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Abstract

In this paper, we study the existence and nonexistence of multiple positive solutions
for problem

Au+ K(z)uP =0 in .
u>0 inQ, ueHL (Q)NCOQ).

loc

u|89:07 u—pu>0 as|r]— o0

where = RV \ w is an exterior domain in RV, w € R¥ is a bounded domain with

smooth boundary and N > 2. > 0, p > 1 are some given constants. K (z) satisfies:

K(z) € C2.(Q) and 3C, e, M > 0 such that, |K(z)| < C|z|' for any |z| > M, with
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[ < —2 —e. Some existence and nonexistence of multiple solutions have been discussed

under different assumptions on K.
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1 Introduction
In this paper, we study the existence of multiple solutions for problem

Au+ K(z)u? =0 in (,

u>0 inQ, weH.(Q)NnC@Q). (L.1)

loc

0,

u‘aﬂ =

with the boundary condition v — p > 0 as |z| — oo, where Q = RY \ w is an exterior
domain in RY, w C R¥ is a bounded domain with smooth boundary and N > 2. p > 1is a

given constants. K (x) satisfies:

(Hy) K(x) ® (Q), K #0and 3C, ¢, M > 0 such that, |K(x)| < C|z|" for any |z| > M,

loc

with [ < -2 — €.

Such a problem occur in various branches of mathematical physis and Geometry. For
K(z) = |z, @ = RN equation (1.1) is known as Lane-Emden equation, sometimes it is also
referred to as the Emden-Fowler equation in astrophysics, where u represents the density of
a single star. When p = %, Q = RY and n > 3, equation (1.1) is called the conformal
scalar curvature equation in R™. Let g be the usual metric in RY, the problem of finding a
metric g; which is conformal to g (i.e. g1 = uv-z g, for some positive function u with scalar
curvature K is equivalent to that to find a positive solution of (1.1) with K = %f( . For
a detail overview on (1.1), we refer readers to the papers [N2], [LN1], [Z] and the references

therein.
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Equations like (1.1) has been studied by many mathematicians ([B], [CZ], [CL1-2], [DL1-
2], [DLZ], [DN1-2], [Es], [G], [GE], [JPY], [KL], [LY1-2], [Lio], [WW], [Y], [YY], [ZC]). Ni
([N1]), Kenig and Ni ([KN]) proved existence theorems for (1.1) under the condition (Hy).
It is shown in ([N1]) that if K is nonnegative with K > Cr! for some [ > (N —2)(p—1) — 2
at infinity, or if K is nonpositive with —K > Cr! for some [ > —2 at infinity then (1.1)
possesses no positive solutions, where C' > 0. Lin ([Lin]) proved the existence for (1.1) under
the condition that |K| < % at infinity with [ @dr < o0o. Lin in [Lin] also proved a
nonexistence result when K is nonpositive with —K > Cr~2 at infinity. Other nonexistence
results are given in [BLY] and [LN1]. In case of that |K| < CrN=2r=D=2=¢ at infinity for
some positive constants C' and e, the existence and asymptotics of positive solutions are
studied by many authors, here we only metion the results of, for example, Ni, Yosutani
[NY] ,[LN1], LN2] and Li [L2]. In the fast decay case |K| < Cr!, I < —2, Ni showed that
(1.1) possesses infinitely many positive solutions which are bounded from below by positive
constants (see [N1] and [L.N1]). Li and Ni ([LN1]) showed that, for positive bounded solution
of (1.1), the limit uo = lim,_, u(x) always exists for any ¢ > 0, furthermore, if u., = 0,

then

Clz|>~N if p > N+
'LL(.Z') < | ‘ (1—e)(142) . ]]VV:_?
Colz| Tr if p < 5753
and if uy, > 0, then
Clz|>N if | < —N,
U—Us| < § Clz|>* Nlog|z| ifl=—N,
Clx|*H if —N <1< -2,
at 0o. These results are refined in [LN2] and [L2].
Recently, Zhao (see [Z]) studied the following problem:
Au+ K(z)f(u) =0 in Q
u>0 inQ, weH(Q)NCH) (L.1)y
u}m:(), u—p>0 as|z] — oo.
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The existence of one positive solution of problem (1.1), when f is superlinear at 0 was
obtained with some assumptions (Green-tight function) on K'(z) for small x> 0. A naturnal
and interesting problem is that how many solutions can be obtained for a given p > 0. There
seems to have been little progress in this direction. The purpose of this paper is to discuss
the existence and nonexistence of multiple solutions for problem (1.1), for a given p > 0.

The main results of this paper can be included in the following theorems:

Theorem 1.1. Suppose (Hy). Let h(x) be a positive harmonic function in 2 satisfying

h(z)| =0, lim h(z) = 1.

99 |x|—o00

Then

(i) If K(z) <0, then for any pu > 0, there exists a unique solution w, of (1.1),. In addition,

u, < ph on ) and u, 1s increasing with respect to fu.

(i) If K(z) > 0, 3u* € (0, —00) and pu* < 400, such that for ;> p* there does not exist a
solution of (1.1),; and for p € (0, p*), there exists a minimal solution u, of (1.1),. In
addition, u, is increasing with respect to p, u, > ph in 2 and, as p — p*, u, increase

to w,» the minimal solution of (1.1),~, and u,- is unique.

(iii) If K(x) change sign, we can find a p* € (0, +00) such that problem (1.1), possesses at
least one solution for all p € (0, u*).

Theorem 1.2. Suppose that p= {22, Hy), 0 < K(z) € L'(Q), and

(Hy) K(x) >0 in a neighborhood V' of some point xy € Q such that

K () = sup K (x)

e

and K (z) = K(x)+0(|z—x0|*) near xg. Then problem (1.1), possesses at least two solutions

w, and U, with u, < U, if p € (0, p*), where p* is given by Theorem 1.1.

