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Abstract. We intro duce Abstract DPLL , a general and simple abstract
rule-basedformulation of the Davis-Putnam-Logemann-Loveland (DPLL)
procedure. Its properties, such as soundness,completenessor termina-
tion, immediately carry over to the modern DPLL implementations with
features such as non-chronological backtracking or clauselearning. This
allows one to formally reason about practical DPLL algorithms in a
simple way. In the second part of this paper we extend the framework
to Abstract DPLL modulo theories. This allows us to express|and for-
mally reason about|state-of-the-art  concrete DPLL-based techniques
for satis abilit y modulo background theories, such as the di®erert lazy
approaches, or our DPLL(T) framework.

1 Intro duction

Most state-of-the-art SAT solvers [MMZ* 01,GNO2] today are based on dif-
ferent variations of the Davis-Putnam-Logemann-Loveland (DPLL) procedure
[DP60,DLL62], a procedure for deciding the satis abilit y of propositional for-
mulas in conjunctive normal form.

Starting essetially with the pioneering work on the GRASP [MSS99 and
SATO [Zha97] systems,the spectacular improvemens in the performance of
DPLL-based SAT solvers achieved in the last yearsare due to i) better imple-
mentation techniques,suc as,e.g.,the 2-watcha literal approad for unit propa-
gation, and ii) seweral conceptualenhancemets on the original DPLL procedure
aimed at reducing the amourt of explored seard spacesuch asnon-chronolagical
backtracking, con®ict-driven lemma learning, and restarts.

Becauseof their successboth the DPLL procedure and its enhancemets
have beenrecenly adapted to satis abilit y problemsin more expressie logics
than propositional logic. In particular, they have been usedto build ezcient
solvers for the satis abilit y of (certain classesof) ground rst-order formulas
with respect to theories like the theory of equality, of the integer/real numbers,
of arrays, and on [ACGO00,ABC* 02,BDS02,dMR02,FJOS03GHN™* 04].

Altogether, it hasbecomenon-trivial to reasonformally about the properties
of such enhancedDPLL proceduresand their extensionsto satis abilit y modulo
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theories (SMT). Howewer, so far there have beenno attempts to do so in the
literature, to our knowledge at least, except for a work by Tinelli [Tin02] (one
of these authors). That work describes DPLL and DPLL modulo theories at
an abstract, formal level by meansof a sequentrstyle logical calculus. This cal-
culus consistsof a few deterministic derivation rules, modelling the constraint
propagation medanism of the DPLL procedure,and one branching rule, mod-
elling the non-deterministic guessingstep of DPLL. Becauseof the branching
rule the calculus producesderivation trees As a consequencejt can explictly
model neither badktracking (chronological or not) nor lemmalearning|they are
metalogical features for the calculus. Also, the calculus implicitly assumesthe
procedureto keeptrack of the current truth valuesof all clauses,which is not
the casein practical implementations.

In this paper we addressthese limitations of Tinelli's calculus by modelling
the DPLL procedureand its SMT extensionsas transitions systems While still
as declarative in nature as the calculusin [Tin02], our transition systemscan
explicitty model various features of state-of-the-art DPLL-based solvers, thus
bridging the gap betweenabstract calculi for DPLL and actual implementations.

In Section 2, using transition systemsde ned by meansof conditional tran-
sition rules, we introduce general and simple abstract formulations of seweral
variants of propositional DPLL, and discusstheir soundnesscompletenessand
termination. These properties immediately carry over to modern DPLL imple-
merntations with such featuresasnon-chronological bactracking and learning. In
fact, we alsoexplain and formalize what is doneby the di®erert implemertations.
For example,we explain how di®erern systemsimplement our backjumping rule,
how devicessud as implication graphs are just one possibility for computing
new lemmas,and how standard badktracking is a special caseof the badkjumping
rule.

We also provide a generaland simple termination argumert for DPLL pro-
ceduresthat doesnot depend on an exhaustive enumeration of all truth assign-
merts; instead, it cleanly expresseghat a seart state becomesnore advancedif
an additional unit is deduced,the higher up in the seard tree the better|whic h
is the very essenceof the idea of badjumping.

Our transition systemsallow oneto formally reasonabout practical DPLL
implemertations in a simple way, which to our knowledge had not been done
before.In Section3 we extend the framework to Abstract DPLL modulo theories.
This allows us to express|and formally reason about|most state-of-the-art
DPLL-based techniques for satis abilit y modulo badkground theories, suc as
various socalled lazy approactes[ACGO00,ABC * 02,BDS02dMR02,FJOS03]and
our own DPLL(T) framework [GHN* 04].



2 The Abstract DPLL Pro cedure

The DPLL procedureworks by trying to build incremertally a satisfying truth
assignmern for a given propositional formula F in conjunctive normal form. At
ead step, the current assignmem M for F is augmerted either by a processof
boolean constraint propagation, which deducesdeterministically from M and F
the truth value of additional variables of F, or by a non-deterministic guess,or
decision, on the truth value of one of the remaining unde ned variables.

Modern implementations of DPLL useezxcient constraint propagation algo-
rithms, and sophisticated badtracking medanisms for recovering from wrong
decisions. We provide here a general abstract framework for describing both
constraint propagation and backtracking in DPLL-based systems.

