THE UNIVERSITY OF CHICAGO

METHODS FOR COMPUTATIONAL POPULATION DYNAMICS

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF MATHEMATICS

BY

BRUCE P. AYATI

CHICAGO, ILLINOIS

AUGUST 1998



Copyright (©) 1998 by Bruce P. Ayati.



In memory of my mother



v

TABLE OF CONTENTS

LIST OF ILLUSTRATIONS . . . . . . . . s vi
ACKNOWLEDGMENTS . . . . .. e vii
ABSTRACT . . o e viii
CHAPTER
1. INTRODUCTION . . . . .. e 1
2. A METHOD FOR AN AGE-DEPENDENT POPULATION MODEL
WITH NONLINEAR DIFFUSION . . . .. ... ... ... ... .. 4
2.1 The Continuous Model . . . . . . . .. ... ... .. ... .. 5
2.2 The Age-Discrete Model . . . . . . .. ... .. 0oL 8
2.3 The Fully Discrete Method . . . . . . .. ... . ... ... ... 9
2.4 Error Analysis . . . . ..o 10
2.5 Postprocessing the Computational Results . . . .. .. .. .. .. 17
2.6 Truncating the Age Domain . . . . . . .. ... .. ... ..... 18
2.7 Relationship to Finite Difference Methods . . . .. .. .. .. .. 20
3. ASTEP-DOUBLING GALERKIN METHOD FOR PARABOLIC PROB-
LEMS . . e 21
3.1 The Linear Equation . . . . .. .. .. ... ... ... ..., 22
3.2 The Method . . . . . . . .. .. 22
3.3 Convergence . . . . . . ..o 23
3.3.1 Some Basic Relationships . . . .. ... ... ... ..., 23
3.3.2 Projections . . . ... Lo 25
3.3.3 Relationships Satisfied by the Two Half-steps . . . . . .. 25
3.3.4 Relationships Satisfied by the Single Step . . . . . .. .. 27
3.3.5 Relationships Satisfied by the Full Extrapolated Step . . . 29
3.3.6 Combining the Relationships . . . . ... ... ... ... 31
3.3.7 Bounds on the Time Truncation Error . . . .. .. .. .. 32
3.3.8° Error Bound . ... ... ... 00000 34
3.4 A Comparison with Crank-Nicolson and Extrapolated
Theta-weighted Methods . . . . . . . ... ... ... ... .... 35

3.5 An Example System . . .. .. ..o 0oL 36



3.5.1 Problem . . . . . . ... 37

3.5.2 Results . . ... 38

4. NUMERICAL SIMULATIONS OF PROTEUS MIRABILIS SWARM
COLONY DEVELOPMENT . . ... ... ... .. ... .. ..... 42
4.1 A Modified Esipov-Shapiro Model . . . . . . .. .. .. ... ... 42
4.2 Mollifying the Birth Term . . . . . .. ... ... ... ... .. 46
4.3 Numerical Computations . . . . . . .. .. ... ... ... 47
5. CONCLUSIONS . . . . . o 53

APPENDIX

A. CALCULATION OF SOME COEFFICIENTS . .. ... ... .. .. 55
B. A DISCRETE GRONWALL’S INEQUALITY . . .. .. .. ... ... 56
C. RADIALLY SYMMETRIC FINITE DIFFERENCES . . . . ... ... 58
REFERENCES . . . . . . e 59



Figure

[N]

13
14

15

16
17

18

LIST OF ILLUSTRATIONS

Page
Amplification factors of step-doubling and Crank-Nicolson for the prob-
lemy' = —ay. . . . . . 36
Amplification factors of step-doubling for various values of § for a theta-
weighted method. . . . . . . . .. oo 37
Bacterial population density profiles. . . . . . .. ... ... 39
Repellent concentration profiles. . . . . . . . .. ... .. ... ... 39
Absorbed repellent concentration profiles. . . . . . .. .. .. ... 40
Maximum population profiles. . . . . . . .. ... ... 40
Position of bacterial front, .. . . . . . . .. ... .. 0oL 41
Step-size for the calculation, measured log,,. . . . . . . . .. ... ... 41
Proteus mirabilis swarm colonies. . . . . . . .. ... oL 43
Proteus mirabilis swarm colony radius. . . . . .. .. ... ... .... 44
Differentiation-dedifferentiation cycle of Proteus mirabilis. . . . . . . . . 44
Simulated Proteus mirabilis swarm colony showing evenly spaced con-
centric terraces. . . . . . . ..o 49
Profile of a simulated Proteus mirabilis swarm colony. . . . . . . . . .. 49
Surface plot of the swarmer population density, u, in age and space at
timet =40 hours. . . . . . . . .. 50
Contour plot of the swarmer population density, u, in age and space at
timet =40 hours. . . . . . .. ... L 50

Time plot of the radius of the simulated Proteus mirabilis swarm colony. 51
Time steps taken during the simulation of the Proteus mirabilis swarm

vi



ACKNOWLEDGMENTS

I first and foremost thank my advisor, Todd Dupont, for all the advice,
support and freedom he has given me. It goes without saying that without him this
thesis would not have been possible. I also acknowledge the many helpful discussions
with James Shapiro, Sergei Esipov, Oliver Rauprich and Mitsugu Matsushita on their
experiments and models of Proteus mirabilis swarm colony development which moti-
vated much of the work in this thesis. I thank Thomas Nagylaki for our collaboration
which fostered my interest in population biology, but more importantly for our many
informal discussions that have helped shape my research. 1 have also been the ben-
eficiary of much support and advice from Robert Almgren, Michael Brenner, Jack
Cowan and Qing Nie as well as enjoying the friendship and support of Karl Glasner,
Peko Hosoi, Chris Haase, Eric Ball and Anna Kallergi.

I thank Karl and Nicole for always being there.

I thank my Dad, Sue, Maryam and the rest of my friends and family for all
the love and support they have given me over the years.

I thank the great University of Chicago Rugby Football Club of 1995-1996
and the champion crew of Airwaves USA 8937 for leaving me with some fond memories
of Chicago.

This work made use of MRSEC Shared Facilities supported by the National
Science Foundation under Award Number DMR-9400379 and was partially supported
by the Department of Energy under grant DE-FG02-92ER25119.

Vil



ABSTRACT

We consider two classes of numerical methods for approximating solutions to
certain partial differential equations, motivated by the study of biological populations.

In Chapter 2, we propose a method for approximating solutions of a model
of age-dependent population diffusion with random dispersal. This method, unlike
previous methods, allows for variable time steps and independent age and time dis-
cretizations. We use a moving age discretization that transforms the problem to a
system of parabolic equations. The system is then solved by backward differences in
time and a Galerkin approximation in space; the equations that need to be solved at
each step treat each age group separately. A priori L? error estimates are obtained
by an energy analysis. These estimates are superconvergent in the age variable. We
present a postprocessing technique which capitalizes on the superconvergence.

In Chapter 3, we analyze a single step method for solving second-order
parabolic initial-boundary value problems. The method uses a step-doubling ex-
trapolation scheme in time based on backward Euler and a Galerkin approximation
in space. The technique is shown to be a second-order correct approximation in
time. Since step-doubling can be used as a mechanism for step-size control, the anal-
ysis is done for variable time steps. The stability properties of step-doubling are
contrasted with those of Crank-Nicolson, and more generally those of extrapolated
theta-weighted schemes.

In Chapter 4, we combine and modify the methods developed in Chapters
2 and 3 to approximate solutions to models of swarm colony development of the bac-
teria Proteus mirabilis. These models consist of an age-dependent partial differential
equation with nonlinear diffusion which describes the behavior of motile bacteria and
is coupled at each point in space to an ordinary differential equation which describes

the behavior of the immotile bacteria.
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CHAPTER 1
INTRODUCTION

The theoretical and computational study of biological populations can be made more
effective by the use of substantial amounts of mathematics. Numerical analysis has
played a large role in the advancement of the physical sciences but has had much less
impact on the biological sciences. It is the intent of this thesis to illustrate some of
the roles numerical analysis can play in population dynamics.

In modeling how populations change over time, it might appear sufficient
to know how the population is distributed in space. However, for many organisms,
their behavior is dependent not only on their population density in space, but their
age distribution as well. One would not expect a community of older organisms to
behave the same as a younger community.

In his classic work of 1951, Skellam [39] considered the effects of diffusion on
populations. Sharpe and Lotka in 1911 and McKendrick in 1926 considered popula-
tion models with linear age structure [43]. More recently, Gurtin and MacCamy [17]
considered models with nonlinear age structure. Rotenberg [38] and Gurtin [16] posed
models dependent on both age and space. Gurtin and MacCamy [18] differentiated
between two kinds of diffusion in these models: diffusion due to random dispersal,
and diffusion towards an area of less crowding. Existence and uniqueness results can
be found for various forms of these models in Busenberg and lannelli [5], di Blasio
[8], di Blasio and Lamberti [9], Langlais [26], and MacCamy [30]. Further analysis
has been done by several authors [21, 24, 27, 31|.

