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§1. Introduction.
In this paper we will consider the regularity problem for the following obstacle

problem.

(1.1) inf/ [VolP dz
Q

among the functions in W (i, 1), where (2 is a bounded C? domain in R” (n > 2)
and ¢ and 9 are C*-functions defined on Q with ¢» < ¢, and 1 < p < oo such that

W(p,1) = {ve WHP(Q) :v - € Wy () and v > 1 a.e. in Q}

Remark 1.1. The C? assumptions on 9 and ¢ are purely technical to avoid com-

plications, as the reader may find out later.

Because of the convexity of the integrand, (1.1) has a unique solution v satisfying

the variational inequality (see, for example [LQ]).
(1.2) / |VulP~2Vu - V(v —u) >0, YoveW(p)
Q
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2 BOUNDARY C'® REGULARITY FOR VARIATIONAL INEQUALITIES

When p = 2, (1.1) reduces to the Dirichlet integral and it has been studied
very extensively — for example, by Brezis, Caffarelli, Friedman, Giaquinta, Jensen,
Kinderlehrer, Lewy, Lions, Stampacchia and Ural’tseva ([BK], [BS], [C], [CK], [Ch],
[F], [GL,2], [J], [KD1], [KD2], [KDS], [LeS1,2,3], [LiS] and [Mo]). In particular,
it is shown that soluiotns w can be as smooth as ¥. On the other hand, even
the counterpart of (1.1) without obstacles are shown by DiBenedetto [Di], Evans
[E], Lewis [L], Lieberman [LB], Lin [LN], Torksdorff [T1,2], Uhlenbeck [U] and
Ural’tzeva [Ur] to have a solution at most C*® on () in general for some a > 0.
Therefore, the best regularity in general for (1.1) is C1® for some a > 0.

It is the purpose of this paper to show the C*® regularity of solution u of (1.1)
up to the boundary. Our proofs of both interior and boundary regularity are based
on some ideas used in [CK] and a Kryslov-type estimate for solutions of uniformly
elliptic equations of non-divergent type near the boundary [K], [W]. Here are our

main results.

Theorem 1.1. Let u be the solution of (1.20) in Q with u € W(p,v) and ¢ and
¢ are C? functions on Q. Then there exist T = 7(n,p) > 0 and C = C(n,p,Q, R)
with R € (0,1) such that

(1.3) luller(ar) < C (lellcz@) + 1llo2 @) -

where Qp = {x € Q: dist (x,00) > R}.
Concerning the boundary regularity, we have

Theorem 1.2. Let u be the solution of (1.2) in Q, where u € W (p,%) and @,
are C? functions on Q. Then there exist « = a(n,p) > 0, p = p(Q) > 0 and
C =C(n,p,Q) such that

(1.4) lu = @llorer,) < Cllelle2@) + 1Plle2 @)

where T'y = {z € Q: dist (x,00) < p}.

Remark 1.2. Once we have (1.3) and (1.4), the global C1+* regularity of u becomes

a direct consequence.
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We would like to mention some earlier results in this direction . In particular,
the continuity of u was proved in [MZ], [RT]. In [LQ], the interior C1*/P* estimate
was obtained when n = 2. See also [BI], [H], and [Sa].

§2. Some Preliminaries. Let u be the solution of problem (1.1) and define
(2.1) K ={a€Q:u(a) =¢(a)}.
which is a relatively closed set in Q by [MZ] and we have

(2.2) { div(|Vu[P™2Vu) =0 in Q\ K

div(|Vu[P~2Vu) <0  weakly in Q.

Also it is clear by a simple truncation [GT], [LUr] that

(2.3) lull Lo (@) £ M = max{[|¢|l (), [l =)}

For (1.1), let u® be the unique minimizer of the associated problem
(2.4) inf /Q (e + Vo2 de in W (e, ).

The advantage of (2.4) is that it is non-degenerate and furthermore
uf (z) = u(z) in WHP(Q), Vu(z) = Vu(z) a.e. in

as € = 0 (see, for example [Di] and [RT]). Therefore, to obtain C1:* regularity for
u, it is sufficient to prove these results for u® independently for € > 0.

