5. Let

mpeg . 0 Onto A]X, [X’:l,...,N

be a parametrization of Ay, with ¢ the unit simplex. To define the collocation

method, the solution function f(mx(s,1)), (s,1) € o, is approximated by a

quadratic polynomial (as in Section 2.4) in (s,1) :
6
flmg(s,1)) ~ fn(mi(s,t)) = Zf mg(pi))li(s,t).
7=1
The functions [;(s,t) are quadratic Lagrange polynomials satisfying
li(ps) = bij -

Denote

ij(:mK(p]‘) jzl,...,6, [X’:l,...,N.
For S a boundary of a bounded simply-connected region in R?, we have

N, =2(N +1)

node points.

The collocation method for solving (3.1) amounts to:
1. solving the system
Mi(v) = [ (0. Q) IM(Q)dSo = glv).  i=1... N,

for the nodal values {fn(v;)|i=1,...,N,}.

(3.2)
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2. using the interpolation formula (3.2) to extend the nodal values to fy(Q),

for general Q € S.

Solving (3.3) reduces to solving the linear system

N
M) = 303 Felog) [ Remic(s,0)(s.1) | Damc(s, 1) % Damic(s.1) | ds i
K=1j =1 g
= g(vy), 1=1,..., N, (3.4)
For notation,
am( S7t am( S,t
Dympg(s,t) = %, Dimp(s,t) = %

and
| Dsmg(s,t) x Dymg(s,t) |
is the Jacobian determinant of the mapping mpg(s,t) used in transforming surface
integrals over Ay into integrals over o.
A major problem with (3.4) is that Dymg and D;myg are not easy to
compute for most surfaces 5. Therefore, we use an approximate surface Sy with a
parametrization that is easy to differentiate. The approximate surface Sy is

composed of elements Zl, e ZK, with ZK an interpolant of Aj. Define

mg(s,t) = Z_: mi(p)li(s,1)

Z?:l vyl‘,Klj(Sv t)

= | S tklils ) (s.1) €0 (3.5)

i=1

Zg‘i:l v?,Klj(Sv t)
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where v;i’K is the ¢-th coordinate of mpg(q;). Thus, mg(s,t) interpolates
mg(s,t) at {p1,...,pe}, and each component is quadratic in (s,?).

Using this surface, we seek I

~N(vjr)li(s,1) (s,t) €0 K

I
—

fN m]& St

||Mc>

It is obtained from the linear system

My() =303 fv(vix) / ke(vi, g (s, 0)) (s, 1) | Dyimige(s,t) x Dymge(s,t) | ds dt

K=1 ;=1 g
= g(vy), 1=1,..., N, (3.7)

The kernel function k(v;, Q) is being evaluated at points ¢ not on S, but we

assume k(v;,Q)) extends smoothly and easily to such nearby points Q.

3.3 The product integration method

The collocation method can be considered as a product integration method.

Define
Knf(P)
N
= Z ZfN(vM()/ k(P, m]((s,t))l]‘(s,t) | Dsm]((s,t) X DﬁﬁK(s,t) | dS dt
K=1j;=1 g
N 6
= 2.2 In(viw)wix(P)
K=1j;=1
where

me(P) = / k(P, m]((s,t))l]‘(s,t) | Dsm]((s,t) X DﬁﬁK(s,t) | dS dt

[
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Applying this approximation to the integral equation (A — K)f = ¢, and using the

theory of the Nystrom method, we obtain the linear system
N 6
)\fN(vi) — Z Z N(vj,K)/ k(vi,ﬁf((s,t))lj(s,t) | Dsm]((s,t) X DﬁﬁK(s,t) | dsdt
:g(vi)7 Z.:17...7NU

This is exactly the same system as in (3.7) for the collocation method. The
function fN is in C(S), and it is given by Nystréom interpolation away from the
node points. The results of the two methods coincide at the node points, but they

differ elsewhere. Write the collocation solutions as

fN(Q) = Z f(vj,K)lj,K(Q)a q € Ak

J=1
where the [ g’s are defined in Section 2.3.

Then the relationship of the two solutions is

Inlg) = %{Q(Q)‘F Z Z N (v K)-

/ k(g (s, ) (s, 8) | Datiine(s,) % Ditiire(s,1) | ds dt}

S| =

{Q(Q) + > ZfN(W«'MJ«'(q)}

K=1j=1

For the collocation method, fN can be shown to satisfy

If = Fxllee = O(&%)
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when S is a smooth surface; this is a result from Nedelec[29]. For piecewise
smooth surfaces, it has been shown to be at least O(8%;) (see Atkinson[6]). But for

the Nystrom method (see formula (2.20))

If = Il < CINK = Kn)fllso -

Thus for the collocation method, we have the new error bound

max | f(v:) = fw(vi) | < CINK = Kn)f oo -

1<i<N,

With this as motivation, we examine the error |[(K — Ky)f|lc in the next section.

3.4 Error Analysis

Write

N
KfP)=Y / k(P (s, 1)) f(mx(s,0) | Dymg x Dimy | dsdt

and

Knf(P) =

N 6
S Fojx) / k(P i (s,0))i(s,0) | Dyt x Dy | dsdt

15=1

29

~

N
Z k(P, ﬁ]"(s,t))f]\r(m]((s,t)) | Dsm]( X DﬁﬁK | dsdt

K=1"°
with fy denoting the piecewise quadratic interpolant of f, from (3.2).

We break the error analysis into five parts :



E,

Esy

Es
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(K = Kn)f(P)

N
. / k(P m (s, ) f(m(s,0)) | Dymge x Dimg | dsdt —

K=1

N
S / k(P T (s, 1)) (e (s,1)) | Dot Dy | dsdt

K=1

= FEi+ By + B3+ By + Es

N
S / (P, m (5, 0)) f(me(s,0)) | Demy x Dymy | dsdt —

K=1

N
3 / k(P mu(s,0)) f(muc(s,0)) | Dyiiige x Dy | dsdt

K=1

Z /Uk(P, mg (s, 1) f(mr(s,t)) — fn(mr(s,1))] | Dsmg x Dimg | dsdt

K=1

Z / k(P,mg (s, 1) f(mr(s, 1)) — fn(mr(s, )] | Dsmix X Dimy | dsdt

K=1"°¢

Z /Uk(P, mg (s, 0)[f(mr(s,t)) — fn(mr(s,1))] | Dsmg x Dimg | dsdt

K=1
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N
E4 Z_: / P mB S t)) — k(P, ﬁjx/r(s,t))]f]\r(mj((s,t)) | Dsm]( X DﬁﬁK | dsdt

— Z /U[k(P, mg(s,t)) — k(P,mg(s,1))] fn(mi(s,1)) | Dsmg x Dimpg | dsdt

K=1

N
Es Z_: / (P,mg(s, 1)) — k(P,mg(s, 1)) fn(mx(s, 1)) | Dsmy x Dimg | dsdt

Lemma 3.1 Let f(s,t) = ¢15° 4 c28%t + c3st? + c4t® where ¢;’s are real numbers.

Let

6

pn(svt) = Zf(qi)li(svt)

=1

be the Lagrange form of the interpolating polynomial. Then

/U % [f(s,0) — Pu(s,1)] dsdt = 0

P
/U 5 F(s:) = Puls, )] dsdt = 0

Proof: Let
H(Svt) = f(Svt) - ’Pn(S,t)
3 1 1 1 3 1
= s’ - 552 + 53) + (st — §5t) +ea(st? — §St) +ea(t? — §t2 + §t) :
Then

B , 1 1 , 1
%H(S 1) =c1(3s* —3s + 5) + 2(2st — 5) + es(t® — §t)
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1 1 1
%H(S,t) = c4(3t2 —3t+ 5) + 02(32 — 55) + e3(2st — 55)

and by direct computation,

d
/Ugﬂ(s,t)dsdt =0

d
/Uaﬂ(s,t)dsdt:().

This property will be used in lemma 3.2. ]

As in equation (2.8), we let

xl(uf)l + tlA)Q + 8173)

mi(s, 1) = Fi(uvy + 102 + sU3) = | 22(udy + 15, + s03)

J?S(Uf)l + tlA)Q + 8173)

for some j and uw=1—s—t, (s,t) €0, ' € C*(R;), 1 = 1,2,3. Since the z° are
functions of s and ¢, and also of = and y, we use both 2'(s,#) and z'(x,y), with

the context indicating which is intended.

Lemma 3.2 For each Ag,

/ k(P,mp(s,t) f(mr(s,0))(| Dsmix X Dimg | — | Dsmg x Dimg | )dsdt]| < Cgir
where & is the size of Ay, and € depends on k, f and {F};}.

Proof: Let

:Z'i(s,t) = in(sj,tj)lj(s,t) where (s;,t;) =p;, it =1,2,3.

=1
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By using the Taylor error formula, we have
@'(s,t) = (s, 1) = H'(s,1) + G'(5,1) + O(85)

where

7 _ 1 a a 32 4 a 32
H'(s,t) = —[(Sg—l—ta (0,0) ]Z:;S]a ]a (0,0)1;(s, )] , (3.8)

7 _ a a 42 0 a a 42

and O(6%) comes from the fifth derivative of zi(s,?). Note that the derivatives of
z' with respect to (s,t) give rise to formulas involving ¥ — 97 and ©3 — ;. For

example

. J . N N
ri(s,t) = g:pl(uvl + 10y + s0s3)

To save space, we omit the subscript K from myx and mg.

ri(s,1) zy(s,1) (s, )i (s, t) — a2(s, t)xi(s, 1)
Dym x Dym = | g2(s,t) | X | 22(s,t) | = | 23(s,t)zl(s,t) — 2z (s, 1)23(s, 1)
i x3(s,1) | z}(s,1) || wi(s, t)ai(s,t) — 22(s,t)x,(s,1) ]

| Dsm(s,t) x Dym(s,t) |2: (:1;2:1;? — :1;3:1;2)2 + (:1;3:1;% — :1;1:1;3)2 + (:1;1:1;? — :1;2:1;1)2
| Dsmi(s,t) x Dym(s,t) | (:1:2:1;? — :1;3:1;2)2 + (:1;3:1;% — :1;1:1;3)2 + (:1;1:1;? — :1;2:1;1)2

= | Dym(s,t) x Dym(s,t)|?
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— 2(ala} — wle}) [22(HY + G) + o} (H? + G2) — 2d(HP + GF) — o} (H + G2)]
— 2ade} — alad) [G3(H + GY) + 2} (HE + G2) — 2l (H} + GF) — 27 (1] + GY)]
= 2ate? — ala)) [o)(HE + G) + 2}(H) + GY) = 22(H! + G}) — 2} (H? + G2)]

+ O(8%)

Since | Dym(s,t) x Dym(s,t) |* is of order four and the remaining terms are of at

least order six, using
1
Vet 4+ 28 = 221 +22 = 2%[1 - 5:1;2 + O(2%)]

we get the following.

| Dsmi(s,t) x Dim(s,t) =| Dsm(s,t) x Dim(s,t) |

— {22} — 22?) |22 (H} + G3) + o} (H? + G2) — 23(H} + GF) — o} (P + G|
+ (ede} — alad) [3(H] + G + 2l (HD + G2) — 2l(H} + GF) — 23 (H} + G|
+ (aha} — ale}) [o)(H] + GF) + o} (H] + GY) — 22(H) + G})

—o} (B2 + G2)|}/ | Dam(s,t) x Dim(s,t) | +0(6°)

Expanding each z‘, !, and z! about (s,t) = (0,0).

| Dsm(s,t) x Dym(s,t) | — | Dsm(s,t) x Dym(s,1) |
= { (222 — 232?) [ NH) + G+ 2} (H + G — 2 (H2+G2)—xt(H3+G3)]
+ (ede} — alad) [23(H] + G + 2 (HD + G2) — 2l(H] + GF) — 20 (H] + GY)]

