EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS
FOR A SEMILINEAR ELLIPTIC EQUATION

DENG YINBING* AND YT Lif

ABsTRACT. In this paper, we consider the semilinear elliptic problem
—Autu=[uPutpf(z), uweH'RY), N>2 ((*)u)

For p > 2, we show that there exists a positive constant pu* > 0 such that (%), possesses a

minimal positive solution if u € (0, u*) and no positive solutions if y > p*. Furthermore,

if p< J\Qr—fz, then (x), possesses at least two positive solutions for p € (0, *), an unique

positive solution if 4 = p* and there exists a constant s > 0 such that when p € (0, p«),
problem (%), possesses at least three solutions. We also obtain some bifurcation results
of the solutions at ¢ =0 and p = p*.

61 Introduction

In this paper we first consider the semilinear elliptic problem
~Au+u=u"t+puf(z), zeRY, N>2 ((1.1),)

uwe HY(RY), wu>0 in RY, (1.2)

where y > 0, p > 2 and f(x) is some given function in H~*(R") such that f(z) >
0, f(z) #0in RY.

Recently, many authors have studied the existence of positive solutions of the semi-
linear elliptic boundary value problem

—Nu+u=g(z,u), zeQcRY,
g(z,u) (1.3)
u\aQ:O.

a problem that occurs in various branches of mathematical physics. There are many
results about the existence of the positive solutions of (1.3) when g(z,u) is a “homoge-
neous” function (i.e. g(z,0) = 0), see [4, 5, 9, 16, 22, 23, 25]. For the “inhomogeneous”
case (i.e. g(x,0) # 0), some existence of two solutions have been obtained in [15] when
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2 DENG YINBING AND YI LI

T, u
g(z,u) is less than critical growth in the sense that lim 9(@,u) = 0 with ¢ = %
u—-+00 ud

and 2 is bounded. A substantial difference between the problems on bounded domain
and on unbounded domain is the lack of compactness for Sobolev embedding when we
deal with the later. Thus there seems to be little progress on the existence theory for
the “inhomogeneous” case of (1.3) when 2 is unbounded. Zhu and Zhou in their recent
work [29] have obtained the existence of two positive solutions of the problem

—Au+u= Ng(u)+ f(z), ue HHQ)

by using variational and barrier methods when 2 = RY \ w, and w C RY is a bounded
non-empty smooth domain. A similar result has also been obtained in [27] for problem

—Autu=Af(u+¢), uecHiQ).

The growth of nonlinear function f and ¢ are required to be lower than the critical
exponent in both papers.

The principal aim of this paper is to get the existence and nonexistence of multiple
solutions for problem (1.1),-(1.2) for u € (0, +00). We also get some bifurcation results
of solutions at © = 0 and p = p*, where p* is given in Theorem 1 below. It should
be noted that we discuss (1.1),-(1.2) without the growth condition on u?~! when we
obtain the minimal solutions. Furthermore, for the following problem

{ — Autu = |ulP?u+ pf(x)

ue H'(RY) ((1-1)3)

we can prove that it has at least three solutions if p1 € (—pus, p«), where pu, is a positive
constant. Such kind of result has been obtained in [3] by perturbation method. In fact,
it has been proved in [3] that problem (1.1)} has infinite many solutions if 2 < p < py <
N 2, where py — 1 is the largest root of the equation (2N —2)¢* — (N +2)g — N = 0.
When p > py, to the best of our knowledge, there is no existence result about the
multiple solutions for (1.1)7-(1.2). We obtain the third solution for (1.1)5-(1.2) by
using implicit function theorem. The results of this paper are stated in the following
theorems

Theorem 1. Let |x|VN=2f(x) be bounded. Then there exists a constant u* > 0 such
that

i) (1.1),-(1.2) possesses a minimal solution u,, for all p € (0, 1) and p > 2 and u,,
1S 1ncreasing with respect to p;

ii) (1.1),-(1.2) possesses an unique solution if p = p* and p € (2, 323);

iii) there are no solutions of (1.1),-(1.2) for p > u*.

Furthermore
1 = (N(N_2))H(p—1)%(p 2)
sSup {(N(N—Q)( —1)m+|x‘ ) f( )}
e (1.4)
<yt < inf CS_ } = 2,

e>0{ Jan f@)w? (z) dz
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where

we=(N(N=2))"7 (fzp) =, €>0,
C — _4 ((2N25_1+1)(N—2)) 4
€T N-2 (N+2)

and S is the Sobolev constant for the embedding H} (RN) — L (RY) and 2* = 25

Theorem 2. Suppose that |x|N =2 f(x) is bounded and p € (2, 225). Then (1.1),-(1.2)

N—2
possess at least two solutions for all p € (0, p*).