Correspondingly, we have
/ (e + |Vu5|2)L52VuE V(w—u®)>0,VveWl(,)
Q

or

div ((z—: + |Vu5|2)L52VuE) <0 weakly in
(2.5) ~
div ((5+ |Vu5|2)L22VuE) in 0\ K*
where K* = {a € Q:u°(a) = ¢(s)}.

Because of the non-degenernate property of (2.4), we have that u¢ are smooth

for e > 0 ([ ]) and hence u® satisfies

(2.6) { ai;Diju® <0 in Q

a;;Diju® =0 in Q\ K°
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with a5; () = 0i5 + (p — 2) Diu® () Djus (z) (e + [Vus|?) 1.

It is clear that (aj;(z)) is uniformly elliptic in @ with A = min{1,p — 1} and
A = max{1,p — 1} independently of ¢ > 0.

Unless otherwise indicated, C' and various Holder exponents «, 3, v. will denote

constants depending only on n,p,d and 0 Let

M = max{||¢l|Le=(); 1Yz~ (@)}
My = max{|| V|l pos ) | V¥l 1 (o) }

and

My = max{|V|es ), [VY|es )

To make the presentation clean, we will omit € in the future because all the estimates
obtained will be independent of £ > 0.
Let a € Q such that Byg(a) € Q for some R > 0. Then we have

Lemma 2.1. Let v satisfy
aij(m)Dijv S 0 in B4R
(2.7)
v>0
with v(a) < A and supgv < X where G = supp (a;j(x)D;jv). Then for each
a € (0,3) there exists Cy, > 0 such that

0 <wv(z) <Cy\, Vz € By(a).
Proof. Let vy be the solution of (2.7) with boundary value vy = v, i.e.,
aij (:E)Dij’l)o =0 in B4R
(2.8)
vo =v on OB4g

Then we have v —vg > 0 in Byg and vg is non-negative in Byg since v is on 0Byg.
This implies that

0 <wvpla) <vla) <A

and hence the Harnack inequality ([Mr], [Sf]) implies tht

(2.9) 0 <w(x) <C.X\ in Bygr(a), for a € (0,3).
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On the other hand, v — vy is a non-negative solution of (2.7) in B4r \ G. Therefore,

the maximum principle shows that

0<wv(z) —w(z) < sup (v—1wvg) <supv <A Vuz €& Byp.
9(Bar\G) G

Therefore we have by (2.9) that

0 <wv(z) <wvo(z) + A < (CL + 1A Q.E.D.

Lemma 2.2. Let u be the super-solution of (2.6) and a € K N Q such that
Bygr(a) C Q, and assume that there exists a solution h of (2.8) in Byg(a) such
that supg,, (o) |h = ¥| < A Then

(2.10) sup |u—1| < CA
B4R(a)

Proof. Let w(x) = u(x) — h(x) + A in Byr(a). Then w is a supersolution of (2.6).
And since u(z) > ¢¥(z) > h(x) — X in Byg we have w > 0 in Byg(a) with w(a) =
Y(a) —h(a) + X < 2X and

w(x) =¢Y(z) —h(z) + A <2\ in KN Byg.
Now applying Lemma 2.1, we get that
0 <w(z) <cA in Bag(a),
which implies tht
A< u(z) —h(z) < (c— DA
Thus

sup ju — | < (C + 1)A. Q.E.D.
Bzr

Lemma 2.3. Let u,a € K and R > 0 be the same as in Lemma 2.2.
(i) If w is the modulus of continuity of v at a, then

(2.11) sup (u —¢) < Cw(2r), VYr<R.
B,.(a)
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(ii) If wy is the modulus of continuity of gradient of v at a, then

(2.12) sup (u — ¢) < Corwi(2r), Vr <R.
B.(a)

Proof. By using Lemma 2.2, both (2.11) and (2.12) become direct consequences if
we let h(z) = ¢(a) and h(z) = ¢¥(a) + V¢)(a) - (x — a) in Byg(a) respectively for
case (i) and (ii). Q.E.D.