+ (ahaf — wla)) [al(H] + GF) + 2} (H! + G}) — 22(H] + G})
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—a}(H2 + G2}/ | Daml(s, 1) x Dim(s,1) | +O(8°)
= { (222 — 232?) [ NH) + G+ 2 (H? + G — 22 (H} + G2 — 2 (H? + Gi’)]
o+ (wdat — ) [ (H] + G + o) (H] + GY) = al(H] + GY) =« (H] + G
+ (wlat = wlal) [e(HF + G} + o} (H] + ) = ai(H] + G}) =« (H] + GF)]
+ (222? — 2327) [(3:1: +ta? VHY + (s, + tad, ) H?
— (sl + tad ) HE — (s2% + ta}) Y|
+ (222} — xla?) [(3:1; + 2l VH} + (sl + ta), ) H?
(sl HY = (s o+ L) 1]
+ (zla? — 2izy) [(sxis +tal VH? + (s, +tx?)H]
— (s, + tad ) H} — (sal, + tal) HY]
+ (22H + 2P H? — 22 HF — 27 H?) [ 2(sad, 4 tag,) + x)(sal, + txl,)
—ad(sxl, +tal) — 2t (s, + t:z;ft)]
+ (22H} + 2 H? — 2 H? — 27 H)) [ S(say A+ tay,) 4 @y (sal, + tal,)
—zl(s2d, +tad) — a3 (sal, + t:z;it)]
+ (e H} + 2?H! — 22H! — 2} H?) [ Y(sal 4 tag,) + af(sal, +ta),)

xz(sxst + t:z;tt) —x (5:1; + t:z;st ]}/ | Dsm(s,t) x Dym(s,t) | —|—O(56)

1/ | Dem(s,t) x Dym(s,t) | = (1/ | Dsm(0,0) x D;m(0,0) | )-
{ L — { (23} — awy) [x?(sx?t + tay) + af(sal, + tag,)

—ad(sal + tag) — ai(sad, + tal)]
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+ (ede} — alad) [2d(sel + tal) + 2} (s2d, + tad)
—al(sa?, +tad) — 2 (sal, + tal )]
+ (whe} — alel) [wd(sad, + ta}) + e} (sal, + o)) — al(sel, + tah)

—a(s?, +122)] } /| Dam(0.0) x Dam(0,0) [ + O(6%)} (3.9)

| Dsm(s,t) x Dym(s,t) | — | Dsm(s,t) x Dym(s,1) |
= { (2223 — 222?) [ HHP + G+ aP(HE + G — 22(HP + GF) — 2 (H? + Gi’)]
+ (ede} — alad) [23(H] + G + 2 (HD + G2) — 2l(H] + GF) — 20 (H] + GY)]
+ (wba? — a2al) [2}(H? + GF) + 2}(H) + GY) — 22(H] + G}) — x}(H? + G2)|
+ (222} — 222?) [(3:1; +tal VH + (s, + ta},) H?
—(sa, + tal ) HE — (2% + tal) H?|
+ (zl2] — 2la?d) [(sxi’s +ta VH} + (szl, +txy,)H?
— (sl + tal ) HP — (2% + ) H!]
+ (2la? — 222)) [(3:1; + ol VH} + (sa?, + tal,) H!
— (s, + taZ ) H} — (sal + tay,) HY]
+ (22H} + 2} H? — 2P H? — 27 H?) [ 2(saly + tay) + a)(sal, + tal)
—ad(sxl, +tal) — xi (s, 4 tad )]
+ (2%H}! + 2 H? — 2  H? — 2 1)) [ S(sah, + tay,) + ap(sal, 4 tal)
—xt(sz? + tad) — 2 (sxl, + tal )]

+ (e H} + 2?H! — 22H! — 2} H?) [ Vsa? +tal) + ai(sxl, +tal)
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—a2(sal +taly) = al(sal, + ta2)] }/ | Dam(0,0) x Dam(0,0) | —
{20} — w2a) 221} + 2712 — 23HE — o} 1T

+ (zl2] — 2la?d) [:z;i’Hz} + oy H? — 2  H? — fosl]

+ (zla? — 2izy) [:z;in +2?H! — 22 H} —x%Hf]} :

{(22a? — ada?) [23(sa, + tad) + 2d(s2%, + ta?)

—ad(sxl, +tal) — 2t (s, + t:z;ft)]

+ (ede} — alald) [2d(sel + tal) + 2} (s, + tad)

—al(sad + tal) — ol (sal, +tal)]

+ (aha? — 22} [ol(sa?, + tad) + 2l (sal, +tal,)

—aX(saly + tal) — af (s, +ta2)] } /| Dam(0,0) x Dym(0,0) P+ O(6%)

S

Let
BA(s, 1) = {(«2a} — 222?) 220} + 2712 — 221} — o2 1)
+ (2o} —ale?) (22 H) + ol HP — ol — 23]

+H(ata? — a2a}) [ HE 4 22} — 221} — 2112}/ | Dm(0,0) x Dim(0,0) |
and

E5(s,1) = {(ala} = afe}) |36 + 272 — 2367 — 2}
+ (ale] — ala}) [23G] + @G - 21GY = 27

1.2 2.1 1,42 2,71 2,71 1,42
+ (xsxt - xsxt) [stt + l’th - stt - l’th]

+ (22} — ala}) [(sa2, + taZ ) HY + (sal, + taf ) H?



(s, + ) HE = (saly + b 1]

+ (222} — xlad) [(sxfs +tael VH! + (sl + ta),) H?

— (sl + tal ) HP — (2% + ) H]]

+ (zla? — 2ia)) [(sxis +tal VHE + (s, + tx?)H}

— (522, + taZ ) H} — (saly + tah) HY]

+ (227 + 2l 12 — 231} — o 1Y) [0 (sl + ) + 2} (sa?, + 1)
—a3 (sl +ta}) — (s, + t:z;ft)]

+ (220} + 2 1P — 21} — o 1Y) (o3 (sel + tel) + 2)(sad, + 1)
—x(s2d, +tad) — 2P (sl + t:z;it)]

+ (L HE + 221} — 221} — ol H?) (el (se?, + tad) + 2} (sal, + tal,)
—a2(sxl, +tat) — xf(sad, + tx?t)] }/ | Dsm(0,0) x Dym(0,0) | —
{(@2} = adal) [22H] + <} H? — S H] — ot 1Y

+ (afa) — alal) [23H] + al HY — ) H} — 2} H]

+ (aha] — alal) [l H] + o HY — «H} o} H?]}-

{(@2a? = a%a?) [e2(sad, + tad) + (o0, + ta2)

—a3(s2?, +tal) — ai(sad, + t:z;i’t)]

+ (2%2) — xla?) [:z;f(sxit +tat,) + xf(sad, + tad)

—al(sa?, +tad) — 23 (sal, + t:z;it)]

+ (ela? — 22a)) [el(sel + tad) + 2l (sl + )

32



33

S

—a(saly + tal) — al(sal, + tad)| )/ | Dam(0,0) x Dym(0,0)

F4(s,t) and FE5(s,t) have no connection to FEy and Fs on page 24-25. F4(s,t)
and F5(s,t) are the collection of terms which are of order four and order five in 5,
respectively, and they will be examined below.

From above computation, we can see that

| Dsm(s,t) x Dym(s,t) | — | Dsm(s,t) x Dym(s,1) |

= E4(s,1) + E5(s,t) + O(6%) (3.10)

is at least 0(54) for every (s,t) € 0. Expanding k(P,mg(s,t)) and f(mg(s,1))
about (s,t) = (0,0), we have
k(P,mp(s,t))f(mr(s,0)(| Dsm(s,t) x Dim(s,t) | — | Dsm(s,t) x Dim(s,t)|)
= k(P,mg(0,0))f(mx(0,0))(E4(s,t) + Eb(s,1))
+ k(P,mg(0,0))[s fs(m(0,0)) + 1 fi(m(0,0))] £4(s, 1)

+ [sks(P,mg (0,0)) + th( P, mg (0,0)]f(mg(0,0))F4(s, t) + 0(56) . (3.11)
For notation,

fs(mg(s,t)) = Vf(mg(s, 1)) Dsmg(s,1),
filmg(s,t)) = Vflmr(s,t)) Dimg(s,t),
ks(P, mg(s,t)) = VEk(P, mg(s,t))- Dsmg(s,t),

ki(P, mg(s,t)) = VE(P, mg(s,t))- Dimg(s,t).
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By using Lemma 3.1, we know that
/ FA(s,t)dsdt = 0
Therefore,

/Uk(P, mg(s,1)) f(mr(s,))(| Dsm(s,t) x Dym(s,t) | — | Dsm(s,t) x Dim(s,t) | )dsdt

= IE5(s, 1)+ O(6%)
where

1E5(s,1) = /U{k(P,mK(O,0))f(mK((),0))E5(s,t)
+ k(P,mg(0,0))[s fs(m(0,0)) + 1 fi(m(0,0))] £4(s, 1)

+ [sks(P,mg (0,0)) + th( P, mg(0,0))] f(mg(0,0))F4(s, 1)} dsdt
Thus, this shows that

/Uk(P, mg(s,1)) f(mr(s,))(| Dsm(s,t) x Dym(s,t) | — | Dsm(s,t) x Dim(s,t) | )dsdt

= 0(55) for every A .

Theorem 3.3 E; = O(8*) .
Proof: For every symmetric pair of triangles (see figure 2.3), let

7’)’L1(S7 t) = F(Uf)l + tlA)Q + 8173)

m2(87t) = F(Uf)l + tlA)4 + 8175)
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Let [FEbi(s,t) and [FEbHy(s,t) be the [E5(s,t) for my(s,t) and ma(s,t)
respectively. The reason of [FE5; 4+ [ K5, being zero is the occurrence of
cancellation. The integrand of [FE5; is a polynomial in s and ¢, and its

coefficients are combinations of (03 — v1) and (02 — v1). For notation,
Ui = (Vi Viy) fori=1, 2, 3,
and
20(0,0) = Va'(%y)- (05 — Oy)
= 2, (B0) (030 — v10) + 2, (01) (03, — V1) (3.12)
2y(0,0) = Va'(ty) - (v — 01)
= $;(1A)1)(1)27x — V1) + x;(ﬁl)(vm — V1) (3.13)
We examine the coefficient

2..3..2 3
stxt xssHt

| D,m(0,0) x Dym(0,0) |

(3.14)

from FE5(s,t), and show why the cancellation happens.

Computing from (3.8), the numerator of (3.14) is
1
swgryal H) = —=sa(0,0)a7 (0, 0)a7, (0, 0):

1 3 2
(3t2 =3+ 5)1;?#(07 0) + (6St - 58)1?::”(0, 0) + (382 - gS)l‘S (07 0)

sst

The term we are examining is

23(0,0)7(0,0)7,(0,0)7,(0,0) =
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[22(010) (3.0 — v10) + 22(01) (V39 — 1) [22(50) (V20 — v1.0) + 25(51) (02 — v1,)]
N2 (B (a0 — v10)? + 222 (51) (030 — v1.0) (V3 — V1) + 22, (01) (V3 — v1,)]
(2 (B1) (20 — v1.0)° + 322, (61) (V20 — v1.0) (V29 — V1)

+322 (1) (V20 — v1.0) (V29 — v1)* + 28, (B1)(v2y —v1,)°] (3.15)

The corresponding term in I Eb5y is

[22(010) (5.0 — v1.0) + 22(01) (05,4 — 1) [#2(50) (Va0 — v1.0) + 25(01) (04 — v1,)]
[ (B0 (050 — v1.0)? + 202 (51) (050 — v10) (V5 — V1) + 22, (1) (05 — v1,)]
: [xixx(ﬁl)(v‘lyl’ —01,0)" + 385, (01) (Va0 — v1,0) (V4 — V1)

+322,, (81) (V10 = v12) (01 — V1) + 25, (B)(vay —v1,)°] (316
Since
Uy — Uy = — (01 — 4)
vy — U3 = — (01 — Us),
(3.15) + (3.16) is zero. Thus,
2
Z/ k(P,mp (s, 1)) f(mr(s,0))(| Dsm(s,t) x Dim(s,t)| — | Dsm(s,t) x Din(s,t)])
=170

= IE5y(s,1) + IE5y(s,1) + O(&°)

= 0(8%)

Thus, cancellation happens on each symmetric pair of triangles, and the error

2
J

contributed by each such pair of symmetric Ag is 0(56). If there are n
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triangles for each R;, we have (n} —n;)/2 pairs of triangles with error in 0(56),

and n; remaining triangles with error in 0(55). We also can see that
g ~ 1/n] .
Therefore

By = (0} —n;)0(6%) 4 n;0(6°)

= C-0(&"),

i.e., the global error from using the Jacobian determinant of the approximate

surface is 0(54). n

Theorem 3.4 FE, = O(6°)

Proof: Let
Flmic(s.1)) = imic(s,1)) = Myl )+ O
where
Hifont) = (55 45700 (0.00) = 237 + 550 T om0, 0. 1)
Since
Flmc(s.0) = ftmc(s, 1) = OF)
and

| Dymiyc x Dymg | — | Dymig x Dymige | = O(6%)
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for every (s,t) € o0 and for K =1,..., N, we can conclude that