Theorem 3. Under the assumption of theorem 2, we can find a constant p. > 0 such
that problem (1.1)}, has at least three solutions if i € (0, j1.) and two of them are positive.
Theorem 4. Letp € (2, 2&5) and f(z) € CO*NLARY) with |z|N =2 f(x) being bounded

» N—2
in RN. Then
i) The set of solutions

U={uecH®RY) | uisa solution of (1.1), — (1.2)} (1.6)

is bounded uniformly in L>°(RN).
i) u, is continuous and increasing with respect to p if p € (0, p*) for all z € RV,
iii) (u*, ) is in C**(RY) N HA(RY) and is a bifurcation point for (1.1),-(1.2)
and
u, — 0 in C**RY)NH*RY) as u— 0,
U, — Uy in C**RY)NH*RY) as pu—0,

where Uy is the unique positive solution of (1.1)9-(1.2), u,, is the minimal solution of
(1.1),-(1.2) and U, is the second solution of (1.1),-(1.2) constructed in Theorem 2.

We prove Theorem 1 by means of a standard barrier method and Theorem 2 by
variational method. Finally we obtain Theorem 3, Theorem 4 by bifurcation theory.
Similar results like Theorem 1 and 2 have been obtained in [13] on bounded domains.

62 Proof of Theorem 1

In this section, we discuss the existence of the minimal solution of (1.1),-(1.2) by
using standard barrier methods.

Lemma 2.1. Under the assumption of Theorem 1, The problem (1.1),-(1.2) possesses
a minimal solution for all u € (0, py).

Proof.

For € > 0, set

we = (N(N —2)e) = (——— (2.1)
Then w,(x) satisfies (see [2])

—Aw, =w? 7! r e RN, (2.2)

€
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and N
IVwe|3 = |wel3. = 57, (2.3)
where S is the best Sobolev constant, 2* = % is the critical exponent and |-|, denotes
the LP — norm in RY. We choose e = N(N —2)(p — 1) 22 and let & = w,. Then
—Aa+a—aw4—Nf@):w41—wf2+w§—?—&ﬁ@y (2.4)

We
;From the assumption of Theorem 1 we deduce that (e + |z|?) S f (x) is bounded. So
we define
(NN —2)* (- 1) (p—2)
N-2 — p— P=2(p —

M = sup {(e+[2[*)"= f(2)}, = - (29)

TERN M

We then have

we(l—wf_2+wf*_2—,u%)

> (1 - w?=2(0) — p D)

=w4§:i—uCZ%

> (N(V =209 (e + )77 |(N(V =29 "7 L= —ur| 20

if p < p1. Thus @ = w, is a supersolution of (1.1), if p € (0, 1]. On the other hand,
u = 0 is clearly a subsolution of (1.1), for all x> 0 and v < @. By the standard barrier

method (see [1] Theorem 9.4 or [19]) there exists a solution wu, of (1.1), such that
0 < u, < @. Since 0 is not a solution of (1.1),, and f(x) > 0, the maximum principle
implies that 0 < u, < @. Again using a result of Amann (see [1], Theorem 9.4 or [19])
we can choose a minimal solution u, in the order interval [0, @] by a iteration scheme
with initial value u() = u = 0.

Now we show that u, is minimal among all solutions of (1.1),-(1.2). In fact, let u
be any other solution of (1.1),-(1.2), then @* = u may be considered as a supersolution
of (1.1), . Clearly, u* = 0 is a subsolution of (1.1), . By using the result of Amann

we can obtain a minimal solution uy, in the order interval [0, u] by an iteration scheme

with initial value ug) = u* = 0. Because u* = u = 0 we deduce that u;, = u,. Thus

_ * ~ %
O—g<uu u, < U Uu.

Since

[ (VP + ) do =

T

uﬁdw+u/ f(x)u, dx
N RN
§/ a? dx + p (r)udxr < +o0

RN RN

we deduce that u, € H}(RY) O
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Remark 2.1. ;From the proof of Lemma 2.1 we conclude that
1—(p— 1)qu_2 >0 for pe(0,u]. (2.6)

In fact, since e = N(N —2)(p— 1) 277 we have

N—2 —(N-2) 1 1
4 e

we < (N(N —=2)) 7 €

If € (0, 1], and w, is the minimal positive solution of (1.1),, then 0 < u, < u =
we < (pll)zﬂ_i?, which gives (2.6).

Remark 2.2. Actually for the existence of the minimal solution when N > 5, the
condition on f can be weakened to that of \x|¥ f(x) being bounded.

Lemma 2.2. The problem (1.1),-(1.2) has no solutions if p > ps, where po is given
by (1.4).
Proof.

