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Abstract

The Nelson-Oppen combination method combines decision procedures
for ¯rst-order theories over disjoint signatures into a single decision pro-
cedure for the union theory. To be correct, the method requires that the
component theories be stably in¯nite. This restriction makes the method
inapplicable to many interesting theories such as, for instance, theories
having only ¯nite models.

In this paper we provide a generalization of the Nelson-Oppen com-
bination method that can combine any theory that is not stably in¯nite
with another theory, provided that the latter is what we call a shiny the-
ory. Examples of shiny theories include the theory of equality, the theory
of partial orders, and the theory of total orders.

An interesting consequenceof our results is that any decisionprocedure
for the satis¯abilit y of quanti¯er-free §-form ulae in a §-theory T can
always be extended to accept inputs over an arbitrary signature ­ ¶ §.

Keyw ords: Theory reasoning, multiple background reasoners.
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1 In tro duction

An important research problem in automated reasoningaskshow we can mod-
ularly combine decisionproceduresfor theoriesT1 and T2 into a decisionproce-
dure for a combination of T1 and T2.

The most successfuland well known method for combining decision proce-
dureswasinvented in 1979by Nelsonand Oppen [NO79]. This method is at the
heart of the veri¯cation systemscv c [SBD02], esc [DLNS98], eves [CKM + 91],
and sdvs [LFMM92], among others.

The Nelson-Oppen method allows us to decidethe satis¯abilit y of quanti¯er-
free formulae in a combination T of a theory T1 and a theory T2, using as black
boxesa decisionprocedurefor the satis¯abilit y of quanti¯er-free formulae in T1

and a decisionprocedurefor the satis¯abilit y of quanti¯er-free formulae in T2.
The method is correct whenever the theories T, T1, and T2 satisfy the fol-

lowing restrictions:

² T is logically equivalent to T1 [ T2;

² the signaturesof T1 and T2 are disjoint;

² T1 and T2 are both stably in¯nite. 1

There are several interesting combination problems that do not satisfy all these
restrictions.

In this paper we concentrate on the issueof relaxing the stable in¯niteness
requirement. This is an important research problem at the theoretical level
becauseit allows us to better understand the foundations of combination prob-
lems, and to prove more decidability results by combination techniques. But it
is also interesting at a practical level because(i) proving that a given theory
is stably in¯nite is not always easy, and (ii) many interesting theories, such as
those admitting only ¯nite models, are not stably in¯nite.

We show that when onecomponent theory satis¯es a stronger property than
stable in¯niteness, which we call shininess,2 then the other component theory
does not need to be stably in¯nite for their decision proceduresto be combin-
able. Wedo that by providing and proving correct a variant of the Nelson-Oppen
method that, in addition to propagating equality constraints betweenthe com-
ponent decision proceduresas in the original method, also propagatescertain
cardinalit y constraints.

In providing examplesof shiny theories,we show that theory of equality, the
theory of partial orders, and the theory of total orders are shiny. In particular,
the fact that the theory of equality is shiny leadsto a notable side result:

Result 1. If the satis¯ability in a § -theory T of quanti¯er-fr ee § -
formulae is decidable, then the satis¯ability in T of quanti¯er-fr ee
formulae over any arbitrary signature ­ ¶ § is also decidable.

1SeeDe¯nition 4.
2SeeDe¯nition 8.
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In particular, the fact that the theory of equality is shiny leads to a notable
side result which, to our knowledge, has never been proven before. The side
result is that if the satis¯abilit y in a §-theory T of quanti¯er-free §-form ulae
is decidable, then the satis¯abilit y in T of quanti¯er-free formulae over any
arbitrary signature ­ ¶ § is also decidable, regardlessof whether T is stably
in¯nite or not. proven by Policriti and Schwartz [PS95] for theories T that are
universal. It was also known for theories T that are stably in¯nite, sincein this
caseone can use the Nelson-Oppen method to combine the decisionprocedure
for T with one for the theory of equality over the symbols in ­ n §. In this
paper we prove that Result 1 holds regardlessof whether T is universal/stably
in¯nite or not.

1.1 Related work

Several researchers have worked on relaxing the requirements of the Nelson-
Oppen combination method. The disjointness problem was addressedby Ghi-
lardi [Ghi03], Tinelli [Tin03], Tinelli and Ringeissen[TR03] and Zarba [Zar02c].
The stably in¯niteness requirement wasaddressedby Baaderand Tinelli [BT97]
for combinations problems concerningthe word problem, and by Zarba [Zar01,
Zar02a, Zar02b] for combinations of integers with lists, sets, and multisets.
(The latter works by Zarba consider combination problems other than simple
set-theoretic union.)

1.2 Organization of the pap er

The paper is organizedas follows. In Section 2 we intro duce somepreliminary
notions that we will usein the paper, including the notion of a shiny theory. In
Section 3 we describe a modi¯cation of the Nelson-Oppen combination method
for combining the decision procedure of a shiny theory with that of any other
arbitrary theory. In Section 4 we provide some examples that illustrate the
behavior of our extension, and contrast it with the Nelson-Oppen method. In
Section 5 we prove that our method is correct. In Section 6 we present some
examplesof shiny theories We concludein Section 7 with directions for further
research.

2 Preliminaries

2.1 Syntax

A signature § is composed by a set § C of constants, a set § F of function
symbols, and a set § P of predicate symbols.

