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Abstract In this paper we study the free boundary problem arising as alimitase — 0
of the singular perturbation problem div(A(x)Vu) = I'(x)B: (1), where A = A(x) is
Holder continuous, B, converges to the Dirac delta §p. By studying some suitable level
sets of u,, uniform geometric properties are obtained and show to hold for the free
boundary of the limit function. A detailed analysis of the free boundary condition is
also done. At last, using very recent results of Salsa and Ferrari, we prove that if A
and I' are Lipschitz continuous, the free boundary is a C!¥ surface around HV~! a.e.
point on the free boundary.

1 Introduction

In this paper we are concerned about studying the limit as ¢ — 0 of the solutions u,
of the following Dirichlet problem
div(A®)Vu) =T(0)B:(w) in Q (11)
Uu=g on 92,
where Q and ¢ > 0 are sufficiently smooth, I is strictly positive, bounded and continu-

ous, the coefficient matrix A = A(x) is Holder continuous and S, is an approximation
of Dirac §p measure in the sense that

s =28(2). (12)
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where

(1) B € C*(R), support of B lies in [0, 1] and it is positive in (0, 1).
1

2) /f}(s)ds =1.
0

This problem is a interesting model in combustion and flame propagation theory.
It appears in the description of laminar flames as an asymptotic limit for high energy
activation.

The idea is that Eq. (1.1) approximates the free boundary problem

div(A@)Vu) =0 in Q" :={x € Q:ux) > 0} (1.3)

and
(AVu,Vu) =2T" along d {u > 0} N Q (1.4)

in a certain sense that will be discussed later on. Actually, there are several ways to
express the free boundary condition. Another way could be

2r
u = 1 along 9 {u > 0} N Q.

Y (Av,y)

where v is the inward unit normal to the free boundary 9 {# > 0} N Q.

It is a fruitful idea to study free boundary problems like Eq. (1.3) via regularizing
problems like (1.1). See for example [13] Information about the original free bound-
ary problem can often be obtained by establishing results for the approximating ones
that are uniform on ¢. This will be the approach of this paper. We will study geometric
properties of the limit function and its free boundary by establishing the same prop-
erties (estimates) for the approximating funtions u, and its suitable level sets that will
approach the free boundary of the limit in the Hausdorff distance.

We should point out that, although the setting involves a Dirichlet problem with
sufficiently smooth boundary data we are essentially interested in interior regularity
results. For this reason, the concerns in this paper will be of local nature. Boundary
issues could also be treated by following the ideas developed in [3]. The main goals
of this paper are the development of e-uniform estimates for the approximating per-
turbed problems, the description of in what senses the free boundary condition (1.4) is
satisfied and the free boundary regularity in the case where A is Lipschitz continuous.

Our paper is organized as follows: In Sect. 2, a detailed formulation of the prob-
lem is carried out. Since, geometric properties like linear growth away from the free
boundary and nondegeneracy are expected to hold, we restringe ourselves to deal
with more “stable" solutions of the problem (1.1), namely, the minimizers of the
variational problem associated. The core of this section is the proof of the uniform
Lipschitz estimates for the approximating functions u,. Section 3 will be in charge
of the main uniform in ¢ geometric properties of the approximating functions. It is
proven in this section the linear growth away from the ¢ level sets, strong nondegener-
acy and measure estimate of neighborhoods of those level sets. Section 4 is devoted to
the limit problem. The limit function is proven to be the minimizer of the correspon-
dent minimization free boundary problem and all the previous geometric properties
are now proven for the limit case. The uniform density and the measure totality of
the reduced free boundary is obtained. Section 5, the last one, is devoted to the study
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of the free boundary condition. This condition is proven to hold in four weak senses,
namely, integral sense, measure sense, pointwise sense and viscosity sense.

Last Theorem in Sect. 5 addresses the regularity of the free boundary. We use
very recent results in the theory of regularity of free boundaries developed by Fausto
Ferrari and Sandro Salsa to prove that under the assumption that A = A(x), I' = I'(x)
are Lipschitz continuous, the free boundary is a C1 surface around HV~! a.e. point
on the free boundary. We are thankful to Fausto Ferrari and Sandro Salsa for sharing
with us their latest results and for very interesting discussions about this topic. Finally,
the regularity of the free boundary when A = A(x) is just Holder continuous seems
to be an important and delicate question. The authors expect to return to this issue in
a future research.

