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Abstract. We propose a method for solving a model of age-dependent population diffusion with
random dispersal. This method, unlike previous methods, allows for variable time steps and indepen-
dent age and time discretizations. We use a moving age discretization that transforms the problem to
a coupled system of parabolic equations. The system is then solved by backward differences in time
and a Galerkin approximation in space; the equations that need to be solved at each step treat each
age group separately. A priori L2 error estimates are obtained by an energy analysis. These estimates
are superconvergent in the age variable. We present a postprocessing technique which capitalizes on
the superconvergence.
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1. Introduction. In this paper, we consider a numerical method for solving an
age-dependent population model with spatial diffusion. In modeling how populations
change over time, it might appear sufficient to know how the population is distributed
in space. However, for many organisms, their behavior is dependent not only on their
population density in space but on their age distribution as well. One would not expect
a community of older organisms to behave the same as a younger community. Both
types of structure, age and space, have been studied extensively separately. Less work
has been done that takes into account both age and space.

Skellam [35] considered the effects of diffusion on populations in his classic work of
1951. Sharpe and Lotka in 1911 and McKendrick in 1926 considered population models
with linear age structure [41]. More recently, Gurtin and MacCamy [17] considered
models with nonlinear age structure. Rotenberg [34] and Gurtin [16] posed models
dependent on both age and space. Gurtin and MacCamy [18] differentiated between
two kinds of diffusion in these models: diffusion due to random dispersal and diffusion
toward an area of less crowding. Existence and uniqueness results can be found for
various forms of these models in Busenberg and Iannelli [5], di Blasio [10], di Blasio
and Lamberti [11], Langlais [24], and MacCamy [28]. Further analysis has been done
by several authors [19, 22, 25, 29].

There has been much investigation into numerical methods for solving models
with just age structure [1, 6, 13, 23, 27, 31, 37]. For models with both age and space
structure, Milner [30] developed a method for populations that diffuse to avoid crowd-
ing. Kim [20], Kim and Park [21], and Lopez and Trigiante [26] developed methods for
random dispersal. All of these methods involve uniform time and age discretizations,
with the age step chosen to equal the time step.
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In this paper, we use a moving age discretization that allows for a method with
nonuniform age and time discretizations. The age step need not equal the time step.
Instead, the positions of the age nodes are adjusted by the time step. The method
posed preserves the important fact that age and time advance together. An advantage
of having variable time steps is the ability to adaptively choose the time steps to assure
robustness and efficiency. Advantages of independent age and time discretizations are
fewer computations and less memory use when the dependence on age is weak relative
to the dependence on time. In certain situations, for example, section 9 of this paper
and Chapter 4 of [4], the time discretization needed to resolve a problem is at least
an order of magnitude finer than the necessary age discretization. Separating the age
and time discretizations saves a corresponding amount of work. The age and time
discretizations discussed are not entirely independent; each new discrete age group,
or cohort, comes into existence at the beginning of a time step.

The population is approximated by piecewise constant functions in age, which
are generally only first-order correct. However, the computed solution is shown to be
a second-order correct approximation of the average value on each subinterval. We
present a postprocessing technique that utilizes this superconvergence property to
obtain second-order correct continuous piecewise linear approximations in age.

A probabilistic derivation of a method for a more general physiologically struc-
tured population model that does not involve spatial structure was presented by de
Roos [7, 8]. The method can be viewed as a generalized Leslie matrix model and
involves moving the discretization along characteristic curves. The formulation of de
Roos’s method leaves time continuous, and thus any suitable discretization of time
will be independent from the age discretization. While there are differences from the
methods presented in this paper in the handling of birth, death, and the representa-
tion of the approximate solution, it would be interesting to know if an energy analysis
might provide a framework for the convergence analysis sought by de Roos and Metz
[9].

Age and space structured models are applicable to problems in ecology, epidemi-
ology, population genetics, and cell growth. The motivation for this work was the
Esipov–Shapiro model of Proteus mirabilis swarm colony development [12, 33]. In
this model, there are two stages of bacteria. The motile stage is described by an age-
dependent nonlinear diffusion equation, which is coupled to an ODE at each point in
space that describes the nonmotile stage. The creation of motile bacteria is governed
by these ODEs. In this problem, there are very rapid changes in space requiring very
small time steps, although the age dependence is smooth. While the Esipov–Shapiro
model is more complicated than the model we consider, the age and time discretiza-
tion presented in this paper could be applied to the numerical solution of that model
[4].

The organization of this paper is as follows. In section 2, we present the continuous
model and our assumptions on that model. In section 3, we present a model that is
continuous in space and time and discrete in age. In section 4, we present a fully
discrete method for approximating solutions to the continuous model. In section 5,
we provide a priori error bounds for the approximate solution that are superconvergent
in the age variable. In section 6, we present and analyze a postprocessing technique
to capitalize on the superconvergence. In section 7, we bound the error that results
from truncating the infinite age domain to a finite domain. In section 8, we discuss the
relationship between the methods posed in this paper and finite difference methods.
In section 9, we present a computational example illustrating some of the benefits of
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the numerical scheme.

2. The continuous model. We define the differentiation operators ∂t =
∂
∂t and

∂a =
∂
∂a . We consider the age-dependent population model with nonlinear diffusion,

∂tu+ ∂au = ∇ · (k(x, p)∇u
)− µ(x, a, p)u, x ∈ Ω, a > 0, t > 0.(2.1)

The function u(x, a, t) represents the distribution of individuals, Ω ⊂ R
n represents

the spatial domain, a represents age, and t represents time. The function µ > 0 is the
death modulus.

The diffusion, ∇ · (k∇u
)
, arises from the symmetric random motion of each in-

dividual (Fickian diffusion). Here ∇ and ∇· denote the gradient and the divergence,
respectively, in x. Isotropic random motion results in diffusion of the form∇2(ku). The
choice between diffusions should be based on biological considerations. See [2, 32, 40]
for discussions and derivations of different diffusions.