In this section we deal with propositional logic. Atoms are propositional
symbols from a "nite setP. If p 2 P, then p is a positive literal and : p is a
negative literal. The negation of a literal |, written : |, denotes: pif | is p, and
pif I'is: p. A clauseis a set of literals and a cnf (formula) is a set of clauses.
A (partial truth) assignmentM is a set of literals such that fp;: pgu M for no
p. A literal listrue in M if | 2 M, isfalsein M if : | 2 M, and is unde ned
otherwise. M s total if no literal of P is unde ned in M. A clauseC is true in
M if C\' M 6 ;,isfalsein M, denotedM E : C, if all its literals are falsein M ,
and is unde ned otherwise. A cnf F is true in M (or satis ed by M), denoted
M E F, if all its clausesare true in M. In that case,M is called a model of F.
If F has no models then it is unsatisable. We write F £ C (F F F9 if the
clauseC (cnf F9 is true in all modelsof F. If F F F%and F°F F, we say that
F and F° are logically equivalert. We denote by C _ | the clauseD sud that
|2 D andC = D nflg.

2.1 The Basic DPLL Pro cedure

Here,a DPLL procedurewill be modeled by a transition system a set of states
together with a relation, called the transition relation, over these states. States
will be denoted by (possibly subscripted) S. We write S =) S°to meart that
the pair (S;S9 is in the transition relation, and then say that S°is reachable
from S in onetransition step. We denoteby =) ° the re°exive-transitive closure
of =) . Wewrite S=) 'SCif S=) " S%and S%is a nal state, i.e.,if S°=) S%
for no S

A state is either fail or a pair M j F, where F is a nite set of clausesand
M is a sequenceof annotated literals. We will denote the empty sequenceof
literals by ;, unit sequencesy their only literal, and the concatenation of two
sequencedy simple juxtap osition. We will not gointo a complete formalization
of annotated literals; it suxcesto know that someliterals | will be annotated
as being decision literals; this fact will be denoted here by writing 19 (roughly,
decisionliterals are the onesthat have beenaddedto M by the Deciderule given
belaw). Most of the time the sequenceM will be simply seenasa set of literals,
denoting an assignmen, i.e., ignoring both the annotations and the fact that M
is a sequenceand not a set.



In what follows, the transition relation will be de ned by meansof (condi-
tional) transition rules. If F is a cnf formula and C is a clause,we will sometimes
write F; C in the secondcomponert of a state asa shorthand for F [ fCg.

De nition 1. The BasicDPLL systemconsistsof the following transition rules:
UnitPropagate: 1

MjF:C | =) MIjrc 1 if MFE:C

| is unde ned in M

Decide: 1
. . . | or : | occurs in a clauseof F
— d
M1F =) MITyF i | is unde ned in M
Fail : 1
— _ . : ME:C
MiFC =) fail i M contains no decision literals
Backjump: 8
3 there is someclauseC _ 1°s.t.:
. o —
MIENGE =) MI%F f FEC_IDadMpE:C

2 [1%s undemnedin M
190r : 190ccurs in a clauseof F

Below wewill show that the transition relation terminates when starting from
; § F, that is, there exist no in nite sequence®fthe form; jF =) S;=) :::,
and we will de ne a Basic DPLL procedure to be any proceduretaking an input
cnf F and computing a sequence jF =) 'S.

Of course, actual DPLL implementations may usethe above rules in more
restrictiv e ways, using particular application strategies. For example, many sys-
temswill eagerlyapply UnitPropagate but this is not necessaryijn fact, below we
will shaw that any strategy is adeguate: the nal state produced by the strategy
will be either fail, when F is unsatis able, or elsea state of the form M j F°
where M is a model of F. This result holds even if UnitPropagateis not applied
at all. Similarly, most implementations will try to minimize the number of ap-
plications of Decide Others may apply it only with literals | belongingto some
clausethat is not yet true in M (in that casethe procedure can also terminate
if M is a non-total model).

Example 2. In the following sequenceof transitions, to improve readability we
have denoted atoms by natural numbers, negation by overlining, and written
decisionliterals in bold:

1131452 1.2 = (Decidg
3jJ1.3, 1452 1.2 =) (UnitPropagatd
31j 13 1452 12 =) (UnitPropagatd
312j1.3, 145 2 12 =) (Decidg
3124 1.3, 1.4 52 1.2 =) (UnitPropagatd
31245j1.3, 145 2, 12 Final state: model found. t



Concerning the rules Fail and Backjump we will shav below that if in some
state M j F there is a con‘ict, i.e., a clause of F that is falsein M, it is
always the casethat either Fail applies (if there are no decision literals in M)
or Backjump applies (if there is at least one decisionliteral in M). In fact, in
most implementations Backjumpis only applied when suc a con®ict arises,this
is why it is usually called con®ict-driven backjumping. Note that M can be seen
asasequenceMg I3 My ::: Iy My, wherethe |; are all the decisionliterals in M.
As in actual DPLL implementations, sud a state is said to be in decision level
k, and the literals of ead |; M; are said to belongto decisionlevel i.

Example 3. Another example of application of the Basic DPLL rules is:

1 jJ1.2 3 4 5686 652 = (Decidg
1j1.2 3458686 652 = (UnitPropagatg

12j1.2 3 456 652 = (Decidg
123j12 3405686 652 =9 (UnitPropagat

1234j 1 2 3 4 56 652 = (Decidd
12345j 1.2 3 4 56 652 = (UnitPropagatg

123456j 12 3 45686 652 =9 (Backjump
125j 1.2 3 4 56 652

Indeed, beforethe application of Backjumpthere wasa con®ict: the clause6 5 2
is falsein 1 2 3 45 6. We have backjumped from decision level 3 to decision
level 1, whereasstandard badktracking would reverseonly the last decision,and
return to 1 2 3 4 5 (decision level 2). The Backjumprule applies here because
we can take 1_5 playing the role of the backjump clause C _ 1%in the de nition
of the rule. In fact, one can always take a disjunction of negateddecisionliterals
for this (seethe proof of Lemma 6). But in practice one can usually nd better
badkjump clausesby con®ict analysis, that is, by analyzing the so called con®ict
graph (see,e.g.,[MSS99), which in this example expresseswvhy one has both 6
and 6:

1! 2! 6

%
51 6

In this graph, which can etciently be built badkwards from the two con®icting
literals, ead literal | has incoming arrows from the literals I, :::1, that caused
its propagationdueto aclause: I;_:::_: I,_I. For nding abadkjump clause,it
suzxcesto cut the graphinto two parts, oneof them containing the two con®icting
literals and no decisionliterals. Let I, :::1, be the literals with outgoing edges
that are cut, let d¢ denote the decisionlevel to which ead | belongs,and let i
be the maximal such d¢ and j the secondmaximal one (or O if all di arei). If
only oneof the dy isi, then: I, _:::_: Iy is an adequatebadkjump clause,and
one can badkjump to decisionlevel j [MSS99.