A § -atom is either an expressionof the form P(t1; : : : ; tn ), where P 2 § P

and t1; : : : ; tn are §-terms, or an expressionof the form s ¼ t, where ¼ is the
equality logical symbol and s; t are §-terms. § -formulae are constructed by
applying in the standard way the connectives : , ^ , _ , ! and the quanti¯ers
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8; 9 to §-atoms. § -literals are §-atoms or their negations. § -sentences are
§-form ulae with no free variables.

If ' is a term or a formula, vars(' ) denotesthe set of variables occurring in
' . Similarly, if © is a set of terms or a set of formulae, vars(©) denotesthe set
of variables occurring in ©.

In the rest of this paper, we identify a conjunction of formulae ' 1 ^ ¢¢¢̂ ' n

with the set f ' 1; : : : ; ' n g. In addition, we abbreviate literals of the form : (s ¼
t) with s 6¼t.

2.2 Semantics

De¯nition 1. Let § be a signature. A § -interpret ation A with domain A
over a set of variables V is a map which interprets:

² each variable x as an element xA 2 A;

² each constant c 2 § C as an element cA 2 A;

² each function symbol f 2 § F of arit y n as a function f A : An ! A;

² each predicate symbol P 2 § P of arit y n as a subsetP A of An . ¤

Unless otherwise speci¯ed, we use the convention that calligraphic letters
A , B, . . . denote interpretations, and that the corresponding Roman letters A,
B , . . . denote the domains of the interpretations.

Let A be a §-in terpretation over a set of variables V . For a §-term t over
V , we denote with tA the evaluation of t under the interpretation A . Likewise,
for a §-form ula ' over V , we denote with ' A the truth-v alue of ' under the
interpretation A . If T is a set of §-terms over V , we denote with T A the set
f tA j t 2 Tg.

A formula ' is satis¯ed by an interpretation A if it evaluates to true under
A . If ' is satis¯ed by A , we say that A is a model of ' . A formula ' over a set
V of variables is:

² valid, if it is satis¯ed by all interpretations over V ;

² satis¯able, if it is satis¯ed by someinterpretation over V ;

² unsatis¯able, if it is not satis¯able.

The notion of validit y, satis¯abilit y, and unsatis¯abilit y naturally extend to
setsof formulae.

De¯nition 2. Let § be a signature, and let A and B be §-in terpretations over
someset V of variables. A map h : A ! B is an embedding of A into B if the
following conditions hold:

² h is injective;

² h(uA ) = uB for each variable or constant u 2 V [ § C ;
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² h(f A (a1; : : : ; an )) = f B (h(a1); : : : ; h(an )), for each n-ary function symbol
f 2 § F and a1; : : : ; an 2 A;

² (a1; : : : ; an ) 2 PA if and only if (h(a1); : : : h(an )) 2 PB , for each n-ary
predicate symbol P 2 § P and a1; : : : ; an 2 A. ¤

2.3 Theories

De¯nition 3. Let § be a signature. A § -theor y is any set of §-sentences.¤

A theory T is axiomatized by a set S of sentencesif S and T are logically
equivalent.

Given a §-theory T, a T-model is a §-in terpretation that satis¯es all sen-
tencesin T. A formula ' over a set V of variables is:

² T-valid, if it is satis¯ed by all T-models over V ;

² T-satis¯able, if it is satis¯ed by someT-model over V ;

² T-unsatis¯able, if it is not T-satis¯able.

The notion of T-validit y, T-satis¯abilit y, and T-unsatis¯abilit y naturally ex-
tend to setsof formulae.

Given a §-theory T and a set L of formulae, the satis¯ability problem of T
with respect to L is the problem of deciding, for each formula ' in L , whether or
not ' is T-satis¯able. When we do not specify L , it is implicitly assumedthat L
is the set of all §-form ulae. However, when we say \quanti¯er-free satis¯abilit y
problem", without specifying L , then we implicitly assumethat L is the set of
all quanti¯er-free §-form ulae.

In this paper, we will usethe usual notion of stable in¯niteness for a theory,
together with its \dual" one, which we call stable ¯niteness.

De¯nition 4. A §-theory T is st abl y infinite (respectively, st abl y finite )
if every quanti¯er-free §-form ula ' is T-satis¯able if and only if it is satis¯ed
by a T-interpretation A whosedomain A is in¯nite (respectively, ¯nite). ¤

Examples of stably in¯nite theories include the theory of equality,3 the the-
ory of integer arithmetic, the theory of rational arithmetic, the theory of acyclic
lists, and the theory of arrays.

Examplesof stably ¯nite theories include the theory of equality, all theories
satis¯ed only by ¯nite interpretations, all theories axiomatized by formulas in
the Bernays-SchÄon¯nk el-Ramsey class, and all theories whose axioms do not
contain ¼.

Note that a theory can be both stably in¯nite and stably in¯nite. We will
show that in Section 6.1 for the theory of equality.

3Since we regard ¼ as a logical symbol, for us the theory of equalit y and the empty theory
are the same theory .
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De¯nition 5. A §-theory T is smooth if for every quanti¯er-free §-form ula
' , for every T-model A satisfying ' , and for every cardinal number · > jAj
there exists a T-model B satisfying ' such that jB j = · . ¤

The following proposition is a direct consequenceof De¯nition 5.