Let u be a positive solution of (1.1),-(1.2). Then for any € > 0

—Auw? +uw? = uP w? + pf(z)w? (2.7)

Since p > 2 we may conclude that for any M > 0 there exists a constant C' > 0 such
that
uP™' > Mu—C  for all u>0. (2.8)

It follows from (2.7), (2.8) that

- Auw? da + / ww? dz > / (Mu— CYw? + pf(x)w? )dz. (2.9)
RN RN RN
Next we claim that
Auw? de = / ulw? dz. (2.10)
RN RN

In fact, for any R > 0, let B(R) be a ball of radius R, we have

2*
Auw? dz —/ ulw? dx :/ (%wf _ duwe u)dS
B(R) B(R) dB(R) on on

<w?(R) [ |Vulds+ [V |(R) [ juldS=O(R™) [ (Vul+ fu)ds
dB(R) OB(R)

0B(R)
<OR2MR"T (/ |w|2ds) - (/ u2d5’>
OB(R) OB(R)
—O(R™77) </ \Vu\2d5> +</ u2dS>
OB(R) OB(R)

1 1
2 2

Nl
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Then the fact that u € H'(RY) we see that the right hand side approaches 0 on a
sequence of radii R; — oo.
JFrom (2.9), (2.10) we get

o (z)w? da < —/ ulw? dx — M w? udzx
RN RN RN
+C wf*da:—i—/ w? udzx (2.11)
RN RN

. Aw? e
=C w? dm+/ (1-M — e Jw: udx.
RN RN w

2*
€

JFrom (2.1) we get

Aw? Ale+ |zH)~N

€

R P P
— AN(N + 2)(e + [22) 2 (Jef? — o)
N +2
N
> 2N (N +2)(e +0%)72(0% — N 26) —2N?e !

So (2.11) becomes

1 fl@)yw¥de < C w? dx + (2N2e™ ' +1 — M)/ w? udz.
RN RN RN

If we choose M = 2N2e~! + 1, then by using (2.3) we have

C’fRN w2 dx CS%
= = inf = ls.
} 220{ Jan f(x)wfda:} H2

< inf
#= 220{ Jan f(@)w? dx

In the following we give the expression of C. From (2.8), the constant C' must satisfy

C > Mu—u* 1, (2.12)

I\_Jl)p_i2 is the

Let h(u) = Mu — uP~! for p = 2* — 1, it is easy to verify that u = (
unique critical point which is a maximum of h(u). From h(0) = 0 and h(u) — —oo as
u — 400 we have

RS

So we can take

M | p=1
C=Ce —iglgh(u) = (P—Q)(E)p =N _3

4 <(2N2€_1 F1)(N - 2)) o

then C satisfies (2.12) O
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Proof of Theorem 1.

From Lemma 2.2 we set
p* =sup{pu >0](1.1), — (1.2) possesses at least one solution} (2.13)
By Lemma 2.1 and Lemma 2.2 we have
0<pr <p* <pg < +oo.

For any p € (0, "), by the definition of p* we can find a i € (u, u*) such that (1.1)z-
(1.2) have a solution u; and

—Aup +up —up, Y- pf(x) = (- p)f(z) > 0.
Thus % = ug is a supersolution of (1.1),. ;From f(xz) > 0 we deduce that v = 0 is a

subsolution of (1.1), for all 4 > 0. Again by the standard barrier method as in the
proof of Lemma 2.1, we can obtain a solution u,, of (1.1), such that 0 < u, < ug. Since
u,, can be derived by an iteration scheme with initial value u) = 0, u, is a minimal
solution of (1.1),. Since 0 is not a solution of (1.1),, & > pand f(x) > 0, the maximum
principle implies that

0 < uy, < ug. (2.14)

Furthermore

/RN(|VuM‘2—|—ui)dx: /RN ul, dz + p f(z)u, dx

RN
< / ur dx +ﬁ/ f(z)ugde = / (|Vuz* + u%)dx < 400.
RN RN RN

Thus u, € H*(RY),

By the definition of ;/* we can conclude that (1.1),-(1.2) have no solution for p > p*.
Therefore the proof of Theorem 1(i) and (iii) is completed.

Now we prove that (1.1),--(1.2) has a unique solution. Hence for the rest of this
section we will assume that p € (2, 22]. We shall use Lemma 2.3-2.5. The proof of
Lemma 2.3-2.5 will be given later. From Lemma 2.3 we have

2, 2
/RN(WU’”L| +uy,)dr — (p — 1)/RN ubdz > 0

and also we have

/(\VUM|2+ui)da:—/ uﬁda:—,u/ f(z)uydr =0
RN RN RN

/ (\VUM|2+ui)dx:/ Wty | f(@)uude
RN RN

RN
1 2 211 21
<= | (Vul+u )dfﬂ+u(/ P

1 5# 2
< (—— d
<+ Ol + 5 [ P

Thus
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for any 6 > 0. Since p > 2 we can obtain that
||Uu||H1(RN) S C < 400

for all p € (0,u*) by taking 0 small enough. Because of (2.14) the solution w,, is
monotone increasing with respect to pu, we may suppose that

u, — u,+ weakly in H'(RY) as p— u*

and hence wu,,- is a solution of (1.1),,« if p € (2, 2&5]. The uniqueness of u,,- is obtained

N—2
by Lemma 2.5. [

Lemma 2.3. Let u, be the minimal positive solution given by Theorem 1(i). The
corresponding eigenvalue problem

{ — Dp+e=Ap—1ul 2, ((2.15),)

p € H'(RY)

has the first eigenvalue \y > 1 and the corresponding eigenfunction @1 > 0 in RN if
p € (0, p%).

Proof.

