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1 Introduction

In our recent paper [DLZ], we considered the existence of two solutions for nonhomoge-

neous problem

—ANu+u=f(z,u)+uph(z), xRN
(1),
u e H (RN) ,
with A (z) € L (RV) N H~' (RY) and > 0. Under the assumptions of

f1) f(z,u) € C*((0,00),R") with respect to u;
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f,) there exist C; > 0, Cy € (0,1) such that |f (z,t)] < Cy [t|’~" + Cyt for z € RV,
t € (0,00) and lim; . f(f’t) = +o0 uniformly for x € RY where 2 < p < 400 and
N > 2;

f3) there exists a constant « € (0,1) such that atf] (x,t) > f(x,t) > 0 for all z € RY
€ (0, o0).

and
h) h(z) € L*(RY) N HYRYN), h(z) >0, h(z) £ 0 in RY and limj,—o h(z) = 0.

we have got the following result:

Theorem 1.1. If 1), f3), f3) and h) hold, then there exists a positive constant u* < +oo
such that problem (1.1), has at least one minimal positive solution u,, if p € (0, ") and
there are no solutions for (1.1), if p > p*; furthermore, uu 18 increasz’ng with respect to

p € (0, u*] and there is a unique solution for (1.1),- if p < 7= when N > 3.

Defining the variational functional of (1.1), by

I(u):%/RN (IVul* + u?) dx—/RNF(x,u) dx—u/RNh(a:)uda:,

where F' (z,u) fo ) dt, we also have the next theorem.

Theorem 1.2. If in addition to f;), and f3) with p < 3= sz > 3 we suppose

f) f(x, ) € C?(0,+00), 2 at2 I>0forz eRN, t>0,

f5) limy_o+ ¢t - = 0 uniformly for x € RN, t > 0, hmt_)Oo ti-a mf < C' uniformly

8t2

for x € RN where C > 0 is some constant and 0 < q < N 55

fo) limy, oo f (z,t) = f(t) uniformly for bounded t > 0 and f(x,t) > f(t) for all
x € RY,

then problem (1.1), has at least two positive solutions w,, U, with u, < U, if p € (0, u*)

and w,, is a local minimiser of I (u).
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In this paper, we will continue to discuss the existence and bifurcation of multiple
solutions for problem (1.1), for the subcritical case. We will also give a result about the
uniqueness of the positive solution of problem (1.1),, for the critical case and supercritical
case. For simplicity, we suppose that f(x, u) = f(u) to be independent of x throughtout

this paper. More precisely, we will consider the inhomogeneous elliptic problem:
—ANu+u=f(u)+ph(z) inRY,
ue H (RN ) ,

under the assumptions:

I) f(t) € C'(—o0, oo) with f/(0) € [0, 1); f(t) £ 0; f(¢) is odd and there exists a
constant o € (0, 1) such that at?f’ (t) > f(¢t)t > 0 for all t € (—o0, 00).

) f(t) € C*(0,400), f"(t) > 0forallt > 0and lim;_o+ tf"(¢) = 0, lim_oo ' 79 f"(t) <
CforsomeconstantsC>Oand0<q<ﬁifN23;O<q<ooifN:2.

IIT) There exists a positive constant B such that

— B as u— oo,

where 2 <p < 400 if N=2and 2 <p < 2L if N > 3.
IV) For any given 3y > 3 there exists a constant Cy = Cy(3y) > 1 such that

—Du<0, forO<u<f
Co(f(u) —u) — (f'(u) —1)u>0, foru>fy
where (3 is the unique zero point of f(u) —u in (0, o).
Our main results are as follows.
Theorem 1.3. Suppose I) — IV') and h). Then there exists a positive constant p, < u*
such that (1.2),, has at least three solutions if i € (0, i), and two of them are positive.

Theorem 1.4. Suppose 1)-IV), and h), moreover, h(z) € C* (RY) N L? (RY). Then
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(i) The set of solutions
U={ue HRY) | uisa solution of (1.2),} (1.3)
is bounded uniformly in L= (RY).
(ii) wu, is continuous and increasing with respect to p if p € (0, w*) for all v € RV,
(iil) (p*, upe) is in C**(RY) N H*(RY) and is a bifurcation point for (1.2), and
u, — 0 in C**(RY)NH*(RY) as p— 0,
U, — Uy in C**RY)NH*RY) as p— 0.

Where Uy is the unique positive solution of (1.2)g, u, is the minimal solution of

(1.2), and U, is the second solution of (1.2),, constructed in Theorem 1.2.
(iv) For any ¢ > 0, there exist C, R > 0 such that

Un(@) =, (2) < Cexp (= (L= f/(0) = 8) [¢)  for |o] > R.

However when h satisfies the following (1.4) we obtain the following uniqueness result.

Theorem 1.5. Let N > 6, h(z) € L*(RY) N C*(RY), 55./'(t) — uf”(t) < 0 and f"(t)
18 nonincreasing and suppose additionally that

Ooh
8xi

Then there exists a constant pu.. > 0 such that (1.1), has only one solution, namely the

x; <0 and h(zy, ...,z ..;xy) = h(z1, .oy =24, . xy) for i=1, 2, ..., N. (14)

minimal solution if p € (0, flax)-

Corollary 1.6. Suppose N > 6, 22 < p; < 3 fori = 1,2,..,m and (1.4). Then
problem (1.1), has a unique positive solution if f(u) =Y _7", c;uPi and p is small, where

c; are some positive constants.

