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Compound sampling framework

e observed data conditionally independent given
parameters

Yilb; ~ fi(yili), i=1,...n

e family of prior distributions indexed by low-
dimensional parameter 7

0; ~ g(6;n)
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Empirical Bayes

e Bayesian analysis requires specifying fixed val-
ues for parameters of highest-stage priors

— these values must come from source other
than the current dataset

e goal of empirical Bayes analysis is to fit hi-
erarchical models without introducing infor-
mation external to the current dataset

e B approach

— estimates final-stage parameters using cur-
rent data
— then proceeds as though prior were known

— requires adjustment to posterior standard
deviations and credible sets
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Parametric EB (PEB) point estimation

e if ) were known (fully Bayes)
_ filwil0:)g(05n)

p(Oilyi,n) =

(ilyi. ) m;(yiln)

—i.e. posterior for 6; depends on data only
through y;

—m,; is marginal likelihood of y;

e PEB used marginal distribution of all the
data to estimate n

—m(y|n)

— use maximum likelihood or method of mo-
ments to get estimate 7)

e plug 7 into above expression to get estimated

posterior p(6;]y;, 7)

— use estimated posterior for all inference

—e.g. point estimate of posterior mean

— this point estimate depends on all the data
through 7 = 7(y)



Example: Normal/Normal models

e two-stage model
Y;|6; ~ N(8;,0%), i=1,...,n
0; |l ~ N(,u,TZ), i=1,...,n
o first assume both 72 and 2 known
— calculations we have seen in GCSR show
that marginally Y;s are i.i.d.
* (1.e. with 6;s integrated out)
“Yilu ~ N(p,o?+7)
— so the marginal likelihood of all the Y;s is
(v1n 1
m =
YW= n(o + r2)2
1 n 9
o2 472 ¥~

— EB analysis requires estimation of u

exp|—

— marginal MLE of

b=y

® NOW SUppose 72, as well as p, is unknown

— estimates of both p and 72 are needed
— marginal MLEs

=7
% 72 = (s2 — 02 = max{0, (s® — 02)}
where 82 = Lot (; — )2

- the variation in the data over and above
that expected if all the 6;s were equal

+* MMLE for B
B _ 02 0'2

o2+ 72 o2y (52 — o2)t
+x PEB estimates of 6;

A 2 .

0" = g+(1-B)yi-7)

x amount of shrinkage is controlled by the
estimated heterogeneity in the data

— estimated posterior distribution of 6;

p(8ilyis i) = N(Bji+(1-B)y;, (1-B)o?)

where

o2

o2+ 12

exactly the same as fully Bayesian poste-
rior for this case except that known prior
mean 4 is replaced by sample mean com-
puted from all the data

— PEB point estimate of 6;
6" = By+ (1 By,
=y+(1-B)yi—9)

— inference for single component borrows in-
formation from data on all components

B =

— shrinkage estimator
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Example: the dyes data

e recall 2-stage model
Yi|6; ~ N(6;,6%), i=1,....n
0| ~ N(M,TZ), i=1,...,n

e consider individual batch means as the y;s,
i=1,...,6

1505 1528 1564 1498 1600 1470

® suppose

— al-zndw for individual observations was known
to be 2500 gm?

— 5 observations per batch, so variance of
these batch means is known to be
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® suppose 72 was known to be 1600 Example continued

* MMLE of p e Suppose o2 = 500 is still known
p=1y=1527.5 e but 72 is unknown
_ o> _ 50 _ 2= 146 — )2 =
e then EB point estimates of 6;s o then T2 = (52 -0 )+ = 1878.6 — 500 =
6F — (1527.5) + (1 — 0.238)(1505 — 1527.5) — 15104 13786
95; — (1527.5) + (1 — 0.238)(1528 — 1527.5) = 1527.9 o MMLE B = ;2% = 0.266
b = (1527.5) + (1 — 0.238)(1564 — 1527.5) = 1555.3 o then EB point estimates of fs
g8 = (1527.5) + (1 — 0.238)(1498 — 1527.5) = 1505.0 i
¢ = (1527.5) + (1 — 0.238)(1600 — 1527.5) = 1582.7 op7 = (1527.5) + (1 - 0.266)(1505 — 1527.5) = 15215
g8 = (1527.5) + (1 — 0.238)(1470 — 1527.5) = 1483.7 oo’ = (1527.5) + (1 — 0.266)(1528 — 1527.5) = 1527.6
i = (1527.5) + (1 — 0.266)(1564 — 1527.5) = 1537.2
e = (1527.5) + (1 — 0.266)(1498 — 1527.5) = 1510.7
e’ = (1527.5) + (1 — 0.266)(1600 — 1527.5) = 1546.8
gem" = (1527.5) + (1 — 0.266)(1470 — 1527.5) = 1512.2
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Comments “Naive” EB interval estimation
e EB estimates: compromise between e given estimated posterior p(6;|y;, 77), use like
— pooling all data (B = 1) any other posterior distribution to obtain HPD
—using only data from ith observation or or equal tail credible set for 6;
group to estimate ith parameter (B = 0) e from elementary math stat
e one difficulty with PEB approach: choosing Var(@i|y)—En|y[Var(0i|yi, 77)]+Varn|y[E(9i|yi, n)]