2 Uniform Lipschitz regularity of solutions

In this section we shall explore some geometric properties of solutions of

Lu=div(A(x)Vu) =T (x)B:(u) inQ (PDE)
(2.1)

u=¢ on 0%,

where hereafter, we assume

I € L*®(Q), i?sz:I>0

and for some fixed o € (0,1),A > A > 0,
A=AX) e C*Q), M<AX <Al, ¢eC¥Q), 0QeC™

At this point, solutions are understood as weak (distributional) solutions, i.e, u, €
H}(Q) = {u € H'(Q) : u — ¢ € H}(Q)} such that

/((A(X)Vu, Vo) +T(0)B:(we)dx =0 Vo € C57(R)
Q

Remark 2.1 In this paper, the operator Lu will be always related to the matrix A
above specified. If the context requires, the dependence of the matrix will be explic-
itly emphasized by writting
Lp(u) = div(B(x)Vu)
Universal constants are constants depending on dimension N and ellipticity con-
stants A, A. The perturbation {8}, is given by (1.2) and we define B, to be

uj/e

B (u) =/ﬁg(S)dS= /ﬁ(S)ds.
0 0

In general, the problem (2.1) has multiple solutions since the comparison principle
is not available. For this reason, we take advantage of the divergence structure of
the above PDE to deal with particular solutions of the problem (2.1), namely, the
minimizers of the following variational problem

minimize {]—'g w:ue H;,(Q)} (2.2)
@ Springer
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where

Fe(u) = / [% (A(xX)Vu,Vu) + F(x)Bg(u)] dx
Q

For the sake of completeness we state the next Theorem. The proof is a straighfo-
ward application of standart minimization arguments, elliptic regularity theory and
maximum principle.

Theorem 2.2 Foreache > 0, the variational problem (2.2) has minimizer u, € CH*(Q).
Furthermore, u; solves (2.1) in weak sense and ue > 0 in .

With previous Theorem in mind, when reffering to the solution of the e-perturbed
problems (2.1), we always mean the minimizers u, provided by Theorem above.

Remark 2.3 Since the minimizers satisfy Lu, > 0 in D/(Q), then Lu, is a Radon
measure given by

/ ¢Lu, = — / (A(X)Vue (x), Vo) dx  forall ¢ € H}(R)
Q Q

This way, since the vector field A(x)Vu, € C¥(Q) the Green’s formula holds, i.e,
for all ¢ € C°(Q) N H'(Q) and B, (xg) CC 2, we have:

/ oLus + / (AG)Vup, Vo) dx = / ¢ (A()Vitg, v) dHN !
B (x0) By (x0) 9B, (x0)

Remark 2.4 (Lipschitz renormalization) Let u € H'(B,(xo)) N C°(B,(x()) be a weak
solution of

Lu =T'(x)Be (1)

Define w: By/:(0) — R, as

1
w(y) = gu(xo +¢y),

then, by Change of Variables Theorem, w € H'(B,/:(0)) N C°(B,/.(0)) is a weak
solution of

Lfw = Lae(w) =T (xo + ey)pr(w)
where
Af(y) = A(xo +€y), y € Bye(0)

Furthermore, if u is differentiable at 0, then Vw(0) = Vu(xp). It is interesting to notice
that the renormalization above does not change the ellipticity constants of the oper-
ator L. This means, that this renormalization does not affect the constants appearing
in Schauder estimates as well as in Harnack Inequality. The family of operators L®
can be regarded as just one operator L.
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Lemma 2.5 Let w € CH¢(B1(0)) N HY(B;(0)) be a solution to
Lw=gx), llgllLe®,0) <D
if w(0) < 1, then there exists a universal constant Cy > 0 such that
[Vw(0)| = Co
Proof By interior Schauder estimate, we have
IVw(0)| < C(IIWl|L= B, ,0)) + D)
and using Harnack inequality,
Wl L (B, p 0 < C(1+ DIBy(0)['/™)
since C, C, D are universal, this concludes the lemma. O

Now, we state and prove a useful Lemma by itself.

Lemma 2.6 Let 0 € 9Q and v € CH(Q2 N B1(0)) N HY(2 N B1(0)) be a nonnegative
solution of

Lv=0 inQNBi(0)

Suppose also that on Y = Q2 N B1(0),v = 0 and |Vv| is bounded. Then, there exist
a universal constant C > 0 such that

1) v(x) < Cdist(x,9<2) sup |Vv|
8
) IVVliL=B, 0)ne) < Csup |V
0
Proof Letusstart provingitem (1). Considerxg € By,,(0)NQ. Setting 1 = dist(xp, 92),
M = sup |Vv|, v(xo) = th, we need to show that t < CM for some universal constant
T

C > 0. Reescaling v with respect to the distance #, i.e,

1
w(y) = L v(xo +hy)
Then, w(0) = 7 and from remark (2.4), w is a nonnegative solution of
L () = 0in B (0), where A"(y) = A(xo + hy).