This paper is organized as follows: We first give some Lemmas in Section 2, which will be
used in the proof of Theorem 1.1. Then the existence and nonexistence of minimal solution
for problem (1.1),, is given in Section 3 by the standary barrier method. Finally, the existence

of the second solution for (1.1), is given in Section 4 by using the variational method.
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2 Preliminaries

In this Section, we will prove some Lemmas which will be used in the proof of Theorem 1.1.

Lemma 2.1. Let f be a locally Holder continuous function on €0 with the following decay
property
|f(z)] < Ozl at 0o (2.1)

with C' >0, £ < =2, and w be the Newtonian potential of f, i.e.
we) = [ Glao)fwy.
Q

where G(x,y) is the Green function for Q0 corresponding to the Laplacian —A. Then w(x)

is well-defined and at oo we have

Clz|>N ift < =N
lw(z)| < Clz[>Nn|z| if ¢ =—N (2.2)
Cz|?+* if —N</fl<—2

Proof. This Lemma may be proved by standard arguments. We include a proof here for the
sake of completeness.

From the definition of Green function, we can easily deduce that

G(z,y) < _Ov (2.3)

Tz —yV
where Cy = (N(N — 2)wy) ™! and wy is the volume of the unit ball in RY. Using this fact
and (2.1) we can find a constant C' > 0 such that

1
Wl <€ || G 24

Thus w(zx) is well-defined. Next we decompose the integral (2.4) as follows.

w(z)] < / " / n / L
w-zl<lzl  Jialgy ai<ole) Jopipy—al ) 1y — 2V 21+ [y[7)

2

EIl+[2+Ig
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where [, I, and I3 are defined by the last equality. Same as [LN2] we can conclude that

||
¢ [z 1 ~a 240
I < |x‘_€/0 N2’ dr = Clz|™,

2|x| 1
O | T = Ol
Clz|>V it N+¢<0,

Is < Clz|>*N(n|z| +1) i N+£=0,
Clz)> M1 + |z|M+) it N+£>0,

Now, it is easy to see that (2.2) holds. O

Lemma 2.2. Under the assumption of Lemma 2.1, suppose v is a solution of

—Av = f(x in €2,
f(x) (2.5)
v}aﬂ =0 lim_ov(z) = p
Then
v = ph(x /G z,y)f (2.6)
where h(z) is the positive harmonic function in 2 satisfying
h(z)] =0, lim A(x) =1 (2.7)
09 || —o00

and G(z,y) is the Green functions for ) corresponding to A.

Proof. From [Z] and Lemma 2.1, we can deduce that h(x) exists with 0 < h < 1 in © and
the integral in (2.6) is well-defined. Set w(z) = [, G( y)dy. For an arbitrary but fixed
point z € Q, choose R large enough such that R > \z| and w C Bg(0). Now we define

w@ = [ Glay) ),
QNBRr(0)
ws@) = [ Glew) )y
RN\BRr(0)
Then it is standard that

Awi(2) + f(2) =0 and Awy(z) = 0.
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Since w = w; + wy we have
Aw+f=0 in Q. (2.8)

By Lemma 2.1 and the property of Green functions we have

w| =0, lim w(x)=0. (2.9)

o9 |z|—o00

Therefore
A(v—w) =0,

(v — w)}8Q =0, limy|—(v — w) = p.

By the uniqueness of the above problem, we have
v—w = ph(zx).
This gives (2.6). O
Theorem 2.3. Suppose (Hy) and let u be a bounded solution of (1.1),, then
Clz|>™" at oo if ¢t < —N

lu(x) — ph(z)| < § Clz)P~Nen|z| at o if 6 = =N

Clz|*** at 0o if =N </l< =2
where h(z) is the unique solution of (2.7).
The proof of the above theorem can come directly from Lemma 2.1 and Lemma 2.2.

Lemma 2.4. Suppose (H) with | = =32 —¢ for some € > 0, K(z) >0, K(z) # 0 and u,
be the solution of (1.1),. Then

uu(2) — ph(z) € Dy*(Q)

where h(x) is the unique solution of (2.7) and Dy*(Q) is a Sobolev’s space defining as the
completion of C§°() in the norm [, [Vul*dz = ||lul>.

Proof. From Theorem 2.3, (2.7), and (1.1), we can easily conclude that

A(u, — ph(z)) + K(z)ul, =0

(up — ph(zx))|oo = 0, limj,—o(u, — ph(z)) =0
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~ [ 8= b)) o, = b)) = [ (9, = ()Pl

/|v — uh(z)) dx—/K ()8 (u, — uh(z))da

and

Thus

— [ K@, - phle)ds+ [ K@, - ph()ds
QNBR RN\Bpr
<C+ C’l/ rls(r)rN tdr
R
<+
it [ < —%. Here
e if 1< —=N,
() =[N, if 1=~
|2 if —N<l<-=2

Remark 2.1. The conclusion of Lemma 2.4 still remain true if we replace the assumption

| =—-22 — e by S(|z|)K(x) € L' near co.

3 Existence of minimal solution

In this Section, we will give a complete proof of Theorem 1.1 by the standary barrier method.

Lemma 3.1. Suppose (H;) and K(z) > 0, K(x) # 0, then there exists a constant 0 < p* <
oo such that problem (1.1), possesses a minimal solution for all i € (0, ") and no solution

for problem (1.1), for p > p*.

Proof. First of all, we prove that problem (1.1), has a minimal solution if x is small enough.