/Uk(P, mg (s, ) f(mg(s,t)) — fulmr(s,t))] | Dsmg x Dimy | dsdt
— /U k(P,mg(s,t)[f(mr(s, 1)) — fulmr(s,1))] | Dsmx x Dimyg | dsdt

=0(67) .
Therefore, £y = 0(55) : ]
Theorem 3.5 Fj5 = O(8*)
Proof: Using similar computation as (3.9), we get
| Dsm(s,t) x Dym(s,t) | =] Dsm(0,0) x D;m(0,0) | -
{ 1 + { (2227 — 22? [x?(sxi’t +tad) + 2P (sxl, + k)
:I;S(stt + t:z;tt) —x (5:1; + t:z; )]
+ (ede} — wlad) [23(sel + tal) + ol (s, + 1ad)
—al(sad + tal) — oi(sal, +tal)]
+ (elo — a2al) [el(sal, + ta) + 2l (sel, + )

—al(sal, +ta) — i (sa?, 4+ ta?) ]}/ | Dym(0,0) x D;m(0,0) |* + (52)}
For every (s,t) in o, we can expand about (0,0) to obtain

F(Pmuc(s, ) [f(mic(s, ) = fiv(mac(s, )] | Domic x Do |
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= [k(P,mic(0,0)) + sko(P,m(0,0)) + th(P,m(0,0)) + O(8%)] -
(Hyx(s,1) + 0(8") ) | Dsm(0,0) x Dym(0,0) | -
{1+ {(a2) — a2ad) [o¥(sa?, + ta) + 2§ (sa?, + ta)
—a3(sa?, + ta}) — xi(sa®, + tad )]
+ (2%2; — xla?) [:z;f(sxit +tat,) + xf(sad, + tad)
—al(sa?, +tad) — 2d(sal, + tal )]
+ (xla? — 22a)) [xi(sx?t +ta?) 4 af(sxl, + tal)
—al(sal, +ta) — xf(sa?, +tak) ]}/ | Dym(0,0) x D;m(0,0) |* + (52)}

= k(P,mg(0,0))H; g (s, 1) | Dym(0,0) x Dym(0,0) | +0(6°)
Again, for every symmetric pair of triangles Ay and A, (see figure 2.3), let

7’)’L1(S7 t) = F(Uf)l + tlA)Q + 8173)

mg(s,t) = F(Uf)l + tlA)4 + 8175).

Then by examining the integral of Hy x(s,t) over Ay and As, we obtain

2

Z /Uk(P, mg (s, 1) f(mr(s,t)) — fn(mr(s, )] | Dsmi(s,t) x Dimp(s,t) | dsdt

K=1

- 22:/ F(P,m(0,0)) Hy i (5,0) | Dymge(0,0) % Dymc(0,0) | dsdt + O(8%)

= 0(6%)

Thus, we have proved that Fs is of order four. [ ]
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Theorem 3.6 F; = O(4°)

3

Proof: Since k is a function of z', 22, and z°, we first expand it about mg(s,1)

for each (s,1); and subsequently, we expand the leading terms about (0,0), when

we treat it as a function of s and 7. Write

R(Pymi (s, 1)) — k(P (s, 1))
= (2'(s,1) = T (s, 1) kor (P, 7k (5,1)) + (2%(5, 1) — Z*(5, 1)) hua (P 1 (5, 1))
+ (2%(s,1) = F(s, 1) g (P, s (s, 1)) + O(6°)
= (H'(s,1) + O(8") [k (P, 771 (0,0))
+ by, (P (0,0)) + thyy (P (0,0)) + O(87))
+ (H*(5,1) + O(6Y)) ko2 (P, 71 (0,0))
+ sy (P, (0,0)) + thya, (P, 7k (0,0)) + O(8%)]
+ (H?(s,1) + O(6Y)) | ks (P, (0, 0))
t sk (P75 (0,0)) + thos (P, 71(0,0)) + O(6%)] + O(8°)
= H'(s, 1)k (P,mg(0,0)) + H?(s,t) k.2 (P, mk(0,0))
+ H?(s, 1) kye (P, 25 (0,0)) + O(8%)
= H'(s,t)ker (P,mg(0,0)) + H*(s, 1) ko2 (P,mc(0,0))

+ H?(s, 1) kye (P, mg(0,0)) + O(8%)
By using the proof of Theorem 3.2, we know that

| Dym(s,t) x Dym(s,t) | — | Dym(s,t) x Dym(s,t) |= O(8Y).



Therefore,

/U[k(P, mg(s,t)) — k(Pymg(s,1))] fn(mi(s, 1)) | Dsmg x Dimg | dsdt

— /U [k(P,mg(s, 1)) — k(P,mg(s, )] fv(mr(s,1)) | Demg x Dimpg | dsdt

= 0(8")
for each Ag, and [, is of order five.

Theorem 3.7 Ej5 = O(8%)

Proof: Using notation from earlier theorems, we write

[(Pymie (s, 1)) — k(Pymic(s, 0)] fn(mi (s, 1) | Demi x Dimie | =
[H (5, 4k (P (0,0)) + H2(5, 8 )hya (P, (0,0)) + H (5, 8)hya (P, (0,0))
FOEY)] [ mrc(0,0)) + 5 i e (0,0)) + e (0,0)) + O] -
| Dom(0,0) % Dy (0,0) | { 1 + {(alaf = alaf)
[x?(sxft +tad) 4 af (sal, 4 tal) — ad(sad, +tal) — ai(sad, + t:z;ft)]
+ (222} — xla)) [:z;f(sxit +tag,) 4 xp (sad, + )
—x(s2?, + tad) — af(sxl, + t:z;it)]
+ (zla? — 2ia)) [:1;1(5:1;; +tal) + xi(sxl, + tal,)
—a2(sxl, +taf) — xi(sad, + tx?t)] }/ | Dym(0,0) x D;m(0,0) |* + 0(52)}

= [H(5,) k1 (P,mc(0,0)) + H(s,8)ky (P, mic(0,0))

+ HP (s, t)kea (P, mc(0,0))] | Dom(0,0) x Dym(0,0) | + O(6°)
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for every (s,t) € o and for every Ak.

Now, let us integrate the final expression over o, the unit simplex, and add the
contributions over all Ag’s together. We find that cancellation happens again
among every symmetric pair of triangles, as in Theorem 3.3. Therefore, Fs is of
order four. |

After analyzing the five error terms, we have shown that
(K =Kn)fll-o < O(Y).

Thus, we have the following new error bound for {fN(vZ) li=1,...,N,} of the

collocation method:

max | f(vi) = f(v) | < CII(K = Kn)flle = O(6%).

1<i<N,

This is better than the error bound for ||f — fNHOO of the collocation method,

which only gives us 0(53). The above results also show

If = Fvlle = O(8"),
for the Nystrom method based on product integration of Section 3.3.

3.5 The Single layer integral

Before we can solve the BIE problems, P1 and P2 in Section 2.2, we have to
know the errors from terms in equations (2.2) and (2.4). We will begin with the
equation (2.4), because equations (2.2) and (2.4) are different only in their right

hand inhomogeneous terms. Consider the right hand side of the equation (2.4), the
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single layer integral

1
/Sf(Q)WdSQ, Pes. (3.17)

Since the integrand of the integral (3.17) is singular and the singularity only
happens at () equals P, we have to change the way we analyse errors, even if we

are going to use the same schema to evaluate the integral. Write

mhst

————dSo ~
Lre=q1™e * X Lip—muter

| Dsmigc(s,t) x Dimg(s,t) | dsdt

where P 1is one of node points.
We can see the integrand in (3.17) varies from singular to quite smooth. To
handle this varied behavior, we use two ways to study error. The first case is for

those Ag’s that contain the point P, and the second case is for the remaining

ABJS
Theorem 3.8 Let P be a vertex in Ax for some K. Then

(8,1
X P(m;lES(S)t)) | | Dsmg(s,t) x Dympg(s,t) | dsdt—

In(mk(s, 1))
o| P —mg(s,t) ]|

| Diig(s,t) % Dymigc(s,t) | dsdt = O(&3)
where gK is the diameter of Ag.

Proof: Without loss of generality, we assume that

P = m]{(O?O) — m]((o,()) = (p17p27p3)‘



Before proving the theorem, we show that

1 .
dsdt = O(821).
/g P —mp(s )] O(K")

1
ds dt
/cr | P —mg(s,t) |

1
- /U [(pr — @t (s,8))2 + (p2 — (5,1))% + (ps — 2%(s,1))2]'

ds dt

= [ [(522(0,0) + t1(0,0) + O(3%))* + (53(0,0) + t3(0,0) + O(5}))?

[

_1/

+(523(0,0) + £2%(0,0) + O(5%))2] " dsd

= [ [(s2}(0.0) 4 12}(0,0) + (s22(0.0) + ta}(0,0))?

(523(0,0) + £7(0,0)) + O(3)] " ds dt

After integrating the dominant part of the above equation by using polar

coordinates in the st — plane about (0,0), we obtain

dsdt = O(85h).

1
/cr | P —mg(s,t) |

Now, we break the error analysis into three parts.



45

X P(m;(s(j)t)) | | Dsmigc(s,t) x Dymg(s,t) | dsdt—
K

In(mk(s, 1))
o | P—mg(s,t) |

| Dsmigc(s,t) x Dimg(s,t) | dsdt

= I + By + Es

with

E, = /Uf(mhrsj;t)_);jéiiiﬁ(&t)) | Dsmigc(s,t) x Dimg(s,t) | dsdt(3.18)

In(mg(s,t))
o | P—mg(s,t) |

(| Dsmp(s,t) X Dimg(s,1) |

— | Dyiige(s,t) x Diiige(s,t) | ) dsdt  (3.19)

1 1
By = - _
s = [

| Dyiiige(s,t) x Dirige(s,t) | f(iig(s,t)) dsdt  (3.20)

In equation (3.18),

| FOms ) = Slimts ) [
B | / |P mh(s 5 | Dymge(s,1) % Dymy(s,1) | dsdi

< O(63) - dsdt < O(8%)-O(8;") = O(é%)

51‘ /|P mg(s,t) |
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For the equation (3.19), we can easily see it has order three:

| By | < nggx\ | Damic(s, t) x Dymc(s,1) | = | Dyfiige(s, 1) x Dy (s,1) | |-

Sl (s, 1)) — 084 - 0(87Y) = 083
o | P —mg(s,t) | dsdt = O(8x) - O(6x") = O(bk)

The equation (3.20) is the most difficult term to analyse. For every (s,t) € o,

1 1
| P—mx(s,) | | P —mg(s,t) ]

(x! = p) (@ —a") + (22 = po)(F° — &) + (27 — p3)(T° — 2?)

(21 — p1)2 + (22 — py)? + (23 — p3)2]?/2 + 0(8%) (3.21)

By using the Taylor error formula for each z' about (0,0), equation (3.21) equals

(sas +tal) Bl (s, 1) 4 (saf + taf) H(s,1) + (sa3 + ) H'(s.1) + O(8)
[(sx! + t:z;t) + (sa?+ t:z;t) + (sad + tl't) + 0(5% )]3/2

+ 0(63) (3.22)
Integrating equation (3.22) over o, then

_|_

/ {(Sx o to)) HY (s, ) & (s + tad) H2(s, 1) + (sof + tad) H(s,1) + O(6)
o [(sal +txf)? + (sa? + taf)? + (sxd 4 ta})? + 0(5%)]3/2

0(5@} { Fn(mi(0,0)) + O(SK)} { | Dyiige(0,0) x Dyrmig(0,0) | +0(5§;)} ds dt

_ / {(3:1; +ta] ) H (s, t) + (sa? + taf)H?(s,t) + (sa2 + ta})H?(s,1)

62
(52! + tah)? + (sa2 + ta2)? + (sa? + 23)2])2 +0( f«>}
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: { Fa(m(0,0)) + O(SK)} { | D,ig(0,0) x Diig(0,0) | +0(5§;)} ds di

[ [lm D) ¢ (o ) 4 (o2 4 DA, |
~J (st + tal)? + (22 + ta?)? + (22 + Lad) 2]/

Fn(mi(0,0)) | Do (0,0) x Dymig(0,0) | dsdt + O(6%)

In the above computation,
(s +tay ) H (5,1) + (522 + ta] ) H?(s,t) + (52 + ta)) H(s,1)
is of order four,
(sel 4 tah)? 4 (s2? + ta?)? 4 (52 + ta3)?)?/?

is of order three, and

| D, (0,0) x Dyige(0,0) |

is of order two. Hence, 3 is of order three. [ ]

Corollary 3.9 Let P be a node point in Agx for some K, andlet P be a

midpoint of a side of Ag. Then,
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fmk(s, 1))
o | P —mg(s,t) |

| Dsmg(s,t) x Dympg(s,t) | dsdt—

In(mk(s, 1))
o | P—mg(s,t) |

| Dy (s, t) x Dymgc(s,t) | dsdt = O(63)
where SK is the diameter of Ag.