Prop osition 6. Every smooth theory is stably in¯nite. ¤

The following proposition is useful when proving that a theory is smooth.

Prop osition 7. Let T be a § -theory. Then the following are equivalent:

1. T is smooth;

2. for every quanti¯er-fr ee § -formula ' and for every ¯nite T-model A of '
there exists a T-model B of ' such that jB j = jAj + 1. ¤

Pr oof. (1 ) 2). Trivial.

(2 ) 1). Let ' be a quanti¯er-free formula, and let A be a model of ' .
By induction on jAj, onecan seethat if A is ¯nite then ' hasa model of any

¯nite cardinalit y · > jAj. By compactness,' has a countably in¯nite model,
and by the Upward LÄowenheim-Skolem Theorem, ' has also a model of any
in¯nite cardinalit y · .

If instead A is in¯nite then, by the upward LÄowenheim-Skolem Theorem, it
follows that ' has a model of any (in¯nite) cardinalit y · > jAj. ¥

Given a theory T and a T-satis¯able quanti¯er-free formula ' , we denote
with mincardT (' ) the smallest cardinalit y of a T-model satisfying ' . When T
is the theory of equality, we abbreviate mincardT with mincard (without any
subscript).

Note that if T is a stably ¯nite theory then, for every T-satis¯able formula
' , mincardT (' ) is a natural number.

De¯nition 8. A §-theory T is shiny if:

² T is smooth;

² T is stably ¯nite;

² mincardT is computable. ¤

3 The combination metho d

Let S be a shiny §-theory and let T be an ­-theory such that § \ ­ = ;
and the quanti¯er-free satis¯abilit y problem of S and of T is decidable. We
now describe a method for combining decisionproceduresfor the quanti¯er-free
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satis¯abilit y problemsof S and T into a singledecisionprocedurefor quanti¯er-
free satis¯abilit y problem of S [ T.

Without loss of generality, we restrict ourselves to conjunctions of literals.
Note that this can always be done becauseevery formula ' can be e®ectively
converted into an equisatis¯able formula in disjunctivenormal form Ã1_ ¢¢¢_ Ãn ,
where each Ãi is a conjunction of literals. Then ' is satis¯able if and only if at
least one of the disjuncts Ãi is satis¯able.

The combination method consistsof four phases,described below.

First phase: variable abstraction

Let ¡ be a conjunction of (§ [ ­)-literals. In this phasewe convert ¡ into a
conjunction ¡ 0 satisfying the following properties:

(a) each literal in ¡ 0 is either a §-literal or an ­-literal;

(b) ¡ 0 is (S [ T)-satis¯able if and only if so is ¡.

Note that all propertiescanbee®ectively enforcedwith the help of newauxiliary
variables.

Second phase: partition

Let ¡ 0 be a conjunction of literals obtained in the variable abstraction phase.
In the secondphasewe rewrite ¡ 0 as ¡ 1 [ ¡ 2 where:

² ¡ 1 contains all §-literals in ¡ 0;

² ¡ 2 contains all ­-literals in ¡ 0.

We call ¡ 1 [ ¡ 2 a conjunction of literals in separate form.

Third phase: decomp osition

Let ¡ = ¡ 1 [ ¡ 2 be a conjunction of literals obtained in the partition phase. Let
V be the set of variables sharedby ¡ 1 and ¡ 2, that is V = vars(¡ 1) \ vars(¡ 2).

In this phasewe nondeterministically guessan equivalencerelation E over
V . Intuitiv ely, what we are guessingis, for each variable x; y 2 V , whether or
not we have x = y.

Fourth phase: check

Let ¡ = ¡ 1 [ ¡ 2 be a conjunction of literals in separateform, let V = vars(¡ 1) \
vars(¡ 2), and let E be the equivalencerelation over V guessedin the decompo-
sition phase. The fourth phaseconsistsin performing the following steps:

Step 1. Construct the arrangement of V induced by E, de¯ned by

arr (V; E) = f x ¼ y j x; y 2 V; x; y are distinct and (x; y) 2 Eg [

f x 6¼y j x; y 2 V and (x; y) =2 Eg:
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Step 2. If ¡ 1 [ arr (V; E) is S-satis¯able go to the next step; otherwise output
fail .

Step 3. Compute n = mincardS (¡ 1 [ arr (V; E)).

Step 4. Construct a set ±n of literals whosepurpose is to force models with
cardinalit y at least n. More precisely, let ±n be the set of literals
constructed with the following process:

² generaten new variables w1; : : : ; wn not occurring in ¡ 1 [ ¡ 2;

² let ±n = f wi 6¼wj j 1 · i < j · ng.

Step 5. If ¡ 2 [ arr (V; E) [ ±n is T-satis¯able output succeed; otherwiseoutput
fail .

In Section 5 we will prove that:

² if there exists an equivalencerelation E over V for which the check phase
outputs succeed then ¡ is (S [ T)-satis¯able;

² if instead the check phaseoutputs fails for each equivalencerelation E
over V , then ¡ is (S [ T)-unsatis¯able.

The combination method above is a variant of the non-deterministic version
of the Nelson-Oppen combination method [Rin96, TH96]. The only substantial
di®erencesare in the fourth phaseabove: In the Nelson-Oppen method, Step 3
and 4 are absent, and Step 5 checks the T satis¯abilit y of ¡ 2 [ arr (V; E) only.
Note that this is enoughin the Nelson-Oppen method becausethere we assume
that T is stably in¯nite, and therefore the constraint ±n is guaranteed to hold.

