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Abstract. In this paper, we consider the semilinear elliptic problem

−�u + u = |u|p−2u + µf(x), u ∈ H1(RN ), N > 2. ((∗)µ)

For p > 2, we show that there exists a positive constant µ∗ > 0 such that (∗)µ possesses a
minimal positive solution if µ ∈ (0, µ∗) and no positive solutions if µ > µ∗. Furthermore,

if p < 2N
N−2

, then (∗)µ possesses at least two positive solutions for µ ∈ (0, µ∗), an unique

positive solution if µ = µ∗ and there exists a constant µ∗ > 0 such that when µ ∈ (0, µ∗),

problem (∗)µ possesses at least three solutions. We also obtain some bifurcation results
of the solutions at µ = 0 and µ = µ∗.

§1 Introduction

In this paper we first consider the semilinear elliptic problem

−�u+ u = up−1 + µf(x), x ∈ R
N , N > 2 ((1.1)µ)

u ∈ H1(RN ), u > 0 in R
N , (1.2)

where µ ≥ 0, p > 2 and f(x) is some given function in H−1(RN ) such that f(x) ≥
0, f(x) �≡ 0 in R

N .
Recently, many authors have studied the existence of positive solutions of the semi-

linear elliptic boundary value problem

{
−�u+ u = g(x, u), x ∈ Ω ⊂ R

N ,

u|∂Ω = 0.
(1.3)

a problem that occurs in various branches of mathematical physics. There are many
results about the existence of the positive solutions of (1.3) when g(x, u) is a “homoge-
neous” function (i.e. g(x, 0) ≡ 0), see [4, 5, 9, 16, 22, 23, 25]. For the “inhomogeneous”
case (i.e. g(x, 0) �≡ 0), some existence of two solutions have been obtained in [15] when
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g(x, u) is less than critical growth in the sense that lim
u→+∞

g(x, u)
uq

= 0 with q = N+2
N−2

and Ω is bounded. A substantial difference between the problems on bounded domain
and on unbounded domain is the lack of compactness for Sobolev embedding when we
deal with the later. Thus there seems to be little progress on the existence theory for
the “inhomogeneous” case of (1.3) when Ω is unbounded. Zhu and Zhou in their recent
work [29] have obtained the existence of two positive solutions of the problem

−�u+ u = λ(g(u) + f(x)), u ∈ H1
0 (Ω)

by using variational and barrier methods when Ω = R
N \ ω, and ω ⊂ R

N is a bounded
non-empty smooth domain. A similar result has also been obtained in [27] for problem

−�u+ u = λf(u+ φ), u ∈ H1
0 (Ω).

The growth of nonlinear function f and g are required to be lower than the critical
exponent in both papers.

The principal aim of this paper is to get the existence and nonexistence of multiple
solutions for problem (1.1)µ-(1.2) for µ ∈ (0, +∞). We also get some bifurcation results
of solutions at µ = 0 and µ = µ∗, where µ∗ is given in Theorem 1 below. It should
be noted that we discuss (1.1)µ-(1.2) without the growth condition on up−1 when we
obtain the minimal solutions. Furthermore, for the following problem{ −�u+ u = |u|p−2u+ µf(x)

u ∈ H1(RN )
((1.1)∗µ)

we can prove that it has at least three solutions if µ ∈ (−µ∗, µ∗), where µ∗ is a positive
constant. Such kind of result has been obtained in [3] by perturbation method. In fact,
it has been proved in [3] that problem (1.1)∗µ has infinite many solutions if 2 < p < pN <
2N

N−2 , where pN − 1 is the largest root of the equation (2N − 2)q2 − (N + 2)q −N = 0.
When p ≥ pN , to the best of our knowledge, there is no existence result about the
multiple solutions for (1.1)∗µ-(1.2). We obtain the third solution for (1.1)∗µ-(1.2) by
using implicit function theorem. The results of this paper are stated in the following
theorems

Theorem 1. Let |x|N−2f(x) be bounded. Then there exists a constant µ∗ > 0 such
that

i) (1.1)µ-(1.2) possesses a minimal solution uµ for all µ ∈ (0, µ∗) and p > 2 and uµ

is increasing with respect to µ;
ii) (1.1)µ-(1.2) possesses an unique solution if µ = µ∗ and p ∈ (2, 2N

N−2
];

iii) there are no solutions of (1.1)µ-(1.2) for µ > µ∗.
Furthermore

µ1 ≡ (N(N − 2))
N−2

2 (p− 1)
3−p
p−2 (p− 2)

sup
x∈RN

{(N(N − 2)(p− 1)
4

(N−2)(p−2) + |x|2)N−2
2 f(x)}

≤ µ∗ < inf
ε>0

{ CεS
N
2∫

RN f(x)w2∗
ε (x) dx

} ≡ µ2,

(1.4)
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where 


wε = (N(N − 2)ε)
N−2

4 ( 1
ε+|x|2 )

N−2
2 , ε > 0,

Cε = 4
N−2

(
(2N2ε−1+1)(N−2)

(N+2)

)N+2
4

(1.5)

and S is the Sobolev constant for the embedding H1
0 (R

N ) ↪→ L2∗
(RN ) and 2∗ = 2N

N−2
.

Theorem 2. Suppose that |x|N−2f(x) is bounded and p ∈ (2, 2N
N−2

). Then (1.1)µ-(1.2)
possess at least two solutions for all µ ∈ (0, µ∗).

Theorem 3. Under the assumption of theorem 2, we can find a constant µ∗ > 0 such
that problem (1.1)∗µ has at least three solutions if µ ∈ (0, µ∗) and two of them are positive.

Theorem 4. Let p ∈ (2, 2N
N−2 ) and f(x) ∈ Cα∩L2(RN ) with |x|N−2f(x) being bounded

in R
N . Then

i) The set of solutions

U = {u ∈ H1(RN ) | u is a solution of (1.1)µ − (1.2)} (1.6)

is bounded uniformly in L∞(RN ).
ii) uµ is continuous and increasing with respect to µ if µ ∈ (0, µ∗) for all x ∈ R

N .
iii) (µ∗, uµ∗) is in C2,α(RN ) ∩ H2(RN ) and is a bifurcation point for (1.1)µ-(1.2)

and
uµ −→ 0 in C2,α(RN ) ∩H2(RN ) as µ −→ 0,

Uµ −→ U0 in C2,α(RN ) ∩H2(RN ) as µ −→ 0,

where U0 is the unique positive solution of (1.1)0-(1.2), uµ is the minimal solution of
(1.1)µ-(1.2) and Uµ is the second solution of (1.1)µ-(1.2) constructed in Theorem 2.

