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1 Introduction

In this paper, we will investigate the existence of multiple solutions for the general inho-

mogeneous elliptic problem

—ANu+u=f(z,u)+ph(z), zeRY
(L1)y
u € H (]RN) ,
where h € H™H(RY), N > 2, |f (z,u)| < CruP~! + Cou with C; > 0, Cy € [0,1) being

some constants and 2 < p < +00.
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The homogeneous case, i.e., y = 0 which means 0 is a trivial solution of (1.1),, has
been studied extensively (see for example [Bal, [BaLi], [Bal], [BC], [BL], [DN], [G], [KZ],
(L], [L1], [L2], [Li], [N], [PW], [W]). For the nonhomogeneous case (u # 0), X.P. Zhu [Z]
has first studied the special case of (1.1), with f (z,u) =u?, p=1,and 1 <p < % In

some cases existence of two positive solutions was obtained if

1 1

p -1 P o,

h? d <P=- S22
(/RN () x) - 2p <2p—2)

with h (z) >0, h(x) < Cexp(— (1+¢) |z]), where

S:inf{/ (|Vu\2+u2) dx uEHl(RN),/
RN

RN
and C > 0, ¢ > 0 are some constants. Y.B. Deng and Yi Li have also considered the

uf da = 1} (1.2)

problem (1.1), with f (z,u) = u? for more general p € (1,00), and different assumptions
on h(x). Some existence and bifurcation results about the multiple solutions of (1.1),

have been obtained in [DL1], [DL2] if |z|"? & (z) is bounded in RY. X.P. Zhu and H.S.

Zhou [ZZ] have considered a more general inhomogeneous problem:

—Au+u=A(f(u)+h(zx), xeRY, (1.3)

U€H1<RN), N227

with h (z) € L? (RY) n L? (RY) for some 3 > &. They have shown that there exists a
A* > 0 such that problem (1.3) admits at least two positive solutions if A € (0, A*) and no
positive solution if A\ > A\* under some assumptions on f. However, their method cannot

give an estimate of \*. A similar problem,

—ANu+u=\f(u+h), x €,
F(u+h) ",

ulg =0, u>0, ue H} (Q),
with Q an exterior domain, has been discussed by J.F. Yang [Y] if h (z) € C* (Q)NL* (Q).
D.M. Cao and H.S. Zhu [CZ] have studied problem (1.1), with =1, h € H~* (R")

recently. They have proved, under some conditions on f (x, ), that problem (1.1), pos-

sesses at least two solutions if || y—1 gy < CpS 2-2 and no solutions if f (x,u) = uP
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(1 <p< X£2) and [|h||4- 1(gny 18 large enough. There is no information about the mul-
tiple results (the existence of three solutions) and bifurcation results in their paper. On
the other hand, they need the growth of the nonlinear function f (z,u) to be lower than
the critical exponent.

In this paper, stimulated by [CZ, DL2] we will consider the existence of multiple
solutions for problem (1.1), with h (z) € L* (RN ) NH-1 (RN ) and p > 0. More precisely,

we assume f (z,t) satisfies the following basic conditions throughout this paper:
f1) f(z,u) € C'((0,00),R") with respect to u;

0

fy) there exist C; > 0, Cy € |
f(

1) such that |f (z,1)] < Cy|t]"" + Cot for z € RV,
7t)

8

t € (—00,00) and limy_. = +oo uniformly for z € RY where 2 < p < 40

and N > 2;

t

f3) there exists a constant « € (0,1) such that atf] (x,t) > f(x,t) > 0 for all z € RY
€ (0, oo0).

and
h) h(z) € L(RY)N HYRY), h(z) >0, h(z)#0in RY and limy—oo h(z) =0

Our main results are as follows.

Theorem 1.1. If f;) - f3) and h) hold, there exists a positive constant p* < 400 such
that problem (1.1), has at least one minimal positive solution u, if p € (0, u*) and there
are no solutions for (1.1), if p > p* and w, is z'ncreasz'ng with respect to u € (0, p*];

furthermore, there is a unique solution for (1.1),~ if p < =5 when N > 3.

Defining the variational functional of (1.1), by

I(u):%/RN (\Vu\2—|—u2) dx—/RNF(x,u) dx—u/RNh(a:)uda:,

where F' (z,u) fo ) dt, we have the next theorem.

Theorem 1.2. [If in addition to f,), f3), and f3) with p < if N >3 and h) we also

—2
have
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£) f(z,-) € C?(0,+00), 2 >0 forz € RN, ¢ > 0,
f5) limy o+t - % = 0 uniformly for x € RN, t > 0, limy_,o0 t' 79

4
N-2’

% < C uniformly

for x € RY where C' > 0 is some constant and 0 < q <

fo) limy—oo f (2, t) = f(t) uniformly for bounded t > 0 and f(x,t) > f(t) for all
r € RV,

then problem (1.1), has at least two positive solutions w,, U, with u, < U, if p € (0, u*)

and w,, is a local minimizer of I (u).