Continuous models that incorporate the age structure of a population con-
tribute to the understanding of various systems in ecology, epidemiology, demography,
population genetics, and cell growth. These models have an extensive literature (see

[6, 10, 19, 36, 43] and references therein). Models that more accurately represent the



system under study, by also taking into account the spatial structure of the popula-
tion, will generally be more complicated; the literature in this field is correspondingly
more sparse than the spatially homogeneous case (see [5, 8, 12, 24, 26, 31|, among
others). These models will often result in nonlinear partial differential equations that
will not have analytic solutions and will need to be evaluated numerically. The di-
mensionality of the problem, age in addition to time and space, makes these problems
more complicated numerically.

We thus have a class of mathematical and biological problems that are com-
putationally expensive. There has been much investigation into numerical methods
for solving models with just age structure [1, 11, 25, 29, 33]. For models with both
age and space structure, methods have been developed for populations that diffuse
to avoid crowding [32] and for random dispersal [22, 23, 28]. These methods all re-
quire uniform age and time discretizations with the age step chosen to equal the time
step. In Chapter 2, we develop and analyze new numerical methods to efficiently and
robustly solve the equations resulting from these models. These methods allow for
nonuniform and independent age and time discretizations.

The methods for the age-dependent equations involve transforming these
equations to systems of parabolic equations. Parabolic equations also can be effective
models of populations when the behavior of the population being modeled is weakly
dependent on age. In Chapter 3, we analyze a step-doubling Galerkin method for
solving parabolic problems. Step-doubling [13] is an effective way of controlling the
step-size in an adaptive simulation while providing second-order accuracy in time.
We compute approximate solutions to an example system of parabolic equations.

Parabolic equations have applicability that go far beyond what is presented
here and step-doubling is an effective way of approximating solutions to other time-
dependent systems [20]. It is thus noted that Chapter 3 has value outside of the
mathematical study of biological populations.

Reaction—diffusion equations have had much success in describing biological
pattern formation [34]. Age-structured diffusion models are an alternative means

to describe such phenomena. They are particularly suited for situations when the



patterns are formed independently of the chemical structure of the system. This
is the case in Proteus mirabilis swarm colony development. On typical laboratory
media, Proteus mirabilis cells form colonies with radial symmetry and regularly spaced
concentric terraces. These colonies are formed by a swarming—consolidation cycle, the
timing of which is largely independent of the nature of the agar surface [37].

Much of the work in this thesis was motivated by the Esipov—Shapiro model
of Proteus mirabilis swarm colony development [10]. In this model, there are two
stages of bacteria. The motile stage is described by an age-dependent nonlinear
diffusion equation, which is coupled to an ordinary differential equation at each point
in space which describes the non-motile stage. The creation of motile bacteria is
governed by these ordinary differential equations. In this problem, there are very
rapid changes in space requiring very small time steps, although the age dependence
is smooth. In Chapter 4, we combine and modify the age-dependent methods and

step-doubling to compute approximate solutions to a modified Esipov—Shapiro model.



CHAPTER 2

A METHOD FOR AN AGE-DEPENDENT
POPULATION MODEL WITH NONLINEAR
DIFFUSION

In this chapter, we consider a numerical method for solving an age-dependent popu-
lation model with spatial diffusion. There has been much investigation into numerical
methods for solving models with just age structure [1, 7, 11, 25, 29, 33, 41]. For mod-
els with both age and space structure, Milner developed a method for populations
that diffuse to avoid crowding [32]. Kim [22], Kim and Park [23], and Lopez and
Trigiante [28] developed methods for random dispersal. All these methods involve
uniform time and age discretizations with the age step chosen to equal the time step.

We use a moving age discretization that allows for a method with nonuniform
age and time discretizations. The age step need not equal the time step. Instead,
the positions of the age nodes are adjusted by the time step. The method posed
preserves the important fact that age and time advance together. The age and time
discretizations are linked only in the sense that each new cohort comes into existence
at the beginning of a time step.

Having variable time steps gives us the ability to choose the time steps adap-
tively to assure robustness and efficiency. Advantages of independent age and time
discretizations are fewer computations and less memory use when the dependence on
age is weak relative to the dependence on time. In the previous methods, any incor-
poration of age into a model meant a dramatic increase in computational expense.
With the methods posed in this chapter, dependence on age can be modeled with
a moderate increase in computational cost. It is hoped that the existence of these
methods will increase the use of age-structure when it plays some role in the behavior

of a population but is not dominant.



The population is approximated by piecewise constant functions in age,
which are generally only first-order correct. However, the computed solution is shown
to be a second-order correct approximation of the average value on each subinterval.
We present a postprocessing technique that utilizes this superconvergence property to
obtain second-order correct approximations in age using continuous piecewise linear
functions.

The organization of this chapter is as follows. In Section 2.1, we present
the continuous model and our assumptions on that model. In Section 2.2, we present
a model that is discrete in age and continuous in space and time. In Section 2.3,
we present a fully discrete method for approximating solutions to the continuous
model. In Section 2.4, we provide a priori error bounds for the approximate solution
that are superconvergent in the age variable. In Section 2.5, we present and analyze
a postprocessing technique to capitalize on the superconvergence. In Section 2.6,
we bound the error that results from truncating the infinite age domain to a finite
domain. In Section 2.7, we discuss the relationship between the methods posed in
this paper and finite difference methods.

Much of this chapter is taken from another manuscript by the author [3].

2.1 The Continuous Model

We consider the age-dependent population model with nonlinear diffusion,

O + Jyu =V - k(x,p)Vu — pu(x, a, p)u, x€N, a>0,1t>0.
(2.2.1)

where V and V- denote the gradient and the divergence, respectively, in x. The
diffusion arises from the symmetric random motion of each individual (Fickian diffu-
sion). Isotropic random motion results in diffusion of the form V?(ku). The choice
between the two diffusions is biological [35]. The function w(x,a,t) represents the

distribution of individuals, 2 C R” represents the spatial domain, a represents age,



and t represents time. The function p > 0 is the death rate. The total population
density, p, is given by

p(x, 1) = /OO u(x,a,t)da, x€Q >0, (2.2.2)
0
We have a birth condition
u(x,0,t) = B(x,u(x, 1)), xeN, t>0, (2.2.3)

that is dependent on the entire population distribution. We have a Neumann bound-

ary condition, with v denoting the outward normal to 012,
k(x,p)Vu-v =0, red, a>0,1>0, (2.2.4)

that represents an isolated habitat. The initial condition is
u(x,a,0) = u’(x,a), x €8, a>0. (2.2.5)

Langlais [26] proved the existence of unique non-negative solutions for the
case when k, pu, and 3 are independent of x. A corresponding treatment for the
system (2.2.1)—(2.2.5) is beyond the scope of this chapter; we will instead concentrate
on the numerical aspects of the problem. Thus, we assume existence and uniqueness
of smooth, non-negative solutions.

We make several assumptions:

Condition 2.1. There exists constants Co and Cy such that for (x,p) € Q@ x R, k
satisfies 0 < Co < k(x,p) < Cy and p satisfies 0 < Cy < p(x,a,p) < Cy for all a.

Condition 2.2. The functions k(x,p) and u(x,a,p) are uniformly Lipschitz contin-
uous with respect to p with Lipschitz constant K. The derivative 0,k(x, p) exists. The

derivative 0, pu(x, a,p) exists and is bounded.



Condition 2.3. Lel RT denole the non-negative real numbers. The birth condition,

B: LYR*T)N L*R*) — R, satisfies the Lipschitz condition

|B(X7 @(Xv '7t)) - B(X7 ¢(X7 '7t))| <
K ((1+lllmn) | [ (0 - ) da

+ [l — ¢|\H—1(R+)) :

and is bounded. Here, H™'(R*) is the dual to H'(R™).

Condition 2.4. The initial condition, u°(x,a), is bounded and there exists d,,., such

that u®(x,a) = 0 for @ > G,

An example of the birth condition is

&&ﬂ&ﬁ»:/ B(x, a,®)p(x, a,1) da,

0

where 3 > 0 is the birth rate and ® is the integral of ¢ with respect to age. Condition
2.3 is satisfied if 3 is uniformly Lipschitz continuous as a function of ®; if 5(x, a, @),
considered as a function of a, is in H'(R*), with H'-norm bounded independently of
x and ®; and ¢ € L'(R*) N L?(RY), as a function of age.