In implementations with eagerunit propagation such as Cha® [MMZ * 01],
onecan always choosea cut that is closestto the two con®icting literals, and that



producesa lemmawith exactly oneliteral of the current decisionlevel, the nega-
tion of which is the so-called1st unique implication point, (LUIP) [ZMMMO1]. In
the example,the 1UIP is 5 and the 1UIP cut givesthe badkjump clause2 5.

The Backjump rule makes progressin the seard by returning to a strictly
lower decision level, but with the additional information given by the literal 1°
that is addedto it. In most DPLL implementations the badjump clauseC _ |°
is added to the clauseset as a learned clause (con®ict-driven clause learning).
However, in this Basic system the secondcomponert of ead state (the clause
set) remainsunchanged;this will changein Subsection2.3whenthe learning rule
is added. In fact, for somereadersit may be surprising that backjumping canbe
donewithout clauselearning. Such a distinction givesthe systemmore °exibilit vy,
allowing it to model, for example, the original DPLL procedure[DLL62].

2.2 Correctness of Basic DPLL

In what follows, (possibly subscripted) F and M will always denote nite clause
setsand annotated literal sequencesrespectively.



Lemma 4. If ; jF =) *M jF then the following hold.

1. All the atomsin M are atoms of F.

2. M contains no literal more than once and is indeed an assignment,i.e., it
contains no pair of literals of the form p and : p.

3. If M is oftheform Mg ly M1 ::: I, My, wherlq;:::;l, are all the decision

Proof. All three claims hold trivially initially , so we only needto show that all
four kinds of stepspresene them. For claims 1 and 2 this is obviously the case.
For the third claim, considerastepM jF =) MPj F, whereM is of the form
Mo ly M1 i Iy My, and Iq;:::; 1, are all the decisionliterals of M.

(i) M F:C,and (i) C_lisinF.
Decide There is nothing to be proved here.
Backjump Assumethat, in the Backjumprule, 19 is lj+1, the j + 1-th decision

literal. Then M is of the form Mg I3 My ::: |j M 1% We only needto show
that F[ fly;:::;159F 19 This holds asfor the UnitPropagatecase,sincewe have
@) F[ fl;i:5igF Mo ly Mg oo 1p My, (i) Mg ly My iii | My F 2 C, and
(i) FEC_IC u

Theorem 5 (T ermination). There exist no in nite seguenes of the form
yIF =) Si=)

Proof. We de ne a well-founded strict partial ordering A on states, and shov
that ead rule application M j F =) M %j FCis decreasingwith respect to this
ordering, i.e., M jF A MCjF°

Let M beofthe form Mo 11 M1 ::: [p Mp, wherely;:::; 1, areall the decision
literals of M . Similarly, let M%be MG 19 M ::: 15 M.

Let N bethe number of distinct atoms (prop ositional variables)in F. It is not
dixcult to shaw that p, p°and the length of M and M ° are always smaller than
or equalto N. De ne m(M) to beN j length(M), that is, m(M) is the number
of literals \missing" in M for M to betotal. Now dehe:M jF A MPjFOif

(i) there is somei with 0- i - p;p°sud that
m(Mo) = m(Mg); ::: m(Mj; 1) = m(M$ ;); m(M;)> m(M) or
(i) m(Mo) = m(M@); ::: m(Mp) = m(Mp) and m(M)> m(M9.

Comparing the number of missingliterals in sequencess clearly a strict ordering
(i.e., it is an irre®exiv e and transitiv e relation) and it is also well-founded, and
hencethis also holds for its lexicographic extension on tuples of sequencesof
bounded length. It is easyto seethat all Basic DPLL rule applications are
decreasingwith respect to A if fail is added as an additional minimal elemen.
The rules UnitPropagateand Backjumpdecreaseby case(i) of the de nition and
Decidedecreasedy case(ii). ti



In the previous termination proof one can obsene that DPLL seart pro-
gresses(that is, it makes progressw.r.t. A) by adding a literal to the current
decisionlevel (by UnitPropagate, by adding an additional decisionlevel (Decidg
or, which is especially interesting, by what the Backjumprule does,i.e., adding
an additional literal to a previous decisionlevel, evenif all the work donein later
decisionlevelsis \thro wn away".

Lemma 6. Assumethat; jF =) ®*M j F andthat M F : D for someclause
D in F. Then either Fail or Backjumpappliesto M j F.

Proof. If there is no decision literal in M, it is immediate that Fail applies.
Otherwise, M is of the form Mg I, My ::: |, M, for somen > 0, where

will show that then badkjumping to decisionlevel j is possible.
Let C bethe clause: I, _:::_: I}, and note that M is of the form M O|j+1 N.
Then Backjumpappliesto M jF as:M°lj,; N jF =) MO%:I; j F because
for the clauseC _ : I; all three conditions of the Backjumprule hold. In fact:

inF,that FE:1y_:::_:1j _:li. Wealsoobviously have that M°f : C.
(ii) : i isundened in M ° (by Lemma 4-2) and
(i) either I; or : I; occursin a clauseof F (by Lemma 4-1). t

It is interesting to obsene that the smaller the j in the previous proof the
better, becauseone can backjump \higher up". Note also that, if we take i to
ben andj to benj 1,the Backjumprule models standard badktracking.