We prove Theorem 1 by means of a standard barrier method and Theorem 2 by
variational method. Finally we obtain Theorem 3, Theorem 4 by bifurcation theory.
Similar results like Theorem 1 and 2 have been obtained in [13] on bounded domains.

§2 Proof of Theorem 1

In this section, we discuss the existence of the minimal solution of (1.1)µ-(1.2) by
using standard barrier methods.

Lemma 2.1. Under the assumption of Theorem 1, The problem (1.1)µ-(1.2) possesses
a minimal solution for all µ ∈ (0, µ1).

Proof.

For ε > 0, set

wε = (N(N − 2)ε)
N−2

4 (
1

ε+ |x|2 )
N−2

2 . (2.1)

Then wε(x) satisfies (see [2])

−�wε = w2∗−1
ε x ∈ R

N , (2.2)
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and
|∇wε|22 = |wε|2∗

2∗ = S
N
2 , (2.3)

where S is the best Sobolev constant, 2∗ = 2N
N−2 is the critical exponent and | · |p denotes

the Lp − norm in R
N . We choose ε = N(N − 2)(p− 1)

4
(p−2)(N−2) and let ũ = wε. Then

−�ũ+ ũ− ũp−1 − µf(x) = wε(1− wp−2
ε + w2∗−2

ε − µf(x)
wε

). (2.4)

¿From the assumption of Theorem 1 we deduce that (ε+ |x|2)N−2
2 f(x) is bounded. So

we define

M = sup
x∈RN

{(ε+ |x|2)N−2
2 f(x)}, µ1 =

(N(N − 2))
N−2

2 (p− 1)
3−p
p−2 (p− 2)

M
. (2.5)

We then have

wε(1− wp−2
ε + w2∗−2

ε − µ
f(x)
wε

)

≥ wε(1− wp−2
ε (0)− µ

f(x)
wε

)

= wε(
p− 2
p− 1

− µ
f(x)
wε

)

≥ (N(N − 2)ε)
N−2

2 (ε+ |x|2)−N−2
2

[
(N(N − 2)ε)

N−2
4

p− 2
p− 1

− µM

]
≥ 0

if µ ≤ µ1. Thus ũ = wε is a supersolution of (1.1)µ if µ ∈ (0, µ1]. On the other hand,
u∼ = 0 is clearly a subsolution of (1.1)µ for all µ > 0 and u∼ < ũ. By the standard barrier

method (see [1] Theorem 9.4 or [19]) there exists a solution uµ of (1.1)µ such that
0 ≤ uµ ≤ ũ. Since 0 is not a solution of (1.1)µ and f(x) ≥ 0, the maximum principle
implies that 0 < uµ ≤ ũ. Again using a result of Amann (see [1], Theorem 9.4 or [19])
we can choose a minimal solution uµ in the order interval [0, ũ] by a iteration scheme
with initial value u(0) = u∼ ≡ 0.

Now we show that uµ is minimal among all solutions of (1.1)µ-(1.2). In fact, let u
be any other solution of (1.1)µ-(1.2), then ũ∗ = u may be considered as a supersolution
of (1.1)µ . Clearly, u∗

∼ = 0 is a subsolution of (1.1)µ . By using the result of Amann

we can obtain a minimal solution u∗
µ in the order interval [0, u] by an iteration scheme

with initial value u(0) = u∗
∼ = 0. Because u∗

∼ = u∼ = 0 we deduce that u∗
µ ≡ uµ. Thus

0 = u∼ < uµ ≡ u∗
µ ≤ ũ∗ ≡ u.

Since ∫
RN

(|∇uµ|2 + u2
µ) dx =

∫
RN

up
µ dx+ µ

∫
RN

f(x)uµ dx

≤
∫

RN

ũp dx+ µ

∫
RN

f(x)ũ dx < +∞

we deduce that uµ ∈ H1(RN ) �
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Remark 2.1. ¿From the proof of Lemma 2.1 we conclude that

1− (p− 1)up−2
µ ≥ 0 for µ ∈ (0, µ1]. (2.6)

In fact, since ε = N(N − 2)(p− 1)
4

(N−2)(p−2) we have

wε ≤ (N(N − 2))
N−2

4 ε
−(N−2)

4 = (
1

p− 1
)

1
p−2 .

If µ ∈ (0, µ1], and uµ is the minimal positive solution of (1.1)µ, then 0 < uµ <
∼
u =

wε ≤ ( 1
p−1 )

1
p−2 , which gives (2.6).

Remark 2.2. Actually for the existence of the minimal solution when N > 5, the
condition on f can be weakened to that of |x|N+2

2 f(x) being bounded.

Lemma 2.2. The problem (1.1)µ-(1.2) has no solutions if µ > µ2, where µ2 is given
by (1.4).

Proof.

Let u be a positive solution of (1.1)µ-(1.2). Then for any ε > 0

−�uw2∗
ε + uw2∗

ε = up−1w2∗
ε + µf(x)w2∗

ε . (2.7)

Since p > 2 we may conclude that for any M > 0 there exists a constant C > 0 such
that

up−1 ≥ Mu− C for all u > 0. (2.8)

It follows from (2.7), (2.8) that

−
∫

RN

�uw2∗
ε dx+

∫
RN

uw2∗
ε dx ≥

∫
RN

((Mu− C)w2∗
ε + µf(x)w2∗

ε )dx. (2.9)

Next we claim that ∫
RN

�uw2∗
ε dx =

∫
RN

u�w2∗
ε dx. (2.10)

In fact, for any R > 0, let B(R) be a ball of radius R, we have

∫
B(R)

�uw2∗
ε dx−

∫
B(R)

u�w2∗
ε dx =

∫
∂B(R)

(
∂u

∂n
w2∗

ε − ∂w2∗
ε

∂n
u)dS

≤ w2∗
ε (R)

∫
∂B(R)

|∇u|dS + |∇w2∗
ε |(R)

∫
∂B(R)

|u|dS = O(R−2N )
∫

∂B(R)

(|∇u|+ |u|)dS

≤ O(R−2N)R
N−1

2



(∫

∂B(R)

|∇u|2dS
) 1

2

+

(∫
∂B(R)

u2dS

) 1
2



= O(R− 3N+1
2 )



(∫

∂B(R)

|∇u|2dS
) 1

2

+

(∫
∂B(R)

u2dS

) 1
2

 .