In fact, let p(z) = h(x) + [, G(z,y)K(y)dy. From Lemma 2.2, ¢(z) is a solution of

—Ap=K(z in Q
p = K(z) (3.1)
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Denoting ¢, (z) = pp(x), we have ¢, (x) > ph(x) because K (x) > 0 in 2. Then

—Apy, — K(z)ph, = K(z)(p — (pe)?) > 0
qu‘aﬂ = Oa hm|r|—>oo ¢u = U

if p is small enough. So % = py is a supersolution of (1.1), if p is small enough. It is easy
to check that u = ph(x) is a subsolution of (1.1), for all i > 0 and all positive supersolution
of (1.1), must be larger than or equal to ph. The method of sub and supersolution yields
our first claim.

Next, we set
p* =sup{p >0, | problem (1.1), possesses at least one solution } (3.2)

so that p* > 0. For any u € (0, 1*), from the definition of p*, we can find an i > p such that
problem (1.1); possesses a solution p; and hence wu is a supersolution of (1.1) ,. It is easy
to verify that u, = ph is a subsolution of (1.1), for all x> 0 and all positive supersolution
of (1.1), must be larger than or equal to ph. Using monotone interation we can get the
minimal solution w,, for all u € (0, u*).

Now, we are going to prove that u* < +o0. In fact, if u, solves (1.1),,, since u, > ph we

have

Ay — () = A = K () (7 > K (2) ()P~ (o, — ph()) in 9

(u, — ph(z)) >0 in €,

(uy — ph(x)) € Dy*(Q)
Thus the first eigenvalue of —A — K (z)(uh)P~' on D?(Q) is positive and this is impossible
for p large.

From the definition of p* we know that there is no solution for problem (1.1), if p >

W O

Lemma 3.2. Suppose H;) with | = =32 — ¢ and K(z) > 0, K(x) # 0. u, be the minimal
solution of (1.1),, for p € (0, p*). Then the minimizing problem

o, = inf {/ \Vw|?dz | w e Dy*(Q), /pK(a:)uZ_ledx = 1} (3.3)
0 Q
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can be attained by a function v, > 0 which satisfies the equation

—Aw = opK (x)ubtw in Q

w € Dy* ()
with 0 = 0,,. Furthermore, o, > 1 for all p € (0, u*).

Proof. We first prove that the functional fQ pK uﬁ_1w2dx is weakly sequentially compact. In
fact, let {w,} is a bounded sequence in Dy*(2) with weak limit w € D}(Q), the boundedness
of K and u,, in 2 and the use of Holder inequality in a ball B, for a large R, and Bj, = RN\ By

give

/ Kubw, —wl’dx
Q

N—-2 2
N ~
co] ([ ) ([ o
BrN B;{ B;a

where C, C] are positive constants, independent of w,,w. It follows from the compactness
of the embedding Dy*(Q N Bg) — L*( N Bg) and assumption (H;) we have

[e.e]

/ KUﬁ_l(wn —w)?dx < 01/ lw, — w|*dx + C/ rm (g N1y
Q BrN R

€1 €1
< = — =
_2+2 €1

for any €; > 0if R and n are large enough. This gives us that the functional fQ pK uﬁ_lwﬁdas is
weakly sequentially compact. Consequently standard minimization procedure shows that o,
is attained by a function ¢, > 0, v, € Dy*(Q), satisfying (3.4), with ¢ = 0,,. By assumption
(Hy) we deduce o,pK (z)ub~"(z)]z|® € LI(Q2) for some § > 0 and ¢ > §. Therefore a result
of Egnel [E] implies that ¢, is bounded in  and ¢, = 0(|z[*7") as |x| — oo and standard
Holder estimates then imply that 1, € C.%(Q) for all 0 < a < 1.

Next, we prove o, > 1. In fact, for u < i, p, it € (0, u*) problem (1.1), and (1.1); have

a minimal solution u, and uj; respectively. Because uj is a supersolution of (1.1),, we have
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u, < ug. Set vy = uy — fih, v, = u, — ph. From Lemma 2.5 we have
—Av; = K(z)(vg + fih)? vz > 01n Q
va| =0, limp oo va(z) =0 and v, € Dy*(Q)
o)
—Av, = K(z)(v, + ph)? v, >0in Q
v, =0, limp o v,(r) =0  and v, € Dy*(Q)
o)
and
—A(vp —vu) = K(2)[(vp + )" = (v, + ph)’] = K(2)(ug — uj,) 2 0.
Maximum principle gives us that
vp—v, >0 inQ. (3.5)
Furthermore,

—A(vp = v) = K(@)(up —uf) > K(2)pul, (v — v, + (i — p)h) (3.6)
(vp — v,) € Dy*(Q) .

On the other hand,

—Ay, = auK(x)puﬁ_lwu Y, > 0in Q
Y, € Dy*(9) .

(3.7)
Multiplying (3.6) by v, and (3.7) by w = u; — u, we deduce

/ VwVi,dr > /pK(x)qu_l(w + (p — p)h)y,dx
Q Q

and

/undex :Uup/ K(a:)uﬁ_lwuw dx .
Q Q
Thus

Uup/QK(x)uﬁ_lt/)ﬂwdx 2/

PR () w4 pli ) [ Kl da
Q Q

> / pK(x)uﬁ_lwwudx
Q

which gives o, > 1.
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Lemma 3.3. Suppose (H,), K(x) >0, K(z) # 0 and K(x) € L'(Q). Then there exists a
constant C' > 0 independent of p such that

[y — MhHDé’Q(Q) <C  forallpe(0,u)
where w, is the minimal solution of (1.1), and h is the unique solution of (2.7).