Note that our method applies just aswell in caseT is stably-in¯nite. 4 How-
ever, if one knows that T is stably in¯nite, resorting to the original Nelson-
Oppen method is more appropriate, as it lets one avoid the cost of computing
mincardS .

4 Examples

In this section we discuss two examples of theories that are not combinable
with the Nelson-Oppen method but are combinable with our method. In both
exampleswe combine the theory S of equality over a signature § with a non-
stably in¯nite theory T over a signature ­ disjoint from §. In the ¯rst case,T
is not stably in¯nite becauseit only admits ¯nite models. In the secondcase,
T is not stably in¯nite even if it has in¯nite models. The examplesare adapted
from [TH96] and [BT97], respectively, where they are used to show that the
Nelson-Oppen method is in fact incorrect on non-stably in¯nite theories.

4Recall that S is already stably in¯nite, since it is shiny.
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Example 9. Let § = f f g and ­ = f gg be signatures, where f and g are
distinct unary function symbols. Also, let S be the theory of equality over
the signature §, and let T be an ­-theory such that all T-interpretations have
cardinalit y at most two.

SinceT is not stably in¯nite, we cannot usethe Nelson-Oppen combination
method in order to combine S with T. However, in Section 6.1 we will show
that the theory of equality is shiny, regardlessof the associated signature. Thus,
we can apply the method described in the previous section to S and T.

As an example, let ¡ be the following conjunction of literals:

¡ =

8
<

:

f (x) 6¼f (y) ;
f (x) 6¼f (z) ;
g(y) 6¼g(z)

9
=

;
:

Note that ¡ is (S[ T)-unsatis¯able. In fact, ¡ implies x 6¼y^ x 6¼z^ y 6¼z, and
therefore every interpretation satisfying ¡ must have cardinalit y at least three.
Since every (S [ T)-interpretation has at most two elements, it follows that ¡
is (S [ T)-unsatis¯able.

Let us apply our combination method to ¡. In the variable abstraction phase
we do not needto generateany new variables. In the partition phasewe simply
return the conjunctions

¡ 1 =
½

f (x) 6¼f (y) ;
f (x) 6¼f (z)

¾
; ¡ 2 =

©
g(y) 6¼g(z)

ª
:

Since vars(¡ 1) \ vars(¡ 2) = f y; zg, in the check phase there are only two
equivalencerelations to examine: either (y; z) 2 E or not (y; z) =2 E.

If (y; z) 2 E we have that ¡ 1 [ f y ¼ zg is S-satis¯able and that ¡ 2 [ f y ¼ zg
is T-unsatis¯able. Thus, we will output fail when reaching step 4 of the check
phase.

If instead (y; z) =2 E then ¡ 1 [ f y 6¼zg is S-satis¯able. In addition, we have
mincardS (¡ 1 [ f y 6¼zg) = 3. To seethis, ¯rst observe that ¡ 1 [ f y 6¼zg implies
x 6¼y ^ x 6¼z ^ y 6¼z, and therefore mincardS (¡ 1 [ f y 6¼zg) ¸ 3. In addition,
we can construct an interpretation A of cardinalit y 3 satisfying ¡ 1 [ f y 6¼zg by
letting A = f a1; a2; a3g, xA = a1, yA = a2, zA = a3, and f A (a) = a, for each
a 2 A.5

In the third stepof the check phaseweintro ducethree newvariablesw1; w2; w3,
and construct ±3 asthe set f w1 6¼w2; w1 6¼w3; w2 6¼w3g. Since¡ 2 [ f y 6¼zg[ ±3

is T-unsatis¯able, in the fourth step we output fail . We can therefore declare
that ¡ is (S [ T)-unsatis¯able.

Note that sincethe Nelson-Oppen method checks the T-satis¯abilit y of just
¡ 2 [ f y 6¼zg (and not of ¡ 2 [ f y 6¼zg [ ±3), it may incorrectly output succeed
on input ¡, because¡ 2 [ f y 6¼zg is satis¯able in a model of cardinalit y 2. ¤

Example 10. Let § = f kg and ­ = f f ; g; hg be signatures, where k, f and g
are distinct unary function symbols. Let S be again the theory of equality over

5We will seehow to e®ectively compute mincardS in Section 6.1.
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the signature §, and let T be the equational theory

T =
½

(8x)(8y)(x ¼ f (g(x); g(y))) ;
(8x)(8y)( f (g(x); h(y)) ¼ y)

¾
:

Using simple term rewriting arguments, it is possible to show that T admits
models of cardinalit y greater than one, and so admits models of in¯nite cardi-
nalit y.6 However, T is not stably in¯nite.

In fact, consider the set quanti¯er-free formula g(z) ¼ h(z). This formula
is T-satis¯able becauseboth the formula and T admit a trivial model, i.e. a
model with just one element. Now let A be any T-model of g(z) ¼ h(z), let
a0 = zA , and let a 2 A. Becauseof T 's axioms we have that

a = f A (gA (a); gA (a0)) = f A (gA (a); hA (a0)) = a0

Given that a is arbitrary , this entails that jAj = 1. Thus, g(z) ¼ h(z) is only
satis¯able in trivial models of T, which immediately entails that the theory T
is not stably in¯nite.