Remark 1.3. The assumption that p < ]3—]_\[2 if N > 3 in this general setting is optimal
in the sense that if p = 2% then in [DL1] Y.B. Deng and Yi Li proved that for f = u?~!
and h under some monotonic property the problem (1.1), has only one solution (namely

the minimal solution) for p small.
It is well known that due to the fact that the Sobolev embedding

Al

1 N q N
H' (RY) — L7 (RY) (zgqu_2

is not compact, the variational functional I (u) fails to satisfy the so-called PS (Palais—
Smale) condition. Such a failure causes difficulty in applying the variational approach to
(1.1),. Furthermore, when p £0, 0 is no longer a trivial solution of (1.1),, and therefore
the mountain pass lemma cannot be applied directly; since the nonlinearity f (x,u) is
very general, we do not even need any growth assumption on f (x,u) when we get the
first solution, so the methods in [CZ] cannot be used. It should be noted that the method
of getting the second solution in [DL2] depends strongly on the case f (x,u) = u?, so the
method in [DL2] is also not usable. To overcome the difficulties mentioned above, we first
consider the special case. The problem

—Au+u=uf+ph(x), nRY,

(1.5)

uEHl(RN), u>0in RY

possesses at least one solution if p € (0, ;) for some positive constant p; > 0 by the

sup-sub solution method. Then by applying the comparison principle we get the minimal
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solution for problem (1.1), if p € (0, x*]. If p € (0, *), we show that a minimal positive
solution of (1.1), is also a local minimizer of I (u) and we obtain a sequence of approxi-
mated solutions by application of the mountain pass lemma. We establish the existence
of a second solution by using concentration-compactness arguments to obtain a precise

understanding of the lack of compactness for the sequence of approximated solutions.

Remark 1.4. In this paper, we are only concerned with the positive solution of (1.1),,

so we always suppose f(x,u) =0 for all x € RY and u < 0

2 The minimal solution for a special problem

In this section, we discuss the existence of the minimal solution of a special problem:

—Au+u=uP"! +vh(x)

(2.1),
ue L®RY), u>0 in, RV

by using a standard barrier method. Since h has no explicit decay property, a more careful
choice of supersolution is needed here. We will use the Green’s function of —A + 1 on

RY which was given by

_N-2
0 < Glla—yl) = (|r =y~ Kos (2 — ). (2:2)
where
1 moie ? & 1 t 1
K, ()= ———(=)2— e (1 4 )" 2dt
& =159 T (R

denotes the modified Bessel function of order v. In the Appendix C of [GNN], Gidas, Ni
and Nirenberg summarized the properties of K,. In particular, G satisfies:

T

G(r) < O%(l ) (2.3)
G, (r) — -1 as r —
o 1 . (2.4)

For N =3
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By some standard argument we can get the Lemma.

Lemma 2.1. Suppose h € L>°(RY). Then

wia) = [ Glle =)y

is a solution of the linear problem
~Aw+w = h(z) in RY

Furthermore, if h(y) — 0 as |y| — oo, then w(z) — 0 as |z| — oo.

(2.5)

Lemma 2.2 . Assume h), The problem (2.1), possesses a minimal solution for all

v € (0,v1). Where
1—227
2 fon G(|(1 = 2277) 22 — y|)h(—2—)dy

1
(1-22-2)2

V=

Proof.

Let
v

i= g [ G0 =2k g Ly,

(1—22-7)3
Then for h(z) € L®(RY) we have, by (2.3) ,

Jex Gz = yDh(—p)dy
S f{|z—y|§a} (‘x Dh( 22 » %) y
+f{\x_y\>a} G(lz = y[)h( 1 22 p %) Y

<C[frdr+C [~ N_TITN Ldr
<
So we have
i(z) =w((1—2%*7P)22)
Y Jon G([(1 = 2277)30 — y|)h(—L— )dy

1
(1-22-7)2

1
<3
if we choose
1—2%27p
2 [on G(|(1 = 22P)20 — y[)o(—2L—1)dy

1
(1-22-7)3

<y =

(2.6)

(2.8)
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Now we check that @ must be a supersolution of (2.1), if ¥ < v;. In fact, from Lemma

2.1
v Yy
= — G(lz — y|)h(Z)d
wiw) = % [ Gle=yDh(Lydy
must be the solution of
—Aw—i—w:%h(f) in RYN.
a? o

Then @ = w(ax) must be the solution of
~ At + ot = vh(z) in RY.
Taking o = (1 — 227P)z_ by (2.8) we have

— Au+a—att —vh(z)
= At +a(l — al~?) — vh(x)
> At +a(l - (3)P?) — vh(z)
=0

if v <wy. Thus @ is a supersolution of (2.1),.

On the other hand, u = 0 is clearly a subsolution of (2.1), for all v > 0 and u < 1.
By the standard barrier method (see [A] Theorem 9.4 or [GE]) there exists a solution w,
of (2.1), such that 0 < u, < @. Since 0 is not a solution of (2.1), and h(x) > 0, the
maximum principle implies that 0 < u, < 4. Again using a result of Amann (see [A]
Theorem 9.4 or [GE]) we can choose a minimal solution u, in the order interval [0, @] by
an iteration scheme with initial value ) = u= 0.

In the following, we show that w, is minimal among all solutions of (2.1), . In fact,
let u be any other solution of (2.1), , then 4* = v may be considered as a supersolution
of (2.1), . Clearly, u* = 0 is a subsolution of (2.1), . By using the result of Amann we

can obtain a minimal solution u} in the order interval [0, u] by an iteration scheme with

initial value u) = u* = 0. Because u* = v = 0 we deduce that u;, = u,. Thus

Since
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we have u, € L>(RY). O
Remark 2.3. From the proof of Lemma 2.2 we conclude that there exists a constant

a > 0 such that
I1—(p—Dut?>a for ve(0,um). (2.12)

Lemma 2.4. The problem (2.1), has no solution if v > v3, where v is given by

fO%(HQN)? o(r)(1 42N — 47“2)2_:;7“N_1d7"
fRN ohdx

V3 =

where ¢ = e,

Proof. Let u, is a positive solution of (2.1),. Then
—Au, +u, =ul +vh(z), zeRY, N >2

u, € L®(RY), u>0 in RY

Taking ¢ € C*(RY), ¢ > 0in RN, ¢(z) — 0 as |x| — oo and the decay must be fast
enough at oo so that

oA, dr = Aou,dzx.