Lemma 7. If ; jF=) 'MjF,thenM F F.

Proof. If M & F, then there is someclauseC in F suc that either M E : C
or such that C is unde ned in M. In both casesthis contradicts that M j F is
a nal state: in the former case,by Lemma 6 either Backjumpor Fail applies;in
the latter caseDecidewould be applicable. t

De nition 8. A Basic DPLL procedureis any procedure taking an input cnf F
and computing a sequen@ ; jF =) 'S.

Now, we can prove that our Basic DPLL system,and henceany Basic DPLL
procedure, provides a decisionprocedure for the satis abilit y of cnf formulas.

Theorem 9. The Basic DPLL systemprovidesa decision procedure for the sat-
is ability of cnf formulas F, that is:

1. ; j F =) 'fail if, and only if, F is unsatis able.
2.;jF =) "M jF if, and only if, F is satis able.
3.1f;jF=) 'M jF thenM is a model of F.
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Proof. For the left-to-right implication of property 1:if ; j F =) ' fail then
there is somestate M j F suchthat ; jF =) ° M j F =) fail, there is no
decisionliteral in M and M E : C for someclauseC in F. By the casei = 0
of Lemma 4-3 we have that F M, and soF F : C. Howevwer, sinceC is a
clausein F it follows that F is unsatis able. For the right-to-left implication of
property 1,if ; j F 6) ' fail, then by Theorem 5 there must be a state M j F
sucdthat ; jF =) 'M jF. Then F is satis able by Lemma 7.

For property 2,if ; j F =) ' M j F then F is satisable by Lemma 7.
Conversely if ; j F 6) ' M j F, then by Theorem 5 again, ; j F =) ' fail and
henceF is unsatis able by property 1. Property 3 is again Lemma 7. t

The previous theorem doesnot just prove the desirable properties for a con-
crete DPLL procedure;rather, it provesthe correctnessof any procedure ap-
plying these steps, with any strategy. For example, the designerof a practical
DPLL implementation is free to chooseher own heuristic for selectingthe next
decisionliteral in Decide or choosethe priorities betweenthe di®erert rules.

Note that we may have ; jF =) 'M jF andalso; jF =) ' M%j F, for
di®erert M and M %! Then, the formula F is satis able and both M and M are
models of F. Note that it is not trivial to chedk wheter a state is trivial. Hence,
in practice one usually stops when reaching a state of the form fail or M jj F,
being M is a model of F.

2.3 DPLL with Clause Learning

De nition 10. The DPLL systemwith learning consists of the four transition
rules of the Basic DPLL system, plus the following two additional rules:

Lean: %
. _ — . all atoms of C occur in F
MijF =) MjF;C if FEC
Forget :

©
MjF:C =) MjF if FEC

In thesetwo rules, the clauseC is said to be learned and forgotten, respectively.
In the following, we denoteby =) | the transition relation de ned by the DPLL
systemwith learning.

Example 11. (Example 3 continued). When applying Backjump many actual
DPLL implementations learn the badkjump clause:

123

4j12 3 456 652 =) . (Decidg
12345 1.2 3 4 56, 65 2 =) . (UnitPropagatg
123456j 1.2 3 4 56 652 =) L (Backjump
12512 3 4 56 652 =) . (Lean)
125j 1.2 3 456 652 15

! Con°uence, in the senseof, e.g., rewrite systemsis not neededhere.
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When badjumping to decisionlevel j, the badkjump clauseC _1°(in the example
1_5) is always such that, if it had existed the last time the procedure was at
level j, the literal 1° could have been added by UnitPropagate Learning such
clauseshenceavoids repeated work by preverting decisionssuc as 5, if, after
more badkjumping, one reaces again a state similar to this decision level j

(where\similar" roughly meansthat it could producethe samecon®ict). Indeed,
reaching sud similar states frequertly happensin industrial problems having
someregular structure. The useof Forgetis to free memory by remaoving a clause
C, oncea seart region presering sud similar states has beenabandoned.In

practice this is usually done if the activity of C (i.e., the number of times C
causessomecon’ict or someunit propagation) has becomelow [MMZ* 01].

The results givenin the previous subsectionfor Basic DPLL smoothly extend
to DPLL with learning, and again the starting point is the following.

Lemma 12. If ; jF =) 7 M j F°then the following hold.

1. All the atomsin M and all the atoms in F° are atoms of F.

2. M contains no literal more than once and is indeed an assignment,i.e., it
contains no pair of literals of the form p and : p.

3. FYis logically equivalentto F.

4, If M is of theform Mgl M1 ::: I, My, wherly;:::;l, are all the decision

Proof. It is easyto seethat property 3 holds. Using this fact, the other properties
can be proven similarly to the proof of Lemma 4.

Theorem 13 (T ermination of =) | ). There existno in nite sequenes of the
foorm ; jF =) o S; =) L ::: if no clauseC is learned in nitely many times
along a sgjuene.

Proof. The ordering used in Theorem 5 can also be applied here, since, by
Lemma 12, atoms appearing in any state are atoms of F. Therefore an in -
nite sequenceof the form ; j F =) | S; =) | ::: cannot contain any in nite
subsequenceof cortiguous =) steps, and must hence cortain in nitely many
Lean or Forget steps, which is not possible since there are only "nitely many
di®eren clauseswith atoms in F, and no clauseC is learned in nitely many
times along the sequence. t

Note that the condition that no clauseC is learnedin nitely many timesisin
fact a necessaryand suzcient condition for termination. This condition is easily
enforced by applying at least one rule of the Basic DPLL system betweentwo
successie applications of Lean. Sincestates do not increasewith respect to the
ordering usedin Theorem5 when Lean is applied, any strict alternation between
Lean and Basic DPLL rules must be nite as well. As with the basic DPLL
system, we have the following de nition and theorem (with identical proof).