Set
A\ = inf{/ (|Vo]? + v dx | v € HYRY), / (p— Dub?v* =1}, (2.16)
RN RN

As in [27, 29], we can prove that the minimization (2.16) is achieved by some function
©1 > 0. Thus (2.15) has a solution (A1, ;). Now we prove \; > 1. For i € (u, u*)
let u,, u; be the minimal solutions of (1.1),-(1.2) and (1.1)4-(1.2) with u, < uz. By
virtue of (1.1), and (1.1); we see that

—Dup —wy) + (g —wy) = uf = w7+ (5 ) f(2)
Applying the Taylor’s expansion and noting that g > p, f(z) > 0 we have
= O(up = wp) + (= up) > (p = Dl (up — ). (2.17)

Multiplying (2.17) by ¢ and using (2.15) we have

A1 /N(p - l)uﬁ_ngl(uﬁ —uy)dx > / (p— l)uﬁ_ngl(uﬁ — uy,)dx,
R R

N

which gives \; > 1. U
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Lemma 2.4. Assume that u, be a solution of (1.1),-(1.2) for which Ay > 1. Then for
any g(x) € H-L(RY), problem

~Aw+w = (p—Dulw+g(e), weH (RY) ((2.18),)

has a solution (here we suppose ug =0).
Proof.

Consider the functional

1 1
d(w) = 3 /RN(|Vw\2+w2)da:— §(p— 1) /RN uﬁ_Qdea@—/RN g(x)wdz, we H' (RY).

. From Holder inequality and Young inequality we have, for any € > 0 that

®(w) > 5 (1= = )wllgr @y = 5ellwllF gy — 5 gl
(w) = 5 (1=l @y = gelwlin @y = 5ol @) (2.19)

> —Cllgllh -1~y

if we choose € small.
Let {w,} C HY(RY) be the minimizing sequence of variational problem

d = inf{®(w) | we H'(RY)}.

;From (2.19) we can also deduce that {w,} is bounded in H'(RY) if we choose € small.
So we may suppose that

wy, — w weakly in HY(RY) as n — oo,

wy — w a.e. in RY as n — oo.

By Fatou’s Lemma

[wl[F1 vy < _lim w71 gy
n—~aoo

The weak convergence and the fact that u, — 0 as x — oo imply

/ gquw,dr — gwdzx, / uP 2wl de — uP2widx as n — oo.
RN RN RN RN
Therefore

O(w) < lim P(u,)=d

n——--aoo

and hence ®(w) = d which gives that w is a solution of (4.20). O
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Lemma 2.5. Let p € (2, 25| and w,- is a solution of (1.1),+-(1.2), then problem

(2.15) - has its first eigenvalue A\ (*) = 1. Moreover, the solution u,- is unique.
Proof.

Define
F: Rx HRY) — HYRY)

by
Fp,u) = Au—u+ (u™)P~ + pf(a).

Since A(p) > 1 for € (0, p*), so A(p*) > 1. If A(1*) > 1, the equation F, (1*, uy= )¢ =
0 has no nontrivial solution. From Lemma 2.4, F maps R x H*(RY) onto H~1(RY).
Applying implicit function theorem to F' we can find a neighborhood (u* — d, u* + 9)
of p* such that (1.1),-(1.2) possesses a solution wu, if p € (u* + 6, p* +6). This is
contradictory to the definition of p*.

Next, we are going to prove that u,+ is unique. In fact, if problem (1.1),+-(1.2) has
another solution U,» > u,~. Set w = U,» — u,+~ we have

—Aw+w = (w+u, )Pt — uﬂ?l, w > 0in RY (2.20)
By A1 (p*) =1 we have that problem
—Np+¢=(p—1ub-'¢, ¢ H(RY). (2.21)

possesses a positive solution ¢4
Multiplying (2.20) by ¢1 and (2.21) by w, integrating and subtracting we deduce that

0= [ lw+uey™ =l = (o= Dl ulonds

1

—50-De-2) [ gttod

where £ € (uy», uy« +w). Thus w=0. O

Remark 2.3. For p € (0,1*), let uw, be the minimal solution of (1.1),-(1.2). Set
p** =sup{0 < p < p*, | 1—(p—1)uﬁ_2 > 0}. From Remark 2.1 we have pup < p** < p*
and 1 — (p — 1)uf;=> > 0 for all pu € (0, u**).

63 Proof of Theorem 2

Let u, be the minimal positive solution of (1.1),-(1.2) for p € (0,pu*) and p €
(2, 2%5). In order to find a second solution of (1.1),-(1.2) we introduce the following
problem:

m

ve H'(RY), v>0 in RY.