Proof. Set v, = u, — ph. From Lemma 2.4 we have

—Av, = K(2)(v,+ ph)?,

(3.8)
Up € Dy*()
From Lemma 3.2 and (3.8) we deduce
/Q\Vvu\de = /QK(QC)(UM + ph)Pv,dx (3.9)
/Q |V, [2dx > aup/QK(a:)(vu + ph)?~ vl d (3.10)

and hence
aup/Q K (z) (v, 4 ph)P~ vide < /QK(x)(v“ + ph)Pv,dx
< /Q K (z)(vy + ph)P vhde + /Q K(z)(v, + ph)P = phv, dz .
So, for any € > 0,
(p—1) /QK(x)(v“ + ph)P " olde < /QK(x),uh(vu + ph)P~ v, dx

< C/Q(K(x)vﬁ + K(x)v,)dz

<o [ xew) & ([ sipras)™
e < /Q K(x)dx) " ( /Q K(x)vg“dx) &

< C%/K(x)dx%—e/ K (z)oht dx
Q Q

by Holder’s inequality and Young’s inequality. Taking e > 0 small enough we deduce

K(x)v"Hde < C | K(x)dw < C). (3.11)
fyemgraze |
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From (3.9), (3.10) we also have

1
/|Vvu\2dx§ —/ \Vvu|2d:1:+/K(:E)uh(vu—l—,uh)p_lvudx
Q P Ja Q

and hence

1
Q Q o

<c ( /Q K(x)dx) " < /Q K(x)vﬁ“dx) "
e ( /Q K(x)dx) " < /Q K(x)vgﬂdx) i

<C

because of (3.11) and that K(x) € L'(Q). O

Lemma 3.4. Let h(x) be the solution of (2.7) and suppose Hy), then for any p > 0, there
exists a unique solution u, of (1.1), if K(z) < 0. In addition, uw, < ph on Q and u, is

INCTeasing in (.
Proof. We remark that ph is a supersolution of (1.1), which satisfies

—A(ph) — K(x)(ph)? > —pAh =0 in Q

uh‘m 0, limyg|—oo ph(x) = 1 (3.12)
pwh >0 in Q
Next, let ¢(z) = [, G(z, y)|K(y)|dy; from Lemma 2.2, ¢(z) is the positive solution of
—Av = [K(z)]
(3.13)

U‘m:O, v(z) =0 as|z] — o0

we set u = (uh — A\p)* for some A > 0. We then have by standard results

—Au < -A|K(x) < K(z)u? on Q

}{QZO}

if X\ is chosen such that

u” < (ph)? <A
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where h(x) is the solution of (2.7). Thus u is a nontrivial subsolution satisfies u < ph and
the existence part is complete.
The various uniqueness and comparison results are deduced from the following claim.

Let v,w € H} .(Q) N Cy(Q) satisty

loc

—Av+ |K(z)[oP <0 inQ v>0inQ lim v <y,

|z|—o0

U}ag =0,

—Aw+ |K@)|w’>0 inQ w>0inQ lm wzu,w’m:(),

|z|—o0
then v < w on Q.

Indeed, for all € > 0, we may find R large enough such that
v<(14+ew=w, for|z|]>R
since we have on Br N {2

— A(we = v) + p| K () [wl™ (we = v)
> A —v) + K (@) (uf — 0?)
= —Aw, + |K(z)|w? — (=Av + |K(z)[v") > 0.
Since the first eigenvalue of —A + p| K (z)|wP~! is positive (on HJ (2N Bg) we deduce w, > v

in 2. Let ¢ — 0 we obtain our claim. Using the above claim we can easily deduce the

uniqueness and that w, < ph for all > 0 and u,, < w,, if @1 < po. I

Lemma 3.5. Suppose (H,), if K(x) change sign, we can find a positive constant pu* such

that problem (1.1), possesses at least one solution.

Proof. Consider problem

—Av=K(z)(v+ph)?, v>0 in
(@) (v + ph) (3.14)

v‘m =0, limj;—o v(x) = 0.

From Lemma 3.1, we can find a positive constant p* such that problem

—Av = K*(x)(v+ ph)? in Q,

v}m:O, limpg—ov =0, v>0 in{
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possess a minimal solution v for all p € (0, ©*). From Lemma 3.4, problem

—Av =—K(z)(v+ ph)P in Q,
v}aﬂ =0, limp-v=0,v<0 in €.

possesses a unique solution v for all ¢ > 0. Then ¢ is a supersolution of (3.14), and v is a

subsolution of (3.14),. Furthermore v = v — v satisfies

—Av = K*(x)(0+ ph)? + K~ (x)(v + ph)?] > 0,

V)pq =0, limp—ecv =0,

maximum principle implies that v > 0. The existence of solution for (3.14), with K(z)
change sign come from the method of super-subsolution. Suppose v, be the solution of

(3.14),, then w, = v, + ph is a solution of (1.1), with 0 < v+ ph < u, <+ ph. O
Theorem 3.6. Suppose (Hy). Let h be the solution of (2.10), then

(i) If K(z) <0, for any u > 0, there exists a unique solution u, of (1.1),. In addition,

u, < phoon Q and w,, is increasing in p.

(i) If K(z) >0, 3u* € (0,00] and pu* < o0 if K(x) #Z 0, such that for p > p* there does
not exist a solution of (1.1), and for p € (0, p*), there exists a minimal solution u,,

of (1.1),. In addition, u, is increasing in p, w, > ph in Q. Finally, if
K(z) € L'(), (3.15)
then as p — p*, u, increase to u,» the minimal solution of (1.1),+, and u,~ is unique.

(iii) If K(x) change sign, we can find a p* € (0, +00) such that problem (1.1), possesses at
least one solution for all p € (0, u*).

Proof. From the above lemmas, we only have to prove that problem (1.1),~ has a unique
solution under the assumption (3.15). Denote the corresponding solution of (1.1), by w,.