If we make a transformation to a moving reference frame in age, w(x, ¢, t) =

u(x,c+1,1), then the resulting system is

0w =V - k(x,p)Vw — p(x,c+t,pw, xeN, ¢e>—1,t>0, (2.2.6)
w(x, —t,t) = B(x,w(x, 1)), xeN, t>0, (2.2.7)
k(x,p)Vw-v =0, x €00, ¢>—t, >0, (2.2.8)
M&ﬂ:/meqﬂ%, XEQ, >0, (2.2.9)

w(x, c_,t()) = u’(x,¢), x €0, ¢>—1. (2.2.10)



2.2 The Age-Discrete Model

We discretize age for all time by using an infinite mesh, c_,, < --- < c_1 <
o < €1 < +--Co. Fach age interval [¢;,¢iy1), —00 < ¢ < 00, can be thought of
as defining a cohort. The infinite mesh is a useful analytical tool; the actual ¢;’s
may be determined adaptively as the calculation progresses. We denote the partition
determined by the set of points {¢;} by ~. If ¢;11 > —t, we define the active cohort
to be C;(t) = [max(¢;, —t), ¢iy1), with length Ac¢;(t). We denote by A(y,1t) the space
of functions which are constant over each C;, extended to be zero for ¢ < —t. We
let W; denote the age-discrete approximation to w on C; and W(z,t) denote the
corresponding function in A(~,t). As we will see in Section 2.6, lim,_, u = 0, so in

practice we need only consider W; for ¢;41 in the interval [—t, a,,., —t], for a suitably
1

large choice of a,,,,. We define the age-averaging operator, A : L. — A, by setting
its value on C; to

1
Aile) = 1

| ete) de,

for every ¢ such that ¢;41 > —£. To motivate the choices in the definition of the age-

discrete model, we apply the age-averaging operator to Equation (2.2.6). We note
that if —t € C(1),
1

Ai(Oww) = 0:A;(w) + Ac

(Ai(w) — B).
For the death term, we have

Ai(pw) = Ai(p)Ai(w) + Ai((p — Ai(p))w)
= Ai(p)Ai(w) + Ai((r — Ai(p) (w0 — Ai(w))),

Thus A;(p)A;(w) is a 2nd-order correct approximation of A;(pw), if g and w are
smooth. We will obtain a 2nd-order correct model in age by using a parabolic equation

for the population density over each cohort,

O Wi(x,t) =V - k(x, P)VW;(x,t) — pi(x,t, PYW;(x,t) + Bi(x,t, W),
(2.2.11)



for every ¢ such that ¢;41 > —t. If ¢;11 = —t, then W; = B(x, W). The death modulus
is
1
fii(x, 1, ) = A, /C p(x, ¢+ 1, ) de.

The birth term is

Bi(xa ta 5‘9) =

otherwise.

{ - (B(x, ) = Ailp)), il —1 €Ci(t),

3

We take W; = 0 for ¢;41 < —t. The term A;(W;)/A¢; in B;(x,t, W) accounts for the
conservation of population as the length of the active birth interval increases. Notice

that if we temporarily neglect the k and p terms, then

The age-discrete total population density, P, is obtained by integrating W in the age
variable. The equations are coupled only through B and P.

2.3 The Fully Discrete Method

We fully discretize the problem by using a backward difference method in
time and a Galerkin method in space. Let (-,-) denote the L? inner product on €.

Over each cohort, a weak form of equation (2.2.11) is given by, for every v € H'(Q),
(Wi, 0) + k(P; Wi, v) + (p(x,t, PYW;,v) = (B;,v). (2.2.12)
Here, we reuse the symbol & to denote the form
k(P;p,v) = /Q k(x, P)Ve - Vo dx;

the distinction between the form and k(x, P) should be clear from context.
Let M denote a finite dimensional subspace of H'(f2). Let W/ € M denote
the approximate solution to (2.2.12) at the j-th time step, #/. Define At/ = ¢/ — =1

and Acf = Ac;(#). We assume that the time discretization is a refinement of the age
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discretization. Specifically, we require that [—#/, —#/71] C [e;, ¢i41] for some 7, and we
denote this 7 by b(j). We use the notation ji(¢) = fii(x,t7,¢). The fully discrete
method is defined by the system

(e

Ati 7’0) - k(Pj_l; I/T/z'jvv) + (ﬂ](P]_l)ijv) = (sz(Wj_l)vv)v

(2.2.13)

for every v € M. If —t7! = ¢;,4, then I/T/Zj_l is initialized to the elliptic projection into
M of B(x,Wi=1). Let Wi = {W/ : all i}. The term Pi is obtained by integrating
W?. The birth function is Bf(tp) = Bi(x,t, ), if i = b(y), or Bf(cp) = 0, otherwise.
By lagging P and b at each time step, the discrete equations are coupled to each other
only by values which are known before the step is taken. Thus, for each ¢, we only

need to solve an independent linear system.

2.4 Error Analysis

The analysis follows that of Wheeler [44] for parabolic equations. For dis-
crete time and age, the value of (-, #/) will be denoted by ¢, and the average value
of ¢ on C; at time #/ will be denoted by gof It is convenient to use H~'(Q) to denote
the dual of H'(Q). Let || - ||, || - lls, || - ||z, and || - ||z-1 denote the L?, L>, H' and
H~"! norms over Q, respectively. Suppose that y is a normed space with norm || - ||.

Then, for any sufficiently nice function ¢, such that ¢(c) € x, let

Il = [ el de.

A lack of a subscript indicates x = L*(Q).

We show that the approximate solution W is close to a function X, which
is the elliptic projection in space and the L?-projection in age of the true solution
w. For each (¢, 1), we take X(c,t) € M such that k(p;w — X,v) = 0 for all v € M
and such that (w — X, 1) = 0. Similarly, for each ¢, we take Y (t) € M to satisfy
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k(p;p—Y,v) =0 forall v € M and (p —Y,1) = 0. We choose X(t) € M ® A such
that X(t) = A()N((c,t)). We set

d=W—-X, n=Alw)—X, w=P—Y, ando=p—Y.
Theorem 2.1. Assume Conditions 2.1 — 2.3 hold. Let h denote the length of the
longest cohort. Set Q7 = Q x [t/=1 #/], and define A7 = |||atw|||%2(Qj) + Hatpl‘%2(Q]) +
H@twb(j)H%Q(Qj) + |||@ttw|||%2(Qj) + H@ttpH%Q(QJ). There exists positive constants 6 and C*,

dependent only on K, Co, C1, [|w||z=, |0z m®xa); HwH%l(R)(gL?(Q): VXL, llpllze,
IVY||Le, and Haau|\%m(R+XQ), such that, provided At! < & for 1 < j <m,

1 + fl= > < ¢ (I9°0° + 1=°11%) + (2.2.14)
o+ 3" (wiaw 4 1 (I + o) + |22
J=1 ’ i At H-1

1P+ D= P+ Nl 12

gl — gi—1

T A

Sl [ R [ o AN
-1

Remark. By this result, the approximation is superconvergent in age. Al-
though a piecewise constant approximation is normally only first-order correct, we

have ¥ and @ of second-order in age.

Proof. Applying the age-averaging operator, A, to Equation (2.2.6) gives
0Ai(w) = V-EVA(w)+ Bi(x,t,w)
— (mi(x, £, p)Ai(w) + Ai( [ — Ai(p)][w — Ai(w)]))
for every i such that ¢;pq > —1. If =771 < ¢;44, set wf_l = A (w7 If 71 = ey,

set wi™! = w(x, —t71 #171). Lagging p and B, we get, at time #/,
(5] + bt + (20 )
= (Bl(w'™),v) + (B{(w) — B{(w'™"),v) + (pl,v) — (4, v)
+ k(T = phwd o)+ (A7) — B () wliv), (22.15)
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where

Let v = Acffﬂff and subtract (2.2.15) from (2.2.13) to get
(19] VI A + k(PTG W A
k(™" wl, Ackol) + (pd (PY)W7 — il (p7~
= (B{(Wi™") = Bl(w'™"), Acld})
+ (Bi(w'™) = Bi(w'), Aclv]) + (¢! — pl, Aclvi)

T] _77‘7 1 .. .
+ (A,Acfﬂf) + k(p't — L w! Ac]ﬂ])

Dwi, Acid)

(2.2.16)

At
+ (™) = w0 wl, Acv])
Equation (2.2.16) makes sense for —#/~! = ¢;4, since in this case, w

and I/T/Z-j_l is the elliptic projection in space of B(x, Wj_l). Rearranging terms, we get

1= B(x,w' ™)

19] 19?_1 A ]19]
At A avi) IS
+ k(P50 Acko]) + (il (P1)01, Acld])
= {Ad(k(x,YI™") — k(x, P7™), VX - W?)}l
+ { A (k(x, p ™) = k(x, Y1), VX7 - Vﬁf)}Q
+{Blkoo ) —kCor™), VX VI,
J¢pi—1 J 797
—I-{ (™) — (P ))wiaﬁciﬂi)h
+ {((E @) = g (p)wl, Acvl)}

+ {(% (P 1)77“&]19])}6 (2.2.17)
— {(pZ,Ac]ﬁ])}

+ {(g}, Aclo))}

+ {(BI(W™Y) = Bi(w ™), Adw])}

+ {(Bl(w'™) = Bl(w), Aclo))}

=hLh+ L+ L+ 1L+ 14+ 6+ 17+ Isg+ Ig + Lo,
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where [y — [1o refer to the corresponding bracketed expressions. Using Conditions
2.1 — 2.2, Holder’s inequality, and the arithmetic-geometric inequality, yz < %(53;2 +
(1/£)z%), we get the following bounds:

L] < Ad(K|=7!,|VX! - V)
. K? . . Co .
< Al | VX e ll M1 + =203 )
Co 4
K2 , , C ,
L] < Ad [ VX 2ello? 2+ == 191150 )
Co 4

