Comprehensive Exam on PDE, Spring 05

Do five out of the following six problems.

1. Consider the equation
up+ud o u, =0

on z,t € R,t > 0. Prove that there is a smooth solution for all ¢ > 0 for the initial
value u (z,0) = arctan (x).

2. Show that there is a constant C; < oo such that for all w € W1 ((0,1)) we have

[wll oo 0.1y < C llullypragony) -

How does that relate to the Sobolev imbedding theorem ? Is there a constant C5 such
that for all w € W2 ((0,1) x (0,1)) we have

[wll oo 0.1y % 0.1)) < C2 lullwzago1yx0.1y) 7

3. Let@={z = (g1, 72) : 3 + a3 < 1}. Show that there is a constant C' such that for all
ue ueC? Q |u(x)=0forzed and x e Q) we have

|u(2)] < Cmax |Au ()],

€N

but no constant C' such that
u ()] < € |Au ()

© i _
forallue ueC?'Q |u(z)=0forzecdQ andze.

4. Let Q = {x = (v1,29) : 22 + 23 < 1}. Define the space W' (Q). What is the supre-
mum of all p for which f (z1,z2) = (22 + 22)"/* belongs to W (Q) ?

5. Assume u € C?(R® x R) (u=u(x,t)) is a solution of the equation Au = wu;. Also
assume u (z,0) = u; (z,0) = 0 for |z] > 1. Give an argument that for ¢ > 1 we have
u (0,t) = 0. Is the same true if u € C* (R* x R) (u = u (z,1)) ?

6. Suppose u is a smooth solution of Au = 0 in R™. Also assume |u(x)| < C'(1+ |x]).
Prove that u is a polynomial of degree at most one.