Since h = dist(xp, S2), there exists y; € dB1(0) where w(y;) = 0. Moreover, since
Vw(y) = Vv(xo+hy), y € B1(0), we have |[Vw(y1)| < M. Now, by Harnack inequality
in B1,2(0), there exists a universal constant ¢ such that

w > ct in By »(0).

The idea now is to construct a barrier touching w from below at y;. Let Z" be the
a funtion such that
Lu(Z"=0 inR
zZh=1 on 3B 2(0) (2.3)
Zh"=0 on 3B (0).

Itis clear that, Z" > 0, Z" € C1*(R) where R = B1(0) \ B12(0).
@ Springer
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Defining now,
Zn(y) = v Z"(y), y € R,
then
Zp=0<wondBi(0) and Zj; <ct <wondBy)(0),
this way, we have
Lyw=LZ, inR and w=>Z,onodR,
by the weak maximum principle,
w>Zy imR and  w(y)) = Z(y).
In particular,
dw(y1) = Zp(y1),

where v is the unit inner normal to B1(0) at y;. Since A is Holder continuous,

Hopf’s Lemma applies [12, Chap. 3], if §, = aliirll(fO) v Zh
nZy > ctéy > 0.
From the C1 estimate up to the boundary we can conclude

inf 8, >8>0,
0<h<1/2

where § is independent of /. Then
M = [Vw(y))| = dww(y1) = cT4,

proving the first part of the Lemma. The second part now follows from Schauder
estimate and Harnack inequality. Indeed, if we define v*(y) := v(xo + hy), y € B1(0),
then

[Vw(0)| < C v(x0) < CA.

cc

- - v* 0 < -
distorg.asy 1V L= @ip0n = G e
O

Now we are ready to proof the uniform Lipschitz estimate. Before, It is convenient
to introduce the following notation that will simplify the statements of the Theorems
in this and next sections,

1
B}, = Bs, (x¢) where u,(x;) =« and §; = Edist(xg, )
Qy ={xe; 0<u,(x) <a} and d,(x) = dist(x, Q)
QF =Q\Q={reQ uk >al
Hereafter, we consider,
Q ccQ, A=dist(Q,9Q)
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Theorem 2.7 (Uniform Lipschitz estimate) There exists a universal constant C =
C(Q) such that for ¢ > 0 small enough

||Vu8||L00(Q/) <C
In particular, the family {u.},- is locally uniformly Lipschitz.

Proof Let xy € Q' and consider ¢ < A = dist(Q/, 9%2). The proof will be based in
obtaining pointwise gradient estimates depending on where xj is placed at.

Case I xy € Q,

Since B, (xp) C € we can consider the Lipschitz renormalization w = w; of u, in
that ball,

w(y) = %us(xo +ey), yeBi(0).
By remark (2.4), Vw(0) = Vu,(xp) and w is a solution of
Le(w) =T (xo + &y)p1(w) in B1(0)
it follows now from Lemma (2.5) that
[Vw(0)| = Co
where Cy is a universal constant.

Case Il xo € QF and d.(x9) < A/3.

From the hypothesis, we have that 3d.(x9) < dist(xg,d<2). Let yo € €2, such that
d¢(x0) = |xo — yo| and d = dist(yo, 32). Now, let us define the Lipschitz renormaliza-
tion of u, in 2} N B,(yo), that is,

ug(yo +dy) — ¢
d 9

where D, = T~H(QF), T(y) = yo + dy.
Since w = 0 and |Vw| is bounded along B{(0) N d D, by case I, and

w(y) = y € B1(0)N D,

Lja(w) =0in B1(0) N D, where A%(y) = A(yo +dy), y € D..
we can use lemma (2.6) to conclude
[IVWIlLo B, 00D, = C
The estimate above, translated in terms of u, is equivalent to
IVttell Lo pyney = €
To conclude this case, it is enough to show that, xo € By/2(yo). This follows since,

2|x0 — yo| = 2d.(x0) < dist(xp, d2) — dg(x0) < dist(yp, Q) = d.
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Case I1I xo € QF and d.(x0) > A/3.