Remark 1.7. If we assume that the conditions I), I7) hold, the condition V') is equiv-
alent to the following condition (see [KZ], [CD]):

IV)" The function G(u) = % is nonincreasing in (3, +00) and converges to a
finite limit G* > 1 as u — 4o00; G(u) < G* in [0, f].
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Remark 1.8. From the assumptions I), I7) and IV'), we can conclude the uniqueness
of positive solution of (1.2)y (see [KZ], [CD]).

Remark 1.9. By using the assumptions [), I1) and I1]) we can easily deduce the as-
sumptions fi) — fs with p =g+ 2, C; = B+¢, Cy = f/(0).

We shall organize this paper as follows. In §2 some preliminary results are given
including the study of the linearized eigenvalue problems associated with the minimum
solutions described in Theorem 1.1. In §3 we prove Theorem 1.3 by the implicit function
theorem. In §4 we prove Theorem 1.4 by a bifurcation theorem [CR]. Finally, we prove

Theorem 1.5 by using an improved Pohozaev identity and moving plan technique in §5.

2  Preliminary Lemmas

In this section, we give some Lemmas which will be used in the proof of our main results.

Lemma 2.1. If I)-II) and h) hold, then the minimization problem

A = mf{/RN Vol + (1 — f'(0)) v?

ve B (RY),

[ 7w - roptar=1} e

can be achieved by some vy > 0, and furthermore, Ay > 1, where u,, is the minimal solution

of (1.2), with € (0, p*).
Proof. Notice that f'(0) € [0,1), fon [Vv[*+ (1 = £/ (0))v% > (1 — /(0)) ”U”?{J(RN)' It is
easy to see that \; < +o00. Let {v,} C H! (RN) be a minimizing sequence of A\, that is,
[ = ronede =1 [ (e ) —
RN RN

and {v,} is bounded in H' (RY). Without loss of generality (at least by choosing a

subsequence) we can assume, for some vy € H' (RN ), that

Vp — Vg weakly in H! (]RN) as n — 00,

U — Vo a.e. in RY as n — 00.
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Hence
/RN IVuol? 4+ (1 — f(0)) v2dz < lim o /RN Vuol> + (1 — f/(0) 02 de = A (2.2)
To prove that vy achieves Ay, it suffices to show that
[ )= g1 (2.3

For this purpose, we need some estimates of f (t). By II), for any ¢ > 0 we can find

C. > 0 such that
") <et P+ O >0, (2.4)
where 0 < ¢ < ﬁ. Consequently, there is a constant C' > 0 such that
ffit)y<ctr  forz e RY t>1. (2.5)
From (2.4) and (2.5) we deduce that for any € > 0, there exists C. > 0 such that
lf ) —f(0)] <e+Ct? foralt>0 (2.6)
For any fixed R > 0, let Bg = {z € RY | |2| < R}. We have
L7 ) = 1 o = vl d 1)
RN
< [ 17 ) = 7 Ol low = ol d
Br
O A B Ol
RN\Br

< / (e + Couf) |vn—vo\2dx+/ (e + Ceul) |oy, — |’ dz
Br R

N\Br

= arz
</ uZ+2dx) </ v, — vo|q+2 dx)
Br Br

Se/ [vn — vo|? dx + C.
RN

_a_ 2
q+2 q+2
+C. (/ uZ*de) </ [Un — 0|72 dx) .
RN\ Bp RN\Bpr
Since v, — vy strongly in L*(Bg) for 2 < s < 2. {v,} is a bounded sequence in

H' (R"). Taking n — oo, then R — oo and finally € — 07 we deduce (2.3). Therefore,
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vg achieves \;. Clearly |vg| also achieves ;. Hence we may assume vy > 0 in RY and vy

satisfies

— Ao+ (1= f1(0)) vo = Ay (f (w,) = f(0) wo. (2.8)

Once again, by the maximum principle for weak solutions we deduce that vy > 0 in RV,

We will now prove that A\; > 1. By the definition of u, we obtain for any p; < po
— A (Upy — Uy ) + (U —upy) = f(up,) — f () + (2 — 1) h(x) (2.9)
> [ () (U, = ) + (g2 = pa) b ().
Multiplying (2.9) by vy and integrating it over RY, we get
V (upy — uyy) Voo + (Up, — up, ) vo da > I (upy) (g, — wy,) da. (2.10)

RN RN
By (2.8) we have

\Y (UMQ - uul) Vg + (UMQ - uul) vodx
RN

= [ ) = £ O (e = )t + [ 70 (= ) v (21)

By (2.10) and (2.11) we deduce that

M [ ) = 100 (s = ) > [ (8 () = 7 (0)) (0 = ) v,

N

which implies that A\; > 1.
By the definition of A\; we have

[l a=ropia=n [ ()= ropta(@12)

for all v e H! (]RN). O

Lemma 2.2. Suppose I), II) and h). Assume that u, is a solution of (1.2), for which
A1 > 1 as defined in (2.1). Then for any g (z) € H! (RN), the problem

—Aw+w = f"(u,)w+ g (x) we H" (RY) (2.13),

has a solution (here we suppose ug = 0).
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Proof. Consider the functional

o) =5 [ (Ve +u?) do g [ wyutde- [g@us

w € H* (RY). From (2.12), Holder’s inequality and Young’s inequality we have

cp(w):%/R (Wl + (1 - f'(0)w?) de

25 [ (VP + (= ) o) o
o [Vl = o) utde - g wds

€ C.
[ el 0= 7 @) wtde = 5l - 5 ol

By I) we have 1 — f’(0) > 0 Thus

1 1 2 / 2 € 2 Ce 2
W) > (- - — 1— - = = — 1 2.14
= (555 ) [, 17l + 0= rO)utde =Sl - Flalfs 210

1 1 , 9 2 Ca 2
> = - — - = 1T T —1
> [2 (1 Al) (1= f'(0)) 2] lwllzr == Nlgll
> —C |gll3-

if we choose ¢ small.