For an application of our combination method to S and T, let ¡ be the
following conjunction of literals:

¡ =
½

g(z) ¼ h(z) ;
k(z) 6¼z

¾
:

This conjunction is (S [ T)-unsatis¯able, becauseg(z) ¼ h(z) is satis¯able only
in trivial models of S [ T (for being satis¯able only in trivial models of T, as
seenabove), while k(z) 6¼z is clearly satis¯able only in non-trivial models of
S [ T.

Let us apply our combination method to ¡. In the partition phasewe simply
return the conjunctions

¡ 1 =
©

k(z) 6¼z
ª

; ¡ 2 =
©

g(z) ¼ h(z)
ª

:

Sincevars(¡ 1) \ vars(¡ 2) = f zg, in the check phasethere are no equivalence
relations to examine,therefore we generatethe empty arrangement. Clearly, ¡ 1

is S-satis¯able, and in models of cardinalit y at least 2. Therefore, we have that
mincardS (¡ 1) = 2.

In the third step of the check phase,we then compute ±2 as the set f w1 6¼
w2g for some fresh variables w1; w2. For what we argued above, ¡ 2 [ ±2 is
T-unsatis¯able, so in the fourth step we output fail , as needed. ¤

5 Correctness

In this section we prove that our combination method is correct.
Clearly, our combination method is terminating. This follows from the fact

that, sincethere is only a ¯nite number of equivalencerelations over a ¯nite set

6This is becausethe set of models of an equational theory is closed under direct products.
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V of variables, the nondeterministic decomposition phaseis ¯nitary . Thus, we
only needto prove that our method is partially correct.

We will use the following theorem which is a special caseof a more gen-
eral combination result given in [TR03] for theories with possibly non-disjoint
signatures. A direct proof of this theorem can be found in [MZ03].

Theorem 11 (Com bination Theorem for Disjoin t Signatures). Let ©i be
a set of § i -formulae, for i = 1; 2, and let § 1 \ § 2 = ; .

Then ©1 [ ©2 is satis¯able if and only if there exists an interpretation A
satisfying ©1 and an interpretation B satisfying ©2 such that:

(i) jAj = jB j,

(ii) xA = yA if and only if xB = yB , for every x; y 2 vars(©1) \ vars(©2). ¤

The following proposition proves that our combination method is also par-
tially correct.

Prop osition 12. Let S be a shiny § -theory and let T be an ­ -theory such that
§ \ ­ = ; . Let ¡ 1 be a conjunction of § -literals and let ¡ 2 be a conjunction
of ­ -literals. Final ly, let V = vars(¡ 1) \ vars(¡ 2). Then, the following are
equivalent:

1. ¡ 1 [ ¡ 2 is (S [ T)-satis¯able

2. there exists an equivalence relation E of V such that:

(i) ¡ 1 [ arr (V; E) is S-satis¯able;

(ii) ¡ 2[ arr (V; E)[ ±n is T-satis¯able where n = mincardS (¡ 1[ arr (V; E)) .¤

Pr oof. We will assume,as in the combination method, that the variables of
the formula ±n are fresh.

(1 ) 2). Assume that ¡ 1 [ ¡ 2 is (S [ T)-satis¯able, and let F be one of its
(S [ T)-models. Let

E = f (x; y) j x; y 2 V and xF = yF g:

Clearly, F is an (S [ T)-model of ¡ 1 [ ¡ 2 [ arr (E ; V ). It follows that F is also
an S-model of ¡ 1 [ arr (E ; V ), thus proving (i). In addition, F is a T-model of
¡ 2 [ arr (E ; V ).

Let · = jF j, and let n = mincardS (¡ 1 [ arr (V; E)). By de¯nition of
mincardS , we have n · · , which implies that F is also a T-model of ¡ 2 [
arr (E ; V ) [ ±n , proving (ii).

(2 ) 1). Let V1 = vars(¡ 1) and V2 = vars(¡ 2 [ ±n ), and observe that V1 \ V2 =
V . Assumethere is an equivalencerelation E of V such that ¡ 1 [ arr (V; E) is
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S-satis¯able and ¡ 2 [ arr (V; E) [ ±n is T-satis¯able, where n = mincardS (¡ 1 [
arr (V; E)).

Then there exist an S-model A of ¡ 1 [ arr (V; E) and a T-model B of ¡ 2 [
arr (V; E) [ ±n .

SinceB satis¯es ±n , we have jB j ¸ n. Thus, by the smoothnessof S, we can
assumewithout loss of generality that jAj = jB j. In addition, becauseboth A
and B satisfy arr (V; E), we have that xA = yA if and only if xB = yB , for all
x; y 2 V .

By the Combination Theorem for Disjoint Signatures11, S [ T [ ¡ 1 [ ¡ 2 [
arr (V; E) [ ±n is satis¯able. Thus, ¡ 1 [ ¡ 2 is (S [ T)-satis¯able. ¥

Combining Proposition 12 with the fact that our combination method is
terminating, we obtain the following decidability result.

