SIAM J. NUMER. ANAL. (© 2002 Society for Industrial and Applied Mathematics
Vol. 40, No. 3, pp. 1064—1076
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Abstract. We present Galerkin methods in both the age and space variables for an age-
dependent population undergoing nonlinear diffusion. The methods presented are a generalization of
methods, where the approximation space in age is the space of piecewise constant functions. In this
paper, we allow the use of discontinuous piecewise polynomial subspaces of L? as the approximation
space in age. As in the piecewise constant case, we move the discretization along characteristic lines.
The time variable has been left continuous. The methods are shown to be superconvergent in the
age variable.
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1. Introduction. We present Galerkin methods in both the age and space vari-
ables for a model of an age-dependent population undergoing nonlinear diffusion. The
methods presented are a generalization of methods presented in [2], where the approx-
imation space in age was taken to be the space of piecewise constant functions. The
use, analysis, and numerical solution of models with dependence on age and time, and
of models that also include space, is discussed in [2] and references therein.

In this paper, we allow the use of discontinuous piecewise polynomial subspaces of
L? as the approximation space in age. As in the piecewise constant case, we move the
discretization along characteristic lines. This preserves the important fact that age
and time advance together and that the resulting discretization will be dispersion-free.

Some previous numerical methods [8, 9, 12] for age-structured models with spatial
diffusion also discretized along characteristics, but they did so simultaneously in age
and time and thus imposed the often crippling constraint that the time and age steps
be both constant and equal. The difficulty with this approach is twofold. First, the
use of constant age and time steps prevents adaptivity of the discretization in age
or, especially, time. Second, and more importantly, the coupling of the age and time
meshes can cause great losses of efficiency since only rarely will the dynamics in time
be on the same scale as the dynamics in age. This is particularly the case when
space is involved since sharp moving fronts can require small time steps, whereas the
behavior in the age variable can remain relatively smooth. A computational example
illustrating the advantages of decoupling age and time is presented in [2] and for the
context of Proteus mirabilis swarm colony development [6, 14] in Chapter 4 of [1].

The age discretization presented in [8, 9, 12] can be viewed as special cases of the
methods presented here and in [2] by setting the time and age meshes to be constant
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and equal and using a backward Euler discretization in time and a piecewise constant
finite element space in age.

The importance of allowing different age and time discretizations is perhaps illus-
trated by the application of the methods of de Roos [3]. These methods have found use
in the study of ecological systems such as Daphnia (see [4] and the references therein)
as well as in theoretical population biology [10, 13]. The methods of de Roos are
formulated for the case of time and a variable representing some sort of physiological
structure, most simply age, and involve moving the age nodes along characteristics.
However, the representation of the approximate solution is probabilistic and not func-
tional, and birth and death are handled differently than in this paper. Even so, it
would be interesting to know if an energy analysis could provide a framework for
the convergence analysis sought in [5]. The main effect of de Roos’s methods is to
separate the age and time discretizations, while yielding an approximation that is
dispersion-free in age, in order to provide a method that works in practice.

The main purpose of this paper is to provide a description and analysis of the use
of higher order finite element spaces in the age variable. The time variable has been
left continuous. The use of continuous time simplifies the presentation and analysis
of the method as well as emphasizes the independence of the age discretization from
any suitable time discretization. The methods are shown to be superconvergent in
the age variable. We provide an example system that illustrates some of the benefits
of using a higher order approximation space in age as well as highlights some of the
interactions between the age and time discretizations in these methods.

2. A continuous model. We consider the age-dependent population model
with nonlinear diffusion,

(2.1) O+ Ogu =V - (k(m,p)Vu) — p(z,a,p)u, re€Q, a>0,t>0,

where V and V- denote the gradient and the divergence, respectively, in . The
function wu(x,a,t) represents the distribution of individuals,  C R™ represents the
spatial domain, a represents age, and ¢ represents time. The function g > 0 is the
death rate. The total population density, p, is given by