Remark 2.1. If (2.12) holds for v in Bg, and if wy — 0 as r — 0, then we have
lu(z) — ¥ (a) = Vi(a) - (z — a)|
< lu(z) = P(@)| + [¢ () —p(a) — Vi(a) - (¢ - a)|
< (c+ Drwi(2r), forxz € Bgr(a)
with r = |z — a|, which implies that
Vu(a) = Vi)(a)

and hence

(2.13)  |u(z) —u(a) — Vu(a) - (z — a)| < Cs|z — alw1 (2| —a]), VY z € Bgr(a).

Lemma 2.4. Let u be the solution of (1.1) (or (2.4)) andy € Q such that B4r(y) C
Q\ K. Then

1 CyM
(2.14) IVull = (Ban()) < Cllullesan) rmmrs < 5

and

|m_Z|ﬁ7

_n_ C5M
(215)  |Vu(@) - Vu()| £ Cla — 2R | Val ooy < 3

for all x,z € Bay(y), and for some 5= B(n,p) >0
Proof. See [L], [S].

§3. Interior Regularity.
Now in this section, we will prove Theorem 1.1. But first the following lemma

is needed.
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Lemma 3.1. Given Ry € (0,1) and let Qp, = {z € Q : d(z) > Ro}, where
d(z) = dist (x,00). If u satisfies (2.4), then

M
(31) |vu|LOO(QRO) S C6(R_0 + Ml)

and

CiMpg,,~
(3.2)  |Vu(z) - Vu(a)| < 733713

|z —al”, YaeQp, anda € Qp, NK,
where v = 5%, Mpg,,vy= M + RoM; + Ré+7M2.

Proof. By Lemma 2.3 and Remark 2.1, we have that if a € K N, then Vu(a) =
Vi (a) and therefore

(3:3) V|l (kna)y < M

and furthermore, we have that for all a € K N Q%RO
|u(z) — u(a)| < 2C M|z — al by (2.11)
(3.4) 145
|u(x) — u(a) — Vu(a) - (x — a)| < 2C5Ms|z —a|'*t? by (2.13)
for z € Br,/4(a). Let x € Qg, be fixed. Then we have either Bg,/4(z) N K = () in

which case we have
(3.5) |Vu(z)] < CyM/Ry

by Lemma 2.4, or 0 < dist (z, K) < Ro/4. Let d, = dist (z, K), then there exists
some a € K N Qs g, such that Ry/4 > dy = |o —al. Now let

u(d: y +a) — u(a)
da

r—a

|z —al

w(y) = fOI‘yEBl( )

Then w satisfies equation (2.5) (with a different ¢ > 0 after this scaling). Hence by

the estimate (3.4) we have
lwl| g (B,) < 4C1 M,
which implies by Lemma 2.4 that

||V’LU||Loo( ) S 40104M1.

B2
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In particular, by letting y = ‘z a‘, we have

Therefore, we have by (3.3), (3.5) and (3.6) that (3.1) is valid.

To prove (3.2), let € Qg, and a € K NQg, with 0 < |z —a| < Ry/8. For
otherwise, (3.2) is implied by (3.1) already.

First assume that |z — a| < 4d, = 4 dist (z, K). As before, let

r—a

v(y) =wly) = Vu(a)y, ye Bl(m)'
If we have
(3.7) Vu(a)| < 4C3M, d)
then
(3.8) lw(z)| < 12C3 M, d’,
in Bl(‘z a‘) because [|v]|(p,) < 4C5MzdS by (3.4).
But once we have (3.8), we conclude that
(3.9) \Vu(z)| = |Vw(i—|)| < 1205Ci Mo d°
by the same reason as we derived (3.6). Therefore, we have
|Vu(z) — Vu(a)] < (14 12C4)C3 My dS < (1 + 12C4)Cs M|z — al’.