RN RN
With this fact we can deduce that

/ (ANou, — du, + ¢puP™' + voh)dr =0
RN

So we have
o fRN (d(u, —ul™') — Aouy,)dw
a Jon dhda

14

Fix ¢(x) = ¢(r) = e, then
O (r)=—2re", @'(r) =" (=2 + 42).

Thus
Ap = ¢"(r) + 52
— e (=2 4+ 4r?) — M=lorer
— [4r2 — 2N]o.

2
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So
_ fRN(¢ul/(1 + 2N — 492 — U§_2))d;§

Jon Ohdz

v

where r = |z|. Set

K(r,u,) =1+2N —4r* — 22

we have

_ Jan(pu K (ruy))da

- Jon dhdz

_ Jx(eluy >0 K(ru))de - fi(ja),u,) <o (@ur K (ruv))de
= [~ dhdz + Jr N ohdx

< Tz (@ur K(ru))de

= Jon ¢hda

From K (|z|,u,) > 0 we have

v

(14 2N)z.

N | —

O<uV§(1+2N—4r2)P%2 and r <

By the definition of K(r,u,) we have

o=

V<]ﬁ”m)¢ﬂ+2N—@%i%W*m

- Jan Ohdx

=3 < 0.

Lemma 2.5. (Lax-Milgram Lemma) (see [E]). Assume that
B: HxH— R"

is the bilinear mapping for which that exists constants o, [ > 0 such that
(i) |Blu, v]| < af|ull||v||, for all u, ve H
and
(ii) Bllul|? < Blu, u] for all u € H.
Finally, let h : H — R be a bounded linear functional on H. Then there exists a

unique element v € H, such that
Blu, v] =< h, v >, for all v € H.

Lemma 2.6. If h) holds, then u,(z) € L=(RY) N HY(RY) if v € (0,14).

Proof. Because u, is a solution of (2.1),, then

—Auy, 4+ u, (1 — ub™?) — vh = 0.
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Let a(x) = 1 — uP~2. Because 1 is a supersolution and u, is a minimal solution of (2.1),,

we have by Remark 2.3 , that
alr)=1—-ul2>1—-a"?>a (2.11)
if v > 0 small enough. Define
Blu, v] = VuVudz +/ a(r)uvdr  u, ve HY(RY).
RN RN

Then by Holder inequality,

[Blu, ]| < Cllullllv]
and

Blu, u] = [on |[VulPde + [on a(z)u®dx
> Jon IVulPdz + [,y au’dzx
> Cllul®

for all w € HY(RY). From h € H™*(RN) N L>®(RY) and Lemma 2.5 we deduce that
Blu, v] =< h, v> for all ve H' (RY)
has a unique solution. That means that u is a weak solution of
—Au+ a(z)u = vh, ue H'RY). (2.12)

Because u, € L®(RY) and h € L*(R") we can easily deduce that u is also a classical

solution of
—Au+ a(z)u = vh
(@) (2.13)
u(z) — 0 as |z| — o0
On the other hand, if h(z) — 0 as || — oo, by Lemma 2.1 | we can deduce u, is
also a solution of (2.13) . By the uniqueness of the solution of (2.13) we have u = u,,.
Thus u, € H'(R"). O
Theorem 2.7. Suppose h) and p > 2. Then there exists a positive constant v* < +00
such that problem
—ANu+u=uP"t+vh(x),

(2.14),
ue H' (RY), u > 0in RY,
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possesses a minimal solution if v € (0,r*) and there is no solution for problem (2.1), if
v > v*. Furthermore, if h (z) — 0 as |z| — oo, and p < % when N > 3, then problem
(2.1), possesses only one solution if v = v*.

Proof. From Lemma 2.4 we set
v =sup{v > 0| (2.14), possesses at least one solution in H'(RY)} (2.15)
By Lemma 2.2 and Lemma 2.4 we have
0<v <V <y < +00.

For any v € (0,v*), by the definition of v* we can find a v € (v, v*) such that (2.14); have

a solution u; and
— Dy +up —uh” = vh(z) = (7 = v)h(z) > 0.

Thus @ = uy is a supersolution of (2.14),. From h(z) > 0 we deduce that u=0isa
subsolution of (2.14), for all v > 0. Again by the standard barrier method as in the proof
of Lemma 2.2 , we can obtain a solution u, of (2.14), such that 0 < u, < uy. Since u,, can
be derived by an iteration scheme with initial value w) = 0, u, is a minimal solution of
(2.14),. Since 0 is not a solution of (2.14),, 7 > v and h(x) > 0, the maximum principle
implies that
0 < uy, < up. (2.16)
Furthermore
Jan (IVu > + ud) do = [on ubde + v [ h(z)u, dx
< Jan ubdr +7 [on h(z)uyd
= [an (|Vug]* + u)dz < +oo0.
Thus u, € HY(RY).
By the definition of v* we can conclude that (2.14), have no solution in H*(RY) for
v> vt
The existence and the uniqueness of (2.14),- can be proved in the same way as those
in [DL2] if we assume that p € (2, 2] if N > 3.

N-2
Corollary 2.8. Let h € L>(R"). Then there exists a constant v* > 0 such that
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i) (2.14), possesses a minimal solution for all v € (0, *) and p > 2 and w, is increasing
with respect to v;
ii) there are no solutions of (2.14), for v > v*.

Unfortunately, we couldn’t get the existence of the solution for (2.14), when v = v*.

