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 Access to fresh water will always be necessary, and demand for fresh water will continue 
to increase with population growth. Because 99% of the Earth’s usable freshwater is stored in 
the ground [2], it is becoming increasingly important to develop accurate subsurface fluid flow 
models. The focus of my research is to better determine the parameters that support these 
models in order to improve modeling efforts. Results of my research can be directly applied to 
help solve a wide variety of real-world problems in areas such as water management, 
contaminant remediation, and waste storage. 
 

Hydrogeology Basics  
 Before proceeding to a brief history of hydrogeology, it may be helpful to know two 
terms of interest. The first is hydraulic head ( ), the potential for fluid flow through porous 

media. The other is the hydraulic gradient ( ), which describes the change in hydraulic head 

( ) over a specified length ( ). 
 The mid-19th century marked the beginning of modern hydrogeology when, in 1855 and 
1856, Henri Darcy conducted a series of experiments with the purpose of identifying the 
relationship between the volumetric flow rate of water through 
a tube of sand and the hydraulic gradient (figure 1). Darcy 
discovered that if the distance between the water outlets ( ) 
is fixed, then the volumetric flow rate ( ) is proportional to the 
negative of the difference in pressure between the inlet and 
outlet ( ). Alternatively, if  is fixed, then  is proportional 
to . Dividing both sides by the cross-sectional area and 

assuming a fluid with viscosity similar to water, the result is 
(generalized) Darcy's law, 

 

Where  is instantaneous discharge per unit area, also known as Darcy flow and  is a material 
dependent coefficient of proportionality called hydraulic conductivity. 

Using conservation laws, Darcy’s law and assuming a constant fluid density throughout 
the medium, we can derive the partial differential equation that governs subsurface fluid flow in 
three dimensions, the transient saturated flow equation, 

  

where  is time,  is specific storage, the volume of water that a unit volume of aquifer releases 
from storage under a unit decline in hydraulic head, and  and  are hydraulic 

conductivity coefficients, assumed to be aligned along the  and  axes, respectively. 

 
Subsurface Fluid Flow Modeling in Practice  
 Multiple-scale heterogeneity is understood to be the norm in the subsurface as opposed 
to the exception. Despite this fact, traditional modeling approaches such as Theis or Jacob 
approximations, assume large-scale homogeneity of the subsurface. Moreover, these estimation 
techniques are often considered adequate for engineering purposes. However, Zheng and 
Gorelick [6] and Illman and Hughson [3] have shown that knowledge of  distributions is critical 
when attempting to model water and contaminant transport. 

Figure 1: Darcy's experiment. 
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 In attempting to solve the inverse problem, it was 
realized that the data provided by traditional methods (one 
well, one data set) was less than adequate. Hydraulic 
tomography, first proposed by Neuman in 1987 [4], is a method 
by which a single well is outfitted with the ability to pump water 
(and take pressure readings) at multiple levels, resulting in many 
more data points as well as data sets (figure 2). A number of 
approximate solutions exist to interpret the data, among the 
most accurate is the Sequential Successive Linear Estimator 

introduced by Yeh and Liu in 2000 [5]. 
 

My Research 
My approach to solving the inverse problem, as it relates to the transient saturated flow 

equation above, focuses on developing a method that is reasonable in theory and practice. 
Restated, the problem is to find the coefficient of the equation 

 

by using measurements of   for  and . The method is based on the 
following assumptions. 

1.  is isotropic, that is  for some scalar . 
2. There exist a finite number of unique hydraulic conductivity values, . We call the 

surfaces on which  are discontinuous, interfaces. 
3. All interfaces are reasonably regular. 

We do not claim the three assumptions as true; instead we claim them to be reasonable 
generalizations of the subsurface when appropriate considerations are made. For example, in 
the field, it is likely that the interface between two (or more) geologic materials is irregular to 
the point that it resembles a path of Brownian motions. However, within a certain length scale, 
we assume that the interface can be approximated by regular curves. 
 For the sake of brevity, I will only discuss the two dimensional ( ) case; especially 
since the outcome is similar in higher dimensions. We will use the level set method to track the 
interface, understanding that most substantial interface adjustment will be dependent on 
standard minimization techniques. We first need to note a few observations regarding the 
problem: 

 The solution of the finite difference scheme is equivalent to a global solution 

 We are using a second order scheme (finite difference); therefore we only need a first 
order approximation of the interface. 

Using a classic five-point stencil in the normalized situation with points 
 and  we will let the planar interface be  with 

. Our first observation, in conjunction with the continuity of  across interfaces, as 
shown by Almgren and Wang [1], results in the following. 
 
Lemma For any given , and  with , , there is a unique 
piecewise second order polynomial solution,  of 

 
,  

Where  is some constant and 

 

 

Figure 2: Hydraulic tomography 
with three boreholes (modified 
from NRC, 1996) 
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 The result is the determination of all coefficients for use in the altered finite difference 
scheme, which when solved returns computed hydraulic head values. Comparison of the 
computed values with actual data is minimized to produce a solution. I am currently writing the 
computer program that implements this method. 
 

Future Work 
 In addition to continuing to explore the full extent of my research with regard to subsurface 
mapping, I am interested in applying the essence of my numerical method to other partial 
differential equations. For example, I believe that the method’s ability to handle magnetic waves 
propagated in heterogeneous media will make it quite useful applied to Maxwell’s equations. 
  

Undergraduate Research 
 I am very interested in teaching, designing, and encouraging all types of modeling 
activities for undergraduates. Furthermore, I strongly believe that the best motivation for these 
activities is to have them centered on an area of active research. With this in mind, I developed 
a class at the University of Iowa with a focus on modeling real-world phenomena using 
mathematics. Current topics of study include:  

 Subsurface fluid flow. 

 Epidemiology and endemics. 
 Financial option pricing. 

 Continuous traffic flow. 

 Collision modeling using complementarity. 

 Image compression using wavelets. 
In addition to exposing students to research in a variety of applied fields, I believe the topics 
presented in this course provide a great jumping off point for in-depth undergraduate research. 
 As an example, watershed analysis is extremely accessible and relevant to math and 
science majors. Moreover, a project on this topic necessitates and promotes: 

 Interdisciplinary collaboration with departments such as biology, chemistry, and 
environmental science. 

 Technological acumen in order to capture data using GIS and GPS systems, perform 
chemical analyses, and sample water quality. 

 Development of written and oral communication skills, 
all while being firmly grounded in the mathematical sciences.  
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