Theorem 13 (Decidabilit y). Let S be a shiny § -theory and let be T an ­ -
theory suchthat § \ ­ = ; . If the quanti¯er-fr ee satis¯ability problemsof S and
of T are decidable, then the quanti¯er-fr ee satis¯ability problemof S [ T is also
decidable. ¤

6 Applications

In this section, we present someexamplesof shiny theories to which our com-
bination results apply: the theory of equality, the theory of partial orders, and
the theory of total orders.

6.1 The theory of equalit y

It is well known that the theory of equality (over an arbitrary signature) is
stably in¯nite and hasa decidablequanti¯er-free satis¯abilit y problem [Opp80].

We show herethat the theory of equality is alsoshiny. To do that we will use
the following basic lemma of model theory, adapted from page 44 of Hodges's
book [Hod97] .

Lemma 14. Let A ; B be two interpretations such that there is an embedding of
A into B, and let ' be a quanti¯er-fr ee formula. Then ' is satis¯ed by A if and
only if it is satis¯ed by B. ¤

Prop osition 15. Let ' be a quanti¯er-fr ee formula, and let A be a ¯nite model
of ' . Then there exists a model B of ' such that jB j = jAj + 1. ¤

Pr oof. Let k = jAj. We construct a §-model B of ' such that jB j = k + 1 as
follows. Let

B = A [ f bg;

where b =2 A. Then, ¯x an arbitrary element a0 2 B , and let
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Input: An S-satis¯able conjunction ¡ of §-literals
Output: mincard(¡)

1: if ¡ is empty then
2: return 1
3: else
4: U Ã terms (¡)
5: ¡ 0 Ã ¡
6: for s; t 2 U do
7: if ¡ 0 [ f s ¼ tg is S-satis¯able then
8: ¡ 0 Ã ¡ 0 [ f s ¼ tg
9: end if

10: end for
11: E Ã f (s; t) j s ¼ t 2 ¡ 0g
12: C Ã cong-closure (E )
13: return card (U=C )
14: end if

Figure 1: A procedurefor mincard.

² for variables and constants:

uB = uA ;

² for function symbols of arit y n:

f B (a1; : : : ; an ) =

(
f A (a1; : : : ; an ) ; if a1; : : : ; an 2 A ;
a0 ; otherwise,

² for predicate symbols of arit y n:

(a1; : : : ; an ) 2 PB ( ) a1; : : : ; an 2 A and (a1; : : : ; an ) 2 PA :

We have jB j = k + 1. In addition, the map h : A ! B de¯ned by h(a) = a,
for each a 2 A, is an embedding of A into B. SinceA satis¯es ' , by Lemma 14
it follows that B also satis¯es ' . ¥

Combining Proposition 7 and 15, we obtain the smoothnessof the theory of
equality.

Prop osition 16. For every signature § , the § -theory of equality is smooth. ¤

Next, we show that mincard(' ) is computable for any satis¯able quanti¯er-
free formula ' . A procedure that computes mincard is given in Figure 1. For
simplicit y, and without of generality, the proceduretakesasinput only satis¯able
conjunctions of literals, returning a positive integer.

In the procedure, the function terms returns the set of all terms and sub-
terms occurring in its input ¡. For instance, if ¡ = f f (g(x)) ¼ g(f (y))g
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then terms (¡) returns the set f x; g(x); f (g(x)) ; y; f (y); g(f (y))g. The func-
tion cong-closure computes the congruenceclosureof the binary relation E
over the signature of ¡. 7 U=C denotesthe quotient of U with respect to the
congruencerelation C.

Both C and U=C can be computed using any standard congruenceclosure
algorithm [DST80, Koz77, NO80, Sho78]. The complexity of such algorithms
is O(n2), where n is the cardinalit y of U. The test in line 7 can be performed
by the same congruenceclosure algorithm used for computing C. Since the
procedure is clearly terminating, it then follows that its complexity is O(n4).

We show below that the procedure is also partially correct.

Prop osition 17. For every input ¡ , the procedure shown in Figure 1 returns
mincard(¡) . ¤

Pr oof. If ¡ is empty then ¡ is satis¯ed by every interpretation. Thus, in this
casethe procedurereturns the correct value mincard(¡) = 1.

Let us consider the casein which ¡ is not empty. Let U, ¡ 0, E and C be as
computed by the procedure. Moreover, let k be the value returned in line 13.
Note that ¡ 0 is S-satis¯able, and that ¡ µ ¡ 0. Thus, every S-model of ¡ 0 is also
an S-model of ¡. Finally, since ¡ is not empty, then U is not empty either. It
follows that the quotient U=C is also not empty, hencek ¸ 1.

Let A be any S-model of ¡ 0, and consider the set

B = f tA j t 2 Ug:

We claim that jB j = k. To see this, suppose, for a contradiction, that
jB j 6= k. Then either jB j < k or jB j > k.

Assume ¯rst that jB j < k. Since k is equal to the number of equivalence
classesof C, there exist two terms s; t 2 U such that (s; t) =2 C and sA = tA .
But then ¡ 0[ f s ¼ tg is satis¯ed by A , which implies that s ¼ t 2 ¡ 0. It follows
that (s; t) 2 E , and therefore (s; t) 2 C, a contradiction.

Next, supposethat jB j > k. Then there exist distinct terms t1; : : : ; tn , with
n > k, such that tA

i 6= tA
j , for i < j . SinceC is the congruenceclosureof E , it

follows that, for every term s; t, if (s; t) 2 C then sA = tA . But then, for every
term s; t, if sA 6= tA then (s; t) =2 C. Thus, (t i ; t j ) =2 C, for i < j . It follows that
C has more than k equivalenceclasses,a contradiction.