Let {w,} € H' (R") be the minimizing sequence of the variational problem
d=inf{®(w)|weH" (RY)}.
From (2.14) we have
1 1 € C
— 1—— 1_ /0 - = n21<® n _6 2_1

5 (15 ) =)= 5] e < o)+ 1y

Ce 12
<dt Flgl +o()  asn— oo

By Ay > 1 and f/(0) € (0,1) we deduce that {w,} is bounded in H' (RY) if we choose &
small. So we may suppose that
Wy — W weakly in H'! (]RN) as n — 00,

Wy, — W a.e. in RY as n — 00.
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By Fatou’s lemma
ey < L e
We now prove that
/ (f (uy) = f(0) (wp —w)* dz — 0 as n — oo. (2.15)
RN
In fact, by (2.6), for any € > 0, R > 0, we have
[ 17 ) = 1 Ol = 0 da
RN
<[ ) = O - wf do
Br(0)
[ ) = O] - ol do
RN\B(0)

< / (e + Ceul) |wy — w|® da +/ (e + Ceul) |wy — w|® dx
Br(0) RN\Bp
q 2
e 3
</ uZ”d:t) </ [—ias d.iE)
B B
72 e
at a+
(/ uff%lx) </ lwy, — w|™? dx) ] :
RN\Bgr RM\Br

2N
N-2’

§5/ |wn—w\2 dx + C;
RN

+C;

Since w, — w strongly in L* (Bg) for 2 < s < and {w,} is a bounded sequence in
H! (RN), taking n — oo, then R — oo, and finally ¢ — 0, we deduce our claim.
From (2.15) and the definition of weak convergence we can easily deduce that

[ )= Oyutas— [ ()~ 7 @) utis

RN

/gwn—>/gw

and
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as n — oo. Thus
1 1
Q(w) = §/|Vw|2+w2dx—i/f/(uu)dex—/g(x)wdaz
1 1
< éh_mn—m/\wa +w? dz — 3 lim /f’ (u,,) w? dx

— lim | g(x)w,dz

=lim, ® (w,) =d = inf & (w),
weH!
and hence
¢ (w) =d,
which implies that w is a solution of (2.13),,. O

Lemma 2.3. Suppose I) — II) and h), let u,~ be a solution of (1.2),» Then problem
(1.2),+ has its first eigenvalue Ay (p*) = 1.

Proof. Define
F:Rx H' (RY) — H ' (RY)
by
F(pu)=A0u—u+f(uh)+ph(z).

Since Ay (u) > 1 for p € (0, %), it follows that A (u*) > 1. If Ay (u*) > 1, the equation
F, (#*,u,+) ¢ = 0 has no nontrivial solution. From Lemma 2.2, F maps R x H' (R")
onto H~! (RN ) Applying the implicit function theorem to F' we can find a neighborhood
(u* — 6, u* +0) of u* such that (1.2), possesses a solution u, if u € (p* — 0, * 4+ 9). This
is contradictory to the definition of p*.

O

3 The existence of the third solution

In this section, we will prove the existence of the third solution for problem (1.2), by the
implicit function theorem.

The following Lemma is a composition of the results in [GNN], [BL], [KZ] and [CD].
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Lemma 3.1. Suppose I), II) and IV'). Let Uy (x) be a ground state solution of (1.2)o.

Then Uy is unique, radially symmitric, decreasing and

Jim U(|z))e™ 2| "= = C > 0,

where m? = 1 — f'(0). Moreover, the corresponding linearized problem
- — %6’ +d— f'(Uy)d =0,
d(00) =0, 9 (0) =0,

has mo nontrivial solution.

Lemma 3.2. Let Uy be the ground state solution of (1.2)y. Then for any g (x) € H~* (RV)
the problem

—ANw+w=f (U)w+g(z), we H' (RY), (3.1)
has a solution if
—No+o=[f (U)o, oeH (RY), (3.2)
has no nontrivial solution.

Proof. In the same way as in Lemma 2.2, we can prove that the problem
—Au+u=h(x), uEHl(RN),

has a unique solution for all h(z) € H! (RN ) Thus the operator — A 41 is an isomor-
phism from H' (RV) onto H~' (RY) and the inverse (— A +1)"" exists. To prove that

(3.1) has a solution, it is sufficient to prove that
w=(=A+)" [ U)w+(=A+1) " g(z),  weH' (RY), (3.3)
has a solution. Set

T=(-A+)7 (), gile)= (- L+ g ().
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Then (3.3) becomes
w—Tw =g (), we H (RY). (3.4)

We claim that 7T is a compact operator from H* (RN ) to H! (RN ) In fact, let {u,} be a
bounded sequence in H* (RN ) and suppose that