6 DENG YINBING AND YI LI

Then the fact that u ∈ H1(RN ) we see that the right hand side approaches 0 on a
sequence of radii Ri −→ ∞.

¿From (2.9), (2.10) we get

µ

∫
RN

f(x)w2∗
ε dx ≤ −

∫
RN

u�w2∗
ε dx−M

∫
RN

w2∗
ε udx

+ C

∫
RN

w2∗
ε dx+

∫
RN

w2∗
ε udx

= C

∫
RN

w2∗
ε dx+

∫
RN

(1−M − �w2∗
ε

w2∗
ε

)w2∗
ε udx.

(2.11)

¿From (2.1) we get

�w2∗
ε

w2∗
ε

=
�(ε+ |x|2)−N

(ε+ |x|2)−N

= 2N(N + 2)(ε+ |x|2)−2(|x|2 − N

N + 2
ε)

≥ 2N(N + 2)(ε+ 02)−2(02 − N

N + 2
ε) = −2N2ε−1.

So (2.11) becomes

µ

∫
RN

f(x)w2∗
ε dx ≤ C

∫
RN

w2∗
ε dx+ (2N2ε−1 + 1−M)

∫
RN

w2∗
ε udx.

If we choose M = 2N2ε−1 + 1, then by using (2.3) we have

µ ≤ inf
ε>0

{ C
∫

RN w2∗
ε dx∫

RN f(x)w2∗
ε dx

} = inf
ε>0

{ CS
N
2∫

RN f(x)w2∗
ε dx

} = µ2.

In the following we give the expression of C. From (2.8), the constant C must satisfy

C ≥ Mu− u2∗−1. (2.12)

Let h(u) = Mu − up−1 for p = 2∗ − 1, it is easy to verify that u = ( M
p−1 )

1
p−2 is the

unique critical point which is a maximum of h(u). From h(0) = 0 and h(u) −→ −∞ as
u −→ +∞ we have

sup
u≥0

h(u) = h((
M

p− 1
)

1
p−2 )

So we can take

C = Cε = sup
u≥0

h(u) = (p− 2)(
M

p− 1
)

p−1
p−2 =

4
N − 2

(
(2N2ε−1 + 1)(N − 2)

(N + 2)

)N+2
4

then C satisfies (2.12) �
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Proof of Theorem 1.

From Lemma 2.2 we set

µ∗ = sup{µ > 0 | (1.1)µ − (1.2) possesses at least one solution} (2.13)

By Lemma 2.1 and Lemma 2.2 we have

0 < µ1 ≤ µ∗ < µ2 < +∞.

For any µ ∈ (0, µ∗), by the definition of µ∗ we can find a µ̄ ∈ (µ, µ∗) such that (1.1)µ̄-
(1.2) have a solution uµ̄ and

−�uµ̄ + uµ̄ − up−1
µ̄ − µf(x) = (µ̄− µ)f(x) ≥ 0.

Thus ũ = uµ is a supersolution of (1.1)µ. ¿From f(x) ≥ 0 we deduce that u∼ ≡ 0 is a

subsolution of (1.1)µ for all µ > 0. Again by the standard barrier method as in the
proof of Lemma 2.1, we can obtain a solution uµ of (1.1)µ such that 0 ≤ uµ ≤ uµ. Since
uµ can be derived by an iteration scheme with initial value u(0) = 0, uµ is a minimal
solution of (1.1)µ. Since 0 is not a solution of (1.1)µ, µ > µ and f(x) ≥ 0, the maximum
principle implies that

0 < uµ < uµ. (2.14)

Furthermore∫
RN

(|∇uµ|2 + u2
µ) dx =

∫
RN

up
µ dx+ µ

∫
RN

f(x)uµ dx

≤
∫

RN

up
µ dx+ µ

∫
RN

f(x)uµ dx =
∫

RN

(|∇uµ|2 + u2
µ)dx < +∞.

Thus uµ ∈ H1(RN ).
By the definition of µ∗ we can conclude that (1.1)µ-(1.2) have no solution for µ > µ∗.

Therefore the proof of Theorem 1(i) and (iii) is completed.
Now we prove that (1.1)µ∗-(1.2) has a unique solution. Hence for the rest of this

section we will assume that p ∈ (2, 2N
N−2 ]. We shall use Lemma 2.3-2.5. The proof of

Lemma 2.3-2.5 will be given later. From Lemma 2.3 we have∫
RN

(|∇uµ|2 + u2
µ)dx− (p− 1)

∫
RN

up
µdx > 0

and also we have∫
RN

(|∇uµ|2 + u2
µ)dx−

∫
RN

up
µdx− µ

∫
RN

f(x)uµdx = 0

Thus ∫
RN

(|∇uµ|2 + u2
µ)dx =

∫
RN

up
µdx+ µ

∫
RN

f(x)uµdx

<
1

p− 1

∫
RN

(|∇uµ|2 + u2
µ)dx+ µ∗(

∫
RN

f2)
1
2 (
∫

RN

u2
µ)

1
2

≤ (
1

p− 1
+

δµ∗

2
)‖uµ‖+ µ∗

2δ

∫
RN

f2dx
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for any δ > 0. Since p > 2 we can obtain that

‖uµ‖H1(RN ) ≤ C < +∞

for all µ ∈ (0, µ∗) by taking δ small enough. Because of (2.14) the solution uµ is
monotone increasing with respect to µ, we may suppose that

uµ −→ uµ∗ weakly in H1(RN ) as µ −→ µ∗

and hence uµ∗ is a solution of (1.1)µ∗ if p ∈ (2, 2N
N−2 ]. The uniqueness of uµ∗ is obtained

by Lemma 2.5. �

Lemma 2.3. Let uµ be the minimal positive solution given by Theorem 1(i). The
corresponding eigenvalue problem

{ −�ϕ+ ϕ = λ(p− 1)up−2
µ ϕ,

ϕ ∈ H1(RN )
((2.15)µ)

has the first eigenvalue λ1 > 1 and the corresponding eigenfunction ϕ1 > 0 in R
N if

µ ∈ (0, µ∗).