(2.2) p(z,t) = / u(zx, a,t) da, z e, t>0.
0

We have a birth condition
(2.3) u(z,0,t) = b(x, u(z, -, 1)), e, t>0,

that is dependent on the entire population distribution. We note that b is an op-
erator whose second argument is a function defined on RT, where R™ denotes the
nonnegative real numbers. The diffusion arises from the symmetric random motion
of each individual (Fickian diffusion). We have a Neumann boundary condition, with
v denoting the outward normal to 02,

(2.4) k(z,p)Vu-v =0, xr €I, a>0,t>0,
that represents an isolated habitat. The initial condition is

(2.5) u(z,a,0) = up(z, a), e, a>0.
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Langlais [11] proved the existence of unique nonnegative solutions for the case
when k, u, and § in (2.6) are independent of x, and Q is bounded. A correspond-
ing treatment for the system (2.1)—(2.5) is beyond the scope of this paper; we will
concentrate on the numerical aspects of the problem. Thus we assume existence and
uniqueness of smooth, nonnegative solutions.

We make several assumptions.

CONDITION 2.1. There exists constants Cy and Cy such that, for (z,p) € Q x R,
k satisfies 0 < Cy < k(x,p) < Cy and p satisfies 0 < Cy < p(z,a,p) < Cy for all a.

CONDITION 2.2. The functions k(x,p) and p(zx,a,p) are uniformly Lipschitz
continuous with respect to p with Lipschitz constants Ky, and K,,, respectively. The
derivative Opk(z,p) exists. The derivative Oqp(x, a,p) exists, is uniformly bounded by
C1 as a function of all its arguments, and [|Oqp(z,-,p)| 2ty < C1 uniformly as a
function of x and p.

CONDITION 2.3. The birth operator, b: Q x (L*(RT) N L2(R*)) — RT, is of the
form

(2.6) b, o)) = / " Be,a, D)p(a a,1) da,

where 3 > 0 is the birth rate and ® is the total population density, i.e., the integral of
© with respect to age. The function 3 is assumed to be uniformly Lipschitz continuous
as a function of ®. As a function of a, B(x,a,®) is in HY(RT), with its H'-norm
bounded independently of x and ®; and it is also assumed that there is a positive
Asmal and a natural number ko such that B(x, -, ®) is a polynomial of degree at most
ko on (0, asmair) with the coefficients bounded independently of x and ®.

CONDITION 2.4. The initial condition, ug(x,a), is bounded and nonnegative, and
there exists Amag such that uop(x,a) =0 for a > amaz.

We note that the birth operator, b, is uniformly bounded and satisfies the Lipschitz
condition

|b(CL',(p(I, '>t)) - b(wi($7 '>t))|
< Ky ((1 + el zr@+) ‘/o (o —1) da

+llp — ¢||H1(R+)>,

where H~1(R") is the dual to H'(R™). The condition that 3 be polynomial in a for
small a allows us to avoid some issues associated with the introduction of a new age
interval.

Condition 2.4 is technically convenient and seems mild in light of the exponential
decay of w in age [2]. A consequence of this condition is that u(z,a,t) is zero if
a > amax + t. Since we are dealing with time in a bounded interval in this work, the
fact that the age is bounded above means that the behavior of g for very large a is
unimportant.

3. An age and space discrete method. Let D = 9; + 9,. We reuse the
symbol k to denote the form

k(‘b§%v)=/k($,¢)Vg@-VU d;
Q
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the distinction between the form and k(x, ®) should be clear from context. In varia-
tional form, for every t € R* and every v € H*(Q) ® L?(R*), we have

(3.1) /OOO(Du,v) + E(p; u,v) + (pu,v) da = (b(x,u(z, -, t)) —u(x,0,t),v(z,0)),

where (-,-) denotes the L?-inner product over 2. Note that no regularity in a is
required on v because both sides are zero independent of the choice of v, but we find
it useful to think of v(z,0) being the trace of v at a = 0 when v is smooth.

Let M denote a finite dimensional subspace of H*(Q). Let {a;};.% be a sequence
such that ag = amax, 0 < @41 — a; < Aa, and a; — —o0 as ¢ — —oo. Let J be the
set of a;’s and let J denote the set of —a;’s. For a fixed nonnegative integer g, let C
denote the space of all piecewise continuous functions over the partition of R defined
by J such that ¢ € C has the property that ¢ restricted to (a;,a;+1) is a polynomial
of degree at most ¢ for i < 0 and ¢ is zero on (ag, 00). We define a finite dimensional
space in age that moves along the characteristic curves, da/dt = 1:

A(t) = {p € L*(RY) : () = ¢(- = t)|p, Y €C}.