Uy — U weakly in H' (RN) as n — 00.
Let w,, = T'u,,. Then
— N wy, +w, = [ (Uy) tn, (3.5)
and from (2.4),

/ (\an|2 +w?) do = 1" (Uo) upwy,
RN

RN
1
< max (5 InU, + —Ug) [Way |Un,
q
C
e L e

for any € > 0. Taking € = 1, we deduce that {w,} is bounded in H'! (R"). Thus we may
suppose that

w, — w  weakly in H' (R") as n — oo,
and hence
—Aw+w=f (Up)u. (3.6)
From (3.5)-(3.6) we deduce
— A (wn —w) + (wn —w) = [ (Vo) (un — u)
and
9 = ) 4w, = ) o
= [ (o) (un — u) (wn — w) dux

RN

< { () (- u)? dw} % { ' (Uo) (wy, — w)* da %

RN
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Because Uy is the ground state of (1.2), there exists a constant C' > 0 such that |Uy| < C.

By Young’s inequality we have

(1= 517 @) [ (9 =0 + (0 = w)?) da

C.
< — (o) (uy, — u)2 dx
2 Jan

for all € > 0. Taking € small enough we deduce

/RN IV (w, — w)|* 4 (w, —w)? dz

<C 1 (Uy) (uy —w)? dz

RN

=C 1 (U) (up —u)? dz+ C 1 (Uy) (up — u)* da.

le|<R je|>R

Using the exponential decay of f’ (Uj) we have that, for any € > 0, there exists an R > 0
such that f' (Up (z)) < € for all |x| > R. Thus

Jw, —w|” < C’/| . (up — u)® dz + Ce. (3.7)

By the compact Sobolev embedding, it follows, for n > ng, ng > 1 large, that

/ (up —u)? dz < e. (3.8)
|z[<R
Thus (3.7)—(3.8) and the arbitrariness of ¢ imply that
w, — W strongly in H* (]RN) as n — 00.
By the Fredholm alternative theorem we deduce our lemma. O

Proof of Theorem 1.3. We define

F:R'x H' (RY) — H ' (RY)

F(p,u) = Au—u+ f(u) + ph(x), ue H' (RY), peR" (3.9)
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It can be verified that F' is well-defined and differentiable. Let Uy (x) = Uy (r) be the

unique positive solution of (1.2)y. From Lemma 3.1, noticing that
Fu(0,Up)6 = D6 =0+ f' (Up)d, o€ H (RY),

we have that F), (0,Up) 6 = 0 has no nontrivial solution. We infer by Lemma 3.2 and the
implicit function theorem that the solutions of F' (p, u) = 0 near (0,U,) are given by a
continuous curve (u, U (p)) with U (0) = U. Thus there exists a constant u, > 0 such
that problem (1.2), has a solution Uy, if pt € (— e, pts), and U, — Up as p — 0in H' (RY).
Noticing that (—u (—p, x)) must be a solution of (1.2),, if u (—pu, z) is a solution of (1.2)_,,
we deduce that U, = —U (—pu, z) is the third solution of (1.2), with u € (0, u.). O

Remark 3.3. For i < 0, we can also get three solutions for problem (1.2),, if 1 € (=, 0),

since the solutions of (1.2), are odd with respect to p.

4 Propositions and bifurcation

Proposition 4.1. Suppose I)-III) and h). Ifu € H* (]RN), u >0, is a solution of (1.2),,,
then

(i) u(x) and |[Vu(x)| go to zero uniformly as |z| — oo;
(ii) for any e > 0, there is a constant C' > 0 such that
u(r) = Cexp((=(1+e)Clxl),  [z[=R,
for R > 0 large enough.

Proof. We adapt the argument by H. Bresis and T. Kato [BK] to deduce that u € L (R")
for ¢ large.
Letting ¢ > 1, multiplying (1.2), by u" and integrating by parts we obtain

47;(1+7;)‘2/RN

Vo z(140)

2 . . .
dx+/ 't dr = f(u)u’dx—i—u/h(a:)u’da:.
RN RN
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Because of remark 1.9 and f5), we have
f(w)u'dr < / (Crw?~" + f(0)u) u' da
RN RN
= Cl/ uP ™t d:l:+f’(0)/ u' dx
RN RN
< C’l/ uP~ "t dx + £/(0) (C/ (W™ + u?) dx)
RN RN
< 03/ uP I e 4+ 04/ u? dz.
RN RN
. p+i # . Iﬁ
/ h(z)u'dx <C </ h'v () dx) </ uP ™! dx)
RN RN RN

<Cy </ W (z) dx) - f/(O)/ uPt da.

Thus

i (1+ i)_2/ ‘Vu%(Hi)
RN

2 , .
drx < f(u)uldx%—,u*/ h(z)u'dx
RN R

N

i

SC/ (WPt +u?) dx+C’/ h%(x) dx
n R

N

SC/ (WPt +u?) de+ C
RN

Let £ > 0 be arbitrary. Then for i > 2> — (p — 1) we have
It < NS L O fort >0

2N

15

(4.1)

(4.3)

(because 7= < (p—1)+1i < i+ %) by Young’s inequality. Applying the Sobolev’s
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inequality we find

N—-2 N—-2

</RN o dx) - < </RN <u%(z‘+1)>13N2 dx)T
C 10144

2
dx

(N72)q+ 4 2N
|:u N —2 + UuN-2
RN

since u € H' (RY), where ¢ =
e >0,

/ uqda:§0</ uqu) </ u%dx)
RN RN RN

eC

+u2} dx + C)

/ u? dx) (/ uN-z dac) + C,
RN RN

NU+) - Again by Young’s inequality we have, for any

=S

C
< — wldr + — u% dz.