Proof: Without loss of generality, we assume that

1 . 1
P = mK(O, ) me(Oa 5) = (plv P2, p3)
where mpg(s,t) = Fj(uvy + tvy + svs) for some j. First, we split ¢ into two

triangles, oy and o9, and we put the singular point at a vertex in each of the new

triangles; see figure 3.1 for the case with P = myg(ps). Let

t/

m'(s'.t') = mg(s, 5) (3.23)
1

m?(s'. 1) = mg(s, 5(1 —s' + 1) (3.24)

1/ 1 4N = ’ v

m (s,t") = mg(s, 5) (3.25)
1

mi(s', 1) = mg(s 5(1 —s'+ 1)) (3.26)

fmk(s, 1))
o | P—mg(s,t) |

| Dsmigc(s,t) x Dymg(s,t) | dsdt

- (mfx(s 2)

(s,1) |

| Dsmigc(s,t) x Dymg(s,t) | dsdt

=1

1 1 /t/
- 5 Ju | ff(innﬂff(;/ )t?) | | Dsml(S/,t/) X Dtm1(3/7t’) | ds'dt’




A
(%
P T
01
U1 V3 -

Figure 3.1: Splitting triangles

) ) ,
2/ |P m2(s’ t/) | |Dsm (3/7t/) X Dtm (S/7t/) | ds’ dt’

We have

2

(s ) N P e
-, t)||DSmB(,t) Dimp(s,t) | dsdt

=1

2

In(mk(s, 1))
m "(37 t) |

| Dsmigc(s,t) x Dimg(s,t) | dsdt

i=1"7%

= I + E

49
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with
B = 2/ | P mi(s ;) | | Dom' (5", ) x Dem'(s', ') | ds’ dt’
T
; | {DN( (( 7 t)’; | | Dym'(s', 1) x Dam'(s', 1) | ds'dt’ (3.27)
for 1 = 1, 2.

The m',s are degree two polynomials for each component, and m' —m* is of
order three. Applying Theorem 3.8, F; and FE, are of order three. Thus, the error
contributed by the integral over Aj, which contains P, is always of order three, no
matter whether P is a vertex or a midpoint of a side of Ay. [

Combining these two results, the local error from the single layer integral is
0(5}1) when P € Ag. In the next theorem, we examine the errors from integrating
over those triangles A which do not contain P. Then, we can combine these two

cases together and give the global error for the single layer integration.

Theorem 3.10 Let P be a node point, and consider all Ag for which P & Ag.

Then

f(mg(s,1))
o | P—mg(s,t) ]|

| Dsmigc(s,t) x Dymg(s,t) | dsdt—

meBSt)
o | P—mg(s,1) |

| Dyt (s,t) x Difiige(s,1) | dsdt = O(&3)

where gK is the diameter of Ag.
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Proof: Since P & Ak, we can treat the function 1/ | P —mg(s,t) | as a smooth
function. All results from Lemma 3.2 and Theorem 3.3 — 3.7 can be applied with
slight changes. By using the same ideas, notation, and results in Section 3.4,

Ey, ..., Es will be investigated.

In Lemma 3.2, we had the following formula for every (s,t) € o.

k(P,mp(s,t))f(mr(s,0)(| Dsm(s,t) x Dim(s,t) | — | Dsm(s,t) x Dim(s,t)|)
= k(P,mg(0,0))f(mx(0,0))(E4(s,t) + Eb(s,1))
+ k(P,mi(0,0))[sfo(mx(0,0)) + 1 fi(m(0,0))] E4(s, 1)

¥ [sky(P,mgc(0,0)) + thy(P, g (0,0))]f (mr (0,0)) E4(s,t) + O(6%)  (3.28)

In this theorem,

1
| P —mg(s,t)|

k(P,mg(s,t)) =

[(pr = '(s,1))% + (p2 — 22(5,1))* + (ps — 2%(s, 1))/

1
[(p1 = 21(0,0))* + (p2 — 2%(0,0))* + (ps — 2°(0,0))*]'/

s2,(0,0)(p1 — 2(0,0)) 4 s23(0, 0)(p2 — 2*(0,0)) + s(0, 0)(ps — 2°(0,0))
[(pr = 21(0,0))* + (p2 — 2%(0,0))* + (ps — °(0,0))*]>/
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_ ty(0,0)(pr — #7(0,0)) + 1a7(0,0)(p2 — #*(0,0)) + 12;(0, 0)(ps — 2°(0, 0))
[(pr = 21(0,0))* + (p2 — 2%(0,0))* + (ps — °(0,0))*]>/

o~

+ O( (3.29)

)
where dj is the distance between the point P and the triangle Ag. Note that

we obtain the error term O(6%/d3.) from the Taylor error formula

62 0 a\? 1
o) = (Si“@) (|P—mK<s,t>|)

where ((,n) is between (0,0) and (s,?). Then, the equation (3.28) becomes

k(P,mp(s,t))f(mr(s,0)(| Dsm(s,t) x Dim(s,t) | — | Dsm(s,t) x Dim(s,t)|)
= k(P,mg(0,0))f(mx(0,0))(E4(s,t) + Eb(s,1))
+ k(P,mi(0,0))[sfo(mx(0,0)) + 1 fi(m(0,0))] E4(s, 1)

¥ [sky(P,mgc(0,0)) + thy( P, mge (0,00)]f (mx (0, 0)) E4(s, ) + O(X)

Let

dP) =d=min {dg|P&Ax, K =1,...,N} .

Therefore, dx = d,2d,---, depends on how far the Ajf is away from the point P.

Let
§
ro= -.
d
Note the indexing Aq,..., Ax does not indicate distance from P. But, there is an

arrangement of {Ax} where the number of triangles at a distance R is
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proportional to R, with R = d, 2d, 3d,---. Then, we claim that FE; is of order
three.

Proof of claim: There are two types of triangles in each R; of (2.7). Those
triangles that are part of symmetric pairs of triangles are of the first type, and the
remaining triangles are of the second type.

For the triangles of the first type, the error contributed by each of them is
improved from O(8% /d%) to O(6% /d3), because of the cancellation over
symmetric pairs. The number, ¢;, of triangles of the first type at a distance 2 -d is
proportional to ¢ for ¢ =1,...,%;. Note that for some integer ¢;, ¢;-d 1is the
longest possible distance from P to triangles in E;. Adding the error contributed
by each triangle of the first type in R;, we have

56 2]

;O(fl—%) - ;ci-O((i‘d)S) - OF) Y = 0.

For the triangles of the second type, the error contributed by each of them is
O(8%/d%). The number of triangles of this type at a distance i-d is a finite

number, and it usually is two or three; but the proof is omitted. Therefore,

5? v 55 3 v 21 3
20(5) = D ¢ 0(——3) = 0(8) 3 r*= = 0(&”)
K dic i=1 (¢-d) i=1 ¢

where ¢ is either two or three. This completes the claim, and this method of
computing the error will be used often in the following derivations.

For the second part of the error analysis,
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/ f(mi(s,t) = fn(mi(s, 1))

| P—-m (3 t) | { | Dympy x Dymp | — | Domyg x Dimy | }det
- I( )

1
d]x

= 0(6%) - dsdt = O(87) -

/ | P —my (5 1) |
for every K where P & Ag. Adding errors from each triangle, we have that F,
is 0(55), as we discussed in computing F;. Using the proof of Theorem 3.5

carefully can give us that the error from

/ f(mi(s, 1)) — fn(mc(s, 1)
|P m

Ds {4 D {4 d dt
TN | Dsmy x Dymy | ds

is 0(56/d1() for every triangle. Thus, following the discussion of the claim, F3 is
O(6%).
Analyzing FE,, from Theorem 3.6, we have

1 1

k(Pv mK(Svt)) - k(P m]\(S t)) | P —mg (3 t) | - | P — ml{(svt) |

_ (H' 4+ 0(8")(pr — 2") + (H? + O(6"))(p2 — @) + (H* + O(6*)) (ps — «°)
[(pl - $1(37t))2 + (pz - $2(37t))2 + (p3 - $3(37t))2]3/2

:<H1+0<5>><p1—x>+<H2+0< h)
(p1

)(p
[ (07 0)) + (p2 - xz(ov 0)

2 = a?) + (H* + O(6Y))(ps — 2*)
)? + (ps — 2°(0,0))7]*/2

o 56
—) +O(

+ (H' + H? + 1+ 0(6")O( =)
K K



)

_ T+ 0@ = 21) + (7 + O(8) (s =
(7 0]

) 2?) + (H? + 0(8"))(ps — 2°)
[ 21(0,0)) + (p2 — 2%(0, ]3/2

)2+ (ps — 2°(0,0))

4
6 K

+ O(d—%) : (3.30)

Therefore, by combining (3.10) and (3.30), we have

1 1
/ { P mns )] [P —min(ed) |} In(mic(s, D)) | Do x Demse | dsdt =

1 1
B K 7t Ds~( D~( dsdt
AﬁP—mMaw||P—mmaw&”“”@>” g x Dy |)ds

for each A, and after adding up errors, F, = 0(55 In 5)

For Fs, each triangle give us an error of O(83 /d%). When adding errors
together, cancellation happens at every symmetric pair of triangles and errors
become (6% /d3). Thus, as we discussed in computing FEy, Fsis O(6%). After
going through FE;—Fs, the global error for the single layer integral, in which

P —mg(s,t) is nonzero for every K, is 0(53). This result is uniform as P ranges

over the node points of the triangulation. |

Combining the above theorems, we get the following corollary, which gives the

total error for evaluating the single layer integral at the node point.

Corollary 3.11 Let S be a piecewise smooth surface, and let P be a node point
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on S. Then

/ L) g8, - Z mf"(s ) | Dy (s,1) x Dimig(s,t) | dsdt = O(8%) .
|P QI o de | P —mg(s,1) |

Proof: Combine Theorem 3.8, Corollary 3.9, and Theorem 3.10. ]

3.6 Computation of the solid angle Q(P)

Returning to the integral equation (2.2), it can be shown that

0 1
/sayQ l| P—0Q |] dSq + [2r = Q(P)] = 2r, Pes. (3.31)

In our discretization of (2.4), we force this identity to remain true. This means
using the sum of the approximations of the integral operator terms on the left side
of (2.4) to approximate Q(FP) when P is a node point. We denote the
approximate value of Q(P) by Qn(P).

Rewriting equation (3.31), we have

O(P) = /saig LPiQ |] dSo  Pes, (3.32)

where

0 1 1
= U, v I —— .
0V@[|P—QI] ¢ Q[IP—CN]

vg denotes the unit normal to S at Q. For @ = mxg(s,1),

Demy x Dymye

| Dsmp x Dymy |
with the sign chosen so that vg is directed into the bounded domain D.

Approximating Q(P) by Qn(P), we write

) = g (]
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N
1
= vg - Vg l ] | Demy x Dymyc | dsdt
poyA P = ()] f
N D m]" X DtmI" P_m]"(S t)
= + sHUK A K\S, Ds - D . s di
KZ::F/U | Dymy x Dymg | | P —mg(s,t) |3 | Demye X Dymye | ds
- P —mg(s,t)
= t(Dsmr X Dymg) - i ds dt
KZZ:l/U ( ) | P —mg(s,t) 2
and
0 1
Qn(P) = / s
= Js n [|P—Q|1 :
al 1
B YoV Dymg x Dimg | dsdt
KZ:%/UVQ ¢ [|P_ml((87t) |] | D x Dyt | d

B i\f: / + Dsm]( X Dtm]( P — m]((87t)

: D, x D, | dsdi
| Dyiige % Diiige | | P — fiige (s, 1) |3| M x Demc | ds

K=1

P —m]((87t)
| P —mg(s,t) |

N
— Z :i:(DSmI( X Dtm]() .

K=1"°9

5 ds dt

Without loss of generality, we assume the signs of vg and 7y are always positive,
and compute

P —mg(s,t)
| P —mg(s,t)|?