Let v, = u, — pth. From assumption (3.15) and Lemma 3.3, we know v, € Dy*(Q) and

Hvu||D(1),2(Q) < C < oo for all u e (0, u*)



3 EXISTENCE OF MINIMAL SOLUTION 16

where C' is a positive constant independent of ;1. We claim that

/Q’UZd.CE <C <o (3.16)
for all ¢ > ]\2,—]_V2, where C'is some positive constant independent of N. First of all, we consider
pE (1, %), the subcritical case. We adapt the argument due to Brezis and Kato [BK] to

deduce the above claim. In fact, v, is a solution of

—Av, = K(x)(v, + ph)P
w = K(x)(vy + ph) (3.17),
v, € D) v, >0 in Q

Let ¢ > 1, multiplying (3.17), by UZL and integrating by parts we obtain
- =2 s(14i) 12 , P
4i(1 4 1) Vo fde = | K(x)(v, + ph)Pv,dr.
Q Q
We refer by Holder’s and Young’s inequalities that
/ K(#) (v + pah)Pid < C / K (2)(% + (uh)?)vi.da
Q Q
< C’/ K(z)vbde + C’/ K (z)v;dx
Q Q
. v o\
< C/ K(x)ob™dz + C (/ \K(x)|da:) </ K(x)vﬁ“dx)
Q Q Q
< C’/Q K(z)ohde + C
SC/Uﬁ“dx—i-C.
Q

Thus
L4y .
4i(1 —|—z')_2/ (Voz " Pde < c/ WHde + C (3.18)
Q Q

Let € > 0, be arbitrary, then for ¢ > ]3—]_\[2 —p > 1, we have
< TN L O, (3.19)

for all ¢ > 0 and ¢t > 0, because i + % >p+i> ]\2,—1172 Applying the Sobolev’s inequality
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and (3.17)—(3.19) we have
& LN
(/ vgdx) = </ <Ué(1+z))N > dx)
Q Q

< 0/ vtide + C

i N2 2N
SOG/UM Ao+ Co | vy tde+ C
Q Q

(N—2)g _4
:Ce/v“ N tde + C
Q

2

< Ce (/ UZd.Z’) (/ dex) +C
Q Q

with ¢ = % From Lemma 3.3 and Sobolev inequality we deduce {v,} is bounded in
L1(Q) for large ¢ > 1 if we choose € small enough.
Now, we are going to deal with the case when p = M Our method is a combination of

ideas found in papers of Brezis and Kato [BK] and Egnell [E]. For j > 1, define ¢;(t) = #/,

t > 0 and ¥;(t) fo ©i(s)]?ds = o= 1t29 1. Let p € (0,u*) and v, be the corresponding

minimal solution of (3.17),. From Lemma 3.2 we have
/ Vu,Vudz > p/ K(z)(v, + ph)P v dx (3.20)
Q Q

for all v € Dy*(§2). By Theorem 2.3, Lemma 2.4 and Remark 2.1 we know ¢;(v,,) € Dy ().
We may choose v = ¢;(v,) in (3.20) to obtain

L1l PIValde = p [ K@)+ eio.ds. (3.21)

Since v, is a solution of (3.17), and v;(v,) € Dy*(2), we also have

[ 030190, dn = [ K@), + s (w)ds. (322)
Q Q
From (3.22), (3.21) we obtain
/K (v + ph)P 0 < —— 2] — /K (v + ph)P~ % + / K (x)(vy + ph)P~ pho? 1]
(3.23)

since 2% > 1 and is increasing in j, we may choose j > 1 sufficiently close to 1 such that
7—1
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2] - < p for j < jo. Set a(j,p) =p — 2]’—: > (0. Then (3.23) gives

a(j. p) / K (z)o"™¥ ' de < a(j, p) / K () (v, + ph) o)l de
Q Q

<

K p—1 25—1
2]_ — 1 / (x)(v, + ph) phv? ™ dx
<

< 5 {/K Up+2] 2,uhdx+/K ,uh)pv% ldx]
] —

<C {/ K (z)vh 2 dz + / K(x)vij_ldx] :
Q Q

because p < p*, K(x) < C. Since

p+2j—

p+23 p+2j—
/K Up+2] 2dx<C{/K dx} {/K vp+2] 1dx]

SC’/K(x)dx+§/K(x)vﬁ+2j_ldx
Q Q

for all & > 0 and similarily,

/ K(x)uzj—ldx < C/ K(z)dx + g / K($)Uﬁ+2j_ldx
) o 0

for all 6 > 0, we can deduce

(a(j, p) — 5)/K(x)vﬁ+2j—1dx < Cg/ K(z)dx .
Q Q
From the assumption of K (z) € L'(Q), we have
/QK(x)vﬁ”j_ldx < Cj (3.23)*

for j € (1, jo] and C' > 0 independent of u € (0, u*) if we take § small enough. This shows

that (3.16) holds for all ¢ € 2, p + 2jo — 1]. To establish (3.16) for all ¢ > 2% we use
ideas in Brezis and Kato [BK]. Set ¢p = 2%, § = p + 2jo — 1 — 2% > 0. Multiplication

of (3.17) by vgo_l, integration by parts and simple application of Holder’s inequality and
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Young’s inequality yield
(@0 = Da? [ 1907 Pda = [ K@)lo,+ phyepy o
Q
Q Q

< C'/ K ()b~ dg
Q

P T
+C (/ K(x)dx) (/ K(x)vﬁJrqO_ldx)
Q Q

< C/ K (z)uht o~ dy + C/ K(z)dz
Q0 Q
which gives us
(0 —1)gg° / \VU,ZTOde < C’/ K (z)oh o~ de + C'/ K(z)dx (3.24)
0 Q0

where C'is a positive constant independent of pu.