RN g JrN

Taking ¢ > 0 small enough, we have

1—g / uqd:ﬂﬁg u%dx
2 RN 25 RN

-1
/ u‘%lxﬁ(l—g) g/ u%dxga
RN 2 25 RN

Hence u € L7 (RY) for all ¢ > 0 large.

Obviously u satisfies the linear problem

—Nu+u=F(x)=f(u)+ ph(z), e H' (RY).

Np 2N

Choose ¢ > max {3, =5

lull 2By () < C llull Loy ey -

}. By the Holder’s inequality in B (z) we get

16
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The assumption Remark 1.9 and f;) yield

HFumu&&@»:(/‘ v<>+uhuﬂﬁm)§ (1.5)

Y]

(Cru? + f/(0)u+ p'h (z))? dx)

Y]

IA

Ba(x)

<(L.
(¢ cutsrond+n)? ao)
<C for all ¢ large enough.

It is deduced by elliptic regularity theory that u € C** (RY). By [GT, Theorem 8.24] we

have

[ull o,y < Ci

then u () — 0 as |z| — oo since u € L? (R"). By [GT, Theorem 8.32],

[ullgre(py @) < C <||U||Ca(32(z)) +|[h (x)||0B2(m)) (4.6)

(4.5)-(4.6) give |(Vu) (z)| — 0 as |v| — oo, u(z) € C& (RV).

loc

Part (ii) can be established as in [S, Proposition 4.4]. O

Proposition 4.2. Suppose I) — III) and h). Let h(z) € C*RYN) N L2(RY). Then
U C L®(RY) and U is uniformly bounded in L>®°(RY), where U is given by (1.3).

Proof. By elliptic regularity theory [GT] we can deduce that U € C?*(RY)NH?*(RY).
Suppose on the contrary that there is a sequence {u,} C U such that sup, g~ u, — +00.

Take

1
M, = sup u,(z) = up(x,), y=ax+x,, w,(r)=-—u,(azx+x,). (4.7)
zeRN M,

Where « is some constant to be determined later. Clearly, 0 < w,(z) <1 and w,(0) = 1.

Because u,, are the solutions of (1.2),, we have

Mn%Awn(x) b Myw,(x) = F(Mywn(x)) + pmh(az + ). (4.8)
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p—2
Letting o = M, * we have

Hn

—1
MP

—Awy,(z) + M*Pw,(x) = M P f(Myw,(z)) + h(ax + x,). (4.9)

From 0 < w,(z) <1 and the elliptic regularity theory we deduce that w,(x) is bounded

in C*>*(R"). So we can suppose that
Wy () — Weo in C*(RY) as n — oo,
and hence w., is a nontrivial positive solution of

—Aw = Bw” ' with lim w(x) =0 and w(0) = 1,

|| —00

which is impossible by [CG], [CL], [GS]. O

Proposition 4.3. Let u € C** (RY) be a solution of

—Au+u=f(u x) in RN
Autu=f(u)+ph(z) inRY, (4.10)

ue H' (RY), u>0in RY,

and let v € H' (RY) be a supersolution of (4.10). Recall

vE Hl(RN),/

RN

(f'(u) — f(0)v*de = 1} .
(4.11)

M () = inf {/RN Vo2 + (1 — £/(0))?da

Then:
(i) v>wif Ay (u) > 1, v=uif A\ (u) = 1.
(i) If A\ (u) <1, v(x) > u(z), v(z) Zu(z) does not hold for all x € RV,

Proof. For the case Ay (u) > 1, if the conclusion were not true, we would have the set
G={zeR", v(z) <u(zr)} # @ and meas(G) > 0. It is clear from (4.10) and the fact
that v is a supersolution of (4.10) that

—ANu+ (11— f(0)u
—Av+(1-f(0)w

(u) = f'(0)u + ph (z), (4.12)

f
f () = f(0)v + ph(z).

v
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From the convexity of f (u) with respect to u we have

—Aw—u)+ 1= f0)(v—u) = f(v)=f(u) = f(O0)(v—u) (4.13)
= [f"(u) = f(O)] (v = u) + [ (w+ O (v = u) (v~ u)”
= [f (u) = f(0)] (v —u)

for some O (x) € [0,1]. Set

—(v—u)(x), zeaq,
w@{ )@, v
0

otherwise.

Hence
—Aw+ (1= f(0)w < [f (u) = f/(0)]w,

which gives

L (el + 0= rone?) de< [ 1 @) = Outds
Thus

12/ (\Vw\+1— dx// 0)Jw? dz > A\ (u) > 1,
RN RN

a contradiction.
It is known by Proposition 4.1 that u (x) — 0 as |z| — oo, so A; (u) is attained by

some ¢; > 0 in view of Lemma 2.1. Relation (4.13) leads to

M) [ =0l @) = F O ds
:/RN—A(v—u)solﬂl—f’(o))(v_umdaj

> [ @Ol [P0 - ) - e de

RN

for some O (x) € [0,1]. So

(A () - 1) / 0l @)= P Olprdez [ 0@ —w) (0 - ) prde 2 0.