N
QP)—Qn(P) = 3 / (Dymse x Dymig) - ds di
K=1"9

N P —mI((S t)
- Doy x Dimyc) - — - dsdt
Z /U( mpy X Limy ) | P _ mK(S, t) |3 S

K=1
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where P is a node point.

The integrand has one singularity when () = P, and it is quiet smooth over
those Ag with P & Ak, although it is increasingly peaked as P and Ag
become closer together. This behavior has been seen in the single layer integral, and
we can use the same approach as we used for single layer integral. Computing the

error

P —mg(s,t)
| P —mg(s,t)|?

P — ’777&]((8, t)

: ds dt
P — g (s, t) 7]

/ [(DsmK X Dth) - (Dsmf( X Dtmlx")

with two steps, as in the case of single layer integral, the first step is for Ag’s
which contain P, and the second part is for triangles which do not contain the node

point P.

Theorem 3.12 Let P be a vertex of Agx for some K. Then

P —mg(s,t)
Ds K D K ) - -
P —m]((87t)

(D, x Dy dsdt = O(83)(3.33)

P —mk(s,t) [P
where gK is the diameter of Ag.
Proof: Without loss of generality, assume P = mg(0,0). Let

P = (p17p27p3) — m]((0,0) = mI((0,0) .

We break this proof into two parts:
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P —mg(s,t)
By = [ |(Dami x Dimgc) _
(Daitne % Dyiitge) - —o =KD 1 (331
sTEK mg)- S .
: PERTP Sk (s, 1) P
and
o o P—m]((37t)
By = [ |k x Difi) _
(Dt % Dyiitge) - =KD |y (3.35)
sTEK mg)- — S . .
: N N EE

We now check the first part of the integrand of (3.34).

P —mg(s,t)
| P —mg(s,t)|?

(Dsmp(s,t) x Dimp(s,t)) -

_ (v22] — 2222, a%x] — ala?) ala? — 222)) - (py — 2, py — 22, p3 — 27)
7 £ (2~ 22+ (s — 2P

(3.36)

Using the Taylor error formula for the z' about (s,t) = (0,0), the numerator of

equation (3.36) becomes

2.3 3.2 3.1 1.3 1.2 2.1 1 2 3
(xsxt T LTy, Tgly — Ty Ty _xsxt)'(pl_x sy P2 — T 7p3_51/')

= (222} —alal)(pr — 2') + (22 — 2ja))(py — 2%) + (wj2] — 2laf)(ps — 2°)
= [(a? 4 sa? +tad, + O(6%)) (2F + sa?, + tad + O(8%))
— (2% 4 sad, 2l + O(6%)) (2 + sa?, + tad, + O(85)](sal + tat + O(6%))

S

(22 4 sad 4 tad 4+ O(65))((xf 4 sk, + tay, + O(6%))
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— (] + szl + bl + O (@? + sa® + tad + O(8%))(sa? + ta? + O(8%))

+ (2} + s, + taly + O3] + saly + taf, + O(6))

— (22 4 sa?, + ta 4+ O(8%)) () + saly + tal + O(8%)|(sa? + taf + O(8}))
= (sxl+tx} + O(g?‘))[xixf — 2227 + 2 (sa?, + tad, + 0(5%))

+ad(sa?, + 1 + O(83%)) + (sa?, + 12, + O(63)) (s, + ta?, + O(63:))

— 22(s2?, 4tk + 0(63)) — a2 (s, + 12, + O(6%))

— (23, + tady + O(6%))(sal, + taf, + O(8%))] +

(5:1;? + tal + 0(5%))[:1;:::1;% —riad + xi’(sxit + ta], + 0(5%))

+al(sad, 4 tad, + 0(83) + (sa2, 4+ ta, + O(83%)) (sal, + tal, + O(&3))

— al(s2®, 4 2} + 0(63)) — ad(sx!, + 12!, + O(62))

— (2}, + tal, + O(6%))(sal, + tal, + O(8%))] +

(5:1;:;’ + 12 + 0(5%))[:1;1:1;? —alxl + xi(sx?t +tal, + 0(5%))

+ ] (sw), + tal, + 06 ) + (sal, + tal, + O(6%))(sal + taf, + O(5%))

— 2 (sxl, 4+ txl, + 0(63)) — al(sa?, + t2% + O(63))

— (sz?, + 122, + O(83.))(szl, + tzl, + O(63))]
= (afa? —zlal) (%2, + 2stad 4+ 220) + (2)2d — 2d2?) (sl + 2stal, + 122))

+(afal — apa?) (a2, + 2stad 4+ t2ad) + O(6%) . (3.37)

Computing the corresponding part of the second term of (3.34) with the same
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formula as we had above,

(D X Dimige) - (P — (s, 1))
= (772 — A ($*T, 4+ 28T, 4+ 1273 + (727 — TTH)(sPFL, + 2st7L, + 1771)
+ (5 — F13)(s272, + 28132, + 125%) + O(8%)
= (2} + 0(63)) (22 + O(5)) — (2% + O(5))(x + O(83))] -
[52(22, 4 O(6%)) + 2st (23 + O(63)) + 1*(«f, + O(6%))]
+ [(2F + 085 )23 + 0(8%)) — (&f + 0(63)) (2% + O(5%))] -
|5 (x}, + O(65)) + 2st(xl + O(63)) + (), + O(6%))]
+ [« + 0(8%)) (w} + 0(83)) — (2} + O(65)) (23 + O(83))] -
(5222, + O(8%)) + 2st(22, + O(83.)) + 2(2% + O(6%))] + O(8})
= (xfa—alal) (%2, + 2stad 4+ 220) + (222 — 2d2?)(sPxl, + 2stal, + 122))

+ (2Pal — wlad) (5202, + 2sta?, 4 t%22) + O(6%) (3.38)
Thus,
(Dymi x Dymy)- (P —my(s, 1)) —(Dymg x Dymig)-(P—nig(s, 1)) = O(6%). (3.39)
Expanding each z' about (0,0), the denominator of (3.36) is

[(pr — ') 4+ (p2 — 2°)* + (p3 — 51?3)2]_3/2
= [(sal+ta} + O(63)) + (sa + ta? + O(63)) + (sa? + tad 4+ O(63))1~/*

= [(sal+ta))? + (sa 4 tal) 4 (sad 4 taf)? + 0(63)] 7 = O(] éx |7°)
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Then,

ds dt

/ (Dsm]( X Dth) . (P — m]((37t)) — (Dsm]( X Dﬁﬁ]{) . (P — m]((87t))
o | P —mg(s,t) |

= 0(8%) (3.40)

Furthermore, examining (3.39) carefully, we can see that cancellation happens
again on every symmetric pair of triangles. Thus, the error from (3.39) is 0(5%);
and therefore, the error in (3.40) can be improved to be 0(5}1) Since there are at
most six triangles containing the node point P, and the error from (3.40) should
be O(6%).

To finish this theorem, we need to know the error from the following:

1 1
| P—mi(s,) P | P —mg(s,t) ]

1 1 1
| P —mg(s,t) |2

1 1

T TP e NPty )~ TP —sir(e |

(3.41)

Using the result from (3.21), (3.41) has an error of O(gl}l), ie.,

1 1
[P —mi(s,) P | P—mg(s,1) P

< O(ék) - O(85%) = O(63")
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Then, from the above result and (3.38), we have the following error analysis:

1 1
Ds~( D~( N P—~( 7t - —_ d dt
| /U( mr X Uymp ) ( MK (S )) | P _ mK(S,t) |3 | P _ mK(S,t) |3 8 |
< 0(4)- O = OG5 (3.42)
Combining (3.40) and (3.42), we complete the proof of this theorem. [ |

Theorem 3.13 Let P be a node point, and consider all Ax for which P & Ak.

Then

P —mg(s,t)
Ds 14 D ) -
%:/U [( mg X Dymy) P —mn(s,0) P

P —m]((87t)
| P —mg(s,t)|?

(D x Dimg) - dsdt = O(8%)(3.43)

Proof: Since P & Ak, again, we can treat the function 1/ | P —mg(s,t) [° as a
smooth function. This proof will have two parts, as with Theorem 3.10, and we use
results from the latter. Let dg, d, and r be the same as in Theorem 3.9.

As in Theorem 3.10, we write equation (3.43) as Fy + Fy where

Dsmg x Dymg) - (P —mg(s,t))

Ey = ;/U[( | P —mg(s,t) |

Ds~( D~( * P—~( 7t
_ (Dsimge x D) - (P =i, ) |0 (3.44)
| P —mg(s,t)|?
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B = X / (Daiie % Difiige) - (P — fiige(s,1)) -

1 1
- ds dt i
l | P —mp(s,t) ] | P —g(s,t) PP s (3.45)

In the previous theorem, we assumed that P = mg(0,0); and we assume
P # mg(s,t), V (s,t)€0.
in this theorem. Therefore, we compute (3.36) again; but with a different approach.

(Dsmg x Dimg) - (P —mg(s,t))
= (32 - Ba, wE -, B - B - (= e — 7 pe — B)
= |22 = H? = G* + O(5%))(a} — H} — G} + O(8}))
— (0 = H? = G+ O(8})) (22 — HE — G + O(6%.))] -
(pr — ' + H' + G' + 0(&%))
+ (02 = H? = G2+ 0(63)) (2} — H! = G} + O(5%))
— (0} = H} = GL + 0(8}) (2} — HY — GT + 0(6%.))] -
(pr —2® + H? + G* + O(&%))
+ (el = H2 = G2+ O(83)) (2% — H} — GF + O(5%,))
— (22— H? = G2+ 0(63))(2}) — H} = G} + O(5%))] -
(ps — 2® + H? + G* + O(&%))
s 52 s as 12 2

_ 1 2 3
- (xsxt T LTy, Tyl — Ty Ty — l’sl't) : (pl — &, Pp2— T ,pP3— T )

+ [#3(H? + G + 2P (H] + G3) = 22(HY + GF) = 2 (H? + G2) + O(8%)] (pr — 2
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+ (2B + G + 2} (H] + GY) = 23(H! + G}) = 2 (H] + G3) + O(8%)] (p2 — 2?)
[0+ G+ el (1] + G2) — 2l (H] + GF)

— 2}(H! + GY) + O(8%)] (ps — 2*) + O(8) (3.46)
Expand each 2 about (s,?) = (0,0) and compute

(Dymy x Dymy) - (P —my(s, 1)) — (Dymig % Dymig) - (P — mig(s,1))
= [22(H} + GY) + «}(H] + G2) = «3(H] + G}) — 2} (H] + G) + 0(8%)] (p — )
+ [22H! + G + 2l (HE 4+ G2) = 2l (H) + G}) — e} (H) + G}) + O(8)| (p2 — 2?)
+ |22 + G2 + 22(H) + G

— 22(H! + G}) = a}(H? + G2) + O(8%)| (ps — =°) + O(8F)

— FA(s,1) + E5(s,t) + O(6%)

with
FA(s,t) = [J}QH? + :I;fo — fof — xfﬂf] (pr —a)
+ (220} + 2 1 — o — 221 (p2 — 2?)
[t 4 b Y~ ) (- ) 341
and

E5(s,t) = [22G5 4+ alG? — 23GE — 2G4 (sa?, + tad ) HY + (2% + ) H?
- (3:1;:,:5 + tx::t)th - (ngt + t:z;ft)H?] (pl - xl)

+ [#3G] + 21 GE — 21 GF — 23GY + (sad, + tal ) H] + (saly + tal,) H?
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— (sl + tal ) H — (saly + taf) H] (p2 — 2%)

+ (2167 + 22GY — 22GY — 2] G2+ (sl + el HE + (sa?y + tad) ]

— (sl + tal ) H} — (sal + tal) HZ| (ps — o)

— (228} 4 2P H? — 22 HE — 221 (s2) + b))

e 4 e e Y (s 4 )

— [xthz +2?H! — 2?H} — x%Hf] (sa? 4 ta)) . (3.48)
E4 and FE5 are not the same as the E4 and FE5 in the previous derivation, but
they have very similar properties. K4 is a collection of terms that are O(S}ir ~dg);
and integrating FE4 over o yields zero. /5 contains terms which are of order five,
and with it, cancellation happens.

Before examining FEj;, we need to expand the function | P — mg(s,t) |7°

about (s,t) = (0,0).