The total population density, p, is given by

p(x, t) =

∫ ∞

0

u(x, a, t) da, x ∈ Ω, t > 0.(2.2)

We have a birth condition

u(x, 0, t) = B(x, u(x, ·, t)), x ∈ Ω, t > 0,(2.3)

that is dependent on the entire population distribution. We note that B is an operator
whose second argument is a function defined on R

+, where R
+ denotes the nonnegative

real numbers. We have a Neumann boundary condition, with ν denoting the outward
normal to ∂Ω,

k(x, p)∇u · ν = 0, x ∈ ∂Ω, a > 0, t > 0,(2.4)

that represents an isolated habitat. The initial condition is

u(x, a, 0) = u0(x, a), x ∈ Ω, a > 0.(2.5)

Langlais [24] proved the existence of unique nonnegative solutions for the case
when k and µ are independent of x and when the birth condition takes the form

B(x, u(x, ·, t)) =
∫ ∞

0

β(a, p)u(x, a, t) da,

where β is the fecundity. A corresponding treatment for the system (2.1)–(2.5) is
beyond the scope of this paper; we will concentrate on the numerical aspects of the
problem. Thus, we assume existence and uniqueness of smooth, nonnegative solutions.

We make several assumptions.

Condition 2.1. There exist constants C0 and C1 such that for (x, p) ∈ Ω×R, k
satisfies 0 < C0 ≤ k(x, p) ≤ C1 and µ satisfies 0 < C0 ≤ µ(x, a, p) ≤ C1 for all a.

Condition 2.2. The functions k(x, p) and µ(x, a, p) are uniformly Lipschitz
continuous with respect to p with Lipschitz constant K. The derivative ∂pk(x, p) exists.
The derivative ∂aµ(x, a, p) exists, is uniformly bounded by C1 as a function of all its
arguments, and ‖∂aµ(x, ·, p)‖2

L2(R+) ≤ C1 uniformly as a function of x and p.
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Condition 2.3. The birth condition, B : Ω×(L1(R+)∩L2(R+)
)→ R

+, satisfies
the Lipschitz condition

|B(x, ϕ(x, ·, t))− B(x, ψ(x, ·, t))|
≤ K

((
1 + ‖ϕ‖L1(R+)

) ∣∣∣∣
∫ ∞

0

(ϕ− ψ) da

∣∣∣∣+ ‖ϕ− ψ‖H−1(R+)

)

and is bounded. Here, H−1(R+) is the dual to H1(R+).
Condition 2.4. The initial condition, u0(x, a), is bounded and nonnegative and

there exists ãmax such that u
0(x, a) = 0 for a > ãmax.

For simplicity, we use the same K in Conditions 2.2 and 2.3.
An example of the birth condition is

B(x, ϕ(x, ·, t)) =
∫ ∞

0

β(x, a,Φ)ϕ(x, a, t) da,(2.6)

where β ≥ 0 is the birth rate and Φ is the integral of ϕ with respect to age. This
birth condition is used most often in the literature cited in this paper and represents
a situation where an individual’s fecundity, β, is dependent on its age, position in
space, and the total population density at that position. Condition 2.3 is satisfied if
β is uniformly Lipschitz continuous as a function of Φ; if β(x, a,Φ), considered as a
function of a, is in H1(R+), with H1-norm bounded independently of x and Φ; and
ϕ ∈ L1(R+) ∩ L2(R+), as a function of age.

An example of a birth condition in a more general physiologically structured
model for certain cell populations [39] is

u(x, 0, t) = 4

∫ ∞

0

β(2x, a)u(2x, a, t) da,

where x represents cell size. In this context, β(x, a) is the instantaneous rate of cell
division. For the motivating problem of Proteus mirabilis swarm colony development
[12], the analog of the birth term for the age-dependent swarmer cell population is
not dependent on the swarmer cells but rather on another cell type. Neither of these
situations corresponds exactly to the model considered in this paper, but they do
share essential features with this model. Using a general form for the birth condition
and not using (2.6) directly (as is the case in [20, 21, 26]) adds both generality and
simplicity to the model and the numerical analysis.

If we make a transformation to a moving reference frame in age, w(x, c, t) =
u(x, c+ t, t); then the resulting system is

∂tw = ∇ · (k(x, p)∇w
)− µ(x, c+ t, p)w, x ∈ Ω, c > −t, t > 0,(2.7)

w(x,−t, t) = B(x, w(x, · − t, t)), x ∈ Ω, t > 0,(2.8)

k(x, p)∇w · ν = 0, x ∈ ∂Ω, c > −t, t > 0,(2.9)

p(x, t) =

∫ ∞

−t

w(x, c, t) dc, x ∈ Ω, t > 0,(2.10)

w(x, c, 0) = u0(x, c), x ∈ Ω, c > −t.(2.11)

3. The age-discrete model. We discretize age for all time by using an infinite
mesh,

c−∞ < · · · < c−1 < c0 < c1 < · · · c∞.
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Each age interval [ci, ci+1), −∞ < i < ∞, can be thought of as defining a co-
hort. The infinite mesh is a useful analytic tool. The actual ci’s may be determined
adaptively as the calculation progresses. We denote the partition determined by the
set of points {ci} by γ. If ci+1 > −t, the active cohort is defined by the interval
Ci(t) = [max(ci,−t), ci+1) with length ∆ci(t). We denote by J (γ, t) the space of func-
tions which are constant over each Ci, extended to be zero for c < −t. We let Wi

denote the age-discrete approximation to w on Ci and W (x, t) denote the correspond-
ing function in J (γ, t). As we will see in section 7, lima→∞ u = 0, so in practice
we need consider only Wi for ci+1 in the interval [−t, amax − t] for a suitably large
choice of amax. We let χ denote the characteristic function. We define the age-averaging
operator, A : L1

loc → J , by

A(t, ϕ)(c) =
∑
i

Ai(t, ϕ)χCi(t)(c),

where

Ai(t, ϕ) =
1

∆ci(t)

∫
Ci(t)

ϕ(c) dc.

The operators A and Ai will be applied only to the variable c in µ(x, c+ t, p).
To motivate the birth and death terms in the definition of the age-discrete model,

we apply the age-averaging operator (2.7). We note that if −t ∈ Ci(t), then ∂t∆ci(t) =
1. We can then apply the product rule to ∂tAi(t, w) to obtain

Ai(t, ∂tw) = ∂tAi(t, w) +
1

∆ci

(
Ai(t, w)− B(x, w)).