Note that the dimension of A increases by ¢ + 1 as t goes from —a; — 0 to —a; + 0.
This discretization will allow the numerical metbod to be free of numerical dispersion
in age. We take U(+,-,t) € M ® A(t). Fort ¢ J,

(3.2) /OOO(DU,U) + k(P;U,v) + (u(zx, a, P)U,v) da
= (b(z,U(x,-,t)) — U(x,0,t),v(x,0,t))

for every v(-,-,t) € M ® A(t). So that U is defined across points in J, we require
U to be a continuous mapping of time into L?(Q) ® L?(RT). The total population
density is approximated by

P(x,t) = /000 U(zx,a,t) da.

We want to emphasize that the function U is differentiable in the characteristic
direction so that DU makes sense. Functions in A(t) are discontinuous, but those
discontinuities move along characteristic directions.

The system defined by (3.2) is just a set of ordinary differential equations when
t ¢ J. Consider t € J. Since the part that is nonstandard is related to the age
variables, we will suppress the x variables. Let {¢;} denote a basis for C, where each
©; has support in one interval [aj, ag4+1]. Then a natural basis for A(t) is of the form
{i(- — t)}; the functions in the basis for A are restricted to R, and there are only
a finite number of these that are nontrivial. The function U is expressed as

Ula,t) = Zci(t)api(a —t) so that DU = Zcé(t)gpi(a —1).

A %

While it is natural to look at a set of relations of the form

(3.3) /OOO DU(a,t)pj(a = t)da = F(t,U, ¢;) + (b(U) = U(0,1))p; (0 — 1)
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as a set of ordinary differential equations for the ¢;’s, there is a difficulty because the
coefficient of the vector of ¢}’s is singular at a transition. Note that

o d [e.¢]
/0 DUgj(a—t)da+U(0,t)p;(0 —t) = %/0 Ugj(a—t)da.

Thus (3.3) can be written as m’; = F(¢,U, ;) + b(U)p;(0 — t), where

mxwzémvww%w—wm;

these are the natural variables. The initial values for the new m;’s added to the system
when ¢ crosses a point of J are clearly zero because of the assumed continuity of U
(as a map into L?(R™)) at such points. The m;’s already present are continuous at
these transitions. We must check whether the birth operator is Lipschitz with respect
to these natural variables. This is easy to confirm in the case in which the function
[ is polynomial of degree at most kg near a = 0, and that is why we chose to address
birth operators of that form. What is needed is that we can choose a basis such that
the coefficients of the L2-projection of 8(a) into A are bounded. This is trivial away
from a = 0 because of the equivalence of norms on finite dimensional spaces.

4. Error analysis. Wheeler, in her analysis for parabolic equations [15], showed
the value of choosing the right projection in constructing an argument; in her case it
was the elliptic projection. In this paper we use a tensor product projection based on
an elliptic projection in space and an L?-projection in age.

It is convenient to use H~1(Q) as the dual to H*(Q). Let || - ||, || - llzoe, || - |z,
and || - ||g-1 denote the L?, L>°, H' and H~! norms over , respectively. Suppose
that T is a normed space with norm || - ||[yx. Then, for any sufficiently nice function
@ :RT =T, let

WM=AIMM@m

A lack of a subscript indicates T = L2(€2). For ¢ :  — T, define

el = [l |, -

We show that the approximate solution U is close to a function X, which is the
elliptic projection in space and the L?-projection in age of the true solution u. Let
A(t) : L*(RT) — A(t) denote the L?-projection. To construct X we first project into
space. For each (a,t), we take X (a,t) € M such that k(p;u— X, v) = 0 for all v € M

and such that
/ |u — X| dz = 0.
Q

Similarly, for each ¢, we take Y'(t) € M to satisty k(p;p—Y,v) = 0 for all v € M and

/|p Y| dx = 0.