Proof.

Set

λ1 = inf{
∫

RN

(|∇v|2 + v2)dx | v ∈ H1(RN ),
∫

RN

(p− 1)up−2
µ v2 = 1}. (2.16)

As in [27, 29], we can prove that the minimization (2.16) is achieved by some function
ϕ1 > 0. Thus (2.15) has a solution (λ1, ϕ1). Now we prove λ1 > 1. For µ̄ ∈ (µ, µ∗)
let uµ, uµ̄ be the minimal solutions of (1.1)µ-(1.2) and (1.1)µ̄-(1.2) with uµ < uµ̄. By
virtue of (1.1)µ and (1.1)µ̄ we see that

−�(uµ̄ − uµ) + (uµ̄ − uµ) = up−1
µ̄ − up−1

µ + (µ̄− µ)f(x)

Applying the Taylor’s expansion and noting that µ̄ > µ, f(x) ≥ 0 we have

−�(uµ̄ − uµ) + (uµ̄ − uµ) > (p− 1)up−2
µ (uµ̄ − uµ). (2.17)

Multiplying (2.17) by ϕ1 and using (2.15) we have

λ1

∫
RN

(p− 1)up−2
µ ϕ1(uµ̄ − uµ)dx >

∫
RN

(p− 1)up−2
µ ϕ1(uµ̄ − uµ)dx,

which gives λ1 > 1. �
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Lemma 2.4. Assume that uµ be a solution of (1.1)µ-(1.2) for which λ1 > 1. Then for
any g(x) ∈ H−1(RN ), problem

−�w + w = (p− 1)up−2
µ w + g(x), w ∈ H1(RN ) ((2.18)µ)

has a solution (here we suppose u0 ≡ 0).

Proof.

Consider the functional

Φ(w) =
1
2

∫
RN

(|∇w|2 +w2)dx− 1
2
(p− 1)

∫
RN

up−2
µ w2dx−

∫
RN

g(x)wdx, w ∈ H1(RN ).

¿From Holder inequality and Young inequality we have, for any ε > 0 that

Φ(w) ≥ 1
2
(1− 1

λ1
)‖w‖H1(RN ) −

1
2
ε‖w‖2

H1(RN ) −
Cε

2
‖g‖2

H−1(RN )

≥ −C‖g‖2
H−1(RN )

(2.19)

if we choose ε small.
Let {wn} ⊂ H1(RN ) be the minimizing sequence of variational problem

d = inf{Φ(w) | w ∈ H1(RN )}.

¿From (2.19) we can also deduce that {wn} is bounded in H1(RN ) if we choose ε small.
So we may suppose that

wn −→ w weakly in H1(RN ) as n −→ ∞,

wn −→ w a.e. in R
N as n −→ ∞.

By Fatou’s Lemma
‖w‖2

H1(RN ) ≤ lim
n−→∞

‖wn‖2
H1(RN ).

The weak convergence and the fact that uµ −→ 0 as x −→ ∞ imply

∫
RN

gwndx −→
∫

RN

gwdx,

∫
RN

up−2
µ w2

ndx −→
∫

RN

up−2
µ w2dx as n −→ ∞.

Therefore
Φ(w) ≤ lim

n−→∞Φ(un) = d

and hence Φ(w) = d which gives that w is a solution of (4.20). �
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Lemma 2.5. Let p ∈ (2, 2N
N−2 ] and uµ∗ is a solution of (1.1)µ∗-(1.2), then problem

(2.15)µ∗ has its first eigenvalue λ1(µ∗) = 1. Moreover, the solution uµ∗ is unique.

Proof.

Define
F : R ×H1(RN ) −→ H−1(RN )

by
F (µ, u) = �u− u+ (u+)p−1 + µf(x).

Since λ(µ) > 1 for µ ∈ (0, µ∗), so λ(µ∗) ≥ 1. If λ(µ∗) > 1 , the equation Fu(µ∗, uµ∗)φ =
0 has no nontrivial solution. From Lemma 2.4, F maps R × H1(RN ) onto H−1(RN ).
Applying implicit function theorem to F we can find a neighborhood (µ∗ − δ, µ∗ + δ)
of µ∗ such that (1.1)µ-(1.2) possesses a solution uµ if µ ∈ (µ∗ + δ, µ∗ + δ). This is
contradictory to the definition of µ∗.

Next, we are going to prove that uµ∗ is unique. In fact, if problem (1.1)µ∗-(1.2) has
another solution Uµ∗ ≥ uµ∗ . Set w = Uµ∗ − uµ∗ we have

−�w + w = (w + uµ∗)p−1 − up−1
µ∗ , w > 0 in R

N (2.20)

By λ1(µ∗) = 1 we have that problem

−�φ+ φ = (p− 1)up−1
µ∗ φ, φ ∈ H1(RN ). (2.21)

possesses a positive solution φ1

Multiplying (2.20) by φ1 and (2.21) by w, integrating and subtracting we deduce that

0 =
∫

RN

[(w + uµ∗)p−1 − up−1
µ∗ − (p− 1)up−2

µ∗ w]φ1dx

=
1
2
(p− 1)(p− 2)

∫
RN

ξp−3
µ w2φ1dx

where ξ ∈ (uµ∗ , uµ∗ + w). Thus w ≡ 0. �
Remark 2.3. For µ ∈ (0, µ∗), let uµ be the minimal solution of (1.1)µ-(1.2). Set
µ∗∗ = sup{0 < µ ≤ µ∗, | 1−(p−1)up−2

µ ≥ 0}. From Remark 2.1 we have µ1 ≤ µ∗∗ ≤ µ∗

and 1− (p− 1)up−2
µ ≥ 0 for all µ ∈ (0, µ∗∗).

§3 Proof of Theorem 2

Let uµ be the minimal positive solution of (1.1)µ-(1.2) for µ ∈ (0, µ∗) and p ∈
(2, 2N

N−2
). In order to find a second solution of (1.1)µ-(1.2) we introduce the following

problem: { −�v + v = (v + uµ)p−1 − up−1
µ ,

v ∈ H1(RN ), v > 0 in R
N .