For the death term, we have

Ai(t, µw) = Ai(t, µ)Ai(t, w) + Ai(t, (µ− Ai(t, µ))w)

= Ai(t, µ)Ai(t, w) + Ai(t, (µ− Ai(t, µ))(w − Ai(t, w))).

Thus Ai(t, µ)Ai(t, w) is a second-order correct approximation of Ai(t, µw), if µ and
w are smooth, since µ − Ai(t, µ) and w − Ai(t, w) are both of first order in age. We
will obtain a second-order correct model in age by using a parabolic equation for the
population density of each cohort,

∂tWi(x, t) = ∇ · (k(x, P )∇Wi(x, t)
)− µ̄i(x, t, P )Wi(x, t) +Bi(x, t,W ),(3.1)

for every i such that ci+1 > −t. If ci+1 = −t, then Wi = B(x,W ). The death modulus
is

µ̄i(x, t, ϕ) = Ai

(
t, µ(x, ·+ t, ϕ)

)
.

The birth term is

Bi(x, t, ϕ) =

{
1

∆ci
(B(x, ϕ)− Ai(t, ϕ)) if − t ∈ Ci(t),

0 otherwise.
(3.2)

We takeWi = 0 for ci+1 < −t. The term Ai(t,Wi)/∆ci in Bi(x, t,W ) accounts for the
conservation of population as the length of the active birth interval increases. Notice
that if we temporarily neglect the k and µ terms, then

∂t (∆ci Wi) = B(x,Wi), −t ∈ Ci(t).
The age-discrete total population density, P, is obtained by integrating W in the age
variable. The equations are coupled only through B and P .
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4. The fully discrete method. We fully discretize the problem by using a
backward difference method in time and a Galerkin method in space. Let (·, ·) denote
the L2 inner product on Ω. For each cohort, a weak form (3.1) is given, for every
v ∈ H1(Ω), by

(∂tWi, v) + k(P ;Wi, v) + (µ̄(x, t, P )Wi, v) = (Bi, v).(4.1)

Here, we reuse the symbol k to denote the form

k(P ;ϕ, v) =

∫
Ω

k(x, P )∇ϕ · ∇v dx;

the distinction between the form and k(x, P ) should be clear from context.
Let M denote a finite-dimensional subspace of H1(Ω). Let W̃ j

i ∈ M denote the
approximate solution to (4.1) at the jth time step, tj . Define ∆tj = tj − tj−1 and
∆cji = ∆ci(t

j). We assume that the time discretization is a refinement of the age
discretization. Specifically, we require that [−tj ,−tj−1] ⊆ [ci, ci+1] for some i, and
we denote this i by b(j). We use the notation µ̄j

i (ϕ) = µ̄i(x, t
j , ϕ). The fully discrete

method is defined by the system(
W̃ j

i − W̃ j−1
i

∆tj
, v

)
+ k(P̃ j−1; W̃ j

i , v) + (µ̄
j
i (P̃

j−1)W̃ j
i , v) = (B

j
i (W̃

j−1), v),(4.2)

for every v ∈ M. If −tj−1 = ci+1, then W̃ j−1
i is initialized to the elliptic projection

into M of B(x, W̃ j−1). Let

W̃ j(c) =
∑
i

W̃ j
i χCi(tj)(c).

The term P̃ j is obtained by integrating W̃ j . The birth function is Bj
i (ϕ) =

Bi(x, t
j , ϕ) if [−tj ,−tj−1] ⊆ [ci, ci+1], or Bj

i (ϕ) = 0 otherwise. By lagging P̃ and
B at each time step, the discrete equations are coupled to each other only by values
which are known before the step is taken. Thus, for each i, we need to solve only an
independent linear system.

5. Error analysis. Wheeler, in her analysis for parabolic equations [42], showed
the importance of choosing the right projection in constructing an argument; in her
case it was the elliptic projection. In this paper we use a tensor product projection
based on an elliptic projection in space and an L2-projection in age. The additional
dimension of age, the presence of the nonlocal birth term, and the dependence on total
population density in the diffusion and death terms will be seen as requiring additions
to the analysis presented in [42]. In particular, the interaction of terms arising from
the time differencing and the birth term will play an important part in the analysis.

For discrete time and age, the value of ϕ(·, tj) will be denoted by ϕj , and the
average value of ϕ on Ci at time tj will be denoted by ϕj

i . It is convenient to use
H−1(Ω) as the dual to H1(Ω). Let ‖ · ‖, ‖ · ‖L∞ , ‖ · ‖H1 , and ‖ · ‖H−1 denote the L2,
L∞, H1 and H−1 norms over Ω, respectively. Suppose that Υ is a normed space with
norm ‖ · ‖Υ. Then, for ϕ : R → Υ, let

|||ϕ|||2Υ =
∫ ∞

−∞
‖ϕ(c)‖2

Υ dc.
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A lack of a subscript indicates Υ = L2(Ω). For ϕ : Ω→ Υ, define

‖ϕ‖Lp(Ω,Υ) =
∥∥∥ ‖ϕ(x)‖Υ

∥∥∥
Lp(Ω)

.

We show that the approximate solution W̃ is close to a function X, which is
the elliptic projection in space and the L2-projection in age of the true solution w.
For each (c, t), we take X̃(c, t) ∈ M such that k(p;w − X̃, v) = 0 for all v ∈ M
and such that (w − X̃, 1) = 0. Similarly, for each t, we take Y (t) ∈ M to satisfy
k(p; p − Y, v) = 0 for all v ∈ M and (p − Y, 1) = 0. We choose X(t) ∈ M⊗ J such
that X(t) = A(t, X̃(c, t)). We set

ϑ = W̃ −X, η = A(t, w)−X, % = P̃ − Y, and σ = p− Y.