For any given € > 0 we can find a positive constant C, such that
)
Uﬁ_HqO < P IO+ R + C’EUZO )

This can be easily verified by the fact that g <p—14+q <p—1+qo + ?V—‘S. Therefore, it
follows from Holder inequality, Sobolev’s inequality and (3.23)* with j = jo that

_ 25
/ K (z)ult ot dy < e/ K(z)oh "N ar + 0.0
Q 0

<e ( /Q K(x)(vgo)%“dx) & < /Q K(x)v;z“jo—ldx) +C.

<C / (0,2 Y ldz + C.C
Q

2

< 60/ |Vv:70\2dx +C.C.
Q

which gives us

/ K (z)vbt e~ de < 60/ ‘VU:?OPd.CE + C.C. (3.25)
Q Q

It follows from (3.24) and (3.25), with e sufficiently small, that

/ Vol 2de < C (3.26)
Q
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for some constant C', independent of u, and by Sobolev’s inequality we have

40 .
/Uj Lar < C.
Q

2
Qe—1

The desired inequality (3.16) then follows easily by iteration. Set ¢ = % and g = =5

Denote g, (z) = K(z)(v,(x) + ph(x))?. From the above proof we deduce g,(z) € L(Q)
forall ¢ > p+1 and

/Q lgu(2)|%dz < C /Q K (), (2)"dz + C /Q K (2)(uh(x))"da
<CIK@L" [ Kaygda+ Ol | Ky
<

for all € (0, p*).

We employ a classical a priori estimate to obtain

[vulloo Br@ne < Cr(llvullpt1,Bor@ine + 19ullaB2r0)00]

for solution of —Av = g,(z), where Br(x) is a ball of radius R and centre z, and Cy is a

constant independent of p and z. Holder estimates in Br N () then shows that

HUMHC’M(BROQ) <Cgr

for some constant C'g, independing of p. A simple diagonalization argument and the Ascoli-
Arzela theorem may be employed to show that for a subsequence g, — u*, v, |V,

converge uniformly on each compact subset of €2, to a function v,- € Dé’Q(Q). It follows that

/ Vv - Vudr = / K(z)(vy + p*h)Pvde
0 0

for all v € C3°(€2) and therefore v,« is a nonnegative weak solution of (3.17),. Thus wu,- =
v, + p*h is a solution of (1.1),,.

Finally, we prove that u,- is unique. In fact, from the definition we can easily deduce that
0,- = 1 by applying the implicit function theorem to the function F : Dy*(Q) «— D*(Q)
with

F(u) = —Au — K(z)(u+ ph)?  u € Dy*(9) .
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If there exists another solution @, > w,- for problem (1.1),-, set U, = U, — p*h, v =

w,» — p*h. We have from (3.17),,

AT ) = K@) [T + 10 = (0 + 17 h)]
= K(@)lp(e + 1 h)" ™ (0 = )

+p(p = V(0 + 00 = V) + 10)" (O = )]
for some 6(z) € [0,1]. From Lemma 3.2 and the above equality, we deduce
o) /Qp(vu* + RPN (O — v ) Yed = /§2V¢M*V(UM* —v,)dx
= [ Pl + B G = 0 )0
+ /Qp(p — 1) (v + (0 — Ve ) + PR3 (Uyr — 2 ) eda
ie.  (o(p*)—1) /Qp(%* + RPN (O — v )ed
= [ 2= D0+ 000 = 00) 5 BP0 = )

we can obtain that v, = v, from o(p*) = 1. O

4 The existence of second solution
For p € (0, u*), let w, be the first solution of (1.1), and consider the problem

—Av=K(xz)((v+u,)P —uP in Q
(z)(( WP —ub) (41),
veDIR), v>0 in Q2.

It is clear that U, = v, + u, is a solution of (1.1), if v, is a solution of (4.1),. Consider the

energy functional J, defined by

1
?uﬁﬂ — uzv“L dz .
p

(w, + vt

o) = [ 5IveP - K@) |

p+1

Standard procedure from the calculus of variations shows that .J, is well defined in D§(2)

with continuous Freehet derivative given by

Jﬂww=:LW%V¢—Klw“w+wﬁV—uﬁwdx € D)
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A critical point v of J, is a weak solution of the equation
—Av = K(2)[(u, +v") —ub] v eDy(Q)

and if v > 0 in R, then v is a solution of (4.1),,.

The following Lemma comes from the fact that

(uy + 8)P —ul, — pub's

lim =0
s—0 S

and
. (uy +8)P —ub —pub~'s .
5—00 sp o

Lemma 4.1. For any € > 0, there exist a C. > 0 such that
(uy +8)7 —ub —pul's < eub's + Ces”
for all s > 0.

Lemma 4.2. Suppose (Hy) with { = —% — ¢. There exists two constant o > 0, p > 0
such that

Ju(v) >a>0, forveDyQ), |v]=p.
Proof. Lemma 4.1 implies that

Tu(0) = % / (Vol2de — 2 / K(o)a (") dz
// K (z)[(u, + )P — ub, — pub~'s]ds d
> 5 [0 = iy 0
/ K ( (W)MO}Z?T) d .

Furthermore, from the definition of o, in Lemma 3.2, we have

Voul“dx > o K upl dx
\ ? b

and, therefore, by o, > 1 we obtaln by choosmg e small enough

Ju(0) > —— (0, —1—¢) / Vol2dz — S / K ()" dx
Q p+1Jg

20#
1 p+1
> Lo - 1)/ Voldz — C {/ \Vv\de]
40-/»1' Q Q
1
= F‘M(Uu — Djo]]? = C|jv||P*

and the conclusion in Lemma 4.2 follows. O
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Lemma 4.3. Suppose (Hy) with ¢ = =232 — e Then there exist 0 < 1y € D}(Q) and
Ry > 0 such that

Ju(Riho) <0
for R > Ry.