RN
(4.14)
If A\ (u) =1, (4.14) yields v = v; if Ay (u) < 1, v > u, then we infer from (4.14) that

v = u, and the conclusion follows. O
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Now we may prove

Proposition 4.4. Let u be a positive solution of (1.2),. Then u is the minimal positive
solution of (1.2), if and only if A\ (u) > 1, and the equality holds if and only if u = u,»

where w, s the unique positive solution of (1.2),.

Proof. 1t follows from Proposition 4.3 that the nonnegative solution u such that A\; (u) >
1 is unique, so if A; (u) > 1, from Lemma 2.1 w must be the minimal solution u, of
€ (0,p). If Ay (u) =1, from Lemma 2.1 we deduce u = u,-, the unique solution of

(1.2),-. 0

Proposition 4.5. Suppose I) — II), U, and u,, are the solutions of (1.1),, then for any
0 > 0, there exist C', R > 0 such that

Up(x) = up () < Cexp (= (1= f(0) =d) |z|)  for |z| > R, (4.15)
Proof. From Proposition 4.1 we have

lim (U,(z) — uu(x)) = 0.

|z|—o00

Let g = (1— f'(0) — 5)% for some 6 > 0 so that 1—f'(0)—0 > 0. Set w(x) = U,(z)—u,(x),

then w is the positive solution of
—Aw+w = flw+u,) — flu,), we HRY). (4.16)

Since w (x) — 0 as |z| — oo, by I), I1) there exists an R > 0 such that

f(w—i—u“)—f(“u)_f/(o)wZl_f/(o)_é (4.17)

W 2

1-£;(0) -

for x| > R. Let v(x) = mexp (=0 (|z| — R)), where m = max{w (z) | {z} = R} > 0.
For any M > R, set

QM)={z€Q|R<|z|] <M and w(z) >v(x)}.
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Then Q (M) is open. For any x € Q (M), we have

A —w)(x) = (82— BN —1) || ") v(x)
B [1 Cpy Tt = (O)w—f(uu)} y

<) - [1- 70 - 5w

< (1= f(0)=96) (v(z) —w(x)) <0.
By the maximum principle, we obtain, for z € Q (M),

v(z) —w(x) >min{(v—w)(x)|zecdQ(M)}
= min {0, min {(v —w) (z) | |[x| = M}}.

Since lim|y| oo w () = limy| oo v () = 0, this yields, by letting M — +oo, that
v(x) > w(z) for |z| > R,
hence (4.15) follows. O

Lemma 4.6. Let h(z) € C*(RY) N L*(RY). Then for any g(x) € C*(RYN) N L*(RY)
problem (3.13), has a solution w € C**(RN) N H2(RYN) for all p € (0, u*) (again we

suppose here ug = 0).

Proof. From Lemma 2.2 we know that (3.13), has a solution w € H'(R™). By the
assumptions on h and g, it is known from [[S]; Proposition 4.3] that w € H*(R"™). The
standard elliptic regularity theory yields w € C%*(RY). O

Similarly, we can prove that

Lemma 4.7. Let h(z) € C*(RY) N L2 RY), then for any g(x) € C*(RN) N L*(RY)
problem (3.1) has a solution w € C**(RN) N H*(RY).
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Proof of Theorem 1.4. The conclusion i) comes immediately from Proposition 4.2.

As for ii), we define

G: R x C**(RY) N HA(RY) — C*(RY) N L*(RY) (4.18)

G(p, u)=Au—u+ f(u")+ ph(zx), (4.19)

where C*¢(RY) N H*(RY) and C*(RY) N L?(RY) are endowed with the natural norms.
Then they become a Banach spaces. It can be verified that F(u, u) is differentiable.
From Lemma 4.6 and Lemma 4.7 we know that for u € (0, u*),

Gup, up)w =Lw—w+ fl( u,)w

is an isomorphism of C**(R") N H2(RY) onto C*(RY) N L*(RY). Tt follows from Implicit
Function Theorem that the solutions of G/(i1, u) = 0 near (u, u,,) are given by a continuous
curve.

Now we are going to prove that (u*, wu,~) is a bifurcation point in C%*(RY) N H*(RY)
by using an idea in [KLO]. To this end, we need the following bifurcation theorem [CR]:

Theorem F. Let X, Y be Banach spaces. Let (A\,Z) € R x X and let G be a
continuously differentiable mapping of an open neighborhood of (A, Z) into Y. Let the
null-space N (G, (), Z)) = span{zy} be one-dimensional and codimR(G,(\, 7)) = 1. Let
Ga(\, T) € R(G,(\, 7)). If Z is the complement of span{x,} in X, then the solutions of
G(\, z) = G()\, 7) near (A, 7) form a curve (A(s), z(s)) = (A +7(s), T+ sz + 2(s)),
where s — (7(s), z(s)) € R x Z is a continuously differentiable function near s = 0 and
7(0) = 7(0) = 2(0) = 2/(0) = 0.

we define G' as (4.18), (4.19). We show that at the critical point (u*, wu,-), the
Theorem F applies. Indeed, from Lemma 2.3, problem (2.1) has a solution ¢; > 0 in RY.
¢ € C22(RN)NHA(RV) it h € C*(RN)NL2(RY). Thus G(1*, up)é = 0, ¢ € C>*(RN)N
H?*(RY) has a solution ¢; > 0. This implies that N(G,(u*, u,)) = span{¢:} = 1 is one
dimensional and codimR(G,(p*, w,-)) = 1 by the Fredholm alternative. It remains to

check that G, (1", w,) € R(Gu(p*, uy)).
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By contropositive, it would imply the existence of v(z) # 0 such that
Av—v+ fi(upx)v=—h(z), veC*RY)n H*(RY)

. From G, (1*, u,-)¢1 = 0 we conclude that [,y h(x)¢idz = 0. This is impossible because
h(z) >0, h(x) # 0 and ¢;(z) > 0 in RY.