—ANv+v=(v uup_l—up_l,
{ PR ((31),)

Clearly, we can get another solution U, = u, + v, of (1.1),-(1.2) if (3.1), possesses a
positive solution v,. In this section, we prove that (3.1), has a positive solution for
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p € (0,u*) by using variational method. To this end, We define the corresponding
variational functional of (3.1), by

1 1
J(v) = _/ (V| + v*)dx — —/ [(vF 4w, )P — ub — pub~tvt]dr, (3.2)
2 Jry D JrN g g
with v € H'(RY). For convenience, we use ”|.||”, ”|.|,” to denote the norms in
HY(RY), LYRY) respectively.
Let ) )
() = _/ (Vo2 + v2)de — —/ wPde, v e HA®RN), (3.3)
2 Jrw P JrN
M (v) = {ve HY(RY), | / (|Vo]* + v?)dx = / lv[Pdx} (3.4)
RN RN
J® =inf{I®(v), | ve M=} (3.5)
A= inf{/ (|Vo]? +0H)dz | ve HY(RY), jvu|h =1}
RN
1 1
ILi(u) = —/ (|Vu| + u?)dx — —/ (u™)Pdr — p (x)udz, wue H'RY)
2 RN D JrN RN
and .
10)=5 [ 190+ w)f + 0+ u,))dz
2 Jan
1
——/ (vt +u,)Pde — p (z)(v+wu,)dz, ve HY(RY).
P JrN RN
Because u,, is the critical point of I (u) we have that
J(v) =I(v) —1(0) = I(v) — I (u,). (3.6)

In the following we verify the existence of nontrivial solutions of problem (3.1), by
means of the Mountain Pass method.

Lemma 3.1. There exists some constants o > 0, p > 0 such that

J(v)lop, > a > 0. (3.7)
where B, = {u € H'R") | [[u] < p}
Proof.

For any v € H*(RY), using Taylor’s formula and Lemma 2.3 we have

1
J(v) > —/ (Vo] + 0% — (p — 1)uﬂ_2v2)da:

2 RN

- E/ vidr — (C’E)/ |v|Pdx
2 RN RN
1 1

> —/ (Vo2 +v2)dz — — [ (Vo2 +v2)da
2 RN 21 RN

- E/ v?dx — (C’e)/ |v|Pdx
2 RN RN

1 1 € 9 »
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for all € > 0. Since A\; > 1 we can choose € small enough so that % — ﬁ —5>0. If we

fix e = %(M)\:l), then J(v) > %‘f”v”Q — Cy, ||v]|P. Hence there exist p > 0, o > 0 such

that (3.7) holds. O

Remark 3.1. p > 0, o > 0 in Lemma 3.1 may depend on p € (0, pu*). But for any
fixed 6 € (0, p*), there exist ps, as > 0, independent of p € (0, §) such that

I(v) > a5 >04f |lv]| = ps

for all 1 € (0, 6). Since from Remark 2.3 we find that w, is monotone increasing with
respect to 1, so the first eigenvalue A\ (u) of (2.15), must be nonincreasing in p. Thus
A1(p) > A(6) if p € (0, 6]. The conclusion follows by the same argument as in the
proof of Lemma 3.1 using A;(6) there.

Lemma 3.2. For any 0 < v € HYRY), v # 0, there exists a constant Ry > 0 such
that
J(Rv) <0 for R > Ry. (3.8)
Proof.
From the inequality ([14])

(v +uy,)? —ulf, —vP > puﬁ_lv for any v>0, p>2 (3.9)

we have, for v € HY(RY), v #0, R € Rt | that

1 RP
J(Rv) < —R2/ (|Vo]? + v})de — — (vT)Pdx
2 RN D Jrw~

1 50 2 1
< SF Il = Rl
we deduce that I(Rv) — —o0 as R — +oo. O
Theorem 3.1. Letp € (2,2%), u € (0, u*). If there exists 0 < vg € H*(RN) with vg # 0

such that

sup J (tvg) < J, (3.10)
>0

then (3.1), has at least one positive solution.
Proof.
By Lemma 3.1 and Lemma 3.2, there exists a constant Ry > 0 such that e = Ryvg ¢

B, and J(e) < 0. Where B, = {u € H'(RY) | |lu|| < p}. Define ¢ = FinfDmalziJ(v),
€D ve

where D denote the class of continuous paths joining 0 to e in H}(RY). We have

0<a<c<supd(tu) < J™ (3.11)
>0

¢From Mountain Pass Lemma without (PS). condition [7, 10] we can find a sequence
{v;} € HY(R") such that

J(j) —c as j— o0, (3.12)
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J'(v;) — 0 in (H'®RY)* as j— oo (3.13)

Using (3.12) and (3.13) together with p > 2 we can easily prove that {v;} is bounded in
H'(RY). By passing to a subsequence if necessary we may assume that for some d > 0

v; — v weakly in H'(RY),
v; — v ae. in RY and |jvj| — d since ¢ >0,
and

(U;L + u, )P — uﬁ_l — (v )Pt - uﬁ_l weakly in (LP(RM))*.