(K2 . . . CO .
Bl < ad (G IVX el =+ S0l )

. . , o K. .. 4 ,
< AKIPT = g7 elol]) < Ad (S llwdls (1777 =97+ 191017) )
ACK , , - :
Ll < ==l (7 =271+ 197)1°)
O N Co. , : :
Il < Ad| — |1 200972, + =X iz 9712 .
Il < Ad (CO Ko | I (P ) )
Acf 1 4 '
< S (G100l At + 97
ACZ 7112 2
1] < == (g 1P+ 19417)
Collecting the terms [; — Iz and using the bounds k(Pj_l;ﬂf,ﬂf) > Co||i9?H12ql and
(L (P)91,07) > Col|#!]|2, and the fact that (y + z)? < 2(y% 4 22), we get
Al . ,
—( =9 ) < 2.2.18
At]( 2 K] bl Z) — ( )
AdCy (=P + o7 I + I’ = 1)
Ad gl = o7’ AcCyy sy Al
+200 Ay H_1+THU¢H +T||9¢H
+éﬂm 2 on A + A Co|| 01| + Lo+ 1
N ttw”LZ)(QJ) + Ac; G| 97| + 1o + Lo,
where
[(2 . .
Cy = aI\VXiH%owKHwZHLw,

: C
Cy = K|wl|p= + 71 — Co+1.
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Recall that b(7) denotes the index of the birth interval at time ¢/. If 7 # b(y),
then Iy = I, = 0 and Acf = Acz_l. For the left hand side of (2.2.18), we make the

estimate
Acl i i Ach iy itz L i i
0= ool = o (1047 — 197+ flof = o))
J1(,99 112 J=1)1,97-1)2
> g (A = AdT 9P

If © = b(y), then Acl = Ad™ 4+ AtZ. For the left hand side of (2.2.18), we

make the estimate

| L j—=11,95—112
Ad o (AP ATIT)
E(ﬁi—ﬂi i) = 2ALI =
Ac™t '
— || =0
+ a1 =0
(AP — A7) e gt g
> 2ALI Z T

We note that the #~'-norm is bounded by the L?-norm. For the birth terms we make

the estimates
Iy = (Bx, W) = B(x,w'™"),0{) — (AW —w/™"), )
< 2K (|0 B ezl P77 = 2R W = w0 T ) sre)

1. o .
+ I3 = (979 +

< 2K (0 gypra 1P = PP 4 3 (19 +
AW — 0 o)) + 5 I = (077 00) + Il
Lo = (Bx,w) = B(x,w ™), 0]) — (A(w’ —w™"), )
< 2K (J[w R gys e 1P = PP 4 lw? — i)

1. , .
+ I + ! — w1

k3
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We make the appropriate bounds, for each ¢, of the left hand side of (2.2.18),

of Iy, and of I;5. We then sum over ¢ to get

1
2AL

(o712 = Jo7=1%) < (2.2.19)
Ca (I I+ o+ U = ')
+ 62 (I + = P + A ™) = w7 g yerea)
llwd ) — i I + g I + 2K 2w’ — wi =2

L
Co

J=1]2

n—n
AtI

H—l

1 , ,
+ §|||attw|||%2(QJ)At] + Cs[l9 )%,

where

](2 . . . - -
Cr = G IVX i + Klhw'llze + 42w ™ 7 yoro;

. C
Cs = [XHw]HLoo(QxR)—I-71—00+1-

Before we can use the above evolution inequality to get bounds on the error,
we need corresponding relationships for the total population density. We integrate
equation (2.2.6) over ¢ and take the inner product with a test function v € M to

obtain
(O,0) = (B.0)+ kpip.0) + ([ nlxe+tpwde,o) =0.

Then

pj_pj—l o 0 T
g Y —k(pj;pj,v)+</]M(X,cirt],pf Jw’ de, v)

= (B(Xv wj—l)7v) + (B(Xv wj_l) - B(X7 wj)av) + (@jvv)
+ (/ (p(x, e+ 17, 7™ — p(x, e + 7, p!))w! de, v) . (2.2.20)

—tJ

where

o= ,
RO el P
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From equation (2.2.13) we obtain

pi_ pi-1 . .. co L. .y
(7.,1)) + k(P71 P ) + </ il (P7YYW de, v)
AL —J

= (B(x, Wi71),v). (2.2.21)
Let v = @’ and subtract (2.2.20) from (2.2.21) to get
@(wj — @ @)+ KPP ) — k(p T, &)
(S - o eiad, = )
= (B(x, Wi — B(x,w’™"), @) + (B(x, w'™") — B(x, w’), =?)

Uf — J,f_l : - o ) , 4 4
+ (7Atj ,wf) + k(pJ 1 —p7;p],w]) 4 (HQJHLZ’(R) _ g],w])

+ </m(ﬂ(x,c+tj,pj‘1) — p(x,c + 17, p)))w’ de, w]) '
—t

This has a form similar to (2.2.16). We handle the non-birth terms as before.
For the birth terms, we directly apply Condition 2.3. Then

1 . -
INE (Hw]”Q — ||= 1H2) < (2.2.22)
Co (=" 17 + 1o 17 + 1y’ = »II?)
6K (10771 + I I+ A ™) — 0/ o yorsan)
- 1 O
2K lw’ — w P+ - 3 Ie’IF
R L e Fg el

ol — gi—1

At

-1
1 . 4 1.
+ g”attPH%?(Qﬂ)At] + C?HWJHQ + §|||gj|||27
where
K?

Co = G IVY e Kl e + 407~ s orecar

| C
Cr = K ([Pl +2) + 71 — Co+2.
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We make the estimates (see Appendix A),

Iy =P < A0l gs),
flo? = 7H* < AP [Oa0l g,

by — wighl® < Aoy .

5 g AN
AW ™) = w7 Fa ez < (;) ll6w’ 1%,
oI < = A el — A
h? ,
< (1) 10l ellosc I

Then, adding 2.2.19 and 2.2.22 and assuming A#’ is sufficiently small, we apply a
discrete Gronwall’s inequality (see Appendix B) to get the stated result. O

2.5 Postprocessing the Computational Results

In this section, we present a postprocessing result which capitalizes on the
superconvergence shown in Theorem 2.1. In this postprocessing method, we apply a
transformation that takes the first-order correct piecewise constant approximation in
age to a second-order correct continuous piecewise linear approximation. We define
the transformation T : A(y) — ./Zl(’y), where ./Zl(’y) is the space of functions which are
continuous and are linear over each C;, so that for ¢ € A(~v) and ¢ € ./Zl(’y), Y =T(p)
has values at the nodes given by

Ac_ipi+ Adlgina
pla) = Ac{_l + Ac{
¥(—17) = max (Y(cin) — AcF | 0), if i = b(j),

if i > b(j),

where F'is any first-order correct approximation to the first derivative in age on the

cohort Cy(jy, such as (1 (cp(j)+2) — ¢(Cb(j)+1))/ACi(j)+l. We note that T preserves non-
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negativity. If ¢ is the midpoint values or average values on the cohorts of a smooth,
non-negative function w, then ¥ will be a second-order correct approximation to w.
We restrict attention to the case when M is the space of continuous piece-
wise linear functions. Such functions are non-negative if and only if the nodal values
are non-negative. Let W/ denote the result of applying T to W/ at each spatial node.
Then WY is in M @ A. Observe that WY is a second-order correct approximation to

the true solution w, provided w is sufficiently smooth.

2.6 Truncating the Age Domain

In order to approximate solutions to (2.2.1)—(2.2.5) in practice, we need to
truncate the age domain to a finite domain, [0, @,,..]. We can bound the error that
results from such a truncation because of the exponential decay of the solution as a
tends towards infinity. At any point in time, we can consider the population density
for any particular age group, u, to be the solution to a linear problem with continuous
time-dependent coefficients. We look along the age-time characteristics, da/dt = 1,

so that @ = t + 7 for some constant 7. We then have
Opu(x,t) = V- k(x,t)Vu(x,t) — p(x, t)u(x, 1),
with boundary condition
k(x,t)Vu(x,t)-v =0.
The new meanings of u, k and g should be clear from context. Define

ils) ds) w(x, 1).

t+7
f(a) = $€§12r71£20 p(x,a,p), and let z(x,t) = exp </0

Then
0iz(x, 1) =V - k(x,)Vz + (i — p)=.

By a comparison theorem [40], assuming u € C?*(R2) x C*([0,T1]), we have

ogtrélz%)ieﬂz(x’t) < max z(x,0) = max u(x, 0).
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Thus
i+
max  u(x,1) < max exp (—/ fi(s) ds) u(x,0).
x 0

0<t<T, xeQ
We assume Conditions 2.3 and 2.4 hold. Then, for all characteristic lines, u(x,0) < M,

for some constant M. The solution to (2.2.1)—(2.2.5) satisfies

u(x,a,t) < Mexp <— /Oa () ds) .

We thus require the integral of p with respect to a to increase at least linearly.