Since jB j = k, by the generality of A , we can conclude that every S-model
of ¡ has at least k elements.

We now construct an S-model B of ¡ with domain B . The proposition's
claim will then follow from the fact that jB j = k.

Let b be someelement of B . We de¯ne

² for variables and constants:

uB =

(
uA ; if uA 2 B ;
b; otherwise;

7Giv en a binary relation E , the congruence closure of E is the smallest congruence C
containing E .
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² for function symbols of arit y n:

f B (b1; : : : ; bn ) =

(
f A (b1; : : : ; bn ) ; if f A (b1; : : : ; bn ) 2 B ;
b; otherwise,

² for predicate symbols of arit y n:

(b1; : : : ; bn ) 2 PB ( ) (b1; : : : ; bn ) 2 PA :

We have that B is an S-interpretation. Moreover, by structural induction,
one can show that tB = tA for all terms t 2 U, and that `B = `A for all literals
` 2 ¡ 0. It follows that B satis¯es ¡ 0. Since¡ µ ¡ 0, B also satis¯es ¡. ¥

As an immediate corollary of Proposition 17, we obtain the following result.

Prop osition 18. For every signature § , the § -theory of equality is stably ¯-
nite. ¤

Putting together Propositions 7, 17, and 18, we obtain the shininessof the
theory of equality.

Prop osition 19. For every signature § , the § -theory of equality is shiny. ¤

Proposition 19 is relevant because,together with our combination method in
Section3, it tells us that any procedurethat decidesthe quanti¯er-free satis¯a-
bilit y problem for a §-theory T can be extended to accept inputs ¡ containing
arbitrary free symbols8 in addition to the symbols in §. This fact was already
known for theoriesT that are universal [PS95]. It wasalsoknown for theoriesT
that are stably-in¯nite, sincein this caseonecan usethe Nelson-Oppen method
to combine the decision procedure for T with one for the theory of equality
over the symbols of ¡ that are not in §. Thanks to Proposition 19 and our
combination method, we are able to lift the universal and/or stable-in¯niteness
requirement for T altogether.

More formally, we have the following theorem.

Theorem 20. Let T be a § -theory such that the quanti¯er-fr ee satis¯ability
problem of T is decidable. Then, for every signature ­ ¶ § , the quanti¯er-fr ee
satis¯ability problemof T with respect to ­ -formulae is decidable. ¤

6.2 BSR-theories

In this subsection we show that a large class of theories immediately satisfy
all the requirements for being combinable with our method except smoothness.
Among these theories we single out a couple, as an example, that are in fact
also smooth.

We call thesetheoriesBSR-theories after Bernays, SchÄon¯nk el, and Ramsey,
who studied someof their properties.

8Also referred to as \unin terpreted" symbols by some authors.
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De¯nition 21 (BSR-theories). A sentence ' is a BSR-sentence if it is of
the form (9x1) ¢¢¢(9xm )(8y1) ¢¢¢(8yn )Ã, where m; n ¸ 0 and Ã is a quanti¯er-
free formula that doesnot contain function symbols.

A BSR-theor y is a ¯nite set of BSR-sentences. ¤

The following proposition wasproved by Bernays and SchÄon¯nk el [BS28] for
the caseof ¯rst-order logic without equality, and by Ramsey [Ram30] for the
caseof ¯rst-order logic with equality.

Prop osition 22. Let © a conjunction of BSR-sentences. Then there exists an
integer k, bounded above by the size of ©, such that © is satis¯able if and only
if it has a model of cardinality at most k. ¤

An immediate consequenceof Proposition 22 is that the satis¯abilit y of ¯nite
sets© of BSR-sentencesis decidable: onesimply Skolemizes© into a set ©0 and
checks the satis¯abilit y of ©0 in Herbrand interpretations. Now, it is easyto see
that ©0 will contain no function symbols, therefore all Herbrand interpretations
over the signature of ©0 are ¯nite. It is enough then to construct all such
interpretations up to cardinalit y k until one is found that satis¯es ©0.

Proposition 22 is interesting to us becauseit entails that the quanti¯er-free
satis¯abilit y problem of any BSR-theory T is decidable. The reasonis simply
that a quanti¯er-free formula ' is T-satis¯able exactly when the ¯nite set T [ ' 0

of BSR-sentencesis satis¯able, where ' 0 is the existential closure of ' . From
this observation it is also immediate that the following proposition holds.

Prop osition 23. Every BSR-theory T is stably¯nite. Moreover, the quanti¯er-
free satis¯ability problemof T is decidable and mincardT is computable. ¤

The discussionabovesuggestsa generalalgorithm for computing mincardT (' )
when T is a BSR-theory. The complexity of this algorithm is bounded by the
number of §-in terpretations over vars(' ) of cardinalit y at most n, wheren is the
size of the conjunction T [ f ' g. Since there is an exponential number of such
interpretations, the algorithm belongs to the class of complexity EXPTIME.
Particular theories of course may admit a much faster algorithm, speci¯c to
that theory.

Note that, in general,BSR-theoriesare not smooth, and sonot shiny either.
For instance, the theory

T = f (8x)(8y)(x ¼ y) g

is a BSR-theory, but it is obviously not smooth becauseit only admits models
of cardinalit y 1. We provide someexamplesof smooth BSR-theoriesin the next
two subsections.

