Ph.D. qual. exam. and M.S. comp. exam. on
Differential Equations (ODEs). Wednesday August
23, 2006.

Answer 5 out of 9 questions. Show your calculations and justify your an-
Swers.

1. Consider the autonomous differential equation
T =—-2z+1.
Give its corresponding flow map ¢ (zg) at t = 2.
2. Consider the autonomous system of differential equations
<9’c1>:<—w1+x2>
To 120 —1 )7
(a) Find all fixed points.

(b) If a fixed point is hyperbolic say if it is a source, a sink, or a
saddle.

3. The origin (0,0)7 is a fixed point of the autonomous system of differ-

ential equations
il . —Io — 1‘?
i‘Q r1 — l’% ’

(a) Is the origin (0,0)7 a hyperbolic fixed point?

(b) Is the function L(z1,z2) := 2% + x3 a (strict) Lyapunov function
at the origin (0,0)7 for this system of differential equations?

(c) Is the constant solution x(t) = (0,0)7 asymptotically Lyapunov-
stable?

4. Consider the flow y; of the autonomous system of differential equations

1"1 ToX3 — 1‘1(%2 — X3 — 1)
To = 13 — 1'2(1‘3 -1+ 1)
i’g T1x9 — 1'3(1‘1 — X9 — 1)

and the set of initial values

So = {33 = (x01,w02,x03)T S R3 ’ 0<zp <1lfori= 1,2,3}



which is a unit cube of volume Vol(Sp) = 1. What is the volume of the
set p1(Sp) at t = 1, i.e., mathematically speaking what is the value of
Vol(¢1(50))?

. Consider the nonautonomous system of differential equations

1 To = 2tz + t2 2

i = —2xe +t2P—— S E—
(23 + 23)3/4 (27 4 x3)3/4

in Cartesian coordinates (z1,x2) with initial conditions z1(0) = 1/1/2,
22(0) = 1/4/2 at ty = 0.

(a) Convert the system of differential equations to polar coordinates
(r,0). Hint: remember that these coordinates are related by z; =
rcos(6),xo = rsin(f) and they satisfy the relations

T = :z:lz'cl + xQZ.CQ, 7”29 = 1‘1552 — i‘lxg.

(b) Solve the system of differential equations that you have just ob-
tained in polar coordinates (taking into account the initial con-

ditions 21(0) = 1/v/2,22(0) = 1/1/2).

(¢) Express the solution in Cartesian coordinates.

. Consider the autonomous system of differential equations

1\ 21172 + T2
1"2 - a:% — 3(5% + I ’

Does this system have a periodic solution? (note: a fixed point is not
considered as being a periodic solution.)

. Consider the autonomous system of differential equations

1"1 _ x1(2—x1 —1‘2)
i’g :E2(4l‘1 — l‘% — 3) ’
Does this system have a periodic orbit or not contained in the region
D={zeR?®|zy>0}?

Hint: Apply Dulac’s criterion with ¥(z1,z9) := 1/(x123).



8. For the following one-dimensional autonomous nonlinear ODE, find
all the fixed points as a function of the parameter p € R, determine
their Lyapunov-stability, sketch a bifurcation diagram, and find the
bifurcation value(s) of the parameter ;1 € R:

&=+ 2 —pr—p=(r+1)(2* - p)

9. Consider the system of ODEs dy/dt = f(t,y) and the following explicit
Runge-Kutta method

Y1 = wo
1
Yo = yo+ h§f (to, Y1)
Ys = yo+h(—f(to,Y1)+2f (to+ h/2,Y3))

y1 = Yo+h <%f (to, Y1) + gf (to +h/2,Ya) + %f (to + h,Y3)>

(a) What is the local order of this method?

(b) What is the stability function R(z) of this method (z := hA and
Y =Xy)?