The error bound on a > a,,, is given by the exponential decay. For the
region [0, a,,.,], we use an energy analysis to bound the error caused by truncating
the age domain. We use tildes to denote solutions and coefficients of the age-truncated

problem on [0, a,,.,]. Define ¢, = u — @. Then, along characteristics,
dilleul* = ((k = b)Vu, Veu) + (5 — i)u, e) — (FVew, Veu) + (fieu, ).

Let ¢, = p — p. Then bounds similar to those in Section 2.4 give
1 K*? K K
ol < (e IVl + Gt ) ol + (01 + S hul ) el
We redefine || - || so that the integration over a only goes from 0 to a,,,. Integrating
and applying Condition 2.3, we get
K? K

1 K
ol < St s O+ (Al + - (o +1)) e

K
+ (Ot 5 (10 @ntommy 1) ) Bl (2:2:28)

For the error in the total population density, we similarly get

1 K
Soullel < Csllel* + Sl (2:2.24)

Wh(fr(f
8 40“ 2 t

Let C**(t) be the maximum of the relevant coefficients at a time ¢. Then, adding

equations (2.2.23) and (2.2.24), we get

O (lleall® + llep?) < Kllu(x, ane, O + () (eall* + llel1?) -
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We assume dp,,, > may, from Condition 2.4, so that u(X,dm.,,0) = 0. Applying a
Gronwall’s inequality [15], we get the following result:

Theorem 2.2. Assume Condilions 2.1 — 2.4 hold. There exists C**(t), dependent
only on K, Co, Cu, Tullze, ullzqasey, BNulli, Iplo=, and [ Fpllie, such that

14 13
(Beal? +16sl) (1) < K [, )| eap [ [ )] s,
0 s

2.7 Relationship to Finite Difference Methods

In one or two space dimensions, the simplest space-time discretization of
Equation (2.2.11) would be a backward Euler method in time and finite differences in
space; in two-space we use a regular rectangular mesh. In the context of the methods
posed in this paper, this spatial discretization corresponds to the use of continuous
piecewise linear finite elements with mass lumping as the quadrature rule. In two
dimensions, we use a regular rectangular mesh where each rectangle is subdivided
into two triangles. In this context, the mass lumping replaces the integral over a
triangle by the product of the area and the average of the integrand at the vertices.
By using this discretization of Equation (2.2.11), and a postprocessing technique, we
get convergence that is first-order correct in time, and second-order correct in age and
space. By using mass lumping as the quadrature rule, we guarantee non-negativity

of the computed solution [42].
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CHAPTER 3

A STEP-DOUBLING GALERKIN METHOD FOR
PARABOLIC PROBLEMS

In this chapter we consider a numerical method for solving second-order parabolic
initial-boundary value problems. This single-step method consists of taking two half-
steps of backward Euler over a time interval to obtain one approximate solution and
then a single step over that same interval to obtain another [13]. This gives us two
things: the two approximations can be compared to get an estimate of the size of the
error; and the two first-order correct approximations can be extrapolated to obtain a
second-order correct approximate solution. We use a Galerkin method for the spatial
discretization.

The analysis is done using an energy method. Since one of the reasons to
use step-doubling is step-size control, the analysis is done for variable time steps. The
method also can be viewed as a rational approximation to the exponential (but not a
Padé approximation [14]). Bramble and Sammon [4] showed convergence in the case
of fixed time steps for a class of single step methods, including this method, that can
be represented as rational approximations to the exponential.

The stability properties are contrasted with those of Crank-Nicolson for the
case of a first-order linear ordinary differential equation, and more generally those of
extrapolated theta-weighted schemes.

We apply step-doubling to an example system. This system can be viewed

as a prototype model for negative chemotaxis.
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3.1 The Linear Equation

We consider a second order linear parabolic partial differential equation with
initial condition and homogeneous Dirichlet boundary condition on a bounded spatial

domain © and a time interval .J = [to, 1¢]:

Oy — V -a(x)Vy+ bz, t)- Vy = f(x,1), ref, te ], (3.3.1)
y(x,t) =0, r eI, ted, (3.3.2)
Yo to) =wole),  wED, (3.3

where V and V- denote the gradient and divergence, respectively, in x. In variational

form, for every v € Hj (), we get,

(Owy,v) + aly,v) + b(y,v) = (f,v). (3.3.4)

We let (-,-) denote the L? inner product. We reuse the symbols a and b to denote

the forms
alp,) = | a(@)Ve- Vo da,
bew) = | (ba.0)- Vi) v da.

The distinction between the forms and the functions should be clear from context.

3.2 The Method

To approximate solutions to (3.3.1)-(3.3.3), we use a step-doubling method
based on backward Fuler with local in time extrapolation. We consider a nonuniform
time discretization, tg < t; < --- <t,, =t;. Weset AL, =1, —t,_q,forn=1...m.

Let ¢, denote the value of ¢ at time ¢, and ¢,_;/; denote the value of ¢ at time
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(tn + tn_1)/2. We let M denote a finite dimensional subspace of Hj (). We take

D, 12, Dy, Sy, Y1 to be in M. We solve the system:

Dy_1ja — Yo . .
( 12 1,’0) ‘I’a(Dn—l/vi) + b(Dn—l/vi) = (fn—l/?vv)7 (335>

At /2
Dn B Dn—l/Z B
( T ALZ ) +a(Dn,0) +6(Dn,0) = (fav),  (33.6)
S, — Y,y
<T’”) +a(5n,v) +b6(Sn,0) = (fa,v). (3.3.7)

The computed solution at time ¢, is set to Y, = 2D, — 5,.
3.3 Convergence
We show second-order convergence in time by an energy analysis [42]. Let

|| - || denote the L? norm and || - |4 the norm induced by a(-, ).

3.3.1 Some Basic Relationships

Define
. At,)?
dnovy2 = yn_1/2+%9fyn_1/z,
At,)?
(At,)?

Sy = yn+Tafyn-

Then

dn— — Yn— 7 7
(XZTQJI? U) + a(dn—l/Qa U) + b(dn—1/27 U)

Aly,)?
= (faz1/2,0) + (fn—1/2,v) + % (G(afynq/m v) + b(0}Yn1/2, U)) , (3.3.8)

dn - CZn—l/Q
(TTL/Q, ’U) —|— Cl(dn, U) —|— b(dn, U)

(At,)?
4

= (furv) + (s, v) + (a(02yn,v) + b(02yn,v)),  (3.3.9)
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<%, v) + a(sn,v) + (s, v)

At,)?
= (fn,v) + (vn,v) + ( 5 ) <a(8t2yn,v) + b(@fyn,v)) , (3.3.10)
where
o Jn—l/? — Yn—1
Hn-1/2 = Tn/Z — aztyn—1/2

. dn - CZn—l/Z

Hn = Atn/Q - aty?”m
. Spn — yn—l i

n T TTAL Ptpn:

Adding Equations (3.3.5) and (3.3.6) gives

D, —Y,_ D, _ D, D, _ D,
( — 17U)+a< 1/;—|- 7@)_“)( 1/;—|— 7@)

:;h+hqmm.@3m

Subtracting Equation (3.3.7) from twice (3.3.11) gives

<Yn - Yn—l

Y ,v) + a(Yo,v)+ (Y, v)+ G(Dn_l/g — Dy, v)

+ b(Dn—l/Q — Dn7 U) = (fn—1/27 U). (3312)

For the true solution, we apply the variational form (3.3.4) to y,_1/2 to get

(yn — Yn—1

! ) + a(yn, 0) + (ns0) + A(Yn_1/2 — Yns )

+ b(yn—l/Q — Yn, U) = (fn—l/?a U) + ()Onv U), (3313)

where

P = Yn — Yn—1 _ay
n Atn tYn—1/2-
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3.3.2  Projections

We use elliptic projections in constructing our argument [44]. We choose

Wn,Xn,)N(n_l/Q, Z, € M such that for every v € M,

S — Znyv) = 0.