Thus v is a weak solution of
—Av+v= (v +u,)P ! - uﬁ_l. (3.14)
Using maximum principle we get v > 0 in RY. Set uj; =vj +u, , u=v-+u, then

u; — u  weakly in H'(RYM),

uj —u ae. in RN

By (3.6) (3.12) (3.13) and (3.14) we have

I (uy) — Ii(up) = I(vj) = 1(0) = J(v;) — ¢ >0 (3.15)
L(u;) — 0 in (H'(RY))* '
as j — oo, and wu is a solution of
—Au+u=uP"! + pf(z). (3.16)

Now we are going to prove that u # u,. In fact, if u = v, , then v = 0 and v; /= 0
strongly in H'(RY) since J(0) = 0 < ¢. Let ¢; = ¢+ I1(u,). From the fact that
u; — u, weakly in H'(R") and Brezis-Lieb Lemma[6] we have

lugll* = llupl® + llo;]I* + o(1),

w17 = Jup” + [0 [ + o(D),

. f(x)ujdax = /]RN f(x)uyudx + o(1)

(3.17)

as j — oo. By (3.15) (3.16) we deduce

/ (|Vuj|2+u?)da::/ (uj)pdx—ku/ f(x)ujdx + o(1),
RN RN RN

/RN(\VUMZ +u,)dx = /RN (uhyPda + M/RN f(@)u,de
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and hence
/ (|Vv;]? + v?)dx = / (v;»r)pdx +o(1), (3.18)
RN RN

by subtracting the two identities above and by (3.17). Using (3.15), (3.16) (3.17) and
(3.18) we deduce that, as j — oo,

c1 = Ii(uz) +o(1)

=nt)+g [ (Ve = [ @hparo) g
= Ii(uu) + (% - %) /RN(U;‘F)pdx +o(1).

Similarly we obtain that

AW 2 < (10130 @y = of B + 0(1)

which gives us that Hv;LHg +0(1) > A7°2 since d > 0. Thus

1 1., »
c+ Il(uﬂ) = C Z Il(uﬂ) -+ (5 — 5)1417_2 (320)

Using the results of [4] [23] we obtained that both J>° and A can been attained by some
functions w and v respectively and both w and A7y are the ground state solutions.

By the uniqueness of ground state solution of (1.1)¢ [20, 21, 24] we have w = A7y

and hence L
J*® =I%(w) = [W(Aﬁv) — (5 — ]_))Aﬁ
From (3.20) we deduce ¢ > J°°, which is a contradiction because of (3.11). O

Theorem 3.2. Let u, be the minimal positive solution of (1.1),, with pu € (0, n*). Then
(3.1), possesses at least one positive solution v, with 0 < J(v,) < J* if p € (2,2%).

Proof.

Let w(x) be a minimizer of J°° then there exists a t* > 0 such that sup{J(tw), ¢ >
0} = J(t*w) and by the fact that w(z) is the unique ground state solution of (1.1)y we
have

1
J(t*w) = \/RNOVU)P + wQ)dgj — B /RN(<t*w + U’M)p o uz —pu];_lt*w)d:v

- / (\Vw|2+w2)dx—1/ ()PP dz
RN

2 Jrw p
1
~5 /RN((t*w + )P — ul), — puﬁ_lt*w — (t*)PwP)dx
1
= I°(t"w) — —/ (tw + uy)P — b — pul ™ w — (*)PwP)dx
» Jan p p

1
< sup{I*(tw)} — — / (w4 up,)?P —uf, — puﬁ_lt*w — (t*)PwP)dx
>0 D JrrN

1
< J® — —/ ((F*w +uy)? —ub, —puﬁ_lt*w — (t*)PwP)dx
D JrN

< J% since (3.9).
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Using theorem 3.1 we get our result. [J
Proof of Theorem 2.

From Theorem 1, (1.1),, possesses a minimal positive solution u, if © € (0, u*]. we
use Theorem 3.2 to get the solution v, for (3.1), if u € (0, x*). Taking U, = u, + v,
then U, > u, is another positive solution of (1.1),. [

84. Proof of Theorem 3

Lemma 4.1. Let Uy be the ground state solution of (1.1)g, then for any g¢g(z) €
H=YRYN) problem

—Aw+w=(p— 1)U *w+ g(x), we H(RY) (4.1)

has a solution if
—Np+¢=(p—1)U ¢, ¢ H' (RY) (4.2)
has no nontrivial solution.

Proof.

Same as Lemma 2.4 we can prove that problem
—Au+u=h(z), v e HY(RY)

has a unique solution for all h(z) € H~1(RY). Thus the operator —A + 1 is a isomor-
phism from H!'(RY) onto H~!(R") and the inverse (—A + 1)~! exist. To prove (4.1)
has a solution, it is sufficient to prove that

w=(—A+1)TU 2w+ (—A+1)"Yg(x), we H(RY) (4.3)
has a solution. Set T = (—A+1)"'UP?, gy (z) = (~A+1)"'g(x). Then (4.3) becomes
w—Tw = gi(x), we H(RY). (4.4)

We claim that T is a compact operator from H*(RY) to HY(RY). In fact, Let {u,} be
a bounded sequence in H!(RY) and suppose that