To project into age, we choose X (t) € M ® A(t) such that X (t) = A(X(a,t)). We set

v=U—-X, n=u—X, 1=X-X, w=P-Y, ando=p-Y.
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In the following estimate we will suppose that VY and the L?-norm in age of VX
are uniformly bounded. We could instead add conditions on M, €2, and u that would
imply these bounds, but this would add complexity with no benefit in understanding
why the numerics work. We add the following condition.

CONDITION 4.1. We suppose the quantities

lullzee,  lullpe@xreys  Nulle@r@eys  Eell VXL, [pllzee, and Kyl VYL~

are bounded uniformly in time.
THEOREM 4.1. Let

0.(t) = / Co(l93: + Il12:)(7) dr,

t
e(t) = /0 (Inll* + llol* + 1Dnllz - + 0o |7 + (Aa)*[7ll* + lIn(a, 0)[[*)(r) dr.

Assume Conditions 2.1, 2.2, 2.3, 2.4, and 4.1 hold. There exists C*(t) > 0 (dependent
only on Ky, K, Co, C1, and the bounds in Condition 4.1) such that

(91 + ll=ll* + 60)(t) < C* @) (I + I [*)(0) + €(1)).

Remark. This result shows superconvergence of one additional power of Aa in
the age variable since only 77 involves approximation in age. Hence, as a function of
age, U is closer to the L?-projection in age of u than it is to u itself, at least for Aa
sufficiently small.

Proof. For this proof C will denote an arbitrary constant with dependencies not
greater than those of C*. When only a single argument is given to U, u, 1, 7, or 9,
that argument denotes age.

Subtract (3.1) from (3.2) and let v = 9 to get

(4.1) /OOO(DW —n=1),9) + k(P;U,9) — k(p;u,9) + (W(P)U,9) — (u(p)u,?) da
+ (U(0) = u(0),9(0)) = (b(U) = b(u),9(0)).
By orthogonality, for v(-, -, t) € M ® A(t),

(4.2) /Ooo(f],v) da = 0.

Fort ¢ J, let & > 0 be such that (t—8,t+6)NJ = (. For a given v(-,-,t) € M@ A(t)
and —s € (¢t — 6,t + 0), take v(-,-,s) € M ® A(s) such that v is constant along
characteristics. By (4.2) we have, for 0 < At < 6,

1 o
0= E/ (77(~7a7t+ At),v(.7a,t+ At)) — (ﬁ(',a,t),v(-,a,t)) da
0
1 o)
= Kt/ (ﬁ('7a+Atgt+At) —ﬁ(~7a’t)7’u(.,a+At’t+At)) da
0
1 At
+7/ (ﬁ('7a’t+At)vv('7aat+At)) da
At Jy
1 oo
+E/ (ﬁ(-,a,t),v(~,a—|-At,t—|— At) — U(-,a,t)) da.
0
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In this expression the last term is zero because v is constant along characteristics.
Taking limits we see that for v(-,-,t) € M ® A(t),

/OOO (D a,t),0(a)) da+ (7i(-0,8),0(,0,1)) = 0.
Hence, with v = 1, we note that
43) (U —u,0)(0) - /OOO (Dit, 8) da = (9 - — 7,9) (0) — /Om (D, 9) da

= 900} ~ (1,9)(0)
> 2 9O))” - ()]

Rearranging terms in (4.1) and applying (4.2) and (4.3) gives
/O (DY) + k(P 0,9) + (u(P)9,9) da + Znﬂ(())n?
< /oo(k(:c,Y) k(e P), VX - V) + (k(z,p) — k(z, V), VX - V) da
0
[ (o) = 1P)9) + (D1.0)+ (P +7).0) do
+ (b(U) = b(w), 9(0)) + [[n(0)||>.
We have the equality
| @00y da= 5 [7 D1ofP da = o012 - SO

Using Conditions 2.1-2.2, Holder’s inequality, and the arithmetic-geometric inequality,
yz < (ey® + (1/£)2?), we get the following bounds:

/ K(P;9,9) + (u(P)9, 9) da > Coll 9,
0

oo

/oo(kz(:c,Y) —k(z,P),VX - V) da < / (K|w|, |VX - VY)) da
0 0

2K? Co
< ZENVX |l + — 191,
Co 8

* 2KI% 2 2 CO 2
[ (@.¥) = K@ P). VX - 90) da < ZZEIVX ol + 20,
/0 (u(p) — p(P))u,9) da < / (K| P — pl, [ud]) da

K

< S fulls (=17 + lol?) + 1917),
e 1 C
| (D) da < 1D + I
0 0

| P da < G + 101,
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Let iz denote the average of p in age over each interval of the age discretization. Then
oo (oo}
[ weyio do= [ ((ulP) - n(P))i.0) da
0 0

1 _ _
< 5 (18(P) = TP ey Il + 19117)
(Aa)?

<
- 8

AP + S
For the birth term we make the bound
() — blaw), D(0)) < [B() — b(w)|[> +  [9(0)
< 3KZ (1 + 3 g eI P = 2P
U~ b)) + 7O

We combine the above inequalities and use the fact that ||7i]| 12, m-1@+)) < 22|l
(see Appendix A of [2]) to get

(4.4) Aol + CollolF < C(HWII2 I + llo 1 + Il + 1 Dol -
+ (AWl + In(0)]?)
Before we can use the above evolution inequality to get bounds on the error, we

need corresponding relationships for the total population density. We integrate (2.1)
over a and take the inner product with a test function v € M to obtain

(45) (Oup,v) + k(p:p,v) + ( | o d) — (b(u),0).

For the approximate total population density we have

(4.6) (0 P,v) + k(P; P,v) + (/000 w(P)U da,v> = (b(U),v).

We subtract (4.5) from (4.6) and let v = @ to get

%@HWHQ + k(P; P,w) — k(pip, @) + (/OOO u(P)U ~ u(p)u da, w)
= (B(U) — b(u), @) + (0, ).

This has a form similar to (4.1). We have the bound

(/OOO SRl dav“) = </Ooo(u(P) — A(P))i da,w>

(It P) = B, -, P)Fagay (. )2 g o)

(Aa)?C% | 1
TQIHWHQ + §||w||2.

IN

<
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Using bounds similar to those for (4.1) for the other terms gives
47 ollwl® + CollwlFn < C(IIWHQ 91 + lloll* + lInll* + 101l -

+ (Aa)*7l?).

1

By adding (4.4) and (4.7) and applying a Gronwall’s lemma,* we obtain the stated

result. 0

5. Computational example. In this section we provide a computational ex-
ample that shows some of the benefits of using a higher order approximation space in
the age variable. In particular, we are able to use a coarser age discretization for the
same or better error.

The example system in [2] illustrates the importance of being able to decouple
the age and time discretizations so that the age and time steps are neither uniform
nor equal. The spatial dynamics of the problem require small time steps for accurate
resolution. The small time steps taken in the simulation, particularly the initial step,
are caused by roughness in space. The behavior in age is relatively smooth, which in
turn calls for a much coarser discretization in age than in time.

The example presented in [2] was meant to illustrate the need for a method that
discretizes age and time separately because of the influence of space. It does not
clearly illustrate two aspects of the interaction of age and time. First, it is not clear
what is needed to align the introduction of an age interval with the start of a time
step. Second, it does not illustrate the level to which the age dynamics of a system
will determine the size of the time step.

We present an example system that illustrates the benefits of using higher order
approximation spaces in age, as well as some aspects of the interaction of age and
time in these methods. In order to achieve the latter goal, we assume uniformity in
space. Because the dynamics in age can be, and often are, independent of space, the
benefits of using higher order polynomial spaces in age will generalize to systems that
include spatial dynamics.

We consider the system (2.1)—(2.5) with kK = 0. We use the birth term,

b(z, u(z, -, 1)) :/ S5au da,
0

so that fecundity increases linearly with age. For the death modulus, we use

10610(1170.8) 1
(@, a,p) = p(a) = 10(a—0.8) 1 ¢—10(a—0.8) + 9

This represents a situation where mortality remains low until around a certain age,
at which point it increases dramatically. This is the case in Proteus mirabilis swarm
colony development [6].

For the initial condition, we use a population of older organisms,

uo(z,a) = 128|a — 0.5> — 48(a — 0.5)% + 1,
if |a — 0.5] < 0.25, and ug(z,a) = 0, otherwise.