((3.1)µ)

Clearly, we can get another solution Uµ = uµ + vµ of (1.1)µ-(1.2) if (3.1)µ possesses a
positive solution vµ. In this section, we prove that (3.1)µ has a positive solution for
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µ ∈ (0, µ∗) by using variational method. To this end, We define the corresponding
variational functional of (3.1)µ by

J(v) =
1
2

∫
RN

(|∇v|2 + v2)dx− 1
p

∫
RN

[(v+ + uµ)p − up
µ − pup−1

µ v+]dx, (3.2)

with v ∈ H1(RN ). For convenience, we use ”‖.‖”, ”|.|q” to denote the norms in
H1(RN ), Lq(RN ) respectively.

Let
I∞(v) =

1
2

∫
RN

(|∇v|2 + v2)dx− 1
p

∫
RN

|v|pdx, v ∈ H1(RN ), (3.3)

M∞(v) = {v ∈ H1(RN ), |
∫

RN

(|∇v|2 + v2)dx =
∫

RN

|v|pdx} (3.4)

J∞ = inf{I∞(v), | v ∈ M∞}. (3.5)

A = inf{
∫

RN

(|∇v|2 + v2)dx | v ∈ H1(RN ), |v|pp = 1}

I1(u) =
1
2

∫
RN

(|∇u|+ u2)dx− 1
p

∫
RN

(u+)pdx− µ

∫
RN

f(x)udx, u ∈ H1(RN )

and
I(v) =

1
2

∫
RN

[|∇(v + uµ)|2 + (v + uµ)2]dx

− 1
p

∫
RN

(v+ + uµ)pdx− µ

∫
RN

f(x)(v + uµ)dx, v ∈ H1(RN ).

Because uµ is the critical point of I1(u) we have that

J(v) = I(v)− I(0) = I(v)− I1(uµ). (3.6)

In the following we verify the existence of nontrivial solutions of problem (3.1)µ by
means of the Mountain Pass method.

Lemma 3.1. There exists some constants α > 0, ρ > 0 such that

J(v)|∂Bρ
≥ α > 0. (3.7)

where Bρ = {u ∈ H1(RN ) | ‖u‖ < ρ}
Proof.

For any v ∈ H1(RN ), using Taylor’s formula and Lemma 2.3 we have

J(v) ≥ 1
2

∫
RN

(|∇v|2 + v2 − (p− 1)up−2
µ v2)dx

− ε

2

∫
RN

v2dx− (Cε)
∫

RN

|v|pdx

≥ 1
2

∫
RN

(|∇v|2 + v2)dx− 1
2λ1

∫
RN

(|∇v|2 + v2)dx

− ε

2

∫
RN

v2dx− (Cε)
∫

RN

|v|pdx

= (
1
2
− 1

2λ1
− ε

2
)‖v‖2 − Cε‖v‖p
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for all ε > 0. Since λ1 > 1 we can choose ε small enough so that 1
2 − 1

2λ1
− ε

2 > 0. If we
fix ε = 1

2
(λ1−1

λ1
), then J(v) ≥ λ1−1

4λ1
‖v‖2 −Cλ1‖v‖p. Hence there exist ρ > 0, α > 0 such

that (3.7) holds. �
Remark 3.1. ρ > 0, α > 0 in Lemma 3.1 may depend on µ ∈ (0, µ∗). But for any
fixed δ ∈ (0, µ∗), there exist ρδ, αδ > 0, independent of µ ∈ (0, δ) such that

I(v) ≥ αδ > 0 if ‖v‖ = ρδ

for all µ ∈ (0, δ). Since from Remark 2.3 we find that uµ is monotone increasing with
respect to µ, so the first eigenvalue λ1(µ) of (2.15)µ must be nonincreasing in µ. Thus
λ1(µ) ≥ λ1(δ) if µ ∈ (0, δ]. The conclusion follows by the same argument as in the
proof of Lemma 3.1 using λ1(δ) there.

Lemma 3.2. For any 0 ≤ v ∈ H1(RN ), v �≡ 0, there exists a constant R0 > 0 such
that

J(Rv) ≤ 0 for R ≥ R0. (3.8)

Proof.

From the inequality ([14])

(v + uµ)p − up
µ − vp ≥ pup−1

µ v for any v ≥ 0, p ≥ 2 (3.9)

we have, for v ∈ H1(RN ), v �≡ 0, R ∈ R
+ , that

J(Rv) ≤ 1
2
R2

∫
RN

(|∇v|2 + v2)dx− Rp

p

∫
RN

(v+)pdx

≤ 1
2
R2‖v‖2 − (

1
p
)Rp|v|pp.

we deduce that I(Rv) −→ −∞ as R −→ +∞. �
Theorem 3.1. Let p ∈ (2, 2∗), µ ∈ (0, µ∗). If there exists 0 ≤ v0 ∈ H1(RN ) with v0 �≡ 0
such that

sup
t≥0

J(tv0) < J∞, (3.10)

then (3.1)µ has at least one positive solution.

Proof.

By Lemma 3.1 and Lemma 3.2, there exists a constant R1 > 0 such that e = R1v0 /∈
Bρ and J(e) ≤ 0. Where Bρ = {u ∈ H1(RN ) | ‖u‖ < ρ}. Define c = inf

Γ∈D
max
v∈Γ

J(v),

where D denote the class of continuous paths joining 0 to e in H1(RN ). We have

0 < α ≤ c ≤ sup
t≥0

J(tv0) < J∞ (3.11)

¿From Mountain Pass Lemma without (PS)c condition [7, 10] we can find a sequence
{vj} ⊂ H1(RN ) such that

J(vj) −→ c as j −→ ∞, (3.12)
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J ′(vj) −→ 0 in (H1(RN ))∗ as j −→ ∞. (3.13)

Using (3.12) and (3.13) together with p > 2 we can easily prove that {vj} is bounded in
H1(RN ). By passing to a subsequence if necessary we may assume that for some d > 0

vj −→ v weakly in H1(RN ),

vj −→ v ae. in RN and ‖vj‖ −→ d since c > 0,

and

(v+
j + uµ)p−1 − up−1

µ −→ (v+ + uµ)p−1 − up−1
µ weakly in (Lp(RN ))∗.