Theorem 5.1. Assume Conditions 2.1–2.3 hold. Let h denote the length of the
longest cohort. Set Qj = Ω × [tj−1, tj ]. There exists positive constants δ and C∗, de-
pendent only on K, C0, C1, |||w|||L∞ , ‖w‖L∞(R×Ω), ‖w‖L∞(Ω,L1(R)), |||∇X|||L∞ , ‖p‖L∞ ,
and ‖∇Y ‖L∞ , such that, provided ∆tj < δ for 1 ≤ j ≤ m,

|||ϑm|||2 + ‖%m‖2 + C0

m∑
j=1

(|||ϑj |||2H1 + ‖%j‖2
H1

) ≤ C∗ (|||ϑ0|||2 + ‖%0‖2
)

(5.1)

+C∗
m∑
j=1

((
|||∂tw|||2L2(Qj) + ‖∂tp‖2

L2(Qj) + ‖∂twb(j)‖2
L2(Qj)

+|||∂ttw|||2L2(Qj) + ‖∂ttp‖2
L2(Qj)

)
∆tj

+‖Ab(j)(t
j , wj−1)‖2(∆tj)2 + h4

(|||∂cwj |||2 + |||∂cwj−1|||2)
+ |||ηj |||2 + |||ηj−1|||2 + ‖ηj−1

b(j)‖2 +

∣∣∣∣
∣∣∣∣
∣∣∣∣ηj − ηj−1

∆tj

∣∣∣∣
∣∣∣∣
∣∣∣∣
2

H−1

+

∥∥∥∥σj − σj−1

∆tj

∥∥∥∥
2

H−1

+ ‖σj‖2 + ‖σj−1‖2

)
∆tj .

Remark. By this result, the approximation is superconvergent in age. Although a
piecewise constant approximation is normally only first-order correct, we have ϑ and
% of second order in age.

Proof. For this proof C will denote an arbitrary constant with dependencies not
greater than those of C∗.

Applying the age-averaging operator, A, (2.7) gives

∂tAi(t, w) = ∇ · (k∇Ai(t, w)
)
+Bi(x, t, w)

− (µ̄i(x, t, p)Ai(t, w) + Ai

(
t, [µ− Ai(t, µ)][w − Ai(t, w)]

))
,

for every i such that ci+1 > −t. If −tj−1 < ci+1, set wj−1
i = Ai(t

j−1, wj−1). If

−tj−1 = ci+1, set wj−1
i = w(x,−tj−1, tj−1). Lagging p and B, we get, at time tj ,(

wj
i − wj−1

i

∆tj
, v

)
+ k(pj−1;wj

i , v) + (µ̄
j
i (p

j−1)wj
i , v)(5.2)

= (Bj
i (w

j−1), v) +
(
Bj

i (w
j)−Bj

i (w
j−1), v

)
+ (ρji , v)− (gji , v)

+ k(pj−1 − pj ;wj
i , v) +

((
µ̄j
i (p

j−1)− µ̄j
i (p

j)
)
wj

i , v
)
,
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where

ρji =
wj

i − wj−1
i

∆tj
− ∂tw

j
i ,

gji = Ai

(
tj , [µ(x, c+ tj , pj)− Ai(t

j , µ(x, c+ tj , pj))][wj − Ai(t
j , wj)]

)
.

Let v = ∆cjiϑ
j
i and subtract (5.2) from (4.2) to get

1

∆tj
(ϑj

i − ϑj−1
i ,∆cjiϑ

j
i ) + k(P̃ j−1; W̃ j

i ,∆cjiϑ
j
i )(5.3)

− k(pj−1;wj
i ,∆cjiϑ

j
i ) + (µ̄

j
i (P̃

j−1)W̃ j
i − µ̄j

i (p
j−1)wj

i ,∆cjiϑ
j
i )

= (Bj
i (W̃

j−1)−Bj
i (w

j−1),∆cjiϑ
j
i )

+
(
Bj

i (w
j−1)−Bj

i (w
j),∆cjiϑ

j
i

)
+ (gji − ρji ,∆cjiϑ

j
i )

+

(
ηji − ηj−1

i

∆tj
,∆cjiϑ

j
i

)
− k(pj−1 − pj ;wj

i ,∆cjiϑ
j
i )

−
((

µ̄j
i (p

j−1)− µ̄j
i (p

j)
)
wj

i ,∆cjiϑ
j
i

)
.

Equation (5.3) makes sense for −tj−1 = ci+1, since in this case, w
j−1
i = B(x, wj−1)

and W̃ j−1
i is the elliptic projection in space of B(x, W̃ j−1). Rearranging terms, we

get

1

∆tj
(ϑj

i − ϑj−1
i ,∆cjiϑ

j
i )(5.4)

+ k(P̃ j−1;ϑj
i ,∆cjiϑ

j
i ) + (µ̄

j
i (P̃

j−1)ϑj
i ,∆cjiϑ

j
i )

=
{
∆cji (k(x, Y

j−1)− k(x, P̃ j−1),∇Xj
i · ∇ϑj

i )
}

1

+
{
∆cji (k(x, p

j−1)− k(x, Y j−1),∇Xj
i · ∇ϑj

i )
}

2

+
{
∆cji (k(x, p

j)− k(x, pj−1),∇Xj
i · ∇ϑj

i )
}

3

+
{
((µ̄j

i (p
j−1)− µ̄j

i (P̃
j−1))wj

i ,∆cjiϑ
j
i )
}

4

−
{
((µ̄j

i (p
j−1)− µ̄j

i (p
j))wj

i ,∆cjiϑ
j
i )
}

5

+

{(
ηji − ηj−1

i

∆tj
+ µ̄j

i (P̃
j−1)ηji ,∆cjiϑ

j
i

)}
6

−
{
(ρji ,∆cjiϑ

j
i )
}

7

+
{
(gji ,∆cjiϑ

j
i )
}

8

+
{
(Bj

i (W̃
j−1)−Bj

i (w
j−1),∆cjiϑ

j
i )
}

9

+
{
(Bj

i (w
j−1)−Bj

i (w
j),∆cjiϑ

j
i )
}

10

= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9 + I10,

where I1–I10 refer to the corresponding bracketed expressions. Using Conditions
2.1–2.2, Hölder’s inequality, and the arithmetic-geometric inequality, yz ≤ 1

2 (εy
2 +
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(1/ε)z2), we get the following bounds:

|I1| ≤ ∆cji (K|%j−1|, |∇Xj
i · ∇ϑj

i |)