De nition 14. A DPLL procedure with learning is any procedure taking an
input cnf F and computing a seqquene ; j F =) [ Swhere Sis a nal statewith
respect to the Basic DPLL system.
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Theorem 15. The DPLL system with learning provides a decision procedure
for the satis ability of cnf formulas F, that is:

1. ; jF =) | fail if, and only if, F is unsatisable.

2.;jF=) 7 MjF% wheeM jFC%is a nal state with respect to the Basic
DPLL system,if, and only if, F is satis able.

3.If; jF=) | M jF%wheeM jFCis a nal statewith resgct to the Basic
DPLL system,then M is a model of F.

3 Abstract DPLL modulo theories

This section deals with proceduresfor Satis abilit y Modulo Theories (SMT),
that is, proceduresfor deciding the satis abilit y of ground? cnf formulas in the
context of a badkground theory T. Typical theories consideredin this context
are EUF (equality with uninterpreted function symbols), linear arithmetic (over
the integersand over the reals), sometheories of arrays and of other data struc-
tures such as lists, nite sets, and so on. For eat of these theories there exist
excient procedures(in practice) that decidethe satis abilit y, in the theory, of
conjunctions of ground literals. To decide e+ciently the satis abilit y of ground
cnf formulas, many people have recertly worked on combining these decision
procedureswith DPLL basedSAT engines.In this section we show that many
of the existing combinations can be described and discussedwithin the Abstract
DPLL framework.

In the rest of the paper we consider rst-order logic without equality|of
which the purely propositional case we have seenuntil now is a particular
instance. We adopt the standard notions of rst-order structure, satisfaction,
ertailment, etc., extended with the following. A theory is a satis able set of
closed rst-order formulas. A formula F is (un)satis able in atheory T, or T-
(in)consistent, if there is a (no) model of T that satis es F, that is,if T[ F is
(un)satis able. If F and G are formulas, F entails G in T, written F F1 G, if
TE:F_G.IfFEr Gand G 1 F, we say that F and G are T-equivalent
We extend the notion of (partial truth) assignmem M from Section 2 to a set
of ground “rst-order literals in the obvious way. We say that M is a T-model of
a ground formula F if M, seenas the conjuction of its literals, is T-consisten
andM E1 F.

In the following we will use T to denote a background theory T such that
the satis ability in T of conjunctions of ground literals is decidable. To decide
the satis abilit y of ground cnf formulas we consider again the DPLL systems
introduced in the previous section|with arbitrary ground atoms now used in
place of propositional symbolsjand add new rules for dealing with T. Howewer,
in the side conditions of the rules presered in the previous section, entailment

2 By ground we mean containing no variables|although possibly containing constants
not in T.
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betweenformulas is now replacedby entailment in T betweenformulas. That is,
the condition F E C in Lean and Forget is now F 1 C, the Backjumprule is

3 there is someclauseC _ 9s.t.:
FETC_19and M F : C

3z 1%isundenedin M
[°0or : I90ccursin a clauseof F

MIENGF =) MIjF if

and Decide Fail and UnitPropagateremain unchanged. We point out that the
rules of the previous section can now be seenasa particular instance of the new
onesif we considerT to be the empty theory.

3.1 A simple example: the classical very lazy approac h

One way for dealing with SMT is what has been called the lazy approad
[dMR02,ABC* 02,BDS02FJOS03. This approad initially considersead atom
occurring in a formula F to be cheded for satis abilit y simply as a proposi-
tional symbol, and sendsthe formula to a SAT solver. If the SAT solver returns
a propositional model of F that is T-inconsistert, a ground clause, a lemma,
precluding that model is addedto F and the SAT solwer is started again. This
processis repeated until the SAT solver nds a T-consistert model or returns
unsatis able. The main advantage of such a lazy approad is its °exibilit y, since
it can easily combine any SAT solver with any decision procedure for conjunc-
tions of theory literals, aslong asthe decisionprocedureis able to generatesud
lemmas.

The addition of theselemmascan be modelled by the following rule, which
we will call Very Lazy Theay Leaning:

g MIM,FF
S el lhgpe M

B FIEA A PO —E
Combining this rule with the four Basic DPLL rules, or with the six rules
of DPLL with learning, the resulting Very Lazy DPLL system terminates if
no clauseis learned in nitely many times, since only "nitely many such new
clauses(built over input literals) exist. For this condition to be ful'lled, ap-
plying at least one rule of the Basic DPLL system betweenany two Lean ap-
plications does not suzce. It suzces if, in addition, no clause generated with
Very Lazy Theay Leaning is ever forgotten. The systemis alsoeasily proved cor-
rect asit is donein the following subsection,by observingthat M, seenas the
conjunction of its literals, is T-consistert for every state M j F that is nal with
respect to Basic DPLL and Very Lazy Theay Leaning. However, in what follows
we will focuson other more interestingland in practice better|lazy techniques,
basedon tighter integrations betweenDPLL and theory solvers.

MIMLjF =) 5 JF @l

3.2 Less lazy approac hes

It is clear that, as soon as a DPLL procedurereachesa state M j F with a
(possibly non-total) T-inconsistert M, the corresponding lemma can already be
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added. Furthermore, it is also not necessaryto restart from scratch once the
lemma has beenadded. Theseideas can be modelled by the following rule.