Thus v is a weak solution of

−�v + v = (v+ + uµ)p−1 − up−1
µ . (3.14)

Using maximum principle we get v ≥ 0 in R
N . Set uj = vj + uµ , u = v + uµ then

uj −→ u weakly in H1(RN ),

uj −→ u ae. in R
N

By (3.6) (3.12) (3.13) and (3.14) we have{
I1(uj)− I1(uµ) = I(vj)− I(0) = J(vj) −→ c > 0

I ′1(uj) −→ 0 in (H1(RN ))∗
(3.15)

as j −→ ∞, and u is a solution of

−�u+ u = up−1 + µf(x). (3.16)

Now we are going to prove that u �≡ uµ. In fact, if u ≡ uµ , then v ≡ 0 and vj �−→ 0
strongly in H1(RN ) since J(0) = 0 < c. Let c1 = c + I1(uµ). From the fact that
uj −→ uµ weakly in H1(RN ) and Brezis-Lieb Lemma[6] we have




‖uj‖2 = ‖uµ‖2 + ‖vj‖2 + o(1),

|u+
j |p = |uµ|p + |v+

j |p + o(1),∫
RN

f(x)ujdx =
∫

RN

f(x)uµdx+ o(1)

(3.17)

as j −→ ∞. By (3.15) (3.16) we deduce∫
RN

(|∇uj |2 + u2
j )dx =

∫
RN

(u+
j )

pdx+ µ

∫
RN

f(x)ujdx+ o(1),

∫
RN

(|∇uµ|2 + u2
µ)dx =

∫
RN

(u+
µ )

pdx+ µ

∫
RN

f(x)uµdx
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and hence ∫
RN

(|∇vj|2 + v2
j )dx =

∫
RN

(v+
j )

pdx+ o(1), (3.18)

by subtracting the two identities above and by (3.17). Using (3.15), (3.16) (3.17) and
(3.18) we deduce that, as j −→ ∞,

c1 = I1(uj) + o(1)

= I1(uµ) +
1
2

∫
RN

(|∇vj|2 + v2
j )dx− 1

p

∫
RN

(v+
j )

pdx+ o(1)

= I1(uµ) + (
1
2
− 1

p
)
∫

RN

(v+
j )

pdx+ o(1).

(3.19)

Similarly we obtain that

A|v+
j |2p ≤ ‖vj‖2

H1(RN ) = |v+
j |pp + o(1)

which gives us that ‖v+
j ‖p

p + o(1) ≥ A
p

p−2 since d > 0. Thus

c+ I1(uµ) = c1 ≥ I1(uµ) + (
1
2
− 1

p
)A

p
p−2 (3.20)

Using the results of [4] [23] we obtained that both J∞ and A can been attained by some
functions w and v respectively and both w and A

1
p−2 v are the ground state solutions.

By the uniqueness of ground state solution of (1.1)0 [20, 21, 24] we have w = A
1

p−2 v
and hence

J∞ = I∞(w) = I∞(A
1

p−2 v) = (
1
2
− 1

p
)A

p
p−2 .

From (3.20) we deduce c ≥ J∞, which is a contradiction because of (3.11). �
Theorem 3.2. Let uµ be the minimal positive solution of (1.1)µ with µ ∈ (0, µ∗). Then
(3.1)µ possesses at least one positive solution vµ with 0 < J(vµ) < J∞ if p ∈ (2, 2∗).

Proof.

Let w(x) be a minimizer of J∞ then there exists a t∗ > 0 such that sup{J(tw), t >
0} = J(t∗w) and by the fact that w(x) is the unique ground state solution of (1.1)0 we
have

J(t∗w) =
(t∗)2

2

∫
RN

(|∇w|2 + w2)dx− 1
p

∫
RN

((t∗w + uµ)p − up
µ − pup−1

µ t∗w)dx

=
(t∗)2

2

∫
RN

(|∇w|2 + w2)dx− 1
p

∫
RN

(t∗)pwpdx

− 1
p

∫
RN

((t∗w + uµ)p − up
µ − pup−1

µ t∗w − (t∗)pwp)dx

= I∞(t∗w)− 1
p

∫
RN

((t∗w + uµ)p − up
µ − pup−1

µ t∗w − (t∗)pwp)dx

≤ sup
t>0

{I∞(tw)} − 1
p

∫
RN

((t∗w + uµ)p − up
µ − pup−1

µ t∗w − (t∗)pwp)dx

≤ J∞ − 1
p

∫
RN

((t∗w + uµ)p − up
µ − pup−1

µ t∗w − (t∗)pwp)dx

< J∞ since (3.9).
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Using theorem 3.1 we get our result. �
Proof of Theorem 2.

From Theorem 1, (1.1)µ possesses a minimal positive solution uµ if µ ∈ (0, µ∗]. we
use Theorem 3.2 to get the solution vµ for (3.1)µ if µ ∈ (0, µ∗). Taking Uµ = uµ + vµ,
then Uµ > uµ is another positive solution of (1.1)µ. �

§4. Proof of Theorem 3

Lemma 4.1. Let U0 be the ground state solution of (1.1)0, then for any g(x) ∈
H−1(RN ) problem

−�w + w = (p− 1)Up−2
0 w + g(x), w ∈ H1(RN ) (4.1)

has a solution if
−�φ+ φ = (p− 1)Up−2

0 φ, φ ∈ H1(RN ) (4.2)

has no nontrivial solution.

Proof.

Same as Lemma 2.4 we can prove that problem

−�u+ u = h(x), u ∈ H1(RN )

has a unique solution for all h(x) ∈ H−1(RN ). Thus the operator −� + 1 is a isomor-
phism from H1(RN ) onto H−1(RN ) and the inverse (−� + 1)−1 exist. To prove (4.1)
has a solution, it is sufficient to prove that

w = (−�+ 1)−1Up−2
0 w + (−�+ 1)−1g(x), w ∈ H1(RN ) (4.3)

has a solution. Set T = (−�+1)−1Up−2
0 , g1(x) = (−�+1)−1g(x). Then (4.3) becomes

w − Tw = g1(x), w ∈ H1(RN ). (4.4)

We claim that T is a compact operator from H1(RN ) to H1(RN ). In fact, Let {un} be
a bounded sequence in H1(RN ) and suppose that

un −→ u weakly in H1(RN ) as n −→ ∞.