≤ ∆cji

(
2K2

C0
‖∇Xj

i ‖2
L∞‖%j−1‖2 +

C0

8
‖ϑj

i‖2
H1

)
;

|I2| ≤ ∆cji

(
2K2

C0
‖∇Xj

i ‖2
L∞‖σj−1‖2 +

C0

8
‖ϑj

i‖2
H1

)
;

|I3| ≤ ∆cji

(
2K2

C0
‖∇Xj

i ‖2
L∞‖pj − pj−1‖2 +

C0

8
‖ϑj

i‖2
H1

)
;

|I4| ≤ ∆cji (K|P̃ j−1 − pj−1|, |wj
iϑ

j
i |) ≤ ∆cji

(
K

2
‖wj

i ‖L∞
(
‖P̃ j−1 − pj−1‖2 + ‖ϑj

i‖2
))
;

|I5| ≤ ∆cjiK

2
‖wj

i ‖L∞
(
‖pj − pj−1‖2 + ‖ϑj

i‖2
)
;

|I6| ≤ ∆cji


 2

C0

∥∥∥∥∥η
j
i − ηj−1

i

∆tj

∥∥∥∥∥
2

H−1

+
C0

8
‖ϑj

i‖2
H1 +

C1

2

(
‖ηji ‖2 + ‖ϑj

i‖2
);

|I7| ≤ ∆cji
2

(
1

2
‖∂ttw‖2

L2(Qj)∆tj + ‖ϑj
i‖2

)
;

|I8| ≤ ∆cji
2

(
‖gji ‖2 + ‖ϑj

i‖2
)
.

Collecting the terms I1–I8 and using the bound k(P̃ j−1;ϑj
i , ϑ

j
i ) + (µ̄j

i (P̃ )ϑ
j
i , ϑ

j
i ) ≥

C0‖ϑj
i‖2

H1 , and the fact that (y + z)2 ≤ 2(y2 + z2), we get

∆cji
∆tj

(ϑj
i − ϑj−1

i , ϑj
i ) +

C0

2
‖ϑj

i‖2
H1 ≤(5.5)

∆cjiC
(‖%j−1‖2 + ‖σj−1‖2 + ‖pj − pj−1‖2

)
+
2∆cji
C0

∥∥∥∥∥η
j
i − ηj−1

i

∆tj

∥∥∥∥∥
2

H−1

+
∆cjiC1

2
‖ηji ‖2 +

∆cji
2

‖gji ‖2

+
∆cji
8

‖∂ttw‖2
L2(Qj)∆tj +∆cjiC‖ϑj

i‖2 + I9 + I10.

If [−tj ,−tj−1] �⊆ [ci, ci+1], then I9 = I10 = 0 and ∆cji = ∆cj−1
i . For the left-hand

side of (5.5), we make the estimate

∆cji
∆tj

(ϑj
i − ϑj−1

i , ϑj
i ) =

∆cji
2∆tj

(
‖ϑj

i‖2 − ‖ϑj−1
i ‖2 + ‖ϑj

i − ϑj−1
i ‖2

)
≥ 1

2∆tj

(
∆cji‖ϑj

i‖2 −∆cj−1
i ‖ϑj−1

i ‖2
)
.

If [−tj ,−tj−1] ⊆ [ci, ci+1], then ∆cji = ∆cj−1
i + ∆tj . For the left-hand side of

(5.5), we make the estimate

∆cji
∆tj

(ϑj
i − ϑj−1

i , ϑj
i ) =

(
∆cji‖ϑj

i‖2 −∆cj−1
i ‖ϑj−1

i ‖2
)

2∆tj
+
1

2
‖ϑj

i‖2 − (ϑj−1
i , ϑj

i )

+
∆cj−1

i

2∆tj
‖ϑj

i − ϑj−1
i ‖2
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≥
(
∆cji‖ϑj

i‖2 −∆cj−1
i ‖ϑj−1

i ‖2
)

2∆tj
+
1

2
‖ϑj

i‖2 − (ϑj−1
i , ϑj

i ).

We note that the H−1-norm is bounded by the L2-norm. Recall (3.2), which is the
definition of Bi. For the birth terms we make the estimates

I9 =
(
B(x, W̃ j−1)− B(x, wj−1), ϑj

i

)
− (Ai(W̃

j−1 − wj−1), ϑj
i )

≤ 16K2
(
2(1 + ‖wj−1‖2

L∞(Ω,L1(R)))‖P̃ j−1 − pj−1‖2 + ‖W̃ j−1 − wj−1‖2
L2(Ω,H−1(R))

)
+
1

8
‖ϑj

i‖2 − (ϑj−1
i , ϑj

i ) + 8‖ηj−1
i ‖2

≤ 48K2
(
(1 + ‖wj−1‖2

L∞(Ω,L1(R)))‖P̃ j−1 − pj−1‖2 + |||ϑj−1|||2 + |||ηj−1|||2

+ ‖A(wj−1)− wj−1‖2
L2(Ω,H−1(R))

)
+
1

8
‖ϑj

i‖2 − (ϑj−1
i , ϑj

i ) + 8‖ηj−1
i ‖2,

I10 =
(
B(x, wj)− B(x, wj−1), ϑj

i

)
− (Ai(w

j − wj−1), ϑj
i )

≤ 32K2
(
(1 + ‖wj−1‖2

L∞(Ω,L1(R)))‖pj − pj−1‖2 + |||wj − wj−1|||2
)

+
1

8
‖ϑj

i‖2 + 8‖wj
i − wj−1

i ‖2.

The H−1-norm has domain R, not R
+, since Condition 2.8 was defined in the context

of the original system, (2.1)–(2.5), not the moving reference frame, (2.7)–(2.11).
Recall that b(j) denotes the index of the birth interval at time tj . We make the

appropriate bounds, for each i, of the left-hand side of (5.5), of I9, and of I10. We
then sum over i to get

1

2∆tj
(|||ϑj |||2 − |||ϑj−1|||2)+ C0

2
|||ϑj |||2H1 +

1

4
‖ϑj

b(j)‖2(5.6)

≤ C
(‖%j−1‖2 + ‖σj−1‖2 + ‖pj − pj−1‖2

)
+C

(
|||ϑj−1|||2 + |||ηj−1|||2 + ‖A(tj−1, wj−1)− wj−1‖2

L2(Ω,H−1(R))

)
+C

(
‖wj

b(j) − wj−1
b(j)‖2 + ‖ηj−1

b(j)‖2 + |||wj − wj−1|||2
)

+
1

C0

∣∣∣∣
∣∣∣∣
∣∣∣∣ηj − ηj−1

∆tj

∣∣∣∣
∣∣∣∣
∣∣∣∣
2

H−1

+
C1

2
|||ηj |||2 + 1

2
|||gj |||2

+
1

8
|||∂ttw|||2L2(Qj)∆tj + C|||ϑj |||2.