Set

Mn :yn_W'rm ﬂn—l :Yn_Wn7
Xn:dn_Xn7 5n:Dn_Xn7

)N(n—l/Z = dn—1/2 - Xn—1/27 5n—1/2 = Dn—1/2 - Xn—1/27
ansn_Zny Un:Sn_Zn

3.3.3  Relationships Satisfied by the Two Half-steps

Subtracting Equation (3.3.8) from (3.3.5) and Equation (3.3.9) from (3.3.6)
gives

On_1/2 — Ve . .
(%7 U) + a(5n—1/27 U) + b(én—1/27 ’U)

(ALn)*

= (gu-1/2,0) = g ((OFyacr/2:0) + (Y12, v)) . (3.3.14)

6n - Sn—1/2
(W,’U) + a(5n,v) + b(5n, ’U)

(Ai”)Z (a(02yn,v) + b(02ya,v)),  (3.3.15)

= (qnv v) -
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where
_ Xn-1/2 = Xn—1 _
Gn—-1/2 —Atn/Q Hn—-1/2,
q _ Xn — >N<n—1/2 .
" Atz M

In Equation (3.3.14), take v = Sn_l/Q —9¥,_1. Then

2
At,

Hgn—l/Q — Uy H2 + G(Sn—l/m Sn—1/2 — V1) + b(Sn—l/Zv Sn—1/2 —0p1)

| (AL

3 (a(at?yn—l/% Sn—1/2 — 1) + b(afyn_l/z, Sn—1/2 — ﬂn—l))

= (qn—1/275n—1/2 - ﬁn—l)-

Using the fact that w(w — z) = ((w? — 2?) 4+ (w — 2)*)/2 and Schwarz’ Inequality, we
get

2 = 1/~ .
A—thé”_l/Q —da|* + 5 (H5n—1/2|\31 D=1 ll% + 160172 — ﬂn—l”i)

(ALn)? ¢ o o 2 o
+ (G(atyn—1/2,5n—1/2 V1) + b(0; Yn—-1/2, 6n-1/2 ﬂn—1))

8
< (%—1/27 5n—1/2 — V1) + ZHV5n—1/2H H5n—1/2 — ]|

Set K = (b/a)?. The arithmetic-geometric mean inequality, wz < Sw? + 527, gives

. 1 .
n— 5n— - ﬂn— < QAtn n— ? oA 5n— - ign— ?
(¢n—1/2; 60172 1) < 912" + SR 0n-12 1l
. . i . 1 .
IVénpall 0172 = Dnall < KALNbnaaplls + 577 160172 = Dua |l

(AL,)? . (AL, -
8 a(atZyn—l/Za 5n—1/2 - ﬂn—l) S 16 Hafyn—l/ZHil —I' EHén—l/Q - ﬂn—l”?A;

Aty)’ ; K(AL,)
( ) ) b(az?yn—l/%én_wg — ﬂn—l) < %

_|_

107 Yn-1/2Il%
1

e = O
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Then

3

6179 — 0|2
an” 1/2 1]

1 ) . 7 .
+3 (1= 2K AL 1801/l = [9nall?) + Telen-1/2 = dnalll

2(At,) + K(At,)°
32

< ALl + 10%yns 23 (3.3.16)

In Equation (3.3.15) take v = ¢,, — Sn_l/Q. Then similarly,

3

e = b

1 . < 7 N
5 (U= 2K AL — 180m12ll3) + 161160 = B
2(AL,)* + K(AL,)?

< 2Atnlga ]l +

Assume At, < 5&. Adding (1 — 2K At,) times Equation (3.3.17) to (3.3.16) to get

rid of the Hgn_l/gﬂi terms gives

3 . ; .
s Bamije = duca|l? 4 (1= 2K AL 62 — b a?)

1 .
5 (1= 2K AL 18]l — 19u-a%)

7 i . .
+ 76 (0= 2K 8001160 = bucpollly + 6am1/2 = Pncallh)
- 3.3.18
<20, (Jgucsall + (1 2K AL, ) 31
3(At,)?
+ = (198yecrall + 107wal)

3.3.4  Relationships Satisfied by the Single Step

Subtracting Equation (3.3.7) from (3.3.6) gives

Dn - Dn—l/Q Sn - Yn—l
- Dn_ n b Dn_ ny = U.
( AL AL ,v) + af( Snyv) + b( Snyv) =10
(3.3.19)
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Subtracting Equation (3.3.10) from (3.3.9) gives

dr, — CZ’/L—I/Q S — Yn—1
( At, /2 AL, ,v) + a(d, — 5p,v) + b(d, — 8,,v)
At,)?

where

Yn = HUn — Vp =

Yn — 26Zn—l/Z + Yn-1
Aty '
Subtracting Equation (3.3.20) from (3.3.19) gives

6 — 6, w— U
( Atn/21/2 _Z AL l,v) + a(b, — 0nyv) + (6, — 0y V)

At,)?
( 4 ) <a(8252yn7v) —I_ b(az?y’fw U)) ?

[ = Xn — Xn—l/? . Cn — -1 .
" At, /2 At, e

= (l,,v) +

where

Set v =6, — 0, to get
1 ~
Al (25n - 257@—1/2 —0n+ lgn—la 671 - Un) + H(Sn - Un”il + b(5n — Onp, 671

_ Un)

At,)?
- (lnaén - Un) ‘I’ ( 4 ) (a(at??hm&n - Un) ‘I’ b(afyTLa&n - Jn)) ’

or

1
5n_ n2 b(sn_ n5n_ n —571_ n2
16 = Galls + 680 = 80 = ) + 80 = o

1 ~ N
+ At, ((6n - 5n—1/27 0 — Un) + (ign—l - 5n—1/27 b — O'n))

At,)?

Since
(180 = 2) < 28I + 18 — ol
(8, — 0,60 — 00)| < 2K AL 16, — 0| + ﬁ”% o
A P B 1 TR Y
S 38— 00) < LN+ 36— ol
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we get

3 )

= = 2KAL, ) |16, — oullh 4 w60 — ol

(5 =280 ) 1w = oullh + 116, = o
1

A (80 = buiy2r 80— 7a) + (Dt — by, 6 — 02))

(AL,)* 4+ 2K (AL)

— 2K

1 1
Assume Al, < o= (<

) . Using the arithmetic—geometric mean inequality, we get

) N 1
[(Fn1 = bn12,60 = 00)| < Nl60m1y2 = Dnal* + 21160 — 0l
(1 = 2KAL) |6, — bne1 2]

1
5n_ n2
T =2k a0~ ol

|(5n - S'rL—1/27 5n - Un)| <

< (1= 2KAL)|[62 = b1 2]|?
3
516 — o

Then

3
(5 - 2Ka6) 16— ol

1 i L N
s (1= 2K ALY 6 = b all® + 81y = Dea?)

At,)?
< an gl + S a5 332

3.3.5 Relationships Satisfied by the Full Extrapolated Step

Subtracting Equation (3.3.13) from (3.3.12) gives

v, —1,_
(Ttnl, U) —|— a(ﬂn, U) —|— b(lgn, U)

+ a(6n—1/2 — b, v) + b(gn—1/2 — 60,0) = (g, v)

where

Gy = nn - T]n—l ,0
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Take v = 0, to get

1
2At,

(0017 = 19 naa 1 + 1[0 = Dt 1) + (9]l = b(D, 9)

+ CL(5n—1/2 - 5n7 ﬂn) + b(5n—1/2 - 5n7 ign) = (gna ﬂn)

Using the arithmetic—geometric mean inequality we get

. 16 27~
|a(bn-1/2 = 6n, ¥n)| < ﬁ”ﬂnﬂi + e ln-ry2 = 8l
108K
41
N 1 - .
[b(bn-1/2 = bn,Pn)| < ll8nryz = 8nll% + 16K ([0, 1%,

19117,

41
6P, 0,)] < @Wn”i‘l‘

1
(gm0)l <5 (lgall® + 1911)

Then
1 2 2 2 5 9 7 ~ 9
2AL, (HﬂnH =P+ 19 = Fna] ) + E”ﬂnHA - E”@L—ln —6all%
1
< Sllgnll* + Cillda]®, - (3.3.22)
where

108K 1
= 16K + —.
4 1 + 16K + 5
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3.3.6  Combining the Relationships

Adding Equation (3.3.18) to (1 — 2K'At,,) times (3.3.22) to get rid of the

Hgn_l/g — &a||4 term gives

(1= 2KAL) /0 1 2 2
AL (0l = 19t | + 1[0 = Pna |?)
taar (1= 26801180 = 8ol + 1yjz = D)

15} R 1
+ E(l — 2K AL)|[9, 1% — §H19n—1H,24

1 , 7=
+ 50— 2K A6 + el = Pacall
/ 4
< 3(At,,)
L
1
+ (1= 2K A1) (288l + Slgall* + Cill o)

(10251 y2ll + 102yal%) + 288l gnrjoll* (3.3.23)

1
< 28, ([lgu-rjell* + aall*) + 3 llgall” + Call ]
3(At,)?
64

Taking 3/2 times Equation (3.3.21) plus Equation (3.3.23) to get rid of the

(102 ym 2l + 102yall%) -

||6n — Sn_1/2H2 and Hgn_l/g — J,_1]|* terms gives
1 —-2KAt,
2At,
3.3 .
+ 5(1 —2K A6, — aall4

(0l = [19nma |2 + 1[0 — Pna |1?)