L Assume wu, b, ¢ > 0 are continuous and g > 0 is differentiable. Then g¢’(t) + b(t) < c(t) + u(t)g(t)
implies g(t) + fg b(t) dr < exp(fg u(7) dr)(g9(0) + fg c(r) dr).
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18 T T T T T T T T T

O ]

Fi1c. 5.2. The total population density, p.

We take the temporal domain to be [0, 2]. We find that truncating the age domain
to [0, 2] is sufficient. We assume uniformity of the solution over the spatial domain €.

We implement step-size control in time via step-doubling (without extrapolation)
[1, 7]. This means that for each time step we take a step of size At and compare it to
the solution obtained by taking two steps of size At/2. We adjust a parameter that
limits local truncation error so that the simulation is well resolved in time.

For the age discretization, we assume J is uniform with age intervals of size Aa.
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—A— Cont. P.W. Linear
—©— Cubic Spline
107

10° 10" 10
Aa

Fic. 5.3. Convergence study for ¢ = 0 and q = 1 showing second order and fourth order con-
vergence of the method, respectively. The comparison is of the computed solution, u, at time t = 2.
The slope of the least squares fit for the piecewise constant case postprocessed to continuous piece-
wise linear functions is approzimately 2.09. The slope of the least squares fit for the discontinuous
piecewise linear case postprocessed to cubic splines is approrimately 4.25.

In other words, all age intervals that are not the birth interval are of length Aa.
We study the convergence of the method with piecewise constants postprocessed to
continuous piecewise linear functions (¢ = 0) and with discontinuous piecewise linear
functions postprocessed to cubic splines (¢ = 1). The postprocessing for piecewise
constants was discussed in [2]; it involves using knot values that are obtained from a
line connecting the midpoints of adjacent intervals. The cubic splines can be produced
from the discontinuous linear functions in several ways; here we used the two Gauss
points in each of two adjacent intervals to define a cubic that is used to give knot
values and slopes. This is a natural choice since the L?-projection into discontinuous
piecewise linear functions is superconvergent at the two Gauss points.

Figure 5.1 shows solution profiles t = 2/3 apart for the simulation using ¢ = 1 and
Aa = 0.1. The solution at ¢t = 2/3 has a discontinuity because the initial condition
does not contain any newborns. However, this discontinuity dies out over time. Figure
5.2 shows the growth of the total population density. There is a period of population
decline, due to the die-off of the initial population, before the population enters a
stage of exponential growth.

Figure 5.3 shows the results of a convergence study using ¢ = 0 and ¢ = 1 with
postprocessing. The error is determined by comparison with the numerical solution
solved with Aa = 6.25 x 103 for the case of ¢ = 0 and Aa = 2.5 x 1072 for ¢ = 1.
We get the expected result that the use of discontinuous piecewise linear functions
gives fourth order convergence with much better initial error than the second order
convergence given by the use of piecewise constants.

Figure 5.4 shows the time steps taken for the simulation using ¢ = 1 and Aa = 0.1.
We find that the time step needed to resolve this simulation is roughly 1072, with
the exception of a trough at ¢ ~ 1.8 that corresponds to the die-off of the relatively
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10

1 Age Step

10

Time Step

Step Size

0 0.2 0.4 0.6 0.8 1 12 14 1.6 18 2

FiG. 5.4. Step sizes for the age and time discretizations. There were 204 accepted steps and 22
rejected steps during the simulation. The smallest step size was approzimately 3.88 x 10~ taken
at t = 1.8. This trough corresponds to the die-off of the relatively large initial population of older
individuals.

large initial population of older individuals. The need for this small time step is due
to the increased complexity of the underlying problem at this point, not the moving
age grid.

The restrictions on the time steps imposed by the age discretization are due to
the need to introduce a new age interval at the start of a time step. This requires that
At < Aa. Moreover, this restriction may require a slightly smaller time step before
the introduction of a new age interval at the birth boundary. Smaller time steps may
also be needed during the initial birthing into a new age interval. These cause the
minor time step fluctuations we see throughout the latter part of the simulation.
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