3 The existence of the minimal solution

In this section, we first consider the problem

—Au+u=CuPt+Cou+ ph(z), zeRY, 31)
L
uEHl(RN), u > 0in RY,
where, as before, C; > 0, Cy € [0,1) are some constants which are given by f5), p > 2.
We will first prove that there exists a constant pu* > 0 and p* < oo, such that problem
(3.1),, has a minimal solution if 4 € (0, x*] and no solution for (3.1) if © > p*.

Using the theorem 2.7, we can get the following corollary.

Corollary 3.1. Suppose h) holds. Then there exists a positive constant i* < 400 such
that problem (3.1),, possesses a minimal solution if p € (0, *) and there is no solution
for (3.1), if p > p*. Forp < ]\2,—1172 when N > 3, then problem (3.1), possesses only one
solution if p = p*

Proof. Suppose u () to be a solution of (2.14),. Denote w (z) = Mu (ax) with positive
M, o be determined later. Then

0=—Autu—u’ —vh(z)

IR BN 1
BT R Ve Vi

wP™ — vh (z).

D=

_1
Thus —Aw—i—oﬂw—Mﬁng—l_yoﬁMh () = 0. Taking a = (1 — Cy)?, M = <%)p—2’

we have

—Aw+(1-Cy)w=Cruw” ' +v(1—C) (1802)p_2h(x).
1
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Denote u* = v* (1 — Cy) (1_0102

0 < p < ii*. Then the conclusion follows from Theorem 2.7 and Corollary 2.8. O

)ﬁ > 0. We deduce that w () is a solution of (3.1), if

Now we are ready to prove the existence of the minimal solutions.

Lemma 3.2. Suppose f1), f2) and h). Then there exists a positive constant p* < +oo

such that problem (1.1),, possesses a minimal solution for p € (0, u*).

Proof. From Corollary 2.1, problem (3.1), has a minimal solution @, if 1 € (0, i*). By f5)
@, must be a supersolution of (1.1),. On the other hand, u = 0 is a subsolution of (1.1),,.
Thus by the standard barrier method, (1.1), has a solution u, such that 0 < u, < @,.
(See [GE].) Since h (z) > 0 and h (z) £0 we conclude that u,, > 0 in RY by the maximum
principle. Set

p* =sup{p > 0] (1.1), possesses at least one solution} . (3.2)

We have p* > i* > 0. For any p € (0, 1*), by (3.2) we can find a 1 € (u, p*) such that

(1.1); has a solution u; and
— Dug+up — f(z,up) — ph(z) = (B —p) h(z) = 0.

Thus @ = uy; is a supersolution of (1.1),. From h(z) > 0, h(z) /A0 and f (z,0) =0
we deduce u = 0 is a subsolution of (1.1), for all 4 > 0. Again by the standard barrier
method as in the proof of Lemma 2.2, we can obtain a solution u, of (1.1), such that
0 < u, < ug. Since u, can be derived by an iteration scheme with initial value u ) = 0,
w,, is a minimal solution of (1.1),, it > p, and h (x) > 0, h (x) £E0, the maximum principle

implies that
0<u, <ug ifpg>p. (3.3)
Furthermore,
/ \Vuu|2+uidx:/ f(a:,uu)uudxjtu/ h(x)u, dx
RN RN RN
< f(x,uﬁ)uﬁda:—i—ﬂ/ h (z) u; dz
RN RN

:/ Vusl? + fug? de < +oo. 0
RN
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Lemma 3.3. If f;)f5) hold with p < ]\2,—1172 if N > 3, then the minimization problem

M = inf { [ Vel (= g e v e i (@),
RN

[ ) - f@oytd =1} @
RN

can be achieved by some vy > 0, and furthermore, Ay > 1, where u,, is the minimal solution
of (1.1), with p € (0, u*).

Proof. Notice that f,, (z,0) < Cy € [0,1), [on (VolP4+(1 = f (x,0)) 02 > (1—Ch) ]|UH§{;(RN).
It is easy to see that \; < +oc. Let {v,} C H' (RN ) be a minimizing sequence of A,
that is,

/ (! (@) — f (2,0)) 02 = 1, / Ton? + (1= 11 (2,0)) 02 — A,
RN RN

and {v,} is bounded in H' (RY). Without loss of generality (at least by choosing a

subsequence) we can assume, for some vy € H' (RN ), that
Uy, — Vg weakly in H' (RN) as n — 00,
Uy, — Vg a.e. in RY as n — 00.

Hence

/ \VUO|2 + (1= f! (2,0) v < li_mn_)oo/ |VUO\2 + (1= f/(2,0))v2dr = )\, (3.5)
RN

RN

To prove that vy achieves A1, it suffices to show that

[ ) = £ w0y = 1. (3:5)

For this purpose, we need some estimates of f (x,t). By f5), for any € > 0 we can find

C. > 0 such that

" (w,t) <et P+ Cr!
fu @ 1) forz € RY, ¢ >0, (3.7)

fo (@, t) < elnt + =
where 0 < ¢ < ﬁ. Consequently, there is a constant C' > 0 such that

fi(e,t) <Ct? forx € RN ¢ > 1. (3.8)
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From (3.7) and (3.8) we deduce that for any € > 0, there exists C. > 0 such that
|fi(z,t) — fl(2,0)| <e+Ct?  forallz € RN ¢t >0 (3.9)
For any fixed R > 0, let Bg = {z € RY | |z| < R}. We have
[ Vi) = £2@,0) (= o) da (3.10)
RN
< [ 1) = £ @0l o =l da
Br
U ) = £ w0~ wf da
RN\Br

§/ (e + Cul) \vn—vo\2—|—/ (e + Cul) [un — vo|? da
Bpr RN\BR
= 2
q+ q+
</ uz—l—Q) </ |Un _U0|q+2)
Br Br
it e
L) (o) ]
RN\BR RN\BR