In this case, since
Lu=0inQ}
and

" / A
Q =Q N{xeQ; d:(x) > A/3} cc QF, with dist(Q",09) > 3

Then using interior Schauder estimate, there exists a universal C > 0 such that

||vu8||Loo(Q”) =< C

where C = C (%), concluding the proof of the Theorem. O

3 Geometric properties of the level sets

In this section, we prove important geometric properties of the level sets. The idea
is to obtain those properties independently of the particular u, considered. This way,
we can prove that those properties hold for the free boundary of the limit function.
In particular, this will imply a rather restrictive geometry of the free boundary.

Since we are interested in studying the geometric properties of the level sets, our
analysis will be focused in regions close enough to the level sets of the minimizers u,.

Theorem 3.1 (Nondegeneracy) Given C; > 1, there exists a universal constant Cy
depending on Cy such that, if xo € B} and us(xo) > Ci¢, then

ug (x0) > Cade(x0)
Proof Let us call d = d.(xp) and suppose u.(xg) = » = ad. We want to show
a > ¢ > 0, for some contant c. To this end, let us make a Lipschitz renormalization
w(y) == éug(xo +dy).
From Remark (2.4), since By(xo) C QF,w satisfies
Ljaw)=0
where
Al = Ao +dy), y e Bi(0)
Furthermore w(0) = «. By Harnack inequality,
ca <w <Ca inBjyp.

Now, let ¢ be a cut-off function such that ¥ = 0in Byy4,% = 1in By \ By, and
define

_ | min(w,cayy) in Bip
&= w in BI\BI/Z‘
@ Springer
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Notice that, in the same way that we proceed in Remark (2.4), by using the Change
of Variables Theorem, w minimizes the functional

1
@) = / [E(Ad(y)VS(Y),VS(Y)) + I'(xo + d}’)Bs(dE(Y))] dy,
By

restricted to K = w + H(l) (B1(0)). Hence, since ¢ € K and w is a minimizer we have:

E@) = Ew).

Writing this down, we find
A > B, 3.1)
where,
1
A= [ 5(A%0)9e0. 9200 ~ (A0 Tw0). V) )dy
By
and

Bi= [ T+ dy) (Betaw) = Bt .

By
We estimate A by
1
a=5 [ (@PUvie.vee) - Al Yo, Twen)d

By yN{cay <w}

EonzZIIVW”LZ(Bl(O))
= Caz-

IA

Now we turn our attention to estimate B by below. Notice, initially that w > ¢ and
B, is a nondecreasing function, hence

B= [ T+ dy)(Badw) - By
Byss
= / I'(xo + dy)B.(dw)dy
B4
>7 / B, (dw)dy
By
> T|B1)4|Be(ch)
> Z|B1/s|Be(cChe)
= TZ|By4|B1(Cic) = c*.
Putting those inequalities together we finish the proof. O

Corollary 3.2 (Linear growth away of the level set) There exists a constant C = C(),
independent of ¢ such that

Cade(x0) < ue(x0) < Cdg(x0)
@ Springer
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A

x0 € Q N{ug = Cre},  doxo) < 1

Proof The first inequality follows from the nondegeneracy above, just observing that
if de(x0) < %, then xo € B}, like case II in the proof of Theorem (2.7). Applying the
same Theorem, Uniform Lipschitz estimate, we deduce the second inequality. O

We turn our attention to a strong nondegeneracy result. Before we state the non-
degeneracy condition, we prove an interesting lemma by itself. It is a variation of
Lemma 7 presented in [6]. In this situation, we treat the case where there exists a
linear growth away from level set § if we are confined to a large multiple of that level
set .

Lemma 3.3 (Strong Nondegeneracy Lemma) Assume that v > 0 is a Lipschitz solu-
tion of:
Lv =0in QN Bg(&) such that 3.2)

1) v=6860n0Q2NBr(£),0€0Q
(2) v(xg) = C6 >0, C>>1withxy € Bry(§)
(3) v(x) = D -dist(x,d2) in {v > C8} N Bry2(£)

Then, there exists a universal constant M = M(C, D, Lip(v)) such that

R
sup v Mr for O0<r<—
By (xo) 4

Proof Let B,(xo) be the largest ball contained in {v > §}. Consider yg € 9B, (xo) such
that p = |xo — yo| = dist(xg, dS2) with v(yg) = 8. From the assumptions, B, (xg) C
QN Bgr(). By (3),

vixo) =D -p

Now, by Lipschitz continuity, taking 4 = CTJ% we have:

v(x0)
2

)< (l N Lip(v)h

C D )V(Xo) <

in Bph (yo)