Before we can use (5.6) to get bounds on the error, we need corresponding rela-
tionships for the total population density. We integrate (2.7) over c and take the inner
product with a test function v ∈ M to obtain

(∂tp, v)− (B, v) + k(p; p, v) +

(∫ ∞

−t

µ(x, c+ t, p)w dc , v

)
= 0.

Then (
pj − pj−1

∆tj
, v

)
− k(pj ; pj , v) +

(∫ ∞

−tj
µ(x, c+ tj , pj−1)wj dc, v

)
(5.7)



METHOD FOR AN AGE- AND SPACE-DEPENDENT POPULATION MODEL 1581

= (B(x, wj−1), v)− (B(x, wj−1)− B(x, wj), v) + (1j , v)

+

(∫ ∞

−tj
(µ(x, c+ tj , pj−1)− µ(x, c+ tj , pj))wj dc, v

)
,

where

1j =
pj − pj−1

∆tj
− ∂tp

j .

We set µ̄j = A(tj , µ). We integrate (4.2) from −tj to ∞ in c to obtain(
P̃ j − P̃ j−1

∆tj
, v

)
+ k(P̃ j−1; P̃ j , v) +

(∫ ∞

−tj
µ̄j(P̃ j−1)W̃ j dc, v

)
(5.8)

= (B(x, W̃ j−1), v) + (W̃ j−1
b(j) , v)∆tj .

We let

g̃j =

∫ ∞

tj

(
µj(pj−1)− µ̄j(pj−1)

) (
wj − A(tj , wj)

)
dc

and v = %j . Subtracting (5.7) from (5.8) gives

1

∆tj
(%j −%j−1, %j) + k(P̃ j−1; P̃ j , %j)− k(pj−1; pj , %j)

+

(∑
i

(
µ̄j
i (P̃

j−1)W̃ j
i − µ̄j

i (p
j−1)wj

i

)
∆cji , %

j

)

= (B(x, W̃ j−1)− B(x, wj−1), %j) + (B(x, wj−1)− B(x, wj), %j)

+

(
σj − σj−1

∆tj
, %j

)
+ k(pj−1 − pj ; pj , %j) +

(
g̃j − 1j , %j

)
+

(∫ ∞

−t

(µ(x, c+ tj , pj−1)− µ(x, c+ tj , pj))wj dc, %j

)
+ (W̃ j−1

b(j) , %
j)∆tj .

This has a form similar to (5.3). We assume ∆tj < 1. We handle the nonbirth
terms as before. For the birth terms, we directly apply Condition 2.3. Then

1

2∆tj
(‖%j‖2 − ‖%j−1‖2

)
+

C0

2
‖%j‖2

H1(5.9)

≤ C
(‖%j−1‖2 + ‖σj−1‖2 + ‖pj − pj−1‖2

)
+C

(
|||ϑj−1|||2 + |||ηj−1|||2 + ‖A(tj−1, wj−1)− wj−1‖2

L2(Ω,H−1(R))

)

+C|||wj − wj−1|||2 + 1

C0

∥∥∥∥σj − σj−1

∆tj

∥∥∥∥
2

H−1

+
C1

2
‖σj‖2 + C‖%j‖2

+
1

8
‖∂ttp‖2

L2(Qj)∆tj +
1

2
‖g̃j‖2 +

1

4
‖ϑj−1

b(j)‖2 + C‖ηj−1
b(j)‖2

+
1

2
‖Ab(j)(t

j , wj−1)‖2(∆tj)2.

We note that f(x)−f(y) =
∫ x

y
1 ·f ′(s) ds ≤√|x− y| ‖f ′‖L2([y,x]) by the Schwarz

inequality. Then

‖pj − pj−1‖2 ≤ ∆tj‖∂tp‖2
L2(Qj),(5.10)
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|||wj − wj−1|||2 ≤ ∆tj |||∂tw|||2L2(Qj),(5.11)

‖wj
b(j) − wj−1

b(j)‖2 ≤ ∆tj‖∂twb(j)‖2
L2(Qj).(5.12)

We have the fact that ‖f‖L2(0,l) ≤ (l/π)‖f ′‖L2(0,l) (and as a result, ‖f − f̄‖L2(0,l) ≤
(l/π)‖(f − f̄)′‖L2(0,l) = (l/π)‖f ′‖L2(0,l); see Appendix A). Applying this inequality
once to the difference between w and its average over each age interval and once to
replace the H−1-norm over age with the L2-norm over age, we obtain

‖A(tj−1, wj−1)− wj−1‖2
L2(Ω,H−1(R)) ≤

(
h

π

)4

|||∂cwj−1|||2.(5.13)

Using the additional fact that ‖f− f̄‖L∞(0,l) ≤ (l/2)‖f ′‖L∞(0,l) (see Appendix A) and
Condition 2.2, we obtain

|||gj |||2 ≤ ‖µ− A(tj , µ)‖2
L∞(R+×Ω)|||wj − A(tj , wj)|||2(5.14)

≤
(

h4

4π2

)
C2

1 |||∂cwj |||2;(5.15)

‖g̃j‖2 ≤ ‖µ− A(tj , µ)‖2
L∞(Ω,L2(R+))|||wj − A(tj , wj)|||2(5.16)

≤
(

h

π

)4

C2
1 |||∂cwj |||2.(5.17)

Adding (5.6) and (5.9), incorporating estimates (5.10)–(5.17), and assuming ∆tj

is sufficiently small, we apply a discrete Gronwall’s inequality1 to get the stated
result.