Proof. Let h(z,s) = K(x)((u, + s)P — ub, — sP), since u,(z) is bounded in €, it is easy to
check that

i M58 oy
s—0 S
TG
§—00 sp

uniformly in z € €0, where M > 0 is some constant independent of z. Therefore, for any

€ > 0, there is a constant C, > 0 such that
h(z,s) <es? +Cecs .

Now, choose a nonzero function 1y € C§°(2) such that ¢y > 0 and K(z) > ko > 0 on the

support of 1y. Then

Rpt1
/ K(z)ypde + C.R? / K2dx + eRPT / Kyl .
+1Jg Q Q

1
Tu(Re) < SRl

It is then clear from the choice of 1y, that for e sufficiently small there is Ry > 0 such that
Ju(Ripo) < 0 for all R > Ry .
This completes the proof of Lemma 4.3, with Ry and 1)y as above. O

In order to use mountain pass Lemma [BN] to obtain the solution of (4.1),, we suppose
moreover (Hs).

Set

I ={y€C([0.1], Dy*()). 7(0) =0, 7(1) = Rotho},

where 1) is given by Lemma 4.2. We exploit the fact that the critical equation

N+2 :
—Au = uv-2 in RY
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has the positive radial solution

uc(x) = k {;} =

€2 + |.T — $0|2

N—-2

with k = (N(N —2))~5 for any € > 0, x € RY. Furthermore,

/ \Vu|*dx :/ e = SN2,
RN RN

and for some positive constant ¢ depending only on N cu.(z) attains the infimum for the

variational problem

S = inf {Hu”2 | / utldr =1 ue Dé’Z(RN)} :
RN

Let R > 0 be small enough that Bag(zg) € V. Let ¢ be a piecewise smooth function with
support in Byg such that ¢(z) = 1 in Br(x), 0 < ¢(x) < 1 in Bsg(xg) and |V (z)] < 1—1%.
Define

we(x) = P(z)uc(x)

and

=1
p+1

ve(x) = we(x) [/ K(x)wf“dx]
Q
The proof of the following Lemma follows the same lines as in [BK].

Lemma 4.4. If assumptions (Hy) - (Hz) holds and p = X2, then there exist some positive

constant € > 0 and to > 0 such that
Ju(t(ﬂ}e) <0

and

1 2=
0 < sup J,(tve) < Ns%(HKHLw)TN

>0

Proof. Since 2% < 0, we have

oy
/ \Vwe|2dx:/ |Vu€\2dx§/ uPdw
Br Bgr Br
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and by the assumption (Hy) we also have

K(xo)/ ultdr < K(z)uPttdz + 0(€) .
Br

Br

Simple calculations also show that

/ uPdr = 0(eV)
RN\Br

A = / Vo [2de = 0(eV2)
RN\Bp

S = [ / uf“dx]
RN
Therefore, we have

/ \Vwe|2dx=/ |Vw|*dx + A,
RN Bg
2

§/ uPdx + A,
Bgr

2
p+1
<S {/ uf“dx] + A,
Br
p+1

K(x)wf“dx] +0(€?) + 0(eN72) .

as € — 0 and

=S

< SIK|F [

Br

Set Vi = [on |Voe|?dz, since for small € > 0, say € < ¢, it is easy to see that

K(z)wPdr > C,,
Br

for some positive constant C,,, the definition of V. and the last two inequalities imply that
Ve < S(IK o) 7T +0(€) +0(V2) .
We consider now J,(v)

/ V|2 de — —— K( M(wy + 0P —ubHda + /QK(x)uﬁv*d:E

+

:§/Q|Vv|2dx—/QK(x) /0 ((ty + 8)° — u2)ds dzx
_ %/Q|Vv|2dx—]%/QK(x)(v+)p+ldx
[ [y g s,
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vt

Set F(z, v) = K(z) [, ((u, + s)P —ub, — sP)ds, then

1 1
‘]/.L(tve) = §t2‘/€ — mtp—’—l — /g; F(.T,t’Ue)d.T .
Clearly, limy_.o Jy,(tve) = —oo for all € > 0, hence sup,> J,(tve) is attained by some ¢ > 0,

we may assume t. > 0 for € > 0, otherwise there would be nothing to prove.

It follows from < .J,(tv)|,_, = 0 and the monotonicity of F' in v that
te <V <G foralle>0,

where Cj is some positive constant independent of e. By the monotonicity property of

_1
3t°Ve — 14 t"*" on the interval (0, Ve"™"] we then have

1
sup Jy,(tve) = J,(teve) < —
>0 N

The estimate on V, and the above inequality imply that

sup J, (tve) <

1
1 (||k||OO)TN—/ Fla, tv)dz + 0(e) |
t>0 N Bar

where L = min(N — 2,2). The conclusion will follows if we can show that
lim e_L/ F(z,tov)dr = 400 .

Bar
First we claim that

lim¢t, > 0.

e—0

Indeed, by %Ju(tve)’t:t = 0 we have

Ve — Pt ¢t /Q K(2)[(uy + teve)? — uf, — tvflvedr = 0.

We show that

lim¢, ! /Q K(z)[(uy + teve)? — ub — thoPloede =0 .

€
e—0

This will follows by the same procedure as in [BK] (p465-466) by observing first that for all
0 > 0, dCs > 0 such that

|f(z, w)| = [(u, + )P — uf, — uP| < 6uP + Csu,
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for all v > 0. This follows easily from the boundedness of w,. Indeed for u > %, we have

Lp

| f(x,u)| = Upp/ ’ (s + 1Pt — s 1)ds < CsuP

0

for some constant C'. For u < % we have

+ p _ P
o) < [
1\"*
< p(u, + u)Pu + <5)
SC(;’LL.