how to estimate h; t . .
OW 10 CUINATe AyPErparatmeters e in normal/normal case, 95% naive EBCI would

e contrast with fully Bayesian approach be

—would add another level to hierarchy E(6;]yi, ) + 1.96/Var(0;]y;, n)

s add prior on y and 72 _ ) ) _
e i.e. naive EBCI ignores the posterior uncer-

— replaces estimation with integration tainty about 7.

— avoids problem of selecting estimation method o _ _
. . e so naive interval is very likely to be too short,
~ automatically propagates to the posterior and to have lower coverage probability than
distribution the uncertainty induced by es- e P Y

timating p and 72 claimed
e substantial statistical literature on how to

— however, requires selection of hyperpriors .
correct this problem



Interval estimation
Definitions of “EB coverage”

o to(y)is a (1-a)100% unconditional EB con-
fidence set for @ if and only if for each 7

Pyﬂln(e € ta(}’)) ~l—a«a

— evaluating performace of EBCI over vari-
ability in both 6 and the data

o to(y) is a (1-a)100% conditional EB confi-
dence set for @ given a data summary b(y) if
and only if for each b(y = b and n

Py pjo(y)=bn(0 € taly)) %1«

—example: if b(y) = y, then this is fully
Bayesian coverage

Simulation study example

e compound sampling framework
Y;|6;) ~ Exponential(6;), i =1,..
Oiln ~ I1G(n, 1)

e simulation study of 3000 datasets with &k =5
and n = 2

k

*

o for each dataset, they generated the fs ran-
domly from the IG prior, and then generated
the Ys given the 6s
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Carl Morris’s approach to EB interval
adjustment

e for normal /normal model with ¢ known

—base EBCI on modified estimated poste-
rior
—use “naive” mean

—inflate variance to try to capture second
term in true variance

pMOTTiS(9i|yi7ﬁ) = N(ézEBv V*)

where

k—1. 2
V*=02(1— p B)—i—k_ng(Yi—Y)Q

Other approaches to EBCI correction are dis-
cussed in Carlin and Louis, Ch. 3.
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Interval estimation
Definitions of “EB coverage”

o to(y) is a (1-a)100% unconditional EB con-
fidence set for @ if and only if for each 7
Py59|77(0 € ta(y)) ~1l—a«a

— evaluating performace of EBCI over vari-
ability in both 6 and the data

o to(y) is a (1-)100% conditional EB confi-
dence set for 6 given a data summary b(y) if
and only if for each b(y = b and n

Py glb(y)=b,y(0 € taly)) 1 -«

—example: if b(y) = y, then this is fully
Bayesian coverage
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Carl Morris’s approach to EB interval
adjustment

e for normal/ normal model with o2 known
— base EBCI on modified estimated poste-
rior
—use “naive” mean

—inflate variance to try to capture second
term in true variance

pMOTTiS(0i|yi7 77) = N(‘QAZ'EBa V*)

where

k—1 2 . _

Other approaches to EBCI correction are dis-
cussed in Carlin and Louis, Ch. 3.
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Simulation study example

e compound sampling framework
Y;|0;) ~ Exponential(6;), i=1,...,k
Oiln ~ 1G(n,1)
e simulation study of 3000 datasets with & =5
and n =2

o for each dataset, they generated the fs ran-
domly from the IG prior, and then generated
the Ys given the fs