De nition 16. The LazyTheay Leaning rule is the following:
MIMijF =) MIMgjF; clg_oi_cdpg_cLif i riMlaErocd

The Lazy Theory DPLL systemconsists of this rule and the six rules of DPLL
with learning. In the following, wedenoteby=) 1 thetransition relation de ned
by the Lazy Theory DPLL system.

Note that the lemma :I;_:::_: I, _: | added by an application of the
Lazy Theay Leaning rule is, by construction, always false in M |, making ei-
ther Fail or Backjumpapplicable to the resulting state. In practice, one of these
two rules is always applied immediately after Lazy Theay Leaning. This makes
the third test in the rule|in troduced hereto ensuretermination|unnecessary .

This DPLL systemis still called lazy becauset doesnot considerany theory
information until a T-inconsistert partial interpretation M | has beenreadced.
As we will see,this is the essetial di®erencebetweentheselazy approacesand
the DPLL(T) approad that is described in Subsection3.3 below.

All the results below are proved asin the previous section (seeappendix for
details). However, the following key lemmais neededto shaw that for any state of
the form M j F that is nal with respectto BasicDPLL and Lazy Theay Leaning,
M is T-consistert and M F1 F.

Lemma 17. Let; j Fo =) '+ M j F. If M is T-inconsistent then the rule
Lazy Theay Leaning appliesto M j F.

Theorem 18 (T ermination of =) 7). There exists no in nite sequene of
the form ; j F =) .t S; =) v ::: if no clause C is learned by Lean or
Lazy Theay Leaning in nitely many times along a sequene.

De nition 19. A Lazy Theory DPLL procedurefor T is any procedure taking
an input cnf F and computing a sequene ; j F =) [ SwherSis a nal state
with respect to the Basic DPLL systemand Lazy Theay Leaning.

Theorem 20. The Lazy Theory DPLL systemprovidesa decision procedure for
the satis ability in T of cnf formulas F, that is:

1. ; jF =) | fail if, and only if, F is unsatis able in T.

2.;JF =) M jF% wheeM j FCis a nal state wrt the Basic DPLL
systemand Lazy Theay Leaning, if, and only if, F is satis able in T.

3If; jF=) 5 MjFY% wheeM jFCis a nal statewrt the Basic DPLL
systemand Lazy Theay Leaning, then M is a T-model of F.
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Systems such as CVC Lite [BB04] are concrete implementations of Lazy
Theory DPLL. Usually, in such implementations the Lazy Theay Leaning rule
is applied eagerly that is, with an empty M 1, as soon asthe current partial in-
terpretation becomesT -inconsistert. Therefore, the soundnessand completeness
of the approac followed by CVC Lite is a particular instance of the previous
theorem.

3.3 The DPLL(T) approac h with eager theory propagation

The Lazy Theory DPLL systemswe have seenare lazy in the sensethat they use
theory information only after a theory-inconsistert partial assignmem has been
generated.In this subsectionwe describe the DPLL(T) approac [GHN* 04] with

eagertheory propagation, which allows the use of theory information assoon as
possible.This new information reducesthe seard spaceby discovering the truth

value of literals otherwise consideredto be unassigned.Moreover, it does this
without sacri cing modularity or °exibilit y: combining arbitrary theory decision
proceduresfor conjunctions of literals with a DPLL system s as simple as for
the lazy approacessuc asthat of CVC Lite. The key idea behind DPLL(T) is
the following rule:

De nition 21. The Theay Propagaterule is the following:

8
<MFT|
M jF =) MIjF if [lor:loccursin a clauseof F
| is unde ned in M

The DPLL(T) systemwith eagertheory propagation consists of this rule and
the six rules of DPLL with learning. We denote by =) gqpi (1) the transition
relation de ned by the DPLL(T) system with eager theory propagation where
Theay Propagatehas priority over all the other rules.

All resultsasin the previous sectionsapply here,including termination under
the usual assumption (since Theay Propagatealso decreasesith respect to the
ordering A usedin Theorem 5). The only additional ingrediert neededis the
following lemma.

Lemma 22. If ; jFo =) Edp”(T) M j F then M is T-consistent.

Proof. This property is true initially , and all rules presene it, by the fact that
M E+ Lif, and only if, M [ f: |gis T-inconsistert: the rules only add literals to
M that are unde ned in M, and Theay Propagateadds all literals | of F that
are theory consequencesf M , beforeany literal : | making it T-inconsistert can
be addedto M by any of the other rules. t

De nition 23. A DPLL(T) procedurewith EagerTheory Propagation for T is
any procedure taking an input cnf F and computing a sequene ; j F =) Edm I(T)
S wher S is a nal state wrt Theay Propagateand the Basic DPLL system.
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Theorem 24. The DPLL systemwith eager theory propagation providesa de-
cision procedure for the satis ability in T of cnf formulas F, that is:

1.;iF=) :Edpl (7 fail if, and only if, F is unsatis able in T.

2. §F =) Egoiry M i F% where M j FCis a nal statewrt the Basic DPLL
systemand Theay Propagate if, and only if, F is satisablein T.
f50F =) By M i FO where M j FCis a "nal state wrt the Basic
DPLL systemand Theay Propagate then M is a T-model of F.

In practice, the DPLL(T) approad can be implemented, very much in the
spirit of the CLP(X) schemein constraint logic programming, by building a com-
ponert DPLL(X) commonto all theories,and instantiating it with solversfor dif-
ferent theories T to obtain di®erert DPLL(T) procedures.At ead state M j F,
the theory solver only seesthe part M and communicates to the DPLL(X) en-
gine any input literals entailed by M in the given theory. More details on an
architecture for concrete DPLL(T) systemscan be found in [GHN™ 04].