Applying Theorem F we conclude that (p*, w,+) is the bifurcation point near which,
the solutions of (1.2), form a curve (u* + 7(s), uy + s¢1 + 2(s)) with s near s = 0
and 7(0) = 7(0) = 0, 2(0) = 2/(0) = 0. We claim that 7”(0) < 0 which implies that
the bifurcation curve turns strictly to the left in (u, w) plane. Since pu = p* + 7(s),
u = uy + 5¢1 + 2(s) in

—Au+u— f(u)—ph(r) =0, u>0, uecC**RY)NH*(RY). (4.20)
Differentiate (4.20) in s twice we have
—Ntgs + gy — [ w)u? — f'( Wugs — pssh(z) = 0.
Set here s = 0 and use that 7/(0) = 0, us = ¢1(x) and v = u,+ as s = 0 we obtain

—Atgs + Uss — fir( ue )T — fh( wp)ugs + 7"(0)h(x) = 0. (4.21)

Multiplying
Gu(,u*> uu*)¢l =0

by uss, and (4.21) by ¢;, integrating and subtracting the results we obtain

P upe)dda + 7(0) / h(w)dz = 0

RN RN
which immediately gives 77(0) < 0 because f( u) > 0 for all u > 0.
Thus
u, — u in C**(RY)N H*(RY) as p — p*,
U, — uyp in CP*RY)NH*(RY) as p — p*

Using Lemma 4.6 - Lemma 4.7 and Proposition 4.2, the implicit function theorem and

the uniqueness of positive ground state solution of (1.2)y we can easily prove that

u, — 0 in C**(R™) N H*(RY) as p — 0,
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and

U, — Uy in C**(RY) N H*(RY) as yp — 0.

5 A Uniqueness Result

In this section we shall always assume that h(z) satisfies the conditions of Theorem
1.3.
We first give a Pohozaev identity. Let

g(up,u) = fu, +u) — flu,) (5.1)

G(uy,u) = /Oug(uu, s)ds (5.2)

The following Lemma can be found in [DL1]
Lemma 5.1. If u € H'(RY) is a positive solution of

—Au+u = g(uy,, u) (5.3)

then

/ |Vul*dz = N G(uy,u) — lqux + 2 oG
RN

- 2)dz. 4
N —2 Jun 2 N —2 Jun auu(v““ z)de. (54)

Lemma 5.2. Let 2 f'(t) — uf"(t) < 0 and f"(t) is nonincreasing. Then (5.3) has no
positive solutions if h(x) satisfies (1.4) and p is small enough.

Proof. 1f (5.3) possesses a positive solution u, by Lemma 5.1, u satisfies (5.4). Using (5.3)

we deduce
/R (gl ) — )z = % [ (Glu) - %uQ)dx + NQ_ - /R ) gz (Vu, - ¢)da
and hence
= /RN[%G(UW u) — ug(uy,, u) — (% — Du?ldz + . a—Z(VU ~x)dz. (5.5)
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Denote
2N N
H(uy, 1) = 7= Gluy, u) = ug(uy, u) = (7= — 1)u?
then
N +2
H) (uy,,u) = mg(uua u) = ug, (uy,u) +2(1 — N — 2)u
and
H (0 10) = 30 (1) — gy () + 2(1 = 5255)
= 75 + u) = uf"(uy +u) + 21 = £5)
= 5 f(uy +u) — (w4 w,) f(u, + w)

A, (" (e + ) = f"(wn)) + wu f"(w,) +2(1 = %)

<y f"(u) +2(1 = o)
By the assumption II) and the fact that lim, .ou, = 0 we deduce that H} (u,,u) <0
and hence H (u,,w) <0 for all u > 0 because H(u,,0) =0 and H (u,,0) = 0. Now (5.5)

becomes

oG

RN 3uu

On the other hand, by (1.4) we know from [GNN, Li, LN] that

—(Vu,, - z)dx > 0. (5.6)

(Vu, -z) < 0.

It is easy to verify that % > 0 for all u, >0, u > 0. Hence

oG
dr <
v o, —(Vu, - z)dz <0
This is contradictory to (5.6). O
Corollary 5.3. Let N > 6, p = 2= Then (5.3 ) has no solutions in H'(RY) if (1.4)

holds and p 1is small enough.

The Proof of Theorem 1.5: It follows from Theorem 1.1 and Theorem 1.4 that
(1.1), possesses a minimal solution u, if © € (0, pt.) for some positive constant pu.. If
(1.1), has another solution U, and U, # w,,, then U, > u, and v, = U, — u, > 0 must
be a solution of (5.3). Strong maximum principle implies that v, is a positive solution of

(5.3). This is contradictory to Lemma 5.2.



REFERENCES 26

References

[CD]

V. Benci and G. Cerami, Positive solutions of some nonlinear elliptic problems in

exterior domains, Arch. Rat’l. Mech. Anal. 99 (1987) pp. 283-300.