Now suppose (3.7) is false. Then we have that

405 Madd

3.10 < 2CsMady
(310 Le(py)  |Vu(a)l

@

In particular, we have

‘ |Vul(a)| [w( é - Z|) - Vu(a)ﬁ} ‘ <o

Therefore, we have

(3.11) ‘ vly) L r-a

V@]~ Vu@] e —a|)‘ <27 vyen (=7

|z —al
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But
( v(y) _ 1 v(:tt—a)
[Vu(a)]  [Vu(a)| |z —a
_ win) — w(E=% 1 — Vu(a) , = —a
(312) _‘W“(a)l[ W _(Im—al)] w(a)ix()a) )
_C4C5(2+0')|y—ﬁ|1+/8

by Lemma 2.4 (2.15) because from (3.10) we have that 277 is bounded by (2+0)

@]
and satisfies equation (2.5) (with a different € > 0 after scaling) in Bl(|x al)
Therefore (3.11) and (3.12) imply that
1 T —a r—a Vu(a) r—a

Fa@] Y T e T Na@l Y el
<20 + CyC05(2 + o)y — —— 145,

|z —al

Since o < 1, we can choose an appropriate y € By such that 20 = C4C5(2+0)|y —

|z — al |z — al

|1+5 and furthermore Vw (2= = ‘) Vu(a) is parallel to y — é:g‘ . Now for such

| T—

a ch01ce, we have

. w R u(a _rt~-ap
St V(g ~ V@] < 4Gily |

—al
= 4030'$ = 58M21+Bd
Noticing that Vw( ) Vu(x), we obtain by (3.3) that

\ £

~ B 5B
(3.13) IVu(z) — Vu(a)| < Cs M do™ 'Vu(a)| 57
s 017 i
< 09 6M2 +8 dz +8

T s
< CngHﬁ M |z — al°1+7
< Cro(My + My)|x — y|6$
The case when |z—a| > 4d, can be handled similarly, because when Ry /8 > |z—a| >
4d,, we have that d, < Ro/32. And hence there exists some b € Bg,/32(x) N K
with |z — b| < d; < Ro/32. Therefore (3.13) implies that
|[Vu(z) — Vu(a)| < |Vu(z) — Vu(b)| + |Vu(b) — Vu(a)|
TN I
< Co M M |z — b|6$ + |V (b) — Vio(a)|

L
< CyM 1+ﬁM g — b|°™8 + Myb — af.
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This completes the proof. Q.E.D.

Now we are ready to prove Theorem 1.1. Let 7 = 61+’8w as in Lemma 3.1. We

will prove that

C11 Mg,y
(3.14) |Vu(z) — Vu(y)| < %I

z—y|", formz,yeQpg,

Assume that d, and d,, are strictly positive and 0 < |z —y| < Ro/(12+ 2”#),
for otherwise, (3.1) and (3.2) would imply (3.14).

Case 1. max{d,,d,} > Ro/(6+21+%)/%) say without loss of generalilty that d, >

Ry/(6 + 21+ﬁ). Then u becomes a solution of (2.5) in B s (z) and y €

Ro /(6+2 )

e /(12+21+1+ﬁ)($) because |z —y| < Ro/(12 + 21+#). Therefore, (2.15) implies

that
CyoM CusM
IVu(z) — Vu(y)| < ——|z -y’ < |z —y|".
0 I

Case 2. Assume that max{d,,d,} = d, < Ry/(6+ 2°57). First, let us consider the
possibility

aJ aJ X
(3.15) 0 < |z —y| < max{ds,d;} =dz

Then again u is a solution of (2.50) in By, () such that y € By, 2(x) because of

(3.15). Then (2.15) implies that
014

Z

[Vu(z) = Vu(y)| < |z =y’ < CraMlz —y|".

Second, if |z — y| > max{d%,di}, then we have d, = |z — al, dy = |y — b| for
some a,b € KNQsp .
Thus we have by (3.2)

[Vu(z) = Vu(y)| < [Vu(z) = Vu(a)| +[Vu(e) = Vud)] + Vu(b) = Vu(y)|

C7MR s C7MR 7

< 1+$v| —a|” + |Vip(a) — V()| + m”l e
C7MR , s  CiMg,,

< Ts”d;—l—Mﬂa—M +Tyd7
20: M .

= 71+i077| |T+36M2|:U—y| Y

R,
because |a = b| < |a — 2| + |z — y| + |y — b < 3z — yl*.
Thus the proof of Theorem 1.1 is completed with 7 = =29 Q.E.D.