Let wn = Tun. Then
−�wn + wn = (p− 1)Up−2

0 un (4.5)

and ∫
RN

(|∇wn|2 + w2
n)dx = (p− 1)

∫
RN

Up−2
0 unwn ≤ maxUp−2

0 |wn|2|un|2

≤ ε

2
‖wn‖2 +

Cε

2
(p− 1)maxUp−2

0 ‖un‖2
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for any ε > 0. Taking ε = 1
2 , we deduce that {wn} is bounded in H1(RN ). Thus we

may suppose that

wn −→ w weakly in H1(RN ) as n −→ ∞.

and hence
−�w + w = (p− 1)Up−2

0 u. (4.6)

¿From (4.5) (4.6) we deduce

−�(wn − w) + (wn − w) = (p− 1)Up−2
0 (un − u)

and ∫
RN

(|∇(wn − w)|2 + (wn − w)2)dx = (p− 1)
∫

RN

Up−2
0 (un − u)(wn − w)dx

≤ (p− 1)[
∫

RN

Up−2
0 (un − u)2dx]

1
2 [
∫

RN

Up−2
0 (wn − w)2dx]

1
2 .

Because Up−2
0 is the ground state of (1.1)0, so there exists a constant C > 0 such that

|Up−2
0 | ≤ C. By Young inequality we have

(1− ε

2
‖U0‖p−2

L∞ )
∫

RN

(|∇(wn − w)|2 + (wn − w)2)dx ≤ Cε

2
(p− 1)

∫
RN

Up−2
0 (un − u)2dx

for all ε > 0. Taking ε small enough we deduce∫
RN

|∇(wn − w)|2 + (wn − w)2dx ≤ C

∫
RN

Up−2
0 (un − u)2dx

= C

∫
|x|≤R

Up−2
0 (un − u)2dx+ C

∫
|x|≥R

Up−2
0 (un − u)2dx

Using the exponential delay of Up−2
0 we have that, for any ε > 0, there exists an R > 0

such that Up−2
0 (x) < ε for all |x| > R. Thus

‖wn − w‖2 ≤ C

∫
|x|≤R

(un − u)2dx+ Cε. (4.7)

By the compact Sobolev embedding, it follows that for n ≥ n0, n0 > 1 large, that∫
|x|≤R

(un − u)2dx < ε. (4.8)

Thus (4.7) (4.8) and the arbitrariness of ε imply that

wn −→ w strongly in H1(RN ) as n −→ ∞.

By the Fredholm alternative theorem we deduce our Lemma. �
Applying the results of [28] we have the following Lemma.
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Lemma 4.2. Let U0(r) = U0(|x|) be the unique ground state solution of (1.1)0 and
λ1(U0), λ2(U0) are the first and second eigenvalue of

 − δ′′ − N − 1
r

δ′ + δ − λ(p− 1)Up−2
0 δ = 0

δ(∞) = 0, δ′(0) = 0
(4.9)

respectively. Then λ1(U0) < 1, λ2(U0) > 1.

Proof of Theorem 3. We define

F : R
1 ×H1(RN ) −→ H−1(RN )

by
F (µ, u) = �u− u+ |u|p−2u+ µf(x), u ∈ H1(RN ), µ ∈ R

1. (4.10)

It can be verified that F is well-defined and differentiable. Let U0(x) = U0(r) be the
unique positive solution of (1.1)∗0. From Lemma 4.2 and notice that

Fu(0, U0)δ = �δ − δ + (p− 1)Up−2
0 δ, δ ∈ H1(RN ).

we have that Fu(0, U0)δ = 0 has no nontrivial solutions. We refer by Lemma 4.1 and
implicit function theorem that the solution of F (µ, u) = 0 near (0, U0) are given by
a continuous curve (µ, U(µ)) with U(0) = U0. Thus there exists a constant µ∗ > 0
such that problem (1.1)∗µ has a solution Uµ if µ ∈ (−µ∗, µ∗) and Uµ −→ U0 as µ −→ 0
in H1(RN ). Notice that −u(−µ, x)) must be the solution of (1.1)∗µ if u(−µ, x) is a
solution of (1.1)∗−µ we deduce that Ûµ = −U(−µ, x) is the third solution of (1.1)∗µ with
µ ∈ (0, µ∗). �
Remark 4.1. For µ < 0, we can also get three solutions for problem (1.1)∗µ if µ ∈
(−µ∗, 0) since the solutions of (1.1)∗µ are odd with respect to µ.

§5 Proof of Theorem 4

Lemma 5.1. Let f(x) ∈ Cα(RN ) ∩ L2(RN ). Then U ⊂ L∞(RN ) and U is uniformly
bounded in L∞(RN ) if p ∈ (2, 2N

N−2
), where U is given by (1.6).

Proof.

By elliptic regular theory [18] we can deduce that U ⊂ C2,α(RN )∩H2(RN ). Suppose
on the contrary when p ∈ (2, 2N

N−2 ) that there is a sequence {un} ⊂ U such that
sup

x∈RN

un −→ +∞. Take

Mn = sup
x∈RN

un(x) = un(xn), y = αx+ xn, wn(x) =
1

Mn
un(αx+ xn). (5.1)

Where α is some constant to be determined latter. Clearly, 0 ≤ wn(x) ≤ 1 and wn(0) =
1. Because un are the solutions of (1.1)µ, we have

−Mn
1
α2

�wn(x) +Mnwn(x) = Mp−1
n wp−1

n (x) + µnf(αx+ xn). (5.2)
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Letting α = M
p−2
2

n we have

−�wn(x) +M2−p
n wn(x) = wp−1

n (x) +
µn

Mp−1
n

f(αx+ xn). (5.3)

¿From 0 ≤ wn(x) ≤ 1 and the elliptic regular theory we deduce that wn(x) is bounded
in C2,α(RN ). So we can suppose that

wn(x) −→ w∞ in C2(RN ) as n −→ ∞,

and hence w∞ is a nontrivial positive solution of

−�w = wp−1 with lim
|x|−→∞

w(x) = 0 and w(0) = 1,

which is impossible [8, 11, 17]. �

Lemma 5.2. Let f(x) ∈ Cα(RN ) ∩ L2(RN ), Then for any g(x) ∈ Cα(RN ) ∩ L2(RN )
problem (2.18)µ has a solution w ∈ C2,α(RN ) ∩H2(RN ) for all µ ∈ (0, µ∗) (again we
suppose here u0 ≡ 0).