2N
N-22

HY (RN). Taking n — oo, then R — oo and finally ¢ — 07 we deduce (3.6). Therefore,

ge/ [vn — vol” da + C.
RN

Since v, — vy strongly in L®(Bg) for 2 < s < {vn} is a bounded sequence in

vg achieves ;. Clearly |vg| also achieves )\;. Hence we may assume vg > 0 in RY and v

satisfies

—Avg+ (1= f, (2,0)vo = i (f, (2,0,) = [ (2,0)) vo. (3.11)

Once again, by the maximum principle for weak solutions we deduce that vy > 0 in RV,

We will now prove that A\; > 1. By the definition of u, we obtain for any p; < ps

- A (uuz - uul) + (UMQ - u#l) = f (x>ull2) - f (x’ulf«l) + (MQ - :ul) h(%’) (3'12)

> fQIL (x>uli1) (UMQ - uul) + (MZ - :ul) h (.CE)
Multiplying (3.12) by vy and integrating it over RY, we get

\% (UMQ - u#l) vUO + (UMQ - uul) Vo dr > lea (x> uul) (UMQ - uul) (313)
RN RN
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By (3.11) we have

on Vv (um - um) Vo + (um - um) Vo

:)\1/ (fQIL (xauuz)_f; (.CE,O)) (uuz _uul)UO+ f; (.CE,O) (uuz _UMI)UO' (314)
RN RN

By (3.13) and (3.14) we deduce that

M [ ) = £ 00)) (s = )

which implies that \; > 1.
By the fact that A\; > 1 we have

/R Vo + (- £, 0) 07 dr > / @) — [ (@ 0) P de  (3.15)

RN
for all v € H! (RN). O

Lemma 3.4. The problem (1.1), has no solution if j > o, where py is some positive

constant.

Proof. Let u be a positive solution of (1.1), and

N—-2

w. = (N(N—2)e) & <L> .

€+ |x\2

Then for any € > 0

— Auww? Fuw? = f(z,u)w? = f(z,u)w? + ph(z)w? . (3.16)

€ £

From f;) we may conclude that for any M > 0 there exists a constant C' > 0 such that
f(z,u) > Mu—C for all u > 0 and = € R”. (3.17)

It follows from (3.16), (3.17) that

€

— Auw? dr + /

RN RN

uw? dx > / (Mu—C)w? + ph(z)w?") da. (3.18)
RN
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Next we claim that
Auw? dr = / uNw? de. (3.19)
RN RN
In fact, for any R > 0, letting B (R) be a ball of radius R, we have

Auw? dx — / u A w? de
B(R) B(R)

o
:/ (@wf* _ 9w u) as
OB(R) on on

<w? (R)/ Vu| dS + |Vw?
OB(R)

) [ 145
:o(R—2N)/ (IVu| +u) dS

dB(R)
(/ |Vu|? dS) +(/ qus) ]
dB(R) dB(R)
:0(3-%) </ ok dS) +</ qus) .
OB(R) dB(R)

Then from the fact that v € H! (]RN ) we see that the right-hand side approaches 0 on a

N—-1

<ORMRT

sequence of radii R; — oo.

From (3.18), (3.19) we get
,u/ h(z)w? dx (3.20)
RN

§—/ uAw? dv — M w? udr + C wf*dx—l—/ w? udx
RN RN RN

RN

* A 2* *
:C/ w? dx—l—/ (1—]\/[— wf)wfudx.
RN RN w?

From the definition of w., we get

Awg* o A (5+ ‘x|2)_N o 2\ —2 2 N
o i) =2N (N +2) (e + |z]) <|x\ ——NHe)
N2 (2 _ _on2.-1
> 2N (N +2) (e +0°) (0 N+25) 2N

So (3.20) becomes

,u/ h(x)wf*dxﬁ(?/ wg*dx+(2N25_l+1—M)/ w? uda.
RN RN

RN
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If we choose M = 2N2c~! + 1, then by using the fact that

2N

/ |Vw5\2dx:/ wldr =S
RN RN

w2

we have

C. f ~w? dr C.S%
< . f R £ — . f € — .
H=20 { Jan b (z) w¥ dx} 0 { Jon b (z) w? dz H2

If f(z,u) =uP"! we give the expression of C.. From (3.17), the constant C' must satisfy

C>Mu—u*" (3.21)

1

Letting h (u) = Mu — f (x,u) for p = 2* — 1, it is easy to verify that u = <%> " is the
unique critical point which is a maximum of A (u). From A (0) = 0 and h(u) — —o0 as

u — 400 we have

So we can take

C =C.=suph(u)

u>0

4 (@N%ZH ) (N=2)\ ¢
_N—Q( (N +2) ) ’

then C' satisfies (3.21). O
From Lemma 3.2 and Lemma 3.4 we have

Corollary 3.5. Suppose f,), f2) and h) Then p* is bounded and there is no solution for
problem (1.1), if p > p*, where p* is given by (3.2).

Proof of Theorem 1.1. From Lemma 3.2 and Corollary 3.5 we only need to prove that

problem (1.1),~ possesses a unique solution.
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Now we prove that (1.1), has a unique solution if = p*. Hence for the rest of this

section we will assume that p € (2, %} We shall use Lemma 3.6-3.7. The proofs of

Lemma 3.6 and Lemma 3.7 will be given later. From Lemma 3.3 we have

/ (\Vu“|2 +u),) d — fo (@, u,) doz >0,
RN RN

and also we have

/RN (IVu]* + ) do —

By using f3) we have

f(x,uu)uudx—u/ h (z)u, dz = 0.