1+8+9
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84. Boundary Regularity.

In this section, we establish a boundary estimate analogous to Lemma 2.3. And
for that purpose we need the following version of a Krylov-type boundary estimate
for solutions of boundary value problems for elliptic equations of non-divergent
form. (See e.g. [K] and [W] for a proof of it. )

Let p € 0N € C?, Q,, = {z € Q: |z —p| <r}and A,, = 02N B.(p).
Recall that if 9Q € C?, then there exists p € (0,1) such that d(z) € C*(T',) where
[, ={zeQ: dist (,00Q) < p}

Lemma 4.1. Let w be a solution of the following equation.

ai;Dijw=f inQp
(4.1) M < (aij(z)) <A, A >0 fized, for a.e x € Q,

w=p onl,,y
where ¢ € C1° and f € LY(Q, ) for some t > n and p' € (0,p). Then there exist
w=pln,A0,tp), Cis =C(n,\0,t,p) and A(q) defined on Ap’%p, such that
42)  |w(z) —¢(2) - AlQv(@) (@ - 9 < Cis(Mz + [|fllLea, ,)le — g

F XA where v(q) is the unit inner normal of OQ at

for any pair (z,q) € Qp 2, p2p's
q, and
(4.3) |A(@)] < Cuslllw —@lle(e, ) + M| forqge A, z,.

Remark 4.1. If w satisfies (4.2), then it is easy to see that
(4.4) Vw(q) =Ve(q) + AlQr(e), Yae A, :,

and furthermore, if ¢,s € Ap%p, and x € prgp, we have by applying (4.2) for z at

points g and then subtracting that
[Alg)v(@)(z — q) = As)v(s)(@ = )| < Cis(Mz + [ fllLe)(Jz — g + |z — 5|

Now define I, = {z € Q : dist (z,09) = ¢} for ¢ € (0,p). Then there exists
T € H‘q;2sl N Ap%p, such that

v(g)(e —q) =v(t)(x—1t) = |g -1
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with |z — ¢| and |z — s| = |¢ — ¢|. Therefore, for such choice of z, we have from the

above inequality that
(4.5) |A(q) — A(s)| < Cr6(M2 + || fllLe(e, ,)la — sI*.

(From now on we will let 79 be fixed in (0, p] and 6 € (0,2/3]. Assume 0 € 012,
re = 0Frg and Qf = Qo and Ay, = Ag .. Define hy to be the solution of the
following boundary value problem

(46) { aijDijhk =0 in Qk

hy =u on 9,

First, by the maximum principle we have
(4.7) u(z) > hg(xz) for x € Q

But then u — hy is a positive super solution vanishing on 9 and becoming a

solution in Q \ K. Therefore, we have

(4.8) sup(u — h) = sup (u— hg)
Qp QU \K)
< sup (u—hg)
zEKNQy
= sup (¢ —hg)"
€ KNy

Combining (4.6) and (4.7) together, we have
(4.9) 0 <wu(x) —hg(r) < sup (Y —hg) in Q.
rEKNQ
On the other hand, we have
[ (x) = $(0) = V(0) - | < Mapla|*** for z €
Therefore, it is clear that

(4.10) hi(z) > (0) + V(0) -z — Mory ™ in O

because the latter is itself a solution of (4.6) and is less than or equal to hy on 9.

Hence, we obtain by (4.10) that

sup( —hi)+ < 2Myry ™
k
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and combining it with (4.9), we obtain
(4.11) 0 < u(z) — hy(z) < 2Morp 0 in Q.

However, we have hy satisfies equation (4.6) with smooth boundary value .

Hence we apply Lemma 4.1 and Remark 4.1 to obtain the following

|hi(z) = (@) — Ap(@v(@)(z — )] < Cis Mol — g

for any pair (z,q) € Qi1 X Agy1,
(4.12) . )
|[Ak|Loo (Agyr) < Cl6[ﬁ||hk = (@)L= () + Moary]

|Ak(q) — Ak(p)| < Crepzlg —p[*  in Apgr X Agyr
Now we need to estimate the difference hg+1 — hy. As in (4.7), we first conclude
that
(412) hk+1 (:L‘) - hk(l’) Z 0 in Qk+1.
On the other hand since u(z) > hg+1(z) in Q41 and (4.11) holds, we have

(4.13) 0 < hi(2) = hypgr (2) < 2Mory ™ in Qpyg.