Proof.

From Lemma 2.4 we know that (2.18)µ has a solution w ∈ H1(RN ). By the assump-
tion on f and g, it is known from [26; Proposition 4.3] that w ∈ H2(RN ). The standard
elliptic regular theory yields w ∈ C2,α(RN ) �

Similarly, we can prove that

Lemma 5.3. Let f(x) ∈ Cα(RN ) ∩ L2(RN ), then for any g(x) ∈ Cα(RN ) ∩ L2(RN )
problem (4.1) has a solution w ∈ C2,α(RN ) ∩H2(RN ).

Proof of Theorem 4. The conclusion i) comes immediately from Lemma 5.1. As for
ii) we define

F : R
1 × C2,α(RN ) ∩H2(RN ) −→ Cα(RN ) ∩ L2(RN ) (5.4)

by
F (µ, u) = �u− u+ (u+)p−1 + µf(x). (5.5)

Where C2,α(RN )∩H2(RN ) and Cα(RN )∩L2(RN ) are endowed with the natural norms,
then they become a Banach spaces. It can be verified that F (µ, u) is differentiable.
From Lemma 2.3 and Lemma 5.3 we know that for µ ∈ (0, µ∗)

Fu(µ, uµ)w = �w − w + (p− 1)up−2
µ w

is an isomorphism of C2,α(RN ) ∩ H2(RN ) onto Cα(RN ) ∩ L2(RN ). It follows from
Implicit Function Theorem that the solutions of F (µ, u) = 0 near (µ, uµ) are given by
a continuous curve.

Now we are going to prove that (µ∗, uµ∗) is a bifurcation point in C2,α(RN )∩H2(RN )
by using an idea in [30]. To this end, we needs the following bifurcation theorem [12]:
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Theorem A. Let X, Y be Banach space. Let (λ̄, x̄) ∈ R × X and let F be a contin-
uously differentiable mapping of an open neighborhood of (λ̄, x̄) into Y . Let the null-
space N(Fx(λ̄, x̄)) = span{x0} be one-dimensional and codimR(Fx(λ̄, x̄)) = 1. Let
Fλ(λ̄, x̄) �∈ R(Fx(λ̄, x̄)). If Z is the complement of span{x0} in X, then the solution of
F (λ, x) = F (λ̄, x̄) near (λ̄, x̄) form a curve (λ(s), x(s)) = (λ̄+ τ(s), x̄+ sx0 + z(s)).
Where s −→ (τ(s), z(s)) ∈ R×Z is continuously differentiable function near s = 0 and
τ(0) = τ ′(0) = z(0) = z′(0) = 0.

Define F as (5.4) (5.5). We show that at the critical point (µ∗, uµ∗), the Theorem
A applies. Indeed, from Lemma 2.5, problem (2.21) has a solution φ1 > 0 in R

N .
φ1 ∈ C2,α(RN ) ∩ H2(RN ) if f ∈ Cα(RN ) ∩ L2(RN ). Thus F (µ∗, uµ∗)φ = 0, φ ∈
C2,α(RN ) ∩ H2(RN ) has a solution φ1 > 0. This implies that N(Fu(µ∗, uµ∗)) =
span{φ1} = 1 is one dimensional and codimR(Fu(µ∗, uµ∗)) = 1 by the Fredholm
alternative. It remains to check that Fµ(µ∗, uµ∗) �∈ R(Fu(µ∗, uµ∗)).

Assuming the contrary would imply existence of v(x) �≡ 0 such that

�v − v + (p− 1)up−2
µ∗ v = −f(x), v ∈ C2,α(RN ) ∩H2(RN )

¿From Fu(µ∗, uµ∗)φ1 = 0 we conclude that
∫

RN f(x)φ1dx = 0. This is impossible
because f(x) ≥ 0, f(x) �≡ 0 and φ1(x) > 0 in R

N .
Applying Theorem A we conclude that (µ∗, uµ∗) is the bifurcation point near which,

the solution of (1.1)µ-(1.2) form a curve (µ∗+ τ(s), uµ∗ + sφ1 + z(s)) with s near s = 0
and τ(0) = τ ′(0) = 0, z(0) = z′(0) = 0. We claim that τ ′′(0) < 0 which implies that
the bifurcation curve turns strictly to the left in (µ, u) plane. Since µ = µ∗ + τ(s),
u = uµ∗ + sφ1 + z(s) in

−�u+ u− up−1 − µf(x) = 0, u > 0, u ∈ C2,α(RN ) ∩H2(RN ). (5.6)

Differentiate (5.6) in s twice we have

−�uss + uss − (p− 1)(p− 2)up−3u2
s − (p− 1)up−2uss − µssf(x) = 0

Set here s = 0 and use that τ ′(0) = 0, us = φ1(x) and u = uµ∗ as s = 0 we obtain

−�uss + uss − (p− 1)(p− 2)up−3
µ∗ φ2

1 − (p− 1)up−2
µ∗ uss + τ ′′(0)f(x) = 0 (5.7)

Multiplying
Fu(µ∗, uµ∗)φ1 = 0

by uss, and (5.7) by φ1, integrating and subtracting the result we obtain

(p− 1)(p− 2)
∫

RN

up−3
µ∗ φ3

1dx+ τ ′′(0)
∫

RN

f(x)dx = 0

which immediately give τ ′′(0) < 0.
Thus

uµ −→ uµ∗ in C2,α(RN ) ∩H2(RN ) as µ −→ µ∗,
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Uµ −→ uµ∗ in C2,α(RN ) ∩H2(RN ) as µ −→ µ∗.

Using Lemma 5.1, Lemma 5.2, Lemma 5.3, Lemma 4.2, implicit function theorem
and the uniqueness of positive ground state solution of (1.1)0 we can easily prove that

uµ −→ 0 in C2,α(RN ) ∩H2(RN ) as µ −→ 0,

and
Uµ −→ U0 in C2,α(RN ) ∩H2(RN ) as µ −→ 0.

�
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