It then follows that a positive constant C, independent of €, exists such that

1 _
sup J, (tve) < —S2 (| Klse) 2 —/ F(z, Cv)dz + 0(e")
t>0 N BQR

for sufficiently small € > 0. A change of variables yields

lim e_L/ F(z, Cv)dx = +00
Bsr

e—0t+
as in [BNJ. O

Lemma 4.5. Assume Hy) and Hy). Suppose moreever 0 # K(z) > 0 and K(x) € L*(Q).

Then problem (4.1), has at least two solution for each y € (0, ") if p= M'

Proof. The conditions for the mountain pass Lemma [BN] are satisfied by Lemma 4.2, 4.3.
Hence there is a sequence {v,} C Dg(€2) such that J,(v,) — ¢ and J},(v,) — 0 in Dy(2) as
n — oo, where

c=inf sup J,(u) .

vel =3

Thus

1
/|an\ dx—/ [?K( )(u,, + v )P — p+1uﬂ+l ubo, | dr = ¢+ o(1),
(4.2)

and

Tuon) = [ Vo vode— [ K, + o7 —pvde ool (43)
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asn — oo and ¥ € D§(Q). Choose =3 <0 < 3 L and ¢ = v,,. It follows from (4.2), (4.3) that
c+o(l) > 1/ |V, |2dz — L/K(u + v )Pty
—2Jo " p+1le 0T

= (% - 9) lonll* + 0(1vnlI* — / K[(uy + 0;)" = ujondr)

+ /K (u, + v, )Poide — G/Kup Tdx
p+1

p—i—l/Ku“ u, + v )Pdx
1
= (5-0) InlP + oWl

+ <9——) /Q K(2) (0} — 7u,)(u, + v} Pdz

where 7= (p+1)71(6 — (p + 1)~1)~!. Notice that we have used the obvious equality
/QK(.CE)(('LLn + v )P —ul)v,dr = /QK[(uu + v )P — uﬁ]vf{dx )

Using Holder’s and Sobolev’s inequality we have

/Kuﬂv:{dxﬁ HuquO/K(x)v:{dx
Q Q
3 3
<C (/ K(x)de) (/ U,J{de)
Q

< ClHUIH

for some constant C' > 0.
Because g(z) = (s — Tu,)(u, + s)P gets its minimum at

pT — 1
14+p

we have

c+oﬂ)2<%—9)WMF+oﬂM%H

C2(p(A+T)POP+1) - 1) K Y d
(p+ 1)pt2

— 0C[|vn]l
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since |Ju, | r~ is bounded, K(z) € L'(Q). From the above inequality we can deduce {v,} is
bounded in D§(2). Standard embedding theorem then show that {v,} has a subsequence,
still denoted by {v,} for which

v, — v weakly in Dy(Q2)
v, — v a.e. in )

v, — v weakly in LPT1(Q) .
It follows from (4.2) and (4.3) that v is a weak solution of
—Av = K(z)[(u, + 0" —ub] v eDyQ).

Furthermore, (4.3) with ¢ = v~ implies that [, [Vv~[*dz = 0 and therefore [, [v™[PT'dz = 0,
by Sobolev embedding. This shows that v > 0 a.e. in €2, we show next that v # 0.
Consider the sequence {w,}, w, = v, — v, for a subsequence of {w,}, denoted the same
way, we define
(= lim ||jw,|*.
If ¢ = 0, the continuity of J, on D}(£2) implies that

0<a<c=lim J,(v,) = J,(v) and hence v#0.

n—oo

If ¢ > 0, we proceed as follows. Using (4.3) with ¢ = v,,, the boundedness of ||v,||, the weak
convergence of v, to v in LPT(Q) and the fact that u, € L>(Q), K(z) € L™ we obtain

/K (wy + vn)Pu,de — / K(x)(u, + v)Pu, dx

/K upvndxﬁ/kupvdx

/Q |V, |[*dx — / K(x)(u, + v de + / K (uy, +v)Pu,dz + /Q K(z)ubvdr = o(1) . (4.4)

We have

Using a lemma of Bresis and Lieb [BL] and (4.4) we obtain

/\an\ dx—l—/\Vv\ dx—/K v)Pda

:/QK(;E)((uu—i—v)p—uﬂ)vdw—i—o(l).
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Since v is a solution of problem (4.1),, we have

/\an|2da:—/K V)P + o(1). (4.5)

Using (4.3) and Bresis-Lieb Lemma [BL] we also have

1 1
ol)+c= 2/ |Vw, |[*dz + = / |Vol*de — —— / K(z)wPdx
1
A K(x)(u, +v)Pde + m /Q K (z)ub*dx + /Q K(z)ubvdx
1 ) 1
— o K + _ .\p+1 .

5 /Q |\Vw,|“dx P /Q (vy —v)P"de + J,(v)

which gives us
/|an\ dx — —/K )Pz + J,(v) . (4.6)
It follows from (4.5) and (4.6) that
1
Cc = Nﬁ + ‘]N(U) .

We also have by Sobolev’s inequality and (4.5) that

/Q|an|2dx > S (/ ‘wn‘p-l-ldx) i
()

(supQ ) 15 (/Q K (z)(fv, —U|p+1)dx)
(s

) S(wn2 + (1))

v

v

supq I

which gives in the limit, as n — oo, the inequality

¢ > [sup K (z)] 71§71 (4.8)
Q
since ¢ > 0, (4.7) and (4.8) give
1 N
¢ 2 3 (up ()8 + Ju(0) (4.9)
which implies from Lemma 4.4 that J,(v) < 0, thus v # 0. O

From the above lemmas we conclude the theorem 1.2.
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