Also, we have for hj41 the following

|hit1(z) — () — Apr1 (Q)v(q)(z — q)| < CisMa|w — g T+

for any pair (z,q) € Qg2 X Apya,
(4.14) ) )
| Akt 1L (Appe) < 016[E||hk+1 = 0(@) || Lo (Quyr) T Marhi]

|Ak+1(q) — Art1(p)] < CreMa|g —p[*  in Apyo X Apyo
By (4.13) and (4.14), we have

(4.15)
|(Ak+1(9) — A(@)v(9)(z — @)] < 2015 Moz — q|'** + 2Mr *

for any (7,q) € Qpi2 X Agqa.

JFrom (4.15) we achieve the following by choosing x = ¢ + pri42v(q)

|Ars1(q) — Ar(q)| < CrrMymax{ry ,, ri ™ [rpyn}
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ie.,

(4.16) |Ari1(q) = Ak(q)] < CrsMa*rfy, g € Mgy
And hence in particular, we have

(4.17) Api1(0) — AR (0)| < CrrMob*rl, £k =0,1,2,...

which implies from (4.17) that

lim A (0) = A(0) exists and
k—o00

1 M
G T
(4.18) [A0)] < Crs(Marg T—70 + 7”0) and
C1sM: Chs M.
[4(0) = AO)] < TEG2EM G = T2ty

Now (4.11), (4.12) and (4.18) imply that

Ju(@) = p(x) = A(0)v(0) - 2| < Cro Mo (|| + 1)
or simply
(4.19) lu(z) — p(x) — A(0)r(0) - | < CooMar,h  in Qpyr.

Now it is standard to derive from (4.19) the following

(4.20) lu(z) — ¢(x) — A(0)v(0) - z| < Cor M|zt in Q,
for some ko = ko(p). We have from (4.20) that
(4.21) Vu(0) = V(0) + A(0)r(0)

and hence

|u(z) — u(0) — Vu(0) - x| < Col M| T+

with

M
|Vu(0)] < My + Clg(—r + 6 M)
0

1—6~
by (4.18). This gives the following theorem
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Theorem 4.2. Let u be the solution of (2.4). Then there exist 0 < p = u(n,p,p),
Ca2 = C(n,p,p) and ro = ro(p) > 0 such that

lu(z) — p(z) — Alp)v(p)(z — p)| < Co2Ms|z — p|' T

if x € Qpp, and p € 0N

(4.22)

and
Vu(p) = Vo(p) + A(p)v(p)

which satisfies

C.
|Vu(p)| < %(M + oMy + 1T M), p e 9.
0

Remark 4.2. From (4.22) and the fact that 092 € C?, we obtain again the following
(see Remark 4.1).

(4.23) |A(q) — A(p)| < CasMa|q — p|*.

Noticing that Dd(p) = v(p), we have

Corollary 4.3. Let u be as in Theorem 4.2. Then we have
u(z) = p(z) + d(z)A(z) in Ty,

such that

(124 Al ooz, < Caa(M +roMy + 1y My) /10
[Alpr,, < C2Ms.

Once we have obtained the crucial estimates (4.24) we can prove the following
theorem on the boundary regularity of solutions of (2.4), using methods of proof

similar to that for Theorem 1 in §3. We therefore omit the proof here.

Theorem 4.4. Let u be the solution of (2.4). Then u € CY*(T,,) such that

(4.25) [Vulpeo(r,,) < Cos(M + roMy + 1t My) /ro
[Vula,re < C25M>

where a = and C = C(n,p,p).

]
(1+8+w)
Proof of Theorem 1.2. Since the estimate (4.25) is independent of € > 0 and since
Vué(z) = Vu(z) a.e. xin Q, the result follows immediately from Theorem 1.1 and

(4.25). Hence, the proof of Theorem 1.2 is complete. Q.E.D.
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