3.4 The DPLL(T) approac h with non-exhaustiv e propagation

For sometheories eager Theay Propagateis expensive in an actual implemen-
tation. For example, in our experiencewith EUF, this is the casefor detecting
input literals ertailed by disequations. Howewer, using the information coming
from the \cheap enough" applications of Theay Propagateis extremely useful
for pruning the seart space.Therefore onewould like to have a combination of
Theay Propagate for the cheaper cases,and Lazy Theay Leaning, for covering
the incompletenesseof Theay Propagatemaking the equivalent of Lemma 22
hold. This is actually what is donein the DPLL(T) implementation of [GHN™* 04].

De nition 25. The DPLL(T) systemwith non-exhaustive theory propagation
consistsof the Lazy Theay Leaning and Theay Propagaterules and the six rules
of DPLL with learning. We denoteby =) neqpi () the transition relation de ned
by the DPLL(T) systemwith eager theory propagation.

De nition 26. A DPLL(T) procedurewith Non-Exhaustive Theory Propaga-
tion for T is any procedure taking an input cnf F and computing a sequen@
v I F =) Nedpi () S Where S is a nal state with resyect to the Basic DPLL
systemand Lazy Theay Leaning.

A necessaryand suzcient condition for ensuring the termination of the pre-
vious system is again that no clause can be learned by Lazy Theay Leaning
or Lean in nitely many times. In practice, this can be achieved by the same
strategy preseried in Subsection3.2. Hence,we have:

Theorem 27. The DPLL systemwith non-exhaustivetheory propagation pro-
vides a decision procedure for the satis ability in T of cnf formulas F, that is:

1.;jF=) !NEde i) fail if, andonly if, F is unsatis able in T.
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2.5 i F =) Xedpriry M i FO whee M j FOis a nal state wrt Basic DPLL
and Lazy Theay Leaning, if, and only if, F is satis able in T.

3. 15 §F =) Reapicry M i F% where M j FCis a nal state wrt Basic DPLL
and Lazy Theay Leaning, then M is a T-model of F.

4 Conclusions

We have preseried a declarative formal framework for modeling DPLL-based
solvers for propositional satis abilit y or for satis abilit y modulo theories. We
have shown that the essenceof these solvers can be described simply and ab-
stractly in terms of rule-basedtransition systemsover statesconsistingof a truth
assignmem and a clauseset.

The declarative and formal nature of our transition systemsmakesit easierto
prove properties such as soundnesscompletenessor termination of DPLL-style
algorithms. Furthermore, it facilitates their comparisonas their di®erencescan
be more easily seenas di®erencesn the set of their transition rules or in their
rule application strategy.

The approach we presered is as °exible and declarative as the one followed
in [Tin02], which rst formulated basic DPLL and DPLL modulo theories ab-
stractly, as sequert-style calculi. But it considerably improves on that work
becauseit allows one to model more features of modern DPLL-based engines
directly within the framework. This cortrasts with the calculi in [Tin02] where
features as badkjumping and learning can be discussedonly at the control level,
in terms of proof proceduresfor the calculi.
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A App endix

In the following, the necessaryresults for shawing that the transition systems
preserted in Section 3 provide decision procedures for the satis ability in a
theory T of cnf formulas will be given. Sincethe argumerts are identical for all
systems,only for one of them the complete proof will be presered.

To start with, Lemmas 28 and 29 presert seeral properties that hold in all
systemsunder consideration. However, we will prove a stronger result: all these
properties hold for any systemconstructed using any of the rules preserted in the
paper. In orderto provethis result, considerthe systemconsistingof the 6 rules of
the BasicDPLL systemwith learning for deciding satis abilit y in atheory T, and
the rules Theay Propagate Lazy Theay Leaning and Very Lazy Theay Leaning.
If we denoteby =) A the transition relation de ned by this system, we have:

Lemma 28. If ; jF =) 3, M jFC%then

1. All the atomsin M and all the atomsin F© are atoms of F.

2. M contains no literal more than once and is indeed an assignment,i.e., it
contains no pair of literals of the form p and : p.

3. FYis T-equivalentto F.

4. If M is of theform Mgl M1 ::: |, My, wherlq;:::;1, are all the decision

Proof. Sinceall four claims hold trivially initially we only needto prove that all
9 kinds of stepspresene them. For claims 1 and 2 this is trivial.
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For the third claim it is obvious that all four rules of the Basic DPLL system
and Theay Propagatepresene it, sincethe formula in the state is not changed
at all. For Lean and Forget this is true becauseF 1 C impliesthat F[ C and
F are T-equivalent. Something similar happenswith Very Lazy Theay Leaning
and Lazy Theay Leaning, where the clauselearned is clearly a consequenceof

the theory.
For the fourth claim, considera stepM%j F2=) A M FO whereMis
ofthe form MQ1; MQ ::: I, MO, andly;:::;1, areall the decisionliterals of M °.

If rules Lean, Forget or Lazy Theay Leaning are used, the claim holds because
M ©js M ©. For Decideand Very Lazy Theay Leaning there is nothing to prove.
The remaining rules are:

UnitPropagate Since M %is of the form M1y M? ::: 1, M2 1, we only have
to show that F[ fly;:::;1,9F1 |, which holdssmce(l) F[ fll;::" ngFT MY
(i) M%F : C, (i) C_lisin FOand (iv) F and F°are T-equivalert.

Backjump Assumethat, in the Backjumprule 19is1j+1 , the j + 1-th decision
literal. Then M %is of the form M§ I; M? ::: I; M 1% We only needto shaw
that F[ fly;:::;159F 19 This holds asfor the UnltPropagatecase smcewe have
() F[fliinligEr MGIaMP ol MY (i) M@l M?P @ I M2 C,
(i) F°=+ C _1%and (iv) F and Foare T-equivalert.