6. Postprocessing the computational results. In this section, we present
a postprocessing result which capitalizes on the superconvergence shown in Theo-
rem 5.1. In this postprocessing method, we apply a transformation at time tj that
takes the first-order correct piecewise constant approximation in age to a second-
order correct continuous piecewise linear approximation. We define the transformation
T : J (γ, tj)→ J̃ (γ, tj), where J̃ (γ, tj) is the space of functions which are continuous
and are linear over each Ci(tj) so that for ϕ ∈ J (γ, tj) and ψ ∈ J̃ (γ, tj), ψ = T(ϕ)
has values at the nodes given by

ψ(ci) =
∆cji−1ϕi +∆cjiϕi−1

∆cji−1 +∆cji
if i > b(j),

ψ(−tj) = max
(
ψ(ci+1)−∆cjiF , 0

)
if i = b(j),

1Take m positive and v0 nonnegative. Suppose that for 1 ≤ j ≤ m, ∆tj is positive, vj , αj , γj ,
and βj are nonnegative, and ∆tjβj ≤ 1

2
. Let Cm = exp(2.2

∑m

j=1
βj∆tj). If, for each j,

vj − vj−1

∆tj
+ γj ≤ αj + βj(vj + vj−1),

then

vm +

m∑
j=1

γj∆tj ≤ Cm

{
v0 +

m∑
j=1

αj∆tj

}
.

See Appendix B in [3] for a proof.
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where F is any first-order correct approximation to the first derivative in age on the
cohort Cb(j), such as (ψ(cb(j)+2) − ψ(cb(j)+1))/∆cjb(j)+1. We note that T preserves

nonnegativity. If ϕ is the midpoint value or average value on the cohorts of a smooth,
nonnegative function ω, then ψ will be a second-order correct approximation to ω.

We restrict attention to the case when M is the space of continuous piecewise
linear functions. Such functions are nonnegative if and only if the nodal values are
nonnegative. Let Wj denote the result of applying T to W̃ j at each spatial node.
Then Wj is in M⊗ J̃ . Observe that Wj is a second-order correct approximation to
the true solution w, provided w is sufficiently smooth.

7. Truncating the age domain. In order to approximate solutions to (2.1)–
(2.5) in practice, we need to truncate the age domain to a finite domain, [0, amax]. We
can bound the error that results from such a truncation because of the exponential
decay of the solution as a tends toward infinity. At any point in time, we can con-
sider the population density for any particular age group, u, to be the solution to a
linear problem with continuous time-dependent coefficients. In other words, we can
rewrite k(x, p(x, t)) as k(x, t) and µ(x, p(x, t)) as µ(x, t). We look along the age-time
characteristics, da/dt = 1, so that a = t+ τ for some constant τ . We then have

∂tu(x, t) = ∇ · (k(x, t)∇u(x, t)
)− µ(x, t)u(x, t),

with boundary condition

k(x, t)∇u(x, t) · ν = 0.
The new meanings of u, k, and µ should be clear from context. Define

µ̂(a) = inf
x∈Ω

p≥0

µ(x, a, p), and let z(x, t) = e

∫ t+τ

0
µ̂(s)ds

u(x, t).

Then

∂tz(x, t) = ∇ · (k(x, t)∇z
)
+ (µ̂− µ)z.

By a comparison theorem (Theorem 10.1 on p. 94 of [36]), assuming u ∈ C2(Ω) ×
C1([0, T ]), we have

max
0≤t≤T

x∈Ω

z(x, t) ≤ max
x∈Ω

z(x, 0) = max
x∈Ω

u(x, 0).

Thus,

max
0≤t≤T

x∈Ω

u(x, t) ≤ max
x∈Ω

e
−
∫ t+τ

0
µ̂(s)ds

u(x, 0).

We assume Conditions 2.3 and 2.4 hold. Then, for all characteristic lines, u(x, 0) ≤ M
for some constant M . The solution to (2.1)–(2.5) satisfies

u(x, a, t) ≤ Me
−
∫ a

0
µ̂(s)ds

.

We thus require the integral of µ with respect to a to increase at least linearly.
The error bound on a > amax is given by the exponential decay. For the region

[0, amax], we use an energy analysis to bound the error caused by truncating the age
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domain. We use tildes to denote solutions and coefficients of the age-truncated problem
on [0, amax]. In this section, C denotes an arbitrary constant with dependencies at most
on K, C0, C1, |||u|||L∞ , ‖u‖L∞(Ω×R), |||∇u|||L∞ , ‖p‖L∞ , and ‖∇p‖L∞ . Define εu = u− ũ.
Then, along characteristics,

∂t‖εu‖2 +
(
k̃∇εu,∇εu

)
+ (µ̃εu, εu) =

(
(k̃ − k)∇u,∇εu

)
+ ((µ̃− µ)u, εu) .

Let εp = p− p̃. Then bounds similar to those in section 5 give

∂t‖εu‖2 + C0‖εu‖2
H1 ≤ C(‖εp‖2 + ‖εu‖2).(7.1)

We redefine ||| · ||| so that the integration over a goes only from 0 to amax. Integrating
(7.1) and applying Condition 2.3, we get

∂t|||εu|||2 + C0|||εu|||2H1 ≤ K‖u(x, amax, t)‖2 + C(‖εp‖2 + |||εu|||2).(7.2)

For the error in the total population density, we similarly get

∂t‖εp‖2 + C0‖εp‖2
H1 ≤ C(‖εp‖2 + |||εu|||2).(7.3)

Adding (7.2) and (7.3), we get

∂t
(|||εu|||2 + ‖εp‖2

)
+ C0

(|||εu|||2H1 + ‖εp‖2
H1

) ≤ K‖u(x, amax, t)‖2 + C
(|||εu|||2 + ‖εp‖2

)
.

We assume amax > ãmax, from Condition 2.4, so that u(x, amax, 0) = 0. Applying a
Gronwall’s inequality,2 we get the following result.

Theorem 7.1. Let

ε1(t) =

∫ t

0

C0

(|||εu|||2H1 + ‖εp‖2
H1

)
(s) ds.

Assume Conditions 2.1–2.4 hold. There exists C∗∗(t), dependent only on K, C0, C1,
|||u|||L∞ , ‖u‖L∞(Ω×R), |||∇u|||L∞ , ‖p‖L∞ , and ‖∇p‖L∞ such that

(|||εu|||2 + ‖εp‖2 + ε1
)
(t) ≤ C∗∗(t)

((|||εu|||2 + ‖εp‖2
)
(0) +

∫ t

0

K‖u(x, amax, s)‖2 ds

)
.