RN RN
/ (|Vuu\2 +u) do = / f(z,u,)u,de —|—,u/ h(z)u, dz
RN RN RN

<« f;(x,u“)uidx—,u/ h (z)u, dz
RN RN
1

<—/'uv%F+@>m+ﬂwmm1MAm
« RN

1 op 2 W
< (5 4% ) Il + 0l
for any 6 > 0. Since o > 1 we can obtain that
[wnll gy vy < € < 400

for all p € (0, %) by taking § small enough. Since because of (3.3) the solution u, is

monotone increasing with respect to p, we may suppose that

Uy — Uy weakly in H' (RN) as i — p*,

and hence u,~ is a solution of (1.1),- if p € (2, ]\2,—1172} The uniqueness of u,- is obtained

by Lemma 3.7. O

Lemma 3.6. Suppose f1), f3) with p < ]\2,—]_\[2 if N > 3. Assume that u, is a solution of
(1.1), for which A\; > 1. Then for any g (z) € H~* (RY), the problem

—Aw+w = f (z,u,)w+ g () we H' (RY) (3.22),

has a solution (here we suppose ug = 0), where Ay is the first eigenvalue given by (3.4).
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Proof. Consider the functional

@(w):%/RN (|Vw|2+w2) dx—%/RNfé(x,uu)w2dx—/g(x)wdx,

w € H' (RY). From (3.15), Holder’s inequality and Young’s inequality we have

P =5 [ (el + (1= fie.0)?) de
-5 [ W) = w0y utde— [ g wds
>5[ (VP + (= f @ 0)e?) da
_2_11 [ (Vul + (1= fe0) ) dx—/g(x)wdx
> (550 ) [ 190l + 0= o) wtdo = 5l = ol

By fy) we have f/ (z,0) = lim;_ ., L2 < Tim,_o 1772 + Cy = C, for all x € RN and
1—fl(z,0) >1—Cy >0 (because Cy € (0,1)). Thus

1 1 € C.
o) 2 (555 ) [ Vel + 0= Coutdo =Sl - Flol (329

1 1 € 2 Ce 2
> | = - - - = 1 5 -1
> [2 (1 A1) (1-C) 2} lollz = =5l
> C'||g|[5-1

if we choose € small.

Let {w,} C H* (RN ) be the minimizing sequence of the variational problem
d=inf{®(w)|weH" (RY)}.

From (3.23) we have

1 1

€ 2 CE 2
S(1-=2)a-cy) =S <D (wy) + = lgl%
5 (1m %) 0o = 5| e < @ o) + 5 1ol

C.
<d+ gl +o(1)  asn— oo
By A > 1 and C; € (0,1) we deduce that {w,} is bounded in H' (R") if we choose ¢
small. So we may suppose that
Wy, — W weakly in H'! (RN) as n — 00,

Wy, — W a.e. in RV as n — 00.
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By Fatou’s lemma
2 . 2
||wHH1(RN) <lim, ||wn||H1(RN) :
We now prove that

/RN (f (z,u,) — £ (2,0)) (w, — w)* dz — 0 as n — oQ. (3.24)

In fact, by (3.9), for any € > 0, R > 0, we have
[ ) = .00 () d
< [ () = £ 0) (w0 da
Br(0)
s ) £ 0) (- ) da
RN\ B(0)

< / (e + Cou) (wy, — w)? dx + / (e + Coul) (wn, — w)® dx
Br(0)

RN\Bpg

9 2
q+2 q+2
()™ (] et )
Br Br

Se/ lw, + w|? dz + C.
RN

q 2
= =
+ C. (/ ufo) </ |V, — Uo‘q+2) .
RN\BR RN\BR
Since w, — w strongly in L* (Bg) for 2 < s < 2% and {w,} is a bounded sequence in

HY (RN), taking n — oo, then R — oo, and finally ¢ — 0T, we deduce our claim.

From (3.24) and the definition of weak convergence we can easily deduce that

/RN () — f (2,0 w de — | (f! (2, w) — ' (&, 0)) w? da

Java— [
as n — o0o. Thus

(IJ(w):%/\Vw\2+w2dx—%/f;(x,uu)dex—/g(x)wdx

1 1
< ili_mn_)oo/\wa +w? dr — 3 lim [ f (2, u,)w?de

n—oo

and

— lim [ g(x)w,dz

=lim, . (w,) =d = inf ¢ (w),

weH!
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and hence

which gives that w is a solution of (3.22),,. O

Lemma 3.7. Let p € (2, ]3—]_\[2} and let u,~ be a solution of (1.1),- Then problem (1.1),

has its first eigenvalue Ay (u*) = 1. Moreover, the solution u,- is unique.
Proof. Define

F:Rx H'(RY) — H ' (RY)

F(pu)=Au—u+ f(z,u’) + ph(x).

Since Ay () > 1 for p € (0,p*) at w,, it follows that A\ (p*) > 1. If A\ (p*) > 1,
the equation F, (u*,u,-)¢ = 0 has no nontrivial solution. From Lemma 3.6, F' maps
R x H' (RY) onto H~' (RY). Applying the implicit function theorem to F we can
find a neighborhood (u* — 6, u* +6) of p* such that (1.1), possesses a solution wu, if
€ (u* — o, u* + ). This is contradictory to the definition of u*.

Next, we prove that u, is unique. In fact, if problem (1.1), has another solution,

Uy > uys. Set w = Uy — uy-. Then we have
—Aw+w=f(x,w+u,)— f(r,u,x), w > 0in RV, (3.25)
By A1 (u*) = 1 it follows that the problem

_A¢+¢:f;(x>uu*)¢> ¢€Hl (RN) (326)

possesses a positive solution ¢;.
Multiplying (3.25) by ¢; and (3.26) by w, integrating, and subtracting, we deduce
that

0= [ [Flowtue) = @) = fileue) ul o do
RN

1

= 5 fé’ (%fu) 7«U2¢1 dz,
RN

where £ € (u,~,u,» +w). By the assumption f;) we get that w = 0. O
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4 The existence of the second solution

In this section we will prove that problem (1.1), possesses a second positive solution
U, > u,. First we will use Lemma 3.4 to prove that the minimal solution u, is also a

local minimizer of I (u) for p € (0, p*).