Partial and total orders

We now provide two examplesof shiny BSR-theories,the theoriesof partial and
of total orders. The theory PO of partial orders is de¯ned by the following
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axioms:

(8x): (x < x) (irre°exivit y)

(8x)(8y)(8z)(x < y ^ y < z ! x < z) (transitivit y) :

The theory TO of total orders extends the theory of partial orders, with the
following axiom

(8x)(8y)(x < y _ x = y _ y < x) (tric hotomy) :

Sinceboth PO and TO are BSR-theories,they are both stably ¯nite. More-
over, both mincardPO and mincardTO are computable. We prove that both PO
and TO are also smooth.

Prop osition 24. Let § = f < g, let ' be a quanti¯er-fr ee § -formula, let A be a
¯nite PO-model of ' , and let k = jAj be a natural number. Then there exists a
PO-model B of ' of cardinality k + 1. ¤

Pr oof. We construct a §-model B of ' such that jB j = k + 1 as follows. Let

B = A [ f bg;

where b =2 A. Then let

uB = uA ; for variables and constants ;

and
a1 < B a2 ( ) a1 < A a2 and a1; a2 2 A :

We have jB j = k + 1. In addition, the map h : A ! B de¯ned by h(a) = a,
for each a 2 A, is an embedding of A into B. SinceA satis¯es ' , by Lemma 14
it follows that B also satis¯es ' . ¥

Combining Proposition 7 and 24 we obtain the smoothnessof the theory of
partial orders.

Prop osition 25. The theory PO of partial orders is smooth. ¤

Prop osition 26. Let § = f < g, let ' be a quanti¯er-fr ee § -formula, let A be a
¯nite TO -model of ' , and let k = jAj be a natural number. Then there exists a
TO -model B of ' of cardinality k + 1. ¤

Pr oof. We construct a §-model B of ' such that jB j = k + 1 as follows. Let

B = A [ f bg;

where b =2 A. Then let

uB = uA ; for variables and constants ;
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and

a1 < B a2 ( )

2

6
4

a1 < A a2 and a1; a2 2 A

or

a1 6= b and a2 = b

3

7
5

Intuitiv ely, we de¯ned < B exactly as < A , with the di®erencethat the new
element b becomesthe maximum element in the total order < B .

We have jB j = k + 1. In addition, the map h : A ! B de¯ned by h(a) = a,
for each a 2 A, is an embedding of A into B. SinceA satis¯es ' , by Lemma 14
it follows that B also satis¯es ' . ¥

Combining Proposition 7 and 26 we obtain the smoothnessof the theory of
total orders.

Prop osition 27. The theory TO of total orders is smooth. ¤

In conclusion,we have the following results.

Prop osition 28. The theory TO of total orders and the theory PO partial
orders are shiny. ¤

Theorem 29. Where O is either TO or PO, let T be any theory signature-
disjoint with O. If the quanti¯er-fr ee satis¯ability problem of T is decidable,
then the quanti¯er-fr ee satis¯ability problemof O [ T is also decidable. ¤

7 Conclusion

We have addressedthe problem of extending the Nelson-Oppen combination
method to theories that are not stably in¯nite. We provided a modi¯cation of
the Nelson-Oppen method for combining two theories, in which it is possibleto
lift the stable in¯niteness requirement from one theory, provided that the other
one satis¯es a stronger condition, which we called shininess.

We gave someexamplesof shiny theories, namely the theory of equality, the
theory of partial orders, and the theory of total orders.

In particular, the shininessof the theory of equality yields an interesting use-
ful result: Any decision procedure for the quanti¯er-free satis¯abilit y problem
of a theory T can always be extendedto accept input formulae over an arbitrary
signature. The usefulnessof this result stems from the fact that, in practice,
satis¯abilit y problems in a theory T often contain free function symbols in ad-
dition to the original symbols of T.9 Our result says that thesesymbols can be
always dealt with properly, no matter what T is.

The Nelson-Oppen method is applicable to an arbitrary number of stably
in¯nite and pairwise signature-disjoint theories. Similarly, our method can be
extended to the combination of one arbitrary theory and n > 1 shiny theories,
all pairwise signature-disjoint. It is unlikely that our method be extended to

9These function symbols are typically intro duced by skolemization or abstraction processes.
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allow more than one arbitrary theory. In fact, if this were the case,we would
be able to combine two arbitrary theories.

The correctnessproof of both the Nelson-Oppen method and our method
relies on the Combination Theorem for Disjoint Theories (Theorem 11). That
theorem requires that the two parts of a separate form of an input formula
be satis¯ed in models of the respective theories having the same cardinalit y.
As pointed out in [TR03], this requirement is impossible to check in general.
Considering only stably in¯nite theories, as done in the original method, allows
oneto completely forgo the check, becausestably in¯nite theoriesalways satisfy
it. Our method dealswith the cardinalit y requirement by assumingenoughon
onetheory, the shiny one,sothat a simpler cardinalit y check, the onerepresented
by ±n , can be performed on the other.

We plan to continue our reserch on relaxing the stable in¯niteness require-
ment by aiming at ¯nding general su±cient conditions for shininess, and at
identifying additional speci¯c examplesof shiny theories.
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