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The Caratheodory-Fejer problem

Given a0, a1, . . . , an ∈ C, consider all lower-triangular infinite Toeplitz
matrices of the form

a0

a1 a0

a2 a1 a0

· · · · · · · · · · · ·

an · · · · · · · · · a0

? an · · · · · · · · · a0

? ? an · · · · · · · · · a0

? ? ? · · · · · · · · · · · · · · ·



What is the smallest norm of such a matrix?
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The Caratheodory-Fejer problem

Infinite matrices are operators on H2 = H2(T) (fixing the usual
orthonormal basis {zn : n ≥ 0}).

A Toeplitz matrix is a matrix whose entries are constant along diagonals.
a0 a−1 a−2 a−3 · · ·

a1 a0 a−1 a−2 · · ·

a2 a1 a0 a−1 · · ·

a3 a2 a1 a0 · · ·

· · · · · · · · · · · · · · ·


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The Caratheodory-Fejer problem

Such a matrix is bounded on H2 if and only if (an)n∈Z is the Fourier
coefficients of some f ∈ L∞ = L∞(T).

The operator is then
ξ 7→ PH2(fξ), ξ ∈ H2.

The norm of this operator is the L∞ norm of f .
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The Caratheodory-Fejer problem

Lower-triangular Toeplitz matrices are multiplications by elements of
H∞ = H∞(T).

Problem
Given a0, a1, . . . , an, what is the minimal norm of an element of H∞ whose
Fourier series begins

a0 + a1z + a2z2 + · · ·+ anzn + · · ·?

A purely function-theoretic question.
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The Caratheodory-Fejer problem

We are asking about dilations of the matrix

Ta =



a0

a1 a0

a2 a1 a0

· · · · · · · · · · · ·

an−1 · · · · · · · · · a0

an an−1 · · · · · · · · · a0


.

Any dilation of Ta has Ta as a corner...

...and hence norm at least ‖Ta‖.
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The Caratheodory-Fejer problem

Theorem
Given the tuple a0, . . . , an,

There is an element of H∞ with Fourier series beginning
a0 + a1z + · · ·+ anzn and norm ‖Ta‖.

This function is unique, and is ‖Ta‖ times a finite Blaschke product of
order at most n.

In the 1960s, Sarason showed this result could be well understood
abstractly.

Connects with work of Nagy, Foias, and others.
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The Caratheodory-Fejer problem

Some key ideas:

The set of (n + 1) × (n + 1) lower triangular Toeplitz matrices is the
commutant of an operator.

H∞ is contained in the commutant of a dilation of that operator.

We can “lift” an element from one commutant to the other with no
increase in norm.

And now, the actual subject of the talk.
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A different problem

Given a tuple a = (a0, a1, . . . , an) of complex numbers with a0 ∈ R.

Consider the self-adjoint matrix

Sa =


a0 a1 a2 · · · an

a1 a0 a1 · · · an−1

a2 a1 a0 · · · an−2

· · · · · · · · · · · · · · ·

an an−1 an−2 · · · a0


.

What is the minimal norm of an dilation of Sa to a Toeplitz operator on H2?

Equivalently: how to “extend” the real-valued Laurent polynomial

anz−n + · · ·+ a1z + a0 + a1z + · · ·+ anzn

to an element of L∞ of minimal norm?
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Easy observations

We need only consider self-adjoint dilations.

Any dilation of Sa has Sa as a corner and hence norm at least ‖Sa‖.

This is not the CF problem.
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Differences with the CF problem

The set of self-adjoint Toeplitz matrices is not an algebra.

We seek to extend real-valued functions to L∞ (not H∞).

Any real f ∈ L∞ is always the the real part of an analytic function h on
D, but h need not be bounded.

This problem is different because its answer is different.
In general it is not possible to find a Toeplitz dilation of Sa of norm ‖Sa‖.
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An example

Consider n = 1, a0 = 0, and a1 = 1.

Sa =

(
0 1
1 0

)
.

It’s an isometry.

Can we extend 1
z + z to an element f ∈ L∞ of norm 1?
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An example

Any f ∈ L∞ satisfies
‖f‖∞ ≥ ‖f‖2.

If f̂(±1) = 1, then necessarily ‖f‖2 ≥
√

2.

We cannot find an extension with ‖f‖∞ =
√

2 either.

If we could, then ‖f‖2 =
√

2.

Then f̂(k) = 0 for all |k | > 1 and f(z) = 1
z + z.

But this f has norm 2.
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An aside

What is the minimal norm extension of 1
z + z?

It is

· · ·+
1

5z5 +
1

3z3
+

1
z

+ z +
z3

3
+

z5

5
+ · · ·

It has norm π
2 .

More about this later.
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The problems

Given a = (a0, a1, . . . , an) ∈ C
n+1 with a0 ∈ R, define

ma = inf{‖S‖ : S is a self-adjoint Toeplitz dilation of Sa}.

Problem
Given a, how can we calculate ma?

Problem
How large can ma

‖Sa‖
get?
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The problems

Sarason has dealt with the first question in a way we will mention shortly.

One formulation of the second problem: consider the sequence

Dn = sup
a∈Cn+1

ma

‖Sa‖
, n = 1, 2, . . .

Here the supremum is runs over all nonzero tuples with a0 ∈ R.

Dennis Courtney (U of Iowa) Exact constants in dilation theory April 25, 2009 16 / 31



The problems

Sarason has dealt with the first question in a way we will mention shortly.

One formulation of the second problem: consider the sequence

Dn = sup
a∈Cn+1

ma

‖Sa‖
, n = 1, 2, . . .

Here the supremum is runs over all nonzero tuples with a0 ∈ R.

Dennis Courtney (U of Iowa) Exact constants in dilation theory April 25, 2009 16 / 31



The sequence Dn

The numbers Dn are the “exact constants” of the title.

Is there an “explicit formula” Dn in terms of n?

If not, what about asymptotics? What is supn≥1 Dn?

A priori, very little is clear.

One can show without too much work that if m | n then Dm ≤ Dn.

That is about it.
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Results in this area

Bakonyi and Timotin (Bull. LMS, 2001) have results implying

Dn ≤ 2 for all n.

(In fact, any finite Toeplitz M can be extended to a Toeplitz operator
on H2 of norm at most 2‖M‖.)

Farforovskaya and Nikolskaya (St. Petersburg Math. J., 2004) have a
short and elegant proof that Dn ≤ 3 for all n.

These authors were not trying to explicitly evaluate sup Dn.
There is little reason to suspect that it actually is 2.
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The sequence Dn

Combining the obvious lower bound with the BT upper bound we know

Dn ∈ [1, 2], n ≥ 1.

The lower bound 1 can be improved; we will see that in fact

Dn ∈

[
π

2
, 2

]
, n ≥ 1.

Note π2 ≈ 1.570796.
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The sequence Dn

More precisely:

D1 = π
2 . (Explicit calculation.)

D2 = π
2 . (Explicit calculation.)

D3 ≥ 1.682.

I have no evidence that D4 is not π2 .

D5 ≥ 1.735.

I have a conjectured closed form for the value of D3.
Let θ be the least positive solution to sin(3θ) + 3 sin θ − 1 = 0.
I believe that D3 = π

√
2

1−8 sin θ .
I have a similar guess regarding D5.
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Understanding Dn

Recall
Dn = sup

a∈Cn+1

ma

‖Sa‖
, n = 1, 2, . . .

Here Sa is the finite Toeplitz matrix with a as its first column.

And ma the smallest norm of a Toeplitz dilation to H2.
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Dn is an operator norm

Let X be the (real) vector space of all self-adjoint Toeplitz operators
on H2, with the operator norm.

Let Xn denote the space of (n + 1) × (n + 1) self-adjoint Toeplitz
matrices (regarded as acting on [1, z, . . . , zn] ⊆ H2).

Let Pn : X → Xn denote the compression.

If X ,Y normed spaces with Y finite dimensional, a surjective
contraction T : X → Y induces a bijection T̃ : X/ ker T → Y that is
also a contraction.

Dn is the operator norm of the inverse of P̃n.

Dn measures the extent to which Pn fails to be a quotient mapping.
(In the CF problem, the compression is a quotient mapping.)
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Understanding Dn

A less abstract way to understand Dn is to analyze how ma is actually
calculated for specific a. We can do this using some results of Sarason.
Fix a = (a0, . . . , an).

Any real f ∈ L∞ satisfying f̂(k) = ak for −n ≤ k ≤ n is of the form

2 Re h

for h an analytic function on D with Taylor series

a0

2
+ a1z + a2z2 + · · · anzn + · · ·

I will let a′ = (a0
2 , a1, . . . , an) denote this altered tuple of Fourier

coefficients.

In general h will not be bounded; only in H2.
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Reformulation

Thus ma is the solution to the problem

minimize 2‖Re h‖∞

where h runs over the analytic functions beginning

a′0 + a′1z + · · ·+ a′nzn · · ·
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Reformulation

Choose h attaining the minimum. Necessarily h maps D into the strip

S =
{
w ∈ C : |Re w | <

ma

2

}
.

Consider the map φ given by

φ(z) = i tan
(
πz
2m

)
.

This is a holomorphic bijection from the interior of S to D.
It maps the right boundary line of S bijectively onto the “upper half” of T
and the left boundary line of S bijectively onto the “lower half” of T.
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Calculating ma

Since φ is analytic,

(φ ◦ h)(z) = b0 + b1z + · · ·+ bnzn + · · ·

where b = (b0, . . . , bn) depends only on a′ (and not on the unknown
coefficients of h.)

We say φ ◦ h “begins with” b.
If k is analytic and begins with b, then φ−1 ◦ b is analytic and begins with
a′.
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Calculating ma

By the CF problem, there is k ∈ R and a finite Blaschke product P of order
at most n with the property that

kP

has minimal norm among all H∞ functions that begin with b.

Since φ ◦ h is one of these, and ‖φ ◦ h‖∞ = 1 by definition,

k ≤ 1.
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Calculating ma

kP begins with b by construction.

As k ≤ 1, kP maps D→ D.

Thus h′ = φ−1 ◦ (kP) maps D→ S, and h′ begins with a′.

We must therefore have k = 1.

If k < 1 then kP(D) would be compactly contained in D, and the range of
h′ would be compactly contained in the interior of S.

This would give us an analytic h′ : D→ C beginning with a′ whose real
part was too small.
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Calculating ma

So:

k = 1, and kP = P is the unique H∞ function of norm 1 beginning
with b.

Since ‖φ ◦ h‖∞ = 1 by construction and φ ◦ h begins with b we
conclude from the uniqueness of the solution to the CF problem that
φ ◦ h = P.

Thus
h = φ−1 ◦ P.

The Blaschke product P maps T into itself; φ−1 maps T to the strips
Re z = ±ma

2 .

We conclude that 2 Re h assumes only the values ±ma .

Since P is at most an n-to-1 local homeomorphism of T onto itself, 2 Re h
has at most 2n discontinuities, and is equal to ma on at most n
subintervals of T.
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Conclusion

If we want to understand the maximum value of

ma

‖Sa‖

we may assume by scaling a that ma = 1,

and that a is the tuple of Fourier
coefficients of a ±1 valued function taking the value 1 on at most n
subintervals of T.

Theorem (Sarason)
If Fn denotes the set of all {±1} valued functions on T that assume the
value 1 on at most n disjoint subintervals of T, then

Dn = sup
f∈Fn

1
‖Tf‖

where Tf denotes the Toeplitz operator on [1, z, · · · , zn+1] induced by
multiplication by f .
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Conclusion

To attack the problem from this point of view one can study several things:

Partitions of T into n intervals and how the norm of ‖Tf‖ depends on
the partition.

The lower bound π2 for Dn corresponds to considering f taking the
value 1 on n equally spaced intervals of equal length.

I originally thought that Dn = π
2 for all n (why not?)

My better estimates for Dn have come thinking not in terms of the
partitions themselves but the corresponding Blaschke products which
are sometimes easier to work with.

This is a work in progress; hopefully there will be more to say soon.
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