A. Bahri and H. Berestycki, A perturbation method in critical point theory and
applications, Trans. Amer. Math. Soc. 267 (1981) pp. 1-32.

H.Brezis and T. Kato, Remarks on the Schrodinger operator with singular complex

potentials, J. Math. Pures. Appl. 58 (1979), 137-151.

H. Berestycki and P.-L. Lions, Nonlinear scalar field equations, I) Existence of a
ground state; II) Existence of infinitely many solutions, Arch. Rat’l. Mech. Anal.
82 (1983) pp. 313-375.

H. Brezis and E. Lieb, A relation between pointwise convergence of function and

convergence of functional, Proc. Amer. Math. Soc. 88 (1993) pp. 486-490.

H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations in-
volving critical Sobolev exponents, Comm. Pure. Appl. Math. 36 (1983) pp. 437-
AT7

Y. B. Deng and D. M. Cao, The Uniquness of Positive Solution for Singular
Nonlinear Boundary Value Problems, Sys. Science Math. Sci., 6(1)(1993), 25-31.

L. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior
of semilinear elliptic equations with critical Sobolev growth, Comm. Pure Appl.

Math. 42 (1989) pp. 271-297.

W.-X. Chen and C.-M. Li, Classification of solutions of some nonlinear elliptic

equations Duke Math. J. 63 (1991) pp. 615-622.

M.G. Crandall and P.H. Rabinowitz, Bifurcation, perturbation of simple eigenval-

ues and linearized stability, Arch. Rat’l Mech. Anal. 52 (1973) pp. 161-180.



REFERENCES 27

[CZ]

IDL1]

[DL2]

[DLZ]

[DN]

Gl

[GNN]

GS]

[GT]

[KLO]

[KZ]

D. M. Cao and H. S. Zhou, Multiple positive solution of nonhomogeneous semilin-

ear elliptic equations in RY, Proc. Royal Society Edinburgh 126A (1996) 443-463.

Y.B. Deng and Y. Li, Existence and Bifurcation of the Positive Solutions=20 For
a Semilinear Equation With Critical Exponent, it J. Diff. Equns. 130(1) (1996)
179-200.

Y.B. Deng and Y. Li, Existence and of Multiple Positive Solutions For a Semilinear
Elliptic Equation Advances Diff. Equns. 2(3) (1997), 361-382.

Y.B. Deng, Y. Li, and X.J. Zhao, Multiple solutions for nonhomogeneous semi-

linear elliptic equations in RY, Preprint.

W.-Y. Ding and W.-M. Ni, On the existence of positive entire solution of a semi-

linear elliptic equation, Arch. Rat’l Mech. Anal. 91 (1986) pp. 283-308.

J. Graham-Eagle, Monotone method for semilinear elliptic equations in unbounded

domains, J. Math. Anal. Appl. 137 (1989), 122-31.

Gidas, Weimin Ni and L. Nirenberg, Symmetry of the positive solutions of nonlin-
ear elliptic equations in RY | Advances in Math. supplementary studies 7TA (1981),
369-402.

B. Gidas and J. Spruck, Apriori bounds for positive solution of nonlinear elliptic

equations, Comm. P. D. E. 6 (1981) pp. 881-901.

D. Gilbarg and N.S.Trudinger, ”Elliptic Partial Differential Equation of Second
Order” 2nd ed., Springer-Verlag, Berlin/Heidelberg/Tokyo/New  York (1983).

P.L. Korman, Y. Li and T.-C. Ouyang, Exact multiplicity results for boundary
value problems with nonlinearities generalizing cubic, Proc. Royal Soc. Edinb.,

Ser. 126A (1996) pp. 599-616.

M.-K. Kwong and L.-Q. Zhang, Uniqueness of positive solutions of Au+ f(u) =0
in an annulus, Diff. Intg’l. Equa. 4 (1991) pp. 583-599.



REFERENCES 28

[L1]

[L.2]

[27]

P. L. Lions, The concentration-compactness principle in the calculus of variations,
The local compact, part 1 and part 2 Ann.Inst. H.Poincare Anal. Non. Lineaire

1 (1984) 45-109.

P.-L. Lions, “On positive solutions of semilinear elliptic equations in unbounded
domains”. In Nonlinear Diffusion Equation and Their Equilibrium states, W-M.
Ni, L. A. Peletier and J. Serrin Eds New York / Berlin: Springer-verlag.
(1989).

C.A. Stuart, Bifurcation in LP(R”) for a semilinear elliptic equation, Proc. Lon-

don. Math. Soc. 57 (1988) pp.511-541.

G. Tarantello, On nonhomogeneous elliptic equation involving critical Sobolev

exponent, Annales I. H. P. 9(3) (1992) pp. 281-304.

J.-F.Yang, Positive solution of semilinear elliptic problems in exterior domains, J.

Diff. Equa. 106 (1993) pp.40-69.

X. P. Zhou and D. M. Cao, The concentration-compactness principle nonlinear

elliptic equations, Acta Math.Sci. 9 (1989) 307-28.

X. P. Zhu, A perturbation result on positive entire solutions of semilinear elliptic

equation, J. Diff. Equns. 92 (1991), 163-78.

X.P. Zhu and H.S. Zhou, unspecified work.X.-P. Zhu and H.-S. Zhou, Existence
of multiple positive solutions of inhomogeneous semilinear elliptic problem in un-
bounded domains, Proceeding of the Royal Society of Edinburgh 115A (1990) pp.
301-318 .