5 . 1
+ 16 (1 = 2KAL)[19alls = Sl1vnll

e 7 <
(1= 2K AL |6l + $e10n-1/2 = Do [} (3.3.24)

N | — =
(@)

_|_

1
< 20 (lga-1/2 P + llgall® + 3ll1al?) + Fgall? + Call 0]
3(AL,)! 11(At,)*

_|_

10 y-1721% +
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We now want more of ||,]|%. Since ¥,, = 26, — 0, = 6, + (6, — 0), we get

by the arithmetic—geometric mean inequality,

90 = 18l + 20(6,60 = 02) + 162 = o
1
< (14 (I8 + <116 = ol

Setting ¢ = 16/37 and multiplying by 9/32 gives

477

9
[9nllh = e [16all% —
A T

477

1 1
Assume At, < 55 (§ ﬁ) Then

D 9
—(1 = 2KAL) .05 = =97
477

512

AT
=il

v

3 -
5(1 —QIXAtn)H5n—UnH,24 H&%_UnHib

1
S = 2K AL 61

v

Adding Equations (3.3.24) and (3.3.25) gives

s (1907 = 19ucal) + 5 (191 = 1.12)

1
AL,

1
< 281, ([l gu-rjell + lall® + 301l12) + 5 lgall® + Crllval® (3.3.26)

3(At,)* 11(AL,)*
64 64

T~ 1
+ |19, — dna]® + EH&%—I/? — %+ Eﬂﬂnﬂi

_|_

107 yn—1/2|% + 107 ynll%-

3.3.7 Bounds on the Time Truncation Error

We now need bounds on the L?*-norms of ¢, ¢,—1/2, ¢n, and I,,. For the part

of g, due to the error in approximating the time derivative we get

p _ Yn — Yn—1 N ay
n Atn tYn—1/2

1 ta1/z (1, 4 — 1)? tn t, —1)?
= s ([ e ae [ e )
Alp t th_1/2

n—1 2



for that part of ¢,_q1/, we get

dn—l/? — Yn

! = ooz Jeml g
Hn-1/2 = Atn/Q tYn—1/2
2
B (yn—1/2 + (Atgn) atzyn—l/Z)
B At, /2
(yn—1/2 — %atyn—lp + At(Atn)28a152yn—1/2)
At, /2
2 tnt (Lyo1/2 —1)?
— —t 9 t) dt — Oy,
1 th—1/2

= AL ), (tn—l/Q - t)Zaf’y(:z;,t) dt;

for that part of ¢, we get

dn - CZn—l/Z

Hn = Tn/,?_atyn
2 At,)?
= Al [y” + %af ¥
At, At,)? tno1y2 (1, 179 — t)?
8 tn 2
At,)?
-I-( 3 ) afyn—uz] — yn
At, At, [tn-1/2

y(z,t) dt;

= (02yn — D2ynpo) +

4 4

33
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and for the part of [, due to the error in approximating the time derivative we get

_ ¥~ 2Jn—1/2 + Yn—1
n Al

Yn — 2 (yn 1/2

1
AL,

2 N (
Al Yn—1/2

1 At,
+ AL Yn—1/2 — atyn 12 +

the1 (1, 1 —
+ / gafy(x, t) dt)
tno1/2 2

1 tno1 (1,_ t)?
= A (/t / %Q?y(mt dt—l—/ » T)af’y(m,t) dt).

We then get the following bounds:

' Yn— 1/2) + Yn—1

Atn

Aty)* tn —1)?
( ) atyn 1/2‘|‘/ )

3 B T@f’y(m, t) dt)

az?yn 1/2)
(

atzyn 1/2

(AtL,)?/?

lpal < =100y ezt ) (3.3.27)
el < B (3329
ol < L (3:3.2)
il < B g (3:3.30)

3.3.8 FError Bound

Using the bounds (3.3.28)-(3.3.30), the fact that (w + 2)* < 2(w? + 2?),
and applying a discrete Gronwall’s Inequality to Equation (3.3.26) gives the following

result:

Theorem 3.1. There exists positive constants ¢ and C dependent only on b/a such

that for At, < e for1 <n <m,
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2

_|_

2

_|_

19,12+ 19,113 < € (190l + 190l%) +
Cn — Nn—1 ‘Xln—l/Z — Xn—-1 Xn — )N(n—l/Z

m 2
At,
Onz::l { ( A, Aty /2 At, /2 )

+ (AL (102yn-12l% + 102al%) + (ALY 20ty o)

nn - nn—l
At,

_|_

2
] Al

3.4 A Comparison with Crank-Nicolson and Extrapolated
Theta-weighted Methods

We consider the problem y’ = Ay where A is a diagonalizable matrix. If
—a is an eigenvalue of A, we solve y' = —ay over a time step At, by step-doubling

extrapolation to get

Yn—17

) 1 ? 1
1 4 28fn 1 + aAt,

and by Crank-Nicolson to get

2 — aAt,
Y,=|—]Y,_1.
<2 + aAtn> !

It should be noted that step-doubling involves three times the work of Crank-Nicolson.

These rational approximations to exp(—aAt,) are compared in Figure 1 for aAt, €

R*.

We consider a theta-weighted scheme for the problem y’ = —ay. A single
step of a theta-weighted scheme gives
Sp— Y-
Tl = —0aS, + (0 —1)aY,, 0<6<1.

If we take two half steps over this time interval to get an approximate solution D,
and then extrapolate Y, = 2D,, — 5,,, we get a second-order correct approximation

) (1 +(0— 1)@%)2 14 (0 DaAt,

Y, =
1+ 6280 1+ BaAt,

n—1-
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——  Step—doubling
— —  Crank-Nicolson
—- exp(-a A tn)

a At
n

Figure 1: Amplification factors of step-doubling and Crank-Nicolson for the problem

/

y' = —ay.

For large values of aAt,, the amplification factor is close to

: (T): )

and this is larger that one for 0 < 6 < £. For such values of 6, step-doubling is

only conditionally stable. In particular, by taking 8 = %, step-doubling takes Crank-
Nicolson, a stable second-order correct method, and yields only a conditionally stable
second-order correct method. Figure 2 shows the amplification factors for various

values of 6.

3.5 An Example System

The approximate solutions computed in this section were obtained using

the software toolkit BuGS [2]. BuGS is a toolkit for solving single space dimensional,



37

Figure 2: Amplification factors of step-doubling for various values of § for a theta-
weighted method.

nonlinear systems of partial differential equations which are at most order one in time
and order two in space. The user defines the spatial discretization of the equations by
writing a residual function based on first order backward differences in time. BuGS
then uses the step-doubling method posed in this chapter to get a second-order accu-
rate in time implicit finite difference scheme. BuGS also features step control for the
convergence of Newton’s method and automatic approximation of the Jacobi matrix.

For the spatial discretization, we used finite differences in space which corre-
spond to continuous piecewise linear finite elements with mass lumping as the quadra-

ture rule [42].

3.5.1 Problem

We consider the system, for 8(z,t), p(z,t) and a(z,t):
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Bi— (BBe)e — K(Bps)e = 0,  x€l0,a], t€[0,T], (3.3.31)
Pt — 6 - I((ﬁpl‘)l‘ + rate(p, a) = 07 T e [07 a]v te [07 Tf]? (3332)
a; —rate(p,a) = 0, z €[0,a], t €[0,7¢], (3.3.33)

where
rate(p, o) = max{Cp( .. — a@),0}, (3.3.34)

We take the boundary conditions

Br=p,=0o0n{0,a} (3.3.35)
and the initial conditions
p(z,0) =0, z € [0,al, (3.3.36)
a(z,0) =0, z € 10,al.

This system models the movement of bacteria on a petri dish. The bacteria are
moving away from their own waste. 3 is the bacterial population density, p is the
concentration of waste or repellent, and « is the amount of repellent absorbed by the

laboratory medium.

3.5.2 Results

We consider the system (3.3.31)- (3.3.36) with constants K = 100, C' = 100,
oy = 0.06, @ =25, b = 0.5, Ty = 16, and with N = 501 uniform spatial nodes. BuGS
gives Figures 3-8 as sample output. The profiles are At = 2 apart. If s is the solution
from the single step and d the solution from the two half-steps, then we required

|d — s]lec < 0.001 as the criterion for accepting a step. For other computational

details, see the BuGS User Guide [2].



0.5

031

0.2

0.1

X

Figure 3: Bacterial population density profiles. Profiles are ¢ = 2 apart.

0.15¢

0.1

0.05

Figure 4: Repellent concentration profiles. Profiles are ¢ = 2 apart.
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Figure 5: Absorbed repellent concentration profiles. Profiles are ¢ = 2 apart.
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Figure 7: Position of bacterial front, 3.

-1
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0 2 4 6 8 10 12 14 16
t
Figure 8: Step-size for the calculation, measured log,,. The oscillations are due to

degeneracies in the parabolic system. When a new space interval is breached by the
bacterial front, the error as measured by step-doubling increases.
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CHAPTER 4

NUMERICAL SIMULATIONS OF PROTEUS
MIRABILIS SWARM COLONY DEVELOPMENT

A population where both age and space play vital roles is the Proteus mirabilis swarm
colony. On typical laboratory media, Proteus mirabilis cells form colonies with radial
symmetry and regularly spaced concentric terraces. These colonies are formed by a
swarming-consolidation cycle, the timing of which is largely independent of the nature
of the agar surface. After the formation of the first terrace, the velocity of the colony
radius becomes periodic (see Figures 9 and 10) [37].

Esipov and Shapiro have formulated a model of this phenomenon with de-
pendence on both age and space [10]. The bacteria follow a differentiation — dedifferen-
tiation cycle between motile swarmer and immotile swimmer cells. An age-dependent
nonlinear diffusion equation models the swarmer population, which is coupled to an
ordinary differential equation at each point in space that models the swimmer popu-

lation.