Theay Propagate Here M ®is of the form M{ 13 M? ::: 1, M2 1. We only
have to showv that F [ flg;ioz; ngFT I which again holds smcewe have that

u

Lemma 29. Assumethat ; jF =) 3, M jF%andthat M  : D for some
clauseD in FC Then either Fail or Backjump appliesto M j FC

Proof. If there is no decision literal in M, it is immediate that Fail applies.
Otherwise, M is is the form Mg |1 My ::: |, M, for somen > 0, where
I1;:::;1, are all the decision literals of M. SinceM E : D, we have, due to
Lemma28-4,that F[ fly;:::;lhgFET : D. Now conS|derthe minimal i in 1::
sud that F [ flg;::lig Fr @ D, and the minimal j in O:::ij 1 sud that
F[fly:on 0 igET - D Wewill shoN that then badkjumping to decisionlevel
jis pOSS|bIe

Let C bethe clause: |, _:::_: I;, and note that M is of the form M °I,-+1 N.
Then Backjumpappliesto M j FO yielding the state M °: |; j F That is because
the clauseC _: |; satis es all the side conditions of the Backjumprule:

(i) FFr C_:lj becauseF [ fly;:::;15;lig F7 : D, which implies, given that
D isin F%and F°|sT -equivalert to F (by Lemma28 3) that F[ fly;:i05hg
is T-inconsistert or, equivalertly, that F F1 : 1y _:::_ 1 Iy _: lj; furthermore,
MO : C by construction of C;

(i) : I; is undened in M (by Lemma 28-2);

(i) either I; or : I; occursin a clauseof F (by Lemma 28-1). t

Contrary to the propositional case,the property that in nal states of the

form M j F the assignmem M is a T-model of F is not a direct consequencef
the previous lemma. In the theory case,the argumert is a more elaborate one:
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Lemma 30. All transition systemspresente in Section 3 can be usal to nd
T-modelsM of cnf formulas F. More concretely:

1. 1f; jF=) ' M jF%andM j FC%is a nal state with resgct to the Basic
DPLL systemand Lazy Theay Leaning, then M is a T-model of F.

2.1 5 §JF =) Zgiry M i F%and M j FOis a nal state with resgct to the
Basic DPLL systemand Theay Propagate then M is a T-model of F.

3. 1f 5 i F =) Rego ity M i FPand M j FPis a nal state with respect to the
Basic DPLL systemand Lazy Theay Leaning, then M is a T-model of F.

Proof. In all three properties, if M is not a T-model of F, it is not a T-model
of F9either, becauseF and F°are T-equivalert. Hence,either (i) there is some
clauseC in F%suc that M & C or (i) M is not T-consister.

Case(i) is not possiblebecauseit cortradicts the fact that M j FCis a nal
state with respectto the Basic DPLL system:if there is someclauseC sud that
M E : C then by Lemma 29 either Backjumpor Fail applies;if C is unde ned
in M then Decideapplies.

As for case(ii), M cannotbeT-inconsistert in property 2 thanks to Lemma?22.
In properties 1 and 3, if M is not T-consistert then it contains a T-inconsistert

Assumethat the clause: I;_::: : 1, _: lisnotin FYotherwise onecanreason
asin case(i). Sincel; ” :::” |y F1 : |, Lazy Theay Leaning appliesto M j F°.
But then M j F%cannot be "nal with respect to Lazy Theay Leaning. b

In order to prove that any of the systemspresenied in Section 3 provides
a decision procedure for the satis abilit y in T of cnf formulas, we have rst to
ensuretheir termination. In all casesthe necessaryand suzcient condition for
termination will be that no clausecan be learned in nitely many times. Once
termination is guararnteed, all systemsin Section 3 can be shovn to provide
a decision procedure for the satis ability in T of cnf formulas. We only prove
this result for the DPLL(T) systemwith non-exhaustive theory propagation, ie.,
Theorem 27 in the paper, becausefor the other systemsthe corresponding result
can ben proved using the sameargumens, which are indeed the onesusedin
the proof of Theorem 9.

Theorem 27. The DPLL systemwith non-exhaustivetheory propagation pro-
vides a decision procedure for the satis ability in T of cnf formulas F, that is:

1.;iF=) !NEde i) fail if, and only if, F is unsatis able in T.

2.5 §F =) Regpiicry M i F° wher M j FCis a nal state with respect to the
Basic DPLL systemand Lazy Theay Leaning, if, and only if, F is satis able
in T.

3. 15 §F =) Rego ity M i FO where M j FCis a nal state with respect to
the Basic DPLL systemand Lazy Theay Leaning, then M is a T-model of
F.
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Proof. The left-to-right implication of property 1 can be proved as follows: if
; 3 F =) Neap i(ry fail then there is some intermediate state M j F° such
that ; j F =) KIEde I(T) M j FO=) nedpl 1(T) fail, there is no decision literal
in M and M E : C for someclause C in F% Now, if we consider the case
i = 0in Lemma 28-4we havethat F =+ M and henceF £+ : C. But since,by
Lemma28-3,F and F are T-equivalent and C isin F°wealsohavethat F 1 C
and therefore F is unsatis able in T. For the right-to-left implication, if we have
; § F 8) \ggpii(ry fail, then becauseof termination there must be a state
M j FC "nal with respect to the Basic DPLL Systemand Lazy Theay Leaning,
such that ; j F =) {egp vy M § FO Then F is satis able in T by Lemma 30-3.
For property 2, if ; j F =) {egpiiery M FOthen F is satisable in T
by Lemma 30-3. Conversely if ; j F 6) {eqo 1ty M FO then becauseof
termination, ; j F =) !NEde () fail and F is unsatis able in T by Property 1.
Property 3 is again Lemma 30-3. t