Lemma 4.1. If f3), ;) hold and pn € (0, %), p € (2, o 2) if N > 3, then u, is a local

manimizer of I, that is, there exists an €y > 0 such that
I (u,+v)>1(u,) for allve H' (RY), |Jv]| < &o. (4.1)
In particular, we can find a suitable n > 0 such that
I +v) > T(w)+n  for o]l = 2o, (4.2)
Proof. For every v € H* (RN), we have, using the fact that v, is a solution of (1.1),,,
1 o 1, 0o
I(uy,+v)==|lul”+ = |vl|” + Vu,Vu + u,vde
2 2 RN
—/ F(z,u,+v) dx—,u/ h(w)uuda:—u/ h(x)vdz
RN RN RN
1
=1 (u,)+ = HUH2 — /N (F(x,uy+v)— F(zr,u,) — f(z,u,)v) do
R
T+ [ 9o+ (0= £ w0) o da
1
/ ( z,u, +v) — F(x,u,) — f(z,u,)v— éf;($,0)1)2) dx

I (uw,) + (1——)/RN\VU\2+(1—f;(x,O))U2dx

+— |V | + (1 — f!(x,0)v* dz
2\

—/ (F(x,uu—i-v) — F(z,u,) — f(z,u,)v— %f;(x,O)UQ) dx,
RN

where A; > 11is given by Lemma 3.3. From f5) and Lemma 3.3 we can deduce 1—f/, (z,0) >

1—C5 >0 and

[V R w0 dez [ (f ) - FG0) o do
RN

)\1 RN
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Thus
)‘1 —1 2 1 / / 2
I(u, +v)>1(u,)+ (1—Cy) v+ = (fo (@,u,) — fo (2,0)) v dz
2, 2 Jon
—/ <F(x,u“ +v) = F(z,u,) — f(x,u,)v— %f; (x,O)v2) dx
RN
-1
= 1)+ 2 (0= ) ol
—/ <F(x,u“ +v) = F(z,u,) — f(x,u,)v— %f; (x,u“)1)2> dx
RN
)\
— () + 2L (1= ) of?
/ / (x,up+s) — f(x,u,)) dsdr + E / fh (2, u,)v* da.
RN 2 RN
Noticing that f/ (x,t) > 0 for x € RV, t > 0, we have
f(z,u,) — f(x,u,—s) < f(z,u,+s)— f(z,u,) forz € RY, s> 0.
Therefore,
[ ] G~ s @) dsda (43)
BN Jo
|v]
<[ [ Geuts) - 1) dsd.
BN Jo
Thus
A —1
Iuy +0) 2 1 (uy) + (1= Ca) o] (4.4)

2\

/RN/W/ (T, uy +t) = f, (z,u,)) dtdsdx

=1 (uy) T (1 — Cy) |lo]|* — L.

2)\

To estimate I; we consider the following two cases:



4 THE EXISTENCE OF THE SECOND SOLUTION 25

(i) If 0 <t < wy,, then by (3.7), for any € > 0, there exists C. > 0 such that

fzi (337“# +1t) — fzi (x>uu) = fz/; (337“# +0t)t

t
<eg

C. 0t ¢+
- uu+«9t+ (up +61)

€+ C’gug_lt if g > 1,

€+ C’Eufj‘st‘s for some 0 < 9§ < ¢ if ¢ < 1.

(ii) If ¢ > w,, from the fact that f/(z,s) >0 for all z € RN, s > 0, we have

/uu-i-t
u

n

i (x,s) ds < /2t 7 (x,s) ds.
0

By (3.8) and f/ (x,0) > 0 (since f/ (z,0) = lim;_g+ L2 > 0), for any & > 0 there
exists C; > 0 such that

fllL (x>uu +t) - fz/L (x>uu) < fz/L ('T? 2t> - fz/L (.2?,0) < fz/L (x>2t)
<eln(2t) + C.t1

<e+ Ol

So, in all cases, for any e > 0, there exists C. > 0,0 <d <qifg<1,d=1if¢>1,
such that

fo (@ u, + 1) = fi(w,u,) < e+ C, (ul ™ + 1) (4.5)

By the Sobolev’s inequality and the Holder’s inequality we have

B lvo| s
I < 5/ v? 4 C’a/ / / (uZ‘%é —i—tq) dtdsdzx (4.6)
RN gy Jo Jo
B ]
< Ce/ \Vol® + v? dz + C’e/ / (ufj‘ssp”S + ) ds dx
RN &N Jo
<Celol? + Q/ ut=3 o[ 4 o] 2 da
RN
2 .~ 511245 2
< Ce ol + €, (I 101285 + o)

2 2 -0 246 A 2
< Ce [lvl” + C luulls 1017 + Cc ol 7.
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Thus for any € > 0, there exists C. > 0 such that

I (u, +v)

A —1 _
> 1)+ (St (1= Ca) = e ) ol = Co ™ o™ = Gl (47

Taking €y small enough so that ’\21/\_11 (1—-Cy) —Ce > )\41>\_11 (1 — Cy) we have

A —1
4\

I (uy + ) 2 1 (uy) + (1=Co)|lol*  for [v] < <o, (4.8)
from which we deduce (4.1) and (4.2) for suitable n > 0. O