1
| P —mg(s,t) |

[(pr = ' (s,1))% + (p2 — 22(5,1))* + (ps — 2%(s, 1))/

1
[(p1 = 21(0,0))* + (p2 — 2%(0,0))* + (ps — 2°(0,0))*>/*

_ 52,(0,0)(pr — 1(0,0)) + 523(0,0)(p2 — #%(0,0)) + 5250, 0)(ps — 2°(0,0))
[(pr = 21(0,0))* + (p2 — 2%(0,0))* + (ps — °(0,0))*]>/
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_ ty(0,0)(pr — #7(0,0)) + 1a7(0,0)(p2 — #*(0,0)) + 12;(0, 0)(ps — 2°(0, 0))
[(pr = 21(0,0))* + (p2 — 2%(0,0))* + (ps — %(0,0))*]>/

<2
Ok

+ O(@)

(3.49)

Combining (3.47), (3.48), and (3.49), we obtain

(Dsm]( X Dth) . (P — m]((87t)) — (Dsm]( X Dtm]() . (P — m]((87t))
| P —mg(s,t) |

o~

E4+ E5+ 0(6%)
[(p1 — 21(0,0))* + (p2 — 2%(0,0))* + (ps — 2°(0,0))**/2

— (B4 + E5+ 0(65))e + O(-) (3.50)

where

s2,(0,0)(p1 — 2(0,0)) + s23(0,0)(p2 — 2*(0,0)) + s2(0, 0)(ps — 27(0,0))
[(pr = 21(0,0))* + (p2 — 2%(0,0))* + (ps — °(0,0))*]>/

€ _=

t:z;%((), 0)(}?1 — xl(ov 0)) + t:z;f((), 0)(}72 — xQ(Ov 0)) + t:z;f’((), 0)(}73 — xS(Ov 0))
[(p1 = 21(0,0))* + (p2 — 2%(0,0))* + (ps — 2°(0,0))*]>/2

Note that FE4 is O(g}l(-dj(), Es s O(gir),and e 1s O(gK/d‘}(). Integrating
(3.50) over o, the error contributed by each Ag is O(6% /d3) + O(6% /di.).
Thus, the global error F; is 0(52).

For computing F,, we first calculate

1 1
PP 1P =mn O F |
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1 1 | | 1
| P —mg(s,t)|?

1 1

TP = mn e D P —sirl) ) T [P —mn(o) |

(3.51)

Using (3.30), (3.51) is O(6%/d%) - O(1/d%) = O(83./d%.). Therefore, the integrand

of (3.45) is
(Dsmpg x Dimg) - (P —mig(s, 1)) 1 :
sTUK K RS, | P —mg(s,t) P | P—mg(s,1) [?
~ g% 5;
< O(5) - Oldx) - O(5) = O()
K K

Thus, the error contributed by each Ay is O(8%/d%), and F, is of order two.
This proves the theorem. [ ]
The above theorems show the difference between the value of solid angle and

the approximate value of solid angle, and we have the following corollary.

Corollary 3.14 Let S be a piecewise smooth surface, and let P be a node point
on S. Then

Q(P) — Qn(P) = 0(6%) .

Proof: Combine Theorem 3.12 and 3.13. ]
This result is not as good as desired (see Atkinson[2, pp. 22-24]), but that the

empirical results for piecewise smooth surfaces do not clearly indicate a convergence
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rate. For smooth surfaces, the empirical rate seems to be 0(53), see Atkinson[2,

p. 23].

3.7 Generalizations

We have only presented results for using polynomial of degree two to
approximate the unknown function f and the surface S. There are other degrees
of interpolation that can be used, and the assumption on the smoothness of S and
the definition of the nodes will change appropriately. In order to obtain the results

we have in this thesis, we found that the following two properties have to hold:

1. No matter what kind of node points and basis functions have been chosen, a

generalized Lemma 3.1 has to be satisfied.
2. Cancellation happens over symmetric pairs of triangles.

We first state the generalized Lemma 3.1, and then we give the general
theorem for any degree of interpolation. Suppose we use interpolation of degree d

to approximate both the unknown function and the piecewise smooth surface S.

Lemma 3.15 Let f(s,1) = c15%t! + cps¥t + 35?142 4+ -+ + 0t where ¢;'s
are real numbers. Let {¢1,...,¢,} be node points in the unit simplex and

{li,...,1,} be basis functions in the Lagrange form, where v depends on d. Let

Plsit) = X F(al(s.)
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Then

/U % [f(s,1) — P(s,0)] dsdt = 0

9
/U 5 1f(s.1) = Pls. D] dsdt = 0

Theorem 3.16 Suppose the interpolation satisfies the previous lemma then

max | f(v:) — F(vi) | < CII(K = Kn) flloo = O(5%)

1<i<N,

where e =d+ 1 when d is an odd number and ¢ =d + 2 when dis an even

number.

Proof: When d is an odd number, the cancellation does not occur; and cancellation
does occur over symmetric pairs of triangles when d is an even number. The

remaining proofs are completely analogous to those earlier for the quadratic case. m
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CHAPTER IV

THE DISCRETE COLLOCATION METHOD

4.1 Introduction

In chapter I, we discussed the collocation method for solving integral
equations. In practice, we have to evaluate a lot of integrals when we try to solve
integral equations by using the collocation method, and usually these must be done
by time-consuming numerical integrations. Therefore, we introduce a discrete
collocation method in this chapter to study the effects of the numerical integration

CeIrTors.

4.2 The discrete collocation method for a smooth kernel

As discussed in Section 3.1, we consider the integral equation

MP) = [ KP.Q)FQ)dS = g(P).  PeS (1.1)

The assumptions for the surface S and the kernel function & are the same as in
Section 3.2. Following the discussion in Section 2.3 and 3.2, let {A4,...,Ax} be a
triangulation of S. Let myg be a parametrization of Ag, and let my be the

approximation of my as in equation (3.5),

mg(s,t) = ZmK(m)l]‘(SJ)-

We try to obtain fy by solving the linear system (3.7)
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)\fN(vi) — Z ZfN(vM()/ k(vi,ﬁf((s,t))lj(s,t) | Dsm]((s,t) X DﬁﬁK(s,t) | dsdt

(=1 =1 o

>

= g(vy), i=1,...,N, (4.2)
As noted earlier, the integrals in (4.2),
/ k(vi,mg(s,t))i(s,t) | Dsmg(s,t) x Dimp(s,t) | dsdt (4.3)

must still be evaluated, and numerical integration is the only practical course. The

principal method we have used is the 3-point rule

/h(s $dsdt ~

[

z_j . (4.4)

(=20

This method has degree of precision two, integrating exactly all quadratic
polynomials.

The method (4.4) is used to evaluate the integrals in (4.3). The resulting

linear system is

1 X8 _ _
~ % > > In(jr)k(vi, v k) | Dsmr(py) x Dimg(p)) |
K=1j =4
= g(vy), 1=1,..., N, (4.5)
The values {fny(v;) | i = 1,...,N,} can be used to construct a quadratic

interpolant fy. We call fy the discrete collocation solution, and it is more
explicitly computable than fy or fy. For smooth surfaces S, it has been shown

that

If = vl = O(8°)
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but we have only 0(52) convergence for piecewise smooth surfaces; see Atkinson[6].

4.3 The Nystrom method

The system (4.5) can also be interpreted as the linear system for a Nystrom

method for solving (4.1). Introduce the integration scheme

/ h(mu(s, 1)) | Diige(s, 1) x Diiige(s, 1) | dsdi

6
Z ]Ix mB p])) [X’ = 1,...,Nv

1 ~ ~
Wik = ¢ | Dsmigc(pj) X Dimg(p;) |

Then define a numerical integral for all of S

/SF(Q)dSQ - Z / Fmic(s,0)) | Damu(s,) x Dymy(s,1) | dsdt

K=1"7

Z Zwﬂ& (mx(p;))

K=1j =4

%

Use this integration method to approximate the integral in (4.1). Define
N 6
Knf(P) = Z ZfN(vj,K)wj,Kk(Pa VK )

K=1j;=4

This leads to an approximating numerical integral equation,

()\—ICN)}LN = g.

(4.6)

(4.7)

(4.8)

(4.9)
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The function hy € C(S), and it is given by Nystréom interpolation away from the
nodes. fy is also a function in C(S), and it is given by the formula for quadratic
isoparametric interpolation given in (3.6). The functions fy and Ay coincide at
node points, but they differ elsewhere. Following the discussion in Section 3.3, we

use the error bound for Nystrom method,

IF = hnlloe < CIK = K)o

in order to examine the error bound for the discrete collocation method at the node
points {v;}:

max | f(vi) = fn(v) | < Cll(K = K)o -

1<i<N,
4.4 Error analysis
Write
N
KfP)=Y / k(P (s, 1)) f(mx(s,0) | Dymg x Dimy | dsdt
K=1"9
and
N 6
Knf(P) = > > foj) k(P g (pj))w;x
K=1j =4

(v )k(Pymx(pg) | Dsmi(p;) x Dimi(p;) |

(=20

N 6
- ¥y
K=1;=4

We study the error (K — Ky)f(P) using the following decomposition:
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(K = Kn)f(P)

E,

N
S / k(P m (s, ) f(m(s,0)) | Dymge x Dimg | dsdt —

K=1

D

K=1j

(v )k(Pymx(pg) | Dsmx(p;) x Dimi(p;) |

6

ey
(=20

4

Ey+ Fy

N
= Z k(P,mp(s,t))f(mr(s,1)) | Demg x Dimp | dsdt —

K=1"°¢

N 6

D flopr)k(Pymi(p;) | Dsmic(p;) x Dimic(p;) |

K=1j =4

(=2

N 6

= > fwir)k(Pymg(p;)) | Dsmi(p;) x Dimg(p;) | —

K=1j =4

S| =

N 6

YD foir)k(Pymg(p;) | Dsig(pj) x Demige(p;) |

K=1j =4

(=20

FEy is the error from the numerical integration, and F; is the error from the

approximate surface m.

Lemma 4.1 Let h be defined on S and h € C*(S). Let mg(s,t) be the

parametrization of Apg. Then, for each Af,

/Uh(mK(s,t))dsdt _ %Zh(m]((pj)) — 05 (4.10)

J=4



where 6k is the size of A.

Proof: Define

h(mg(s,1)) = ;h(mk’(ﬂj))l]‘(saﬂ-
Since

6
> h(mk(p;))

=4

/%(mK(S t))dsdt =

Chl»—\

we rewrite equation (4.10) as

1 6
/h(mK(s t))dsdt — 5 Z (mr(p;))

[ ]:4

— / h(muc(s,1))dsdt — / T (s, £))dsdt

[

_ / [h(mc(s.4) — T(mu(s,1))] dsdt

By using the Taylor error formula, we get

h(mg (s, 1)) — h(mg(s, 1)) = Hyx(s,1) + O(6%)

0 0 6 0 0

Hyk(s,t) = % (s% —|—ta 2 h(mg(0,0)) —;(Sj‘g —|-tia)?’h(mkr(o,o))l‘i(s,t)

Note that O(g}i) in (4.11) is from the fourth derivative of h(mg(s,t)), i

OFk) = s+ 5y h(mi(s,1)

s=¢
t=mn

76

(4.11)

(4.12)
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where ((, n) isin the line segment from (0,0) to (s,t). Hpx is a degree three

polynomial and its coefficients are 0(5}1) Hence

/Uh(mK(s,t))dsdt — %Zh(mlx’(l)j))

J=4

_ / [h(mc(s,0)) — h(m(s,1))] dsdt

=/ [k (s.t) + O(65)| dsdt = O(85) . (4.13)

Theorem 4.2 E; = O(8*).