Therefore,

_ v(x0)

in A= B,;(yo) NIB,(x0)

Notice that HV~1(A) depends only on the fixed constant 4. This way, it is indepen-
dent of the particular points xo, yo considered above. Proceeding as in Lemma 7 in
[6], we obtain 0 < C(u, h) < 1 such that

sup v = [14 T, | vixo)
9B, (x0)

In particular, we can find x; € 9B, (xp) such that,

v(xy) = (14 C)v(xo)
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and
v(x1) — v(xo) = M|x; —xo| where M = CD

The idea is to construct a polygonal along which v grows linearly, starting from x.
For that, we repeat the same construction done in Theorem 1.9 in [7] and this will
finish the proof. o

Theorem 3.4 (Strong nondegeneracy) There exists C = C(Q) such that
A
sup ug > Cp, for p < —
By(xo) 12
/ A
x0 € Q@ N{up = Cre},  de(xo) < I Cr>1
Proof Allthat we have to dois to verify that we are in the configuration of the previous

Lemma. Indeed, if xq is in the above conditions, and x, is such that d. (xg) = |xo — x|
if we denote §, = dist(x., d2), we have:

2A A .
5 =A— 3 < dist(xg, 02) — do(xp) < 8¢
Thus,
11— 1
X0 € EB%(XS) C B%(XS) C EBBE (xg) = B; (33)
Besides,

UB%(xg) CN%(Q') ccQ (3.4)

Inclusion (3.3) joint with Theorem (3.1) says that we can use the previous Lemma
with Br(¢§) = B a (x¢) and inclusion (3.4) says that we can take uniform Lipschitz

constant for all those balls, proving the Theorem. O

Hereafter, we will assume C; >> 1 such that the strong nondegeneracy property
above holds.
Corollary 3.5 (Uniform positive density along level sets) There exist universal con-
! ’ ’ A
stants C3 = C3(R) > 1, C4 = C4(R2) such thatifxo € Q, d¢(xp) < 3 with
A
us(x0) =pn > Cie and Cip<p =< 5’
then for p,e > 0 small enough,
|B,, (x0) N {ue >
|Bp (x0)!

> Cy.

Proof By nondegeneracy above,

sup u, > Cp
B 2(x0)
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So, there exists yo € B)2(xo) such that

C
ue (y0) > 7)0

Then, by Lipschitz continuity, we have for ¢ > 0 small enough

C
ds(yt)) = 710

This way, choosing C4 > 0 small enough such that B¢, (yo) C Bz, 2(v0) N By (x0),
by Harnack inequality, we find

— CcC ccc .
ug(x) > Cug(yo) > Tp = 5 3K m BpC4(y)~
Thus, if u is small enough, we can choose, C3 > 1 large enough such that
CCCs
>1
2

Allowing us to conclude
Byc,(y) C Bp(xo) N{ue > pl.
This finishes the proof. O
Lemma 3.6 Let xo € Q'n 8&2‘51 o> and p > 3Cye. Then, there exists a constant C =

! A
C(Q) such that for p < <

Ve [2dx < CupN~!
{Cre<ue<u}NB, (xo)

Proof Indeed, by Green’s formula in remark (2.3), applied with
¢ = min {(u; — C1e)", u — Cie} > 0, we have

/ ¢Lu; + / (A(X) Vg, V) dx = / ¢ (A(X) Vg, v) dHN !
B (x0) B, (x0) 9B, (x0)
So,

(A(X) Vg, V) dx < / (¢ - A(X) Vg, v) dHN !

{Cre<ue <piNB,(xo) aBp(xo)m(les)

By ellipticity and Lipschitz continuity, the Lemma follows. o

Now, we prove the last Lemma before studying the Hausdorff measure of the level
sets.

Lemma 3.7 Let xg € Q'n BQJCFIE, d.(xg) < % and u > 3Cqe. There exists a universal
/ A
constant C* = C*(R2) such that if C*u < 2p < I then for p,e > 0 small enough
(u << p), we have:
{Cre < us < u} N B,(x)| < Cup™™!

where C = C(Q)
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Proof Let us consider {B;} a finite overlapping convering of 8522“16 N B3, (xp) by balls
of radius C*i« and center on BQES. We know, from the Heine-Borel Theorem that,

the balls of this covering can overlap at most m times, m depending only on the
dimension, i.e, > xB; < m(N). Let us define

we = min {(u; — C1e)",u — Cie} + Cieand L > IVt oo @)
8

Clearly,
Cis, 0<u;(x) < Ce
we(x) = us(x), Cire <us(x) <p (3.5)
I Ug(x) = p

It is easy to see that
U Bi € Va (@) N Byy(x0)
There exist B} s B}Z subballs of B; such that
(1) The radius of B}, Bf ~ u (by constants depending on Q)
2) we> %M in B} and w, < %M in BIZ