8. Relationship to finite difference methods. In one or two space dimen-
sions, the simplest space-time discretization of (3.1) would be a backward Euler
method in time and finite differences in space; in two-space we use a regular rectangu-
lar mesh. In the context of the methods posed in this paper, this spatial discretization
corresponds to the use of continuous piecewise linear finite elements with mass lump-
ing as the quadrature rule. In two dimensions, we use a regular rectangular mesh
where each rectangle is subdivided into two triangles. In this context, the mass lump-
ing replaces the integral over a triangle by the product of the area and the average of
the integrand at the vertices. By using this discretization of (3.1) and a postprocess-
ing technique, we get convergence that is first-order correct in time and second-order
correct in age and space. By using mass lumping as the quadrature rule, we guarantee
nonnegativity of the computed solution [38]. It is believed, but not proven, that mass
lumping will not degrade the rate of convergence.

2Assume u, b, c ≥ 0 are continuous and g ≥ 0 is differentiable. Then g′(t) + b(t) ≤ c(t) +

u(t)g(t) implies g(t) +
∫ t

0
b(τ) dτ ≤ exp

(∫ t

0
u(τ) dτ

)(
g(0) +

∫ t

0
c(τ) dτ

)
. This result is obtained

by modifying the Gronwall’s inequality in [15].
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9. Computational example. We present a computational example showing
some of the benefits of the method presented in this paper over a method that requires
the age and time discretizations to be the same and uniform. In particular, we are
able to use a coarser age discretization and take fewer time steps.

For the system (2.1)–(2.5), we used a constant diffusivity, k = 10−2. We took the
spatial domain to be [0, 1] and the temporal domain to be [0, 2]. We took the birth
term to have the form (2.6) with

β(x, a, p) = β(a) =

{
2 if 0.2 < a < 0.8,
0 otherwise.

This means that individuals are fecund if they are not too old or too young. For the
death modulus we used

µ(x, a, p) = µ(a) =
10e10(a− 1

2 )

e10(a− 1
2 ) + e−10(a− 1

2 )
.

This death modulus corresponds to a situation where mortality is low until around
a certain age, at which point mortality increases dramatically. This is the case in
Proteus mirabilis swarm colony development [12]. For the initial condition we took

u0(x, a) =

{
1 if 0 < a < 0.4 and 0 < x < 0.25,
0 otherwise.

This initial condition could correspond to a situation where the population in part
of a one-dimensional habitat was destroyed, such as the population along a part of a
river bank getting washed away.

We used finite differences in space with a uniform mesh of ∆x = 0.01.
We implemented step-size control via step-doubling (without extrapolation) [4,

14]. This means for each time step we took a step of size ∆t and compared it to the
solution obtained by taking two steps of size ∆t/2. We adjusted a parameter that
limits local truncation error so that the L2-norm of the relative error of the computed
solution at time t = 2 was measured to be less than 1%.

We found the truncated age domain, [0, 1.5], to be sufficiently large. For the age
discretization, we used a uniform partition in c with mesh size h = 0.05. An error
study done by halving h also measured a relative error less than 1%.

Figure 9.1 shows the dynamics of the total population density, p. Figure 9.2 shows
the computed age-space distribution, u, at time t = 2. Figure 9.3 shows the size of
time steps taken during the simulation. There were 715 steps taken to compute the
solution, with an additional 18 steps taken that were rejected by step-doubling. The
smallest time step taken was 7.8125× 10−6.

We compare the use of the methods presented in this paper combined with step-
doubling versus the use of uniform time and age discretizations, with the mesh sizes
equal. The use of such a “uniform and equal” discretization would require an age
discretization 6400 times finer than the one used here to obtain the same level of
resolution, as well as 116 times as many time steps. The figure of 116 was obtained by
noting that the 733 steps of step-doubling involve three steps each of backward Euler,
for a total of 2199 steps. Whereas the use of a “uniform and equal” discretization
would require 2/(7.8125× 10−6) = 256000 steps. A uniform age-time discretization of
∆t = 10−3, which would resolve the later part of the simulation, would result in an
age discretization which is a factor of 50 times finer than the one used.
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Fig. 9.1. Profiles of the total population density, p. The profiles are t = 0.2 apart.
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Fig. 9.2. Age and space distribution of the population, u, at time t = 2.

For simulations of Proteus mirabilis swarm colony development (see Chapter 4 of
[4]), the use of uniform age-time discretizations would result in an age discretization
which is a factor of 40 times finer than the one needed in that simulation.

Appendix A. Calculation of some coefficients. In this appendix, we provide
justification for some of the explicit constants used in our estimates. Without loss of
generality, we consider the interval [0, l] in obtaining these constants.
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Fig. 9.3. Time steps taken during the simulation. The smallest time step was 7.8125 × 10−6,
which was taken at the start of the simulation.

We first consider quantities which are bounded by an L2-norm over an interval,
such as our estimates of time differences. Take f(s) such that f ∈ H1(0, 1) and∫ 1

0
f ds = 0. We wish to find C such that ‖f‖L2(0,1) ≤ C‖f ′‖L2(0,1). The operator

Lf = f ′′, L ≥ 0, has eigenvalues λ0 = 0 < λ1 < · · · , where

λ1 = min
f⊥1

(Lf, f)

(f, f)
= π2 =

‖f ′‖2
L2(0,1)

‖f‖2
L2(0,1)

.

Thus, C = 1/π. By substitution, we obtain ‖f‖L2(0,l) ≤ (l/π)‖f ′‖L2(0,l).
We now consider f : [0, l] → R. We wish to find C such that ‖f − f̄‖L∞(0,l) ≤

C‖f ′‖L∞(0,l). We have f(x)− f(y) =
∫ x

y
f ′(s) ds. Then

|f(x)− f̄ | = (1/l)
∣∣∣∣∣
∫ l

0

∫ x

y

f ′(s) ds dy

∣∣∣∣∣ ≤ (1/l)‖f ′‖L∞

∣∣∣∣∣
∫ l

0

∫ x

y

1 ds dy

∣∣∣∣∣ ≤ l

2
‖f ′‖L∞ .

Thus, C = l/2.
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