Proof: Let

xl(uf)l + tlA)Q + 8173)

my (s, 1) = Fj(uby + 102 + 503) = | 22(uty + 10, + s03)

J?S(Uf)l + tlA)Q + 8173)

for some j and u =1—s—t, (s,t) € 0, ' € C°(R;), 1 = 1,2,3. We can write

U; = (vig, viy) because v;’s are points in the wxy — plane. Hence,
; dx' 6:1;i( )4 8:1;i( )
x — = — U3, — Vi —\V — v
S 88 ax 37 17 ay 37y 17y
and
dz* Ot dx'

:Iifg = = —(Uz,x - Ul,x) + 8—y(v2’y - vlvy) )

ol ox
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Write
L | [ aen | [ a0 n - s neie
Dymg x Dimi = | g2(s,t) | X | 22(s,t) | = | 22(s,t)xl(s,t) — zl(s, 1) (s, 1)
L 2i(s,t) || s t) | | aals t)ai(st) — ai(s, (s, 1)
_ wird — ahr] _
= (0 =01) x (02 =0l | 232] — 2la?
i rLel —alr, ]

= (03 = 01) x (02 = 21| - J(mrc(s,1))

where ||(03 — ¥1) X (03 — 01)]| is the area of EK. After the above computation, the

integrals in F; can be expressed as

/ (P, m (5, 0)) f(me(s,1)) | Demy x Dymy | dsdt

= [[(05 — 1) x (0, — 1) / R(Pymc(s,0) f(mr(s, 1)) | J(mi(s, 1)) | dsdt

Let
h(mpg(s,t)) = k(Pymg(s,t))f(mr(s, 1)) | J(mg(s,t))]| . (4.14)

Then, h satisfies the assumptions in Lemma 4.1, and
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/ (P, m (s, 1)) f(mc(s,1)) | Doy x Dymy | dsdt —

& 3 Fess O Poniclp)) | Darnac(ps) % Dirnac(p)|

J=4

= |[(03 = o1) x (0, — 1) '/k(Pa mi(s,0)f(mr(s; 1)) | J(mg(s, 1)) | dsdt

[

- % 125 — ©1) > (22 — &1 Z;If(vj,f()k(P, mr(pi)) | J(mx(pj)) |

[ (s, 1)dsds —% S himg(p))|  (4.15)

i=1

= |[(vz — 1) x (02 — 01| -

Since all the Ag’s in the same R; are congruent, they all have the same area, i.e.,
this quntity ||(0s — 01) X (02 — 01)]|| is the same for every triangle in R;. From
Lemma 4.1, the quantity in the brackets of the equation (4.15) is of order three.
We examine (4.13) again and we can find the following. At first, Hy x(s,1) is a
polynomial with degree three. Secondly, the coefficients of it are combinations of
(02 — ©1) and (03 — 01). For instance, the coefficient of s* of Hj g is

3 3

0 0
%h(m]{(o, 0)) = %h(mK(Pl))(v&x — 1)

3

0
3 aTayh(mK(pl))(v?”x —v1,0)* (V3 — V1)
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3 3

0
+3 Mh(mk'(m))(v&x — v1,0) (V3 — V1) + a—yg,h(mk'(m))(v&y — v1,)°(4.16)

For every symmetric pair of triangles (see figure 2.3), let
ml(s, t) = FJ(UlA)l + tlA)Q + 8173)
mg(s,t) = FJ(UlA)l —|—t1A)4—|—81A)5)

and
61 - 172 — - (171 - 174)
61-?)3 — —(171—?)5)

We now have for Hj,; and Hj o, that the coefficient of s* in Hy is

J? J?
%h(ml(m))(v&x —v1.)+3 axzayh(ml(m))(v&x —1.2) (Vs — V1)

3 3

4 0
+3 5 hma (o) (s = v1) (8 = 01) + 5SRO (1)) 5y = 01" (417)

and the coefficient of s* in Hj o is

0? 0?
%h(mz(m))(v&x —v1.)+3 awzayh(mz(m))(v&x —1.2) (Vs — V1)

3 83

+3 axazyh(m2(f>1))(v&x —01.2)(03y — V1y)" + a—ygh(mz(m))(v&y —v1,)°.(4.18)

Adding (4.17) and (4.18) gives us zero, and an analogous argument holds for the
remaining coefficients. This means that cancellation happens on any symmetric pair

of triangles, and the order of error can be improved from & to &5
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As we mentioned in Theorem 3.3, if there are n? triangles in  R;, then, there
are (n? —n;)/2 symmetric pairs and n; remaining triangles that are not part of a
symmetric pair. Hence, nf —n; triangles lead to integration errors of order 56, and
n; triangles lead to integration errors of oder 55, from each R;. Adding them up,

we get a global error of order &*. This proves that Fj is 0(54). ]
Theorem 4.3 FE, = O(&*)

Proof: For each K,

Then,

(=20
-

(v )k(Pymi(p;)) | Dsmi(p;) < Dimx(pj) | —

<
Il
i

(v )k(Pymx(p;) | Dsmx(p;) < Dimx(p;) |

(=20
-

4

o
Il

> F0i)k(Pomic () || Damic(p;) x Dimic(p;) |

i=1

(=20

— | Dyiigc(p;) < Diicp;) || - (4.19)
Using equation (3.11),

k(P,mp(s,t))f(mr(s,0)(| Dsm(s,t) x Dim(s,t) | — | Dsm(s,t) x Dim(s,t)|)

= k(P mc(0,0)) f (mx(0,0))(E4(s, 1) + E5(s,1))
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+ k(P mi(0,0))[s fs(m(0,0)) + Lfi(m (0, 0))] E4(s, )

+ [sko(P, e (0,0)) + the(P,mgc(0,0))]f(mx(0,0)) Ed(s, 1) + O(6%)  (4.20)

In this formula, replace (s,t) by ps, ps, and ps. We compute F4(s,t) first. In

Section 3.4,
Ba(s, 1) = {(e2af = aled) 207 + 2P H? — 2 — 27 1Y |
+ (aZe} — ) [o3H! + 2l HY — 2l HP — 21|

+H(ata? — a2a}) [ HE 4 22} — 221} — 2112}/ | Dm(0,0) x Dim(0,0) |

and
7 _ 1 0 0 3 3 6 0 0 3
H (Svt) - 5 [(Sg —I_ta) € (070) _]Z:;(Sjg —I_t]a) € (O,O)ZJ(S,t)
We have
; 1 [8%0,0) ., , 1 2°2(0,0) 3t
HS(S,t) = ? l T(?)S — 38 —|— 5) —|— 7@528t (6St — ?)
9%21(0,0) ., 3t
05012 (31 _?)
; 1 [8%(0,0) , , 1 9°¢(0,0) 3s
2%2%(0,0) ., 3s
ds20t (3s” - ?)
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1 1 l 1 9°2'(0,0)

L 3.8%7(0,0)
2 3112 857 1

05201

: 1 [ =18%°0,0) 3 82'(0,0)
Hilyg) = ﬂIT ST

1 1 =1 &%2%(0,0)
H5:0 =5 (TT)

o1 1 [ —1 8%2'(0,0)
Hilb3) = g(IT)

: L[ —19%0,0) 3 3%2%(0,0)
H(Z. ) = | _—~-Z223 ") i St R
53) 3![ T o 1 oso
1 1 [1&%2°(0,0) 3 9%%(0,0)
(5,00 = 5 [5 o 1 oo
o1 11 il
i L e i l _

Hence,
6
> E4(p;) = 0.
7=4
Thus, equation (4.19) is at least of order five for each K. But examining carefully

the terms which are of order five in (4.19), cancellation happens between every
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symmetric pair of triangles, just as we explained in Theorem 4.2. Therefore, Fy is
of order four globally, completing the proof. [ ]
With Theorem 4.2 and 4.3, we complete the error analysis for smooth kernel

functions. The new error bound for the discrete collocation method at node points is

max | f(vi) = fv(vi) | < CIK = Kn)flle = O(6") .

1<i<N,

This also gives us
If = kvl = O(8Y)

for the Nystrom method of Section 4.3.

4.5 The numerical integration for the single layer integral

The single layer function on the right hand side of equation (2.4) needs to be

evaluated numerically. Consider the single layer integral

1
/Sf(Q)WdSQ (4.23)

al S
= | P.f(mlx’( 1)) | Dymg(s,t) x Dymg(s,t) | dsdt

K=1"7¢ — mx(s, 1) |
for P € S. The single layer kernel | P —mg(s,t) |™' in (4.23) varies from
singular to quite smooth. To handle this varied behavior, we use two forms of
numerical integration over o. The first case is when P € Ay, and therefore the
integrand in (4.23) is singular at @ = P. Note that for our purposes, P is one of

the node points. For this case, we need to use a very accurate numerical method (see
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Atkinson[2, pp. 17-19]). The second case is for those Ag’s for which P ¢ Ak.

For these integrals, the numerical integration method we have used is (4.4),

S,

=4

/h(s $dsdi ~

[

(=20

Thus, we have for those Ax with P ¢ Ag,

mhst
o TP —m(s.0)

| Dsmigc(s,t) x Dymg(s,t) | dsdt

1 f(mx(p;)) —~ —~

N | Dy (p;) x Dimc(p;) |
6 ;JZ;; —mr(p;) | ! ' !
1 f(mr(p;)) —~ ~

= — | D (p;) x Dimg(p;) |
G ZZ rnc(pg) ] | D) X Deiales)

Using this numerical integration method, we will prove the following theorem.

Theorem 4.4 Let P be a node point, and consider all Ap for which P ¢ Ag.

Then

mhst

o | P —mg(s,t) |

| Dsmigc(s,t) x Dymg(s,t) | dsdt

: f(mx(p;)) = o\ % D (o) | = =
]Z:: P — me (P]) | |Dsme’ (P]) Dt K (P]) | = 0(5) (424)

>3
6 %
Proof: Recall definitions in Section 3.5, and they will be used below.

1. dx 1is the distance from P to Agp.

2. d is the minimum value of dy for K =1,... N.



86

3. r is &/d.
Dividing this error analysis into two steps, as we did for Theorem 4.2 and

Theorem 4.3,

(s,
Z/ | P m[ S, )) | Dsm[\"(87t) X DtmI((S,t) | det

mg(s,t) |

me /’J)) — —
Dsm 4 ) x D mg ; = F + E
Z P me(P]) | | F (P]) tHek (P]) | 1 2

1 6
S22

J

with

Z/ |P me $ t)) |D5m1((57t) X Dth(Sat) | dsdt

mg(s,t) |

- 5 X I D) x D) | (429

K= | P = mi(pg) |
_ l fmk(p))) m m
E2 - 6 %:JZ:; P_mK(pj) | |D I\(p]) XDt I\(p]) |

L )
6 ;Z|P me(P]H |D5 Iﬁ(p]) D, I\(p])| : (426)

As in Theorem 4.2, let

h(mw(s,1)) = k(Pymu(s,1))f(mr(s,1) [ J(mx(s,1)) |

= f(mx(s, 1)) my(s
P —mi(s,1) ] | J(mx(s,1)) | (4.27)
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where
wa(s, ay(s, 1) — ai(s t)ag(s, 1)
(s, ) = | @3(s,)al(s,t) — ak(s,0)a(s,1) | - (4.28)

rli(s,t)x (5 t) —a2(s,t)x (5 t)

Since P ¢ Ak, h satisfies the assumptions in Lemma 4.1. The last term in the
error of (4.11) is O(g}l(), which is the fourth derivative of h(mg(s,t)) as we
explained in (4.12). h(mxg(s,1)) is (4.27) in this theorem, and hence the last term

in the error of it is O(&%/d5 ). Recall the leading term in the error,

1 0 0 6 8
Hyk(s,t) = = (Sg —I—ta) mr(0,0)) — > ( 5]6 ]8t *h(mx(0,0))(s, )
7=1

We discuss part of the coefficient of s® in this equation, and this will show the

general behavior of Hj, . The term we would like to examine is

>, _ O Sl

g (mx(0:0)) = 933(|P sy |00 ');;g

= Son(0.0) | Hom(0.0) | 575 (| P |) 5= (1.20)
’ t=0

+3 {2 Ut | oo 1557 (e )] 030

(]
o

+3 Uonte [t 1 5 (= ] )

([
oo

1 03
(0,0) | 93 (f(mx(s, 1)) | J(mr(s,1)) )

(4.32)

|P—m]( 0
0

s
[



88

(4.30), (4.31), and (4.32) are O(&%/d%), O(83% /d%), and O(83/dy ), respectively,
and (4.29) is O(6% /d4), the dominant term in (4.29)—(4.32). Hence,

<3 4
6 K 6 K

hwm@iﬁ—%wm@JDZOQgJ+0@§%

and
K t
X P(m;lES(S)t)) | | Dymg(s,t) x Dymg(s,t) | dsdt
1 f(ml((p]‘))
6 Dsmp(p; D (P
6 ]Z:; | P — mK(pj) | | L (PJ) X LM (PJ) |
o5 6.
- oG+ o)

Thus, errors contributed by each A are O(é% /d) . For each symmetric pair of
triangles, the error O(8% /d%) can be improved to O(6% /d3) because of
cancellation of the type discussed in Theorem 4.2. Following the methods used in
Theorem 3.10, we obtain that F; is of order one.