4.1 A Modified Esipov-Shapiro Model

We consider a radially symmetric, modified Esipov-Shapiro model. The
variable r represents space in radially symmetric coordinates, the variable a repre-
sents age, and the variable ¢ represents time. The function u(r,a,t) represents the
swarmer population density at radius r, age a and time ¢. The functions p(r,t) and
v(r,t) represent the biomass density of swarmers and swimmer population density,
respectively, at radius r and time ¢. The swimmer population density is measured in

ind
cm?2»

population density units (pdu) with pdu = where ind is some multiple of the
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Figure 9: Proteus mirabilis swarm colonies. This photograph shows four inoculations
on one petri dish that eventually merge. Photograph courtesy of James Shapiro and
Oliver Rauprich.

number of individuals. The swarmer population density is measured in % The
swarmer biomass density is measured in %%

We make several modifications. We use a radially symmetric geometry with
no-flux boundary conditions, as would be the case on a petri dish. We use the
biomass of swarmers, not the number of swarmers of all ages, as the measure of the
total population density of swarmers.! We take the lower integration limit to be zero
instead of some minimal age; the exponential weighting means that younger swarmers
do not contribute as much as older swarmers. We use a diffusion which arises from

isotropic random motion instead of Fickian diffusion [35]. In addition, we use different

forms of the diffusivity, D, and the differentiation rate, ¢.

!The models written in [10] use the number of swarmers and not their biomass. owe er er
ersonal ommuni ation with er ei si o the biomass was used in the numeri al om utations.
ith the form of di usi it in [10] usin the number of swarmers will result in the di usi it

remainin  ero.
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Figure 10: Proteus mirabilis swarm colony radius. The time it takes to form and
consolidate a terrace is largely independent of the nature of the agar surface. The
front velocity is periodic as a function of time with period independent of agar or
glucose concentrations. The percentages indicated in this figure are for different agar
concentrations. Figure courtesy of James Shapiro and Oliver Rauprich [37].

@n
©
>,

slo © =
N

Figure 11: Differentiation-dedifferentiation cycle of Proteus mirabilis. Swimmers give
rise to multicell swarmers with probability £. Swarmers continue to lengthen un-
til they reach a maximum age, a,.,, at which point they rapidly breakdown into
unicellular swimmers [10].
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For the swarmers we have the system:

O + O,u = %@ (rd (D(p)u)), r € [0,7m], @ €10,0my), t >0, (4.4.1)
u(r,0,t) = f(7_—1))1)(7“,@, rel0,r,], t >0, (4.4.2)

0 (D(p(rm Nu(rma ) =0, a € 0an, 0, (143
u(r,a,0) =0, r € [0,r], a € [0, ana- (4.4.4)

The parameter 7 is the time it takes a cell to subdivide. The total biomass is given

by

@max

p(r,t) = mo/ u(r,a,t) 97 da, rel0,r,], t>0, (4.4.5)

0

where mg = % at age a = 0. We choose ind such that mg = 1. At each r the system

for the swarmers is coupled to a growth equation for the swimmers:

O = ! _f(v)v + U7, Gpax, 1), re[0,r,], t >0, (4.4.6)
v(r,0) = wvo(r), r € [0,7m,] (4.4.7)

For the simulations in this chapter, we take the diffusivity to be
D(r,t) = Dop(r,t), (4.4.8)
and the differentiation function to be
£(v) = &exp(—K (v — C)?). (4.4.9)

The initial condition has the form

{ 3 2
() = | H <2 (z) =3(3) + 1), 0<r<I, 0
L 0, r> L.
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4.2 Molli ying the Birth Term

For the step control mechanisms of step-doubling to work more smoothly in
conjunction with the age methods of Chapter 2, we find that we need to smooth out
the birth term over several intervals. If all the birthing is done in the first cohort,
the introduction of a new first cohort results in a sudden increase in the difficulty
of the problem. The second derivative in the previous first cohort was limited by
the opposing forces of birth and diffusion. With the sudden removal of birth, the
second derivative becomes larger and step-doubling will indicate the need for smaller
time steps. The time discretization becomes dependent upon the age discretization
in an undesirable manner. To remove this dependence in the combination of the two
numerical techniques, we use a mollified birth term. We use the moving reference
frame and notation of Section 2.2. We take a bounded, measurable function b(a)

with support [—s, s] that is symmetric about @ = 0 and satisfies

/S b(a) da = 1.

We choose  so that " =b.

We now define a cohort by [max(¢;, —(t + s)), ¢it1) to account for earlier
birth. In a fully discrete context, neglecting diffusion and death, we take in the first
age interval

AW/ :B(X,Pj_l)/ /HJrl (c+s) de dt + AW/
ti=1 J—(t+s)

Using the fact that Acf — Acf_l = At/ and dividing by AcfAtj, we get

Wi —wi! (x, Pi=1) / /w+1 Wit
tJ

, = c+s) dedt — .
At ch At (t+5) Ad

k3

.. . i1
For the remaining cohorts, since Acf = Ac!™", we have

Wi — Wit (x, Pi- 1 Cit1
P b de dt.
At Acfmf /t / (c+s) de

Thus motivated, we twice integrate to set our discrete birth term to

. B(x, P! : = N W
Biog =) (ad) - (ad) - (aa) - T
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in the first age interval and

B(x, Pi~1)

Bi) = = NoAp

(cimr +17) = (e +071) = ( (i +t) = (et tj_l)) ;

in the other age intervals.

A particular form of b for which we have a closed form of is
1 ja\’ jal\*
bla)=—-(2|—] =3|—] +1], —s<a<s.
s s s

4.3 Numerical Computations

(4.4.11)

We apply the methods of Chapters 2 and 3 and Section 4.2 to approximate
solutions to the System (4.4.1)-(4.4.7) with diffusivity given by Equation (4.4.8),
differentiation parameter given by Equation (4.4.9) and initial condition given by
Equation (4.4.10). We use radial piecewise linear basis functions in space with mass
lumping as the quadrature rule. This corresponds to the finite differences of Appendix
C.

We choose the parameters Dy = 10_2WH}2CH12)7 7 = 1.5 hours, K =
S5pdu~?, C' =6 pdu, & = 0.5, H = 0.5 pdu and L = 0.1 cm. For the space, age and
time domains we take r,, = 2.5 ¢m, a,,,, = 4 hours and ¢ € [0,40] hours.

For the age discretization we set Aa = 0.1 hours, where Aa is the uniform
length of all but the first and last age intervals. In the moving reference frame of
Section 2.2, this corresponds to evenly spaced ¢;’'s. We use the mollifier of Equation
(4.4.11) with s = Aa. We use a uniform discretization in space with Ar = 0.0125 cm.
The time discretization is done adaptively using step-doubling. We use as a measure
of the time-truncation error, , the weighted max-norm of the relative difference,

A [ (r(),0()) — ws(r(), a3))
A T (@), a()] + o/ Aa()

where us and u are the approximations in age and space obtained by taking one

time step and two time steps of the swarmer population, respectively, and Aa(y) is
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the width of the j-th age interval. We similarly measure the time-truncation error in
the swimmers by a relative error (without weighting by Aa).

We adjust the time step by the following: If > tol, then we reject the step,
and try again with a step size %. If < tol, then we accept the step and adjust the

next step according to the following:

If < then At =2A1,

16 ?
I <19 then At = 2A,
I <29 then At = 2A4,
tol Ny
If > 32 then Al = FAL,

For the simulations presented here, tol 1072 and ¢ = 1075,

We present the results of a simulation using the above parameters. Figures
12 and 13 show the simulated Proteus mirabilis swarm colony at time ¢t = 40 hours.
Figures 14 and 15 show the distribution in both age and space of swarmer cells.
Figure 16 shows the movement of the bacterial front over time. The velocity of the
front becomes periodic with period approximately 6.8 hours. Figure 17 shows the
time steps taken during the simulation. The difficulty of the problem is linked to the
movement of the bacterial front.

We present a convergence study which shows second-order convergence in
age of the simulation (see Figure 18). We parameterize a particular age discretization
by Aa, which is the length of all but the first and last age intervals. We measure the
error for this age discretization by the L%-norm of the difference between it and the
approximation obtained by using its refinement, the age discretization parameterized
by Aa/2. We approximate solutions to the same problem as in Figures 12-17, but
the simulation is only run up to time ¢ = 6 hours instead of 40 hours. We use a

non-adaptive time discretization to better compare different age discretizations.



Figure 12: Simulated Proteus mirabilis swarm colony showing evenly spaced concen-

tric terraces. The height is taken to be the inverse hyperbolic sine of the total biomass
(swarmer biomass plus swimmer biomass, p + mgv).
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sinh*(p+m
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rcm

Figure 13: Profile of a simulated Proteus mirabilis swarm colony. This is the same
colony as in Figure 12.
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Figure 14: Surface plot of the swarmer population density, u, in age and space at
time ¢ = 40 hours.

a hours

15~

o
=
S

0.5~ -

rcm

Figure 15: Contour plot of the swarmer population density, u, in age and space at
time ¢ = 40 hours.
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