U, — u weakly in H'(RY) as n — oo.
Let w,, = Tu,,. Then
—Aw, +w, = (p— 1)U5’_2un (4.5)

and

/RN(|an|2 + wi)dw =(p-1) /RN Ué’_Qunwn < max Ug_Q\wn|2|un\2

C _
< Slhwall® + Z5(p — 1) max U§ ™ luy |
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for any € > 0. Taking € = 3, we deduce that {w,} is bounded in H'(R"). Thus we
may suppose that

w, — w weakly in H'(RY) as n — oo.

and hence
—Aw+4w = (p— 1)U ?u. (4.6)

iFrom (4.5) (4.6) we deduce
—D(wy —w) + (wy —w) = (p— UG (un —w)

and

Because Ué’_z is the ground state of (1.1)g, so there exists a constant C' > 0 such that
\U¥ ~?| < C. By Young inequality we have

(1= SIGOlE2) [ (V=) + (w0, = w))de < Sop=1) [ UF 20—

for all € > 0. Taking e small enough we deduce

/ IV (wy, —w)|* + (w, —w)?*dz < C UP~2(up, — u)?de
RN RN

=C U™ (up — u)?dz + C UP™2(up, — u)?da

|z|<R |z|>R

Using the exponential delay of U} ~2 we have that, for any € > 0, there exists an R > 0
such that UP~?(x) < e for all || > R. Thus

|w, —w|?* < C | |<R(un —u)?dz + Ce. (4.7)

By the compact Sobolev embedding, it follows that for n > ng, ng > 1 large, that

/| |<R(un —u)?dx < . (4.8)

Thus (4.7) (4.8) and the arbitrariness of € imply that
wy, — w strongly in H*(RY) as n — oo.

By the Fredholm alternative theorem we deduce our Lemma. [
Applying the results of [28] we have the following Lemma.
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Lemma 4.2. Let Uy(r) = Uy(|z|) be the unique ground state solution of (1.1)g and
A1 (Up), A2(Uy) are the first and second eigenvalue of

N -1
_5 - 8 4+8—Np—1)UP725 =
;OO A= DUy T =0 (4.9)

5(c0) =0, 8'(0) =0

respectively. Then A1 (Up) < 1, X2(Uy) > 1.
Proof of Theorem 3. We define
F: R'x H}RY) — H}RY)
by
Fp, u) = Au—u+ [ulP?u+ pf(z), ue H'(RY), pe R (4.10)

It can be verified that F' is well-defined and differentiable. Let Uy(x) = Uy(r) be the
unique positive solution of (1.1)j. From Lemma 4.2 and notice that

Fu(0, Up)d = A6 — 6+ (p— 1)UL?5, 6 € HY(RY).

we have that F,(0,Up)d = 0 has no nontrivial solutions. We refer by Lemma 4.1 and
implicit function theorem that the solution of F(u, u) = 0 near (0,Uy) are given by
a continuous curve (p, U(w)) with U(0) = Up. Thus there exists a constant p, > 0
such that problem (1.1)5 has a solution U, if € (—fi«, pt«) and U, — Up as g — 0
in H'(R"Y). Notice that —u(—p, 2)) must be the solution of (1.1)% if u(—p, z) is a
solution of (1.1)* , we deduce that U, = —U(—p, ) is the third solution of (1.1)7, with
we (0, ue). O

Remark 4.1. For y < 0, we can also get three solutions for problem (1.1)} if u €
(—f1x, 0) since the solutions of (1.1), are odd with respect to .

65 Proof of Theorem 4

Lemma 5.1. Let f(x) € C*(RY) N L2(RY). Then U C L>®(RY) and U is uniformly
bounded in L= (RN) if p € (2, 2, where U is given by (1.6).

N—2
Proof.

By elliptic regular theory [18] we can deduce that U ¢ C%*(RY)NH2(RY). Suppose
on the contrary when p € (2, ]\2,—]_\]2) that there is a sequence {u,} C U such that
sup u, — +oo. Take
z€RN

1
M, = sup un(z) =un(z,), y=ar+x,, w,(r)=-—u,(az+x,). (5.1)
TERN M,

Where « is some constant to be determined latter. Clearly, 0 < w,(z) < 1 and w,,(0) =
1. Because u,, are the solutions of (1.1),, we have

1 —_— —
—Mngﬂwn(x) + Mywy, () = MP7 wP= () 4 pn f(ax + ). (5.2)
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p—2
Letting o = M,,*> we have

—Awy(x) + M2 Pw, () = wP(z) + ]\;n_l flax + xp,). (5.3)

¢From 0 < w,(z) <1 and the elliptic regular theory we deduce that w, (x) is bounded
in C%%(RY). So we can suppose that

Wy (1) — Wwee in C*(RY) as n — oo,
and hence wy, is a nontrivial positive solution of

—Aw =wP™t with  lim  w(z) = 0 and w(0) =1,

|| —o00

which is impossible [8, 11, 17]. O

Lemma 5.2. Let f(x) € CYRN) N L2(RY), Then for any g(z) € C*(RY) N LA(RY)
problem (2.18),, has a solution w € C%*(RN) N H2(RN) for all p € (0, p*) (again we
suppose here ug = 0).