We now examine each term of F,.

| D mI&(P]) X Dth(PJ) |

IP—mMmH
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Use (3.22) with the single layer kernel, and obtain

fmk(s, 1))
| P —mg(s,t)|

eri(s,t) = [ Dame(s.1) x Dime(s, 1) |

— | Dafiige(s.t) x Diiiige(s, 1) ||

f(mx(0,0))
| P —mg(0,0) |

(E4(s,t) + E5(s,t))

st(m](((),())) + tft(m](((),()))
| P —mg(0,0) |

FA(s,1)

- f(mg(0,0))F4(s, 1)

0 0 1
TR (|P = mK<s,t>>|)

s=0
t=0
8.
+ O(d_%)
where K4 and FEb5 are defined in Lemma 3.2. Hence,
: &
> eaxlp)) = O() + O(). (4.33)
—1 di dy

With the usual cancellation over symmetric pairs and the discussion of the claim in

Theorem 3.10, Fy is 0(53). With F; and FE; proven, we have 0(5) for the error

analysis of the numerical integration method computing the single layer integral. m
After going through the last theorem carefully, we find those triangles which

are quite close to the point P contribute most of the error. To improve on this, We
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can choose a fixed number € and then use another more accurate numerical
integration method for those triangles within € of P (see Atkinson[2, pp. 17-19]).
Applying this numerical integration method on each triangle for which the distance

between P and the triangle is less than e, we have the following corollary.

Corollary 4.5 Consider those triangles Ay for which the distance from P to

Ak s greater than a fixed number ¢. Then,

mhst)

o | P—mg(s,1) | | Dsmg(s,t) x Dimpg(s,t) | dsdt

: f(mx(p;)) = (o) X Dol o) | = 4
> e B | D) > D) | = 08

1
R

Proof: After choosing a fixed number e, this case amounts to integrating a smooth

function over the region
SANH{Q [ [P-Q[<e}.
We apply Theorem 4.3 and Theorem 4.4 to this case, and this completes the

corollary. [ ]

4.6 The numerical integration method for computing the solid angle Q(P)

Consider the equation (3.26),

9 1
aP) = /sayQ [IP—QI] dSq  PeS

B Z / Domp x Dimy P —mg(s,t)
N o | Dsmg X Dymg | | P—mg(s,t) ]2

K=1

| Dsmy X Dymyc | dsdt
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P —mg(s,t)
| P —mg(s,t)|?

Z/i (Damic  Dumc) -

K=1

dsdt | (4.34)

Because S is piecewise smooth, we can assume the direction of the normal vector
does not change and that the sign in the above integral is positive. Therefore, we

write (4.34) as

P —mg(s,t)
| P —mg(s,t) |

Z D s X Dtmh)

leg

dsdt . (4.35)

As we discussed with the single layer integral, the integrand of (4.35) varies
from singular to quite smooth. We handle this varied behavior by using two forms
of numerical integration method over o. The first case is for P € Ag and thus
the integrand in (4.35) is singular at @ = P. We will consider only the case that
P is a node point. For this case, we use a very accurate numerical integration
method to get a very good approximation which is of order four (see Atkinson|2,
pp. 17-19]). The second case is for those Ag’s which do not contain the point P.
For the second case, the numerical integration scheme we have used is (4.4), the
3-point rule

S hns)

Jj=4

(=20

/h(s $dsdi ~

Thus, we have

N P —mg(s,t)
Ds {4 D ) ’ d dt P A {4

N 6 —
P —mg(p))
(Dsmg(p;) x Dimg(p;)) - —
2 2Dl DT i) P

| =
=
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Y P —mi(p))
Z:: Z:: D sMK P] x Dimg (P]))- | D mK(p]‘) |3 (436)

(=20

Theorem 4.6 Let P be a node point, and consider all Ag for which P ¢ Ag.

Then,
P —mg(s,t)
Demg(s,t) x Dimg(s,t)) - dsdt
%:/U( MK (5 )X tTE (5 )) |P—m]((8,t) |3 =
1 : P —mg(p;)
- Dsmig(p;) X Dimg(p;)) - — ! = 0(1 4.37
R L e N

Proof: Two steps will be used to prove this theorem.

P —mg(s,t)
Ds {4 D ) d dt
Z/( mi X D) -y

: P —mg(p;)
(Dsmg(pj) x Dimg(p;)) - —
;]2 ' PP —mk(p;) P

(=2

with

P —mg(s,t)
| P —mg(s,t) |

Z/(DSmK x Dimp) - dsdt
K v7°

(=20

: P —mg(p;)
Dsmig(pj) x Dimg(pj)) - J
;JZ:;; ’ t PP —mi(p;) P
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. W, P —mk(p;)
K j=4 | P —mg(p;) |

P —mg(p;)
| P —mg(p;) |

6
ZZ (Dsmg(pj) x Dimg(p;)) -
K

i=1

(=2

To prove Ei, let

P —mg(s,t)
| P —mg(s,t) |

h(mg(s,t)) = J(mg(s,t))-
where J(mpg(s,t)) is defined as (4.28). Because P ¢ Ak, h(mg(s,t)) satisfies
the assumptions in Lemma 4.1.

1 3, 5, 6
Hy (s, 1) = [(

3 [(535 (g0 O 0.00) = Yoo+t . o>>zj<s,t>]

3

We would like to examine one term of the coefficient s° in Hj g, and it will show

the general behavior of Hj, k.

o 03 P —mg(s,t)
(000 = 35 (Jomates ) = =
= (0.0 (P =m0, ()| (1.33)
’ t=0

#3 {21 = s ) St 0 o () (199

1 d?

| P — mi(0,0) 2 9s? (4:41)

(P = mg(s,1)) - J(mc(s,1))]
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The errors from (4.38), ..., (4.41) vary from O(&83/d%) to O(6%/d%). Hence,

P —mg(s,t)

dsdt
P —mn(s.t) P

/(DsmK X Dth) :

P —mg(p;)
| P —mk(p;) |?

6
Z Dymy /’J X Dtml&(ﬂ]))'

Jj=4

Chl}—\

<5 <6
6 K 6 K

O(d—}) + (d—?)

where O(&3./d3.) is the dominant term in (4.38)—(4.41), and O(65./dS.) comes
from the fourth derivative of h(mg(s,t)). dx is the distance from P to Ak, and
dx = t-d where i depends on how far A is away from P, and d is defined in

Theorem 3.10. Note r = g/d, therefore

0(§— .

d%r) B 2° 2°

The usual cancellation over symmetric pairs does happen here, but it does not
improve the rate of convergence of this numerical method because of the term
O(8%./dS.). As discussed in theorem 3.10, there are ¢; triangles at a distance i - d,
and ¢; 1s proportional to ¢ for ¢=1,...,¢;. Note that ¢;-d is the longest
possible distance from P to triangles in R;. Suppose each E; has nf triangles,

then ¢; is proportional to n;,. We now compute F; contributed by FR; as

8. ¢ !
ZO d? = Y ¢ r°0(=) = r® = constant (4.42)
K =1 ¢
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Since mg(p;) = mr(p;) for j = 1,...,6, Fy can be rewritten as

v P i)
Dsmig(p;) X Dimg(pj)) - J
Z::MZ:;; ’ t PP —mi(py) P

| =
=

(=20

s e oy P milp)
Z:: Z:: (Dsmrc(py) x Dimg(py)) P ko) T (4.43)

We compute Dymyg(p;) x Dimg(p;) first.

Dymg(s,t) x Dyimg(s,t) — Dsmg(s,t) x Dimg(s,t)

22(s, 1)) (s, t) — (s, t)xi(s, 1) T2, 0)T(s, 1) — 22(s,1)T3(s, 1)
= | 23(s,)ai(s,t) —al(s, )ai(s,t) | = | T(s,0)Ti(s,t) — TL(s,1)T)(s,1)

wi(s,t)xi(s,t) — a2(s,t)xi(s, 1) (s, 0)T3(s, 1) — 22(s, 1) T4 (s, 1)

P2 HP + G3) 4+ a}(H2 + G?) — a3(HP + G2) + 22 (H? + G2) + O(8%)

= | ZYH] + G+ 2l (H? 4+ G2) — 2l (HP + G3) + 23(H! + GY) + O(8%)

e (H? 4+ G2) 4+ c2(HY + GY) — 22(H} + GY) + al (H? + G2) + O(8%)

Expanding each z! and z! about (0,0), the above equation equals

Vi(s,t) 4+ Vi(s, 1) — Vi(s,t) + O(6%) where

27173 3172 37172 27173
stt + xtHs - stt + xtHs

Vils,t) = | 2®H! + 2!H® — 2 H3 + 22 H!

1 2 27171 2 1 1 2
stt + xtHs - stt + xtHs
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2G4 )G 4 (sal, + tal ) HY 4 (sal, + tag,) H?
Vals,1) = | a3G 4+ G2 (sad, + ta? ) HY + (sl + taly) H?

v G+ wi G+ (swgy 4 tagg ) HE + (sag, + tag) Hy

TG+ e G (sl + 1) HY + (s, + teg) HY

Va(s,1) = | 2lG2 4 23Gh + (sah, + tal, ) HP 4 (sa?, + tad) H]

w3y +w GY A+ (sl + tag ) Hy 4 (s, + tay, ) HY

Vi is of order four, and V2 and V5 are of order five. Computing (4.43), and let

(P - mK(Sat)) : [DsmK X Dimy — Dymp X Dtmlx"]

62,Ix"(87t) = | P — mK(Svt) |3
_ (P — mK(OvO)) ) [‘/l(svt) + ‘/Q(S’t) _ ‘/3(87t)]
- | P — mK(OvO) |3
~ (sDgmi(0,0) + 1D (0,0)) - Vi
| P — mK(Svt) |3
o 0 1
+ (P - mK(O,O)) ' Vl(Svt))(S% + ta) (| P — mK(O,O) |3) 5 :8
t =
i
+ O(df}()
Hence,
6 5; g?‘
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Because of cancellation of the type discussed in theorem 4.2 and calculation of the

type discussed in Theorem 3.10, E5 is of order two. This prove the theorem ]
The result from above theorem is not very useful, because it is not convergent.

But, we also notice that the triangles which contribute the most error are triangles

which are very close to the point P. Therefore, we can choose a fixed number

e > 0, and another more accurate numerical integration method to apply on those

triangles for which their distance to P is less than € (see Atkinson[2, pp. 17-19]).

Then, we have the following corollary for triangles which are far away from P.

Corollary 4.7 Consider those triangles Ay for which the distance from P to

Ak is greater than e. Then,

P —mg(s,t)
Ds {4 D ) d dt
32 (D x e

P—m]((p]‘) _ 0(54)

(=20

6
(Dsmig(p;) x Dimg(p;)) - —
ZZ 2T P —Tak(py) 1P

Proof: As discussed in Corollary 4.5, this case amounts to integrating a smooth

function over the region
S\H{Q | [P-Q[<e}.

Thus, 0(54) is expected and is followed by Theorem 4.3 and Theorem 4.4. This
completes the corollary. [ ]
Section 4.5 and 4.6 show that it is necessary to carefully choose a numerical

integration method for those triangles within a short distance of P.
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4.7 Generalizations

In analogy with Section 3.7, we also give a generalization for the discrete
collocation method to other degrees of interpolation. In order to get the earlier

results of this chapter, we found that the following two properties have to hold:

1. No matter what kind of node points and basis functions have been chosen,

generalized forms of (4.21) and (4.22) have to be satisfied.
2. Cancellation happens over symmetric pairs of triangles.

We first state the generalization of (4.21)—(4.22), and then we give the general
theorem for any degree of interpolation. Suppose we use interpolation of degree d

to approximate both the unknown function and the piecewise smooth surface S.

Lemma 4.8 Let f(s,1) = ;8™ 4 cps%t + 389712 4+ -+ + cqp9t™™, where ¢;'s are
real numbers. Let {¢1,...,¢,} be node points in the unit simplex and {l,...,1,}
be basis functions in the Lagrange form, where v depends on d. Define wq,...,w,

as

wi:/li(s,t)dsdt i=1,...,v.

Let

v

P(S,t) = Zf(qi)li(svt)

=1

Then
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S wig (/- P)a) =0

The numerical integration method we use for this case is based on the interpolation,
ie.

/ h(s, 1)dsdl ~ Z h(gi)w . (4.44)

Theorem 4.9 Suppose the interpolation satisfies Lemma 4.8, and use the

numerical integration method (4.44). Then

max | f(vi) — f(vi) | < CIIK = Kn)flloo = O(5%)

1<i<N,

where e =d+ 1 when d is an odd number and ¢ =d + 2 when dis an even

number.

Proof: When d is an odd number, the cancellation does not occur; and cancellation
does occur over symmetric pairs of triangles when d is an even number. the

remaining proofs are completely analogous to those earlier for the quadratic case. m
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