Now we introduce the problem at infinity of (1.1),,

—Au+u=f(u), zeRY,

(4.9)
ue H' (RY).
Define
I (u) = 1/ \Vul? + u? d —/ F (u) dx, (4.10)
2 RN RN

where F'(u) = [ f (s) ds, and

§° = inf {100 ()

ue H (RY), u £0, / \Vul® + u? do = f(u)udx}. (4.11)

It is known [BC], [L1] that there exists a positive solution (ground state) wq of (4.9) such
that S = I*° (wy). It is easy to verify that

sup I (twg) = S*. (4.12)
>0

Lemma 4.2. If f;)14), fs) hold and u,, is the minimal solution of (1.1),,, then there exists
to > 0 such that

i) I (uy, +tw) < I (u,) for allt > to,

i) supgso I (v, + twy) < I (u,) +5%.
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Proof. By the definition of I (u), we have

I (u, + twy) (4.13)

1 t2
=5 /RN Vupl* + |u,|* do + 3 /RN Vwp|” + w2 d + t - Vu, Vwy + u,wo d

—/ F(x,uu—i-two)dx—u/ huu—,ut/ hwq dx
RN RN

) 1% (two)

I(u
/ (z,u, + twy) — F (z,u,) — F (twy) — tf (z,u,) wodz

< I (uy,)+ I (twy) /RN/ f(z,u,+s)— f(x,s)— f(z,u,)) dsdz,

because fg) and v, is a solution of (1.1),. From f3) and f), we have

[ty +t2) > fx,t1) + f(2,t2)

(4.14)
f (xatl + t?) §é f (x7t1) + f (ZE,tg)
for all z € RN, ¢;,t, > 0. By applying (4.14) to (4.13) we obtain
I (uy, + two) < I (u,)~+ I (twy) .
By fg), I*° (twy) — —o0 as t — 400 and consequently i) holds.
From i) we know that
sup I (u, + twg) < sup I (u, + twp) (4.15)

t>0 t<to

for some to > 0. By the continuity of I (u, + twy) as a function of ¢ > 0, we can find

some t; € (0,1p) such that

sup 1 (u, + twy) < I (u,)+ S*. (4.16)
0<t<ty

Thus, to prove ii), we only need to show that

sup I (u, + twy) < I (u,)+ 5. (4.17)

t1<t<to
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To this end, let us go back to (4.13). We have

sup I (u, + twy) (4.18)
t1<t<to
two
<I(u,)+ 8% — inf / / (f(x,u,+s)— f(x,s) = f(z,u,)) dsdz
t1<t<to Jpn Jo
< I (u,)+ 5.
Therefore ii) holds. 0

We say that {u,} C H' (R") is a (PS) sequence if I (u,) is bounded and
I'(u,) — 0  in H ' (RY) asn — oo.
The following theorem provides a precise description for the (PS) sequence of I.

Theorem B. Assume that f)fs) hold, and {u,} is a (PS) sequence for I. Then there
is a subsequence of {u,} (still denoted by {u,}) such that there exist an integer m > 0,
sequences {zi} C RN for1 <i <m, a solution U, of (1.1), and solutions u’ (1 <i < m)

of (4.9) satisfying

u, — U, weakly in H' (RN) as n — 0o, (4.19)
I (up) — T(U)+ Y I (u'), (4.20)
i=1

Uy — (UM+2m:ui (a:—x’n))" —0 as n — 00, (4.21)

i @ J ] ]
}xn‘—>—i—oo, xn—xn‘—H)O for1<i#j<m asn— oo,

where we agree that in the case m = 0, the above holds without u', {z!}.

Proof. This result can be proved by the arguments in [ZC] (see also, for example, [L1],
[BC]). O

Proof of Theorem 1.2. We will use the mountain pass lemma without the (PS) condition

in [BN] to obtain the existence of the second positive solution. For this purpose, fix t,
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large enough so that i) in Lemma 4.2 holds for [[towo|| > €y, where g is chosen as in

Lemma 4.1. Let u, be the minimal solution. Set

I={veC(0,1],H (RY)) | v(0)=wuu, v(1)=towy+u,}, (4.22)
c= zllrellf‘ il[tpl]l(y (s)) - (4.23)

It follows from Lemma 4.1 and Lemma 4.2 that
n+1(u,) <c<I(u,)+ 5. (4.24)

From the conclusions of Lemma 4.1 and Lemma 4.2, using the mountain pass lemma in

[BN] we can obtain a sequence {u,} C H' (R") such that
I(u,) —c  asn— oo,
I'(u,) — 0  in H(RY) asn — oo.

Thus, by Theorem B, there exist a subsequence (still denoted by {u,}), an integer m > 0,
sequences {z/,} in RY (1 <i < m), and a solution U, of (1.1), and solutions u’ (1 <i <

m) of (4.9) (if m > 1) such that

n—oo

c= lim I (u,)=1(U,)+ Xm: I (u'), (4.25)

m
Up, — U, — g u (z—x))
i=1

We will show that U, is a solution of (1.1), different from the minimal solution u,,.

‘ —0 as n — 00. (4.26)

Since u, is minimal, U, > w, everywhere or U, = w,. Indeed, if U, = u, then either
c>1I(u,)+ S (m>1)orc=1(u,) (m=0). Both cases contradict I (u,) < ¢ <
I (u,)+ 5.

Let u~ = min {0, u}. From the fact that U, solves (1.1), and Remark 1.4

LU )U dze = 0.
/RN f (x u) p &
We obtain
/ VUL + (UL | = / h(z)U,; <0.
RN RN
Thus U, > 0. By the maximum principle for weak solutions we have U, > 0 in RY. Hence

we have completed the proof of Theorem 1.2. O
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