Proof.

From Lemma 2.4 we know that (2.18), has a solution w € H!'(R"). By the assump-
tion on f and g, it is known from [26; Proposition 4.3] that w € H2(R¥). The standard
elliptic regular theory yields w € C%*(RY) O

Similarly, we can prove that

Lemma 5.3. Let f(x) € CY(RY) N L2(RY), then for any g(z) € C¥RN) N L2(RY)
problem (4.1) has a solution w € C>*(RN) N H?(RY).

Proof of Theorem 4. The conclusion i) comes immediately from Lemma 5.1. As for
ii) we define

F:R' x C**RN)n H*(RY) — C*(RY) N L*(RY) (5.4)

by
Fp, u) = Au—u+ (uh)P~1 4 pf(x). (5.5)

Where C?*(RY)NHZ(RY) and C*(RY)NL?(RY) are endowed with the natural norms,
then they become a Banach spaces. It can be verified that F'(u, u) is differentiable.
From Lemma 2.3 and Lemma 5.3 we know that for u € (0, u*)

Fu(p, uy)w==~Aw—-w+ (p— 1)uﬂ_2w

is an isomorphism of C%*(RY) N HZ(RY) onto C*(RY) N L?(RY). Tt follows from
Implicit Function Theorem that the solutions of F'(, u) = 0 near (u, w,) are given by
a continuous curve.

Now we are going to prove that (u*, u,-) is a bifurcation point in C%*(RY)NH?(RY)
by using an idea in [30]. To this end, we needs the following bifurcation theorem [12]:
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Theorem A. Let X, Y be Banach space. Let (\,Z) € R x X and let F be a contin-
uously differentiable mapping of an open neighborhood of (A, Z) into Y. Let the null-
space N(F,()\, z)) = span{xo} be one-dimensional and codimR(F,()\, %)) = 1. Let
F\x(\, &) € R(F,(\, ©)). If Z is the complement of span{xo} in X, then the solution of
F(\, z) = F(\, z) near (\, z) form a curve (\(s), x(s)) = (A +7(s), T+ sxo+ 2(s)).
Where s — (7(s), z(s)) € Rx Z is continuously differentiable function near s =0 and
7(0) = 7/(0) = 2(0) = 2/(0) = 0.

Define F as (5.4) (5.5). We show that at the critical point (p*, u,-), the Theorem
A applies. Indeed, from Lemma 2.5, problem (2.21) has a solution ¢; > 0 in RY.
1 € CPRN) N HARN) if f € C*(RY) N L*RY). Thus F(u*, uu)p =0, ¢ €
C?*(RN) N H?(RY) has a solution ¢; > 0. This implies that N(F,(u*, u,~)) =
span{¢1} = 1 is one dimensional and codimR(F,(n*, u,-)) = 1 by the Fredholm
alternative. It remains to check that F,(u*, u,~) &€ R(F,(1*, wu~)).

Assuming the contrary would imply existence of v(x) # 0 such that

Av—v+ (p— 1)U,Z*_2U = —f(z), veC**RY)n H*(RY)

JFrom F,(p*, uy~)¢r = 0 we conclude that [,y f(z)¢1dz = 0. This is impossible
because f(z) >0, f(x) # 0 and ¢1(x) > 0 in RY.

Applying Theorem A we conclude that (p*, w,~) is the bifurcation point near which,
the solution of (1.1),-(1.2) form a curve (u* 4+ 7(s), uu~ + s¢1 +2(s)) with s near s =0
and 7(0) = 7/(0) = 0, 2(0) = 2/(0) = 0. We claim that 7"/(0) < 0 which implies that
the bifurcation curve turns strictly to the left in (u, w) plane. Since p = p* + 7(s),
U =uy + s¢1 + 2(s) in

—Au+u—uP"t —pf(x) =0, u>0, uec C»RY)NH*RY), (5.6)
Differentiate (5.6) in s twice we have
—Nugs + uss — (p— 1) (p — 2)uP3u? — (p — D)uP % ugs — pssf(x) =0
Set here s = 0 and use that 7/(0) = 0, us = ¢1(x) and v = u,+ as s = 0 we obtain
—Augs +tiss — (p— 1)(p— 2ul 07 — (p— Db Puee +77(0)f(2) =0 (5.7)

Multiplying
Fu(ﬂ*7 uu*)¢1 =0

by uss, and (5.7) by ¢1, integrating and subtracting the result we obtain

p-1-2) [

uﬁf’gb?dm +7"(0) f(z)dz =0
RN RN
which immediately give 7”(0) < 0.
Thus
u, — uye in CHY(RY)N H*(RY) as p — p,
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U, — uy in CP*RY)N H*(RY) as p — p*.

Using Lemma 5.1, Lemma 5.2, Lemma 5.3, Lemma 4.2, implicit function theorem
and the uniqueness of positive ground state solution of (1.1)y we can easily prove that

u, — 0in C**(RY)N H*(RY) as p — 0,

and
U, — Uy in C**RY) N H*(RY) as p — 0.

O
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