Indeed, let us observe first that there exists x; € %E so that

C*
ue(x1) =supu, > C 4“

1g.
3B

, C=C(Q)

Now, if x is small enough, we can choose C* large enough such that

. 1
C*C>4,L> e where L > ||Vu5||LQO(N%(Q/))

Setting r} = & w and r]Z = ﬁ u we have

3 1
Ug > ZM > gﬂ > C18 in le = Br/l(xl)

2 .
u, < gu < puin B]2 = Brjg(xo)

From this and the definition of w, in (3.5), we prove the required properties for B}
and B]Z. Defining m; = JCB]» we, we have that [w, — m;| > Du in at least one of the
two subballs B} s B]Z, where D is a universal constant. Indeed, otherwise, we could find
sequences X, € B}, Yn € BIZ such that,
We(xn) —myl 1 we(yn) —myl 1
—_—< -, —< - Vn
m n " n

Providing

[We (Xn) — we(Yn)| N
w

0
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contradicting (2). Now, by Poincare’s inequality, we have

D242 < f e = myPar = DC [ 19w P

Bj B
which implies
[ upar= [1vw.Par= g

Bin{Cie<ue<p} B;

By nondegeneracy, since u << p
By(xo) N {Cre < us < u} C Ny 0, N B2y (x0))

This way, if C* is taken large enough, then

B,(xo) N{Cie < ue < u} C UZB]- C By, (x0)

yielding
Ve [Pdx > / Ve [2dx
By (x)N{Cre<ue <pu} U2B;N{Cre<ue <pu}
1 D~ D*
2> [ vwPar= S B B0 0 (Cie < < )|
2BiN{Cre<ue <}

Applying previous Lemma, we conclude this one. |
'Il;heorem 3.8 Ifxy e Q'n BQJCrlg,dg(xU) < %, p>>pn>3Ceand C*u <2p < %,
then

INLBRE ) N By(xo)| < Csup™ T,

where Cs = Cs(Q) is a universal constant.

Proof Let us use the Corollary (3.5). Since C3 > 1 we have
/\/M(aﬂag N B, (xo)) C /\/Cw(aﬂag N B (x0))
Now by that corollary, taking § = C3u
Bs(x) N QL |
TG S ifxe Clops
|Bs(x)] 1
This way, there exists C = C(Cy4, N) such that
1 -
|N'5(3Qag) NB,(xo)| < MWE(@QEQ N B, (xo) N Qasl + CopN!

By Lipschitz continuity, there exist D = D(C3, Lip(ug |V a (Q’))

Ns(aszas) N B,(x0) N szae C {Cie < us < D} N B, (x0)
Using, Lemma (3.7), since u << p
IN5(RE,) N B,y (xo) N QYL | < CDspMN™!
Concluding the Theorem. O
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4 The limit problem

In this section we shall study the free boundary problem (1.3) by letting ¢ — 0. Since
||u8||Loo(§) < sup ¢ and the gradient, Vug, is locally bounded in €, there exists a
Tineq

subsequence uy = u,, (¢x — 0) converging to u in the following senses:

(1) ug — upin H. ()
(2) uyx — up uniformly over compacts.

The function ug is our natural candidate to solve problem (1.3). We shall denote
Qo = {x € Q ‘ uo(x) > 0} and F(up) := 920 N . Again, throughout this section,
Q' cc Qand A = dist(Q, Q).

Theorem 4.1 (Properties of the limit function ug) According to the above notation

(1) up e Cipi(), Lug = 0in Qand
Luy=0 1in Q.

Thus, Lug is a Radon measure supported on the free boundary and given by

—/(A(x)Vuo,Vq))dx=/<pLuo Vo € C5°(Q) 4.1)
Q Q

In Particular, Luy — Luy in the sense of Radon measures.
(2) uyg is strongly nondegenerate, that is, for any point xo € Q N (o U F(up)), d(xo,
F(up)) < % there exists a constant universal constant C = C(2) such that

A
sup ug > Cp forp < —
B, (x0) 12

(3) s the limit in the Hausdorff distance of Qi = {ux > Ciex}. Thatis, given § > 0,
for k large enough,
Q' N C N3(Q)NQ
QN Cc NN

(4) (Linear growth away of the free boundary) There exist universal constants C
depending on Q' such that

Codist(xg, {up = 0}) < up(x) < Cdist(xg, {up = 0})

/ A
if xoeQ N, dist(xp,{ug=0}) < 7

where, Cy is the universal constant appearing in (3.2).
(5) (Uniform positive density along the free boundary) There exist a constant T =
T(2) such that for xo € F(up) N Q
|B,, (x0) N

> f < A
>t forp<—
|Bp(x0)| 6
In particular, |F(ug)| = 0
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(6) There exists a universal constant C = C (Q/) such that
|5 (F(u0)) N B, (xo)| < Csp™N !
for xg € F(up) N Q and § > 0 small enough (8 << p << A). In particular,
H' (F(ug) N By (xp)) < CoN7l.

Proof From the uniform convergence and uniform Lipschitz continuity of u, we con-
clude immediately that ug is locally Lipschitz in Q. Let xo € 0 and B,(xp) CC Q.
Since uy — ug uniformly in B, (xo), there exists a § > 0 such that u; > § for k large
enough. Besides, for such k’s we can assume § > &, since g — 0. This way,

Luy = 01in B, (xp)

Since uy — up in B, (xp), we conclude that for any ¢ € C°(B,(x0))

0= / (A(x)Vuy, Vo) dx — / (A(x)Vug, Vo) dx
BP(X()) Bp(x())

The expression of Luy, the fact that Lug > 0 in D(Q/) and the weak convergence
Luy — Lug follows from the local weak convergence of the gradients in H'.

Let us check the strong nondegeneracy. Let xo € Q N Qg and yg € F(up) such that
|x0 — yol| = d(xg, F(up)) < %. Assume u(xg) = §. Clearly, Since ¢, — 0, for k large
enough u(xg) = § > Cjeg. From the fact that u(yp) = 0 and the pointwise conver-
gence, for k sufficiently large, ux(yp) < ex. By continuity, there exists yx € (xo,Y0)
such that u(yy) = &x. So, dg, (xg) < %. Now, by nondegeneracy, there is a universal

constant C = C(Q) independent of k such that
A
sup ux > Cp forp < —
B, (x0) 12
Since, ux — up uniformly in B/, (x() we obtain
A
sup ug > Cp forp < —
B, (x0) 12
If xo € F(up), we use the previous result. Indeed, let p be as specified. Taking
Yo € 0B,4(x0) N Q. Taking K = ./\/'% (@) and applying (2) to K, there exists a
universal constant C = C(Q/) such that
sup upg > sup ug > CB
B, (x0) By/4(yo)

This proves (2). To prove (3), suppose the first inclusion is not true. Therefore,
there would exist a sequence of points {x;} and a positive real number o > 0, that we
can assume o < 2, satisfying

(a) dist(xg, Q0) > a.
(b) xxreunN.
(c) xx — xo with dist(xg, Q) > «.

From (c), we conclude that up(xp) = 0, while ug(xg) > Cieg. For k large enough,
u(x0) < & and |x; — xo| < 2, so we can find Yk € (Xk,X0) such that ug(yx) = €, and
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s0, dg, (xg) < %. By strong nondegeneracy, we can find z; € B, (xy) such that

A /
ur(zg) = sup up > Cp forp<—, C=C(Q)>0
B, (x) 12
Let us take p = . But, for |x; — xo| < p, we have B, (xx) C B% (x0). Finally, up to
a subsequence, zx — z0 € B% (x0), and, since uy(zx) — uo(zp), we would conclude.

0= sup up > u(zo) = Cp
B%(xo)

a contradiction.

Similarly, we conclude the second inclusion. Indeed, suppose the inclusion does
not hold. It means, there exists a sequence x; € Qo N Q' such that dist(xg, Q) > «,
for some fixed « > 0. In particular, uy < Cygg in B% (xx). Passing to a subsequence,
we can assume x; — Xo; then, for |x; — xg| < %, we have B% (xg) C B% (xx) and thus,
B% (xg) C 2\ Qo, a contradiction.

Let us concentrate now on the linear growth property. In the conditions of item
(4), let ug(xp) = 8. For k large enough, uy (xp) > % > Cj¢k. By arguing like above, we
can conclude d;, (xp) < % and by linear growth away from the level sets, we have

ug(xo) = Cade, (x0) (4.2)
Let yi € 02, such that |y, —xo| = d¢, (xo). Passing to a subsequence, we can assume,
Yk — Yo- Since, uy (yi) = &, then up(yg) = 0. Taking the limit in (4.2), we conclude
up(xo) > Calxo — yol| > Codist(xo, {uo = 0})

The other inequality follows immediately from local Lipschitz continuity of u.
Since nondegeneracy and Lipschitz continuity holds (5), the uniform density of the
set of positivity g follows in the same way done in the proof of Corollary (3.5).
Finally, item (6) follows from item (3) together with Theorem 3.8. Indeed, from the
convergence in Hausdorff distance, for k large enough, we have:

Ns(F(up) N B, (x0)) C Nas(@RE . ) N Bay(xo)

Crex

We are assuming here, ¢ << § << p << A. This way, the assumptions of
Theorem (3.8) are satisfied, providing the estimate on the Lebesgue measure of the
8-neighborhood. Finally, let us prove the H#~! Hausdorff measure estimate.

Let {B;} be a covering of F(ug) N B,(xo) by balls centered in F(uo) N B, (xo) and
radius §. Clearly

U Bj € Ns(Fuo)) N B,y5(x0))
This way, there exists C = C(N) such that

— C
Hy " (F(uo) N B,(x0)) < C Y Area (3B)) = 5 > 1Bj]

C _ _
< S NG () 0 By (x0) = CClp + 8N =CCpN 1 +0(0)
Letting § — 0, we finish the proof of the Theorem. O

We can also proof the following finer convergence result, which will be employed
in the proof of the free boundary condition. This is the content of the next Lemma.

@ Springer



D. R. Moreira, E. V. Teixeira

Lemmad4.2 Let Q cC Q. Then Vu, — Vugy in L2 (Q). In particular,

loc

/(A(x)Vuk,Vuk)dxa /(A(x)Vuo,Vuo)dx

q

Q Q

Proof Letg € CSO(Q/), ¢ >0and$ > 0. Since, Lug = 0in Qpand ng = (up —8)Tp €
Hé (Q/) N Hé (R20), we have:

0= / (A () Vuo, Vo) = / (A (0 Vg, Vitg) ¢(x)dx

Qo {up>83NQ’

+ / o (AG)Vuo, V) dx — § / o (A (O Vg, Vo) dlx
{u0>8}ﬂ§2/ {u()>8}ﬂQ/

Letting § — 0 we find

/(A(x)Vuo,Vuo) p(x)dx = —/uo (A(x)Vug, Vo) dx (4.3)

/ /

Q Q

On the other hand, from the fact that 8, ux > 0 and uy is a weak solution, we
obtain

/ (A@) Vug, Vug) p(x)dx < / —ug (A(x)Vuy, Vo) dx (4.4)
Q ol
Now, from the local uniform convergence of uy to ug and the weak convergence of
Vuy to Vug in L2(Q') and (4.3), (4.4) we conclude,

limsup/(A(x)Vuk,Vuk)(p(x)dx§/<A(X)VM0,VU0)<P(X)dx

k— o0
Q' Q
Since Vuyg — Vugin L%O () and H lisa uniformly convex space, it is well know in

Functional Analysis that, Vuy — Vg in LZ(Q/). This finishes the proof. m}

/

Now, we will prove the the limit function ug is a local minimizer of some energy
functional. This fact will play a decisive role in obtaining the last measure theoretic
properties of the free boundary F(u) such as, uniform density of ¢ and Qf as well
as the Hausdorff measure totality of the reduced free boundary.

Definition 4.3 For each O C Q open, we consider the functional, Ey: H L) - R,
given by

1
Eo(§,0) = / {E(A(X)Vé,vé) + F(X)X{s>0}}dx,
o

and to be compatible with notation presented in Theorem (2.2), we introduce

Fe(u,0) := / [% (A(xX)Vu,Vu) + F(x)Ba(u)] dx
O

and to simplify notation, we denote Fg, (u,0) = Fi(u, ).
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As we pointed out earlier, this definiton is motivated by the following,

Theorem 4.4 (Variational Characterization of ug) The function uy is a local minimizer
of Ey over H'.

Proof Let B, CC  and a function & € H' with & = ug on 9B,,. We need to show
that

Eo(Bry, uo) < Eo(Bry,§)

In order to do that, let us start interpolating 1 and uy in a linear fashion, that is,
for 4 > 0 small and fixed define

|x| —ro .
£ = { uo + W (wp —up) in Byip\ By

in By,
Therefore,

lug — uol?

Ve < Co+2——

in Byyyn \ Bry.
Thus, since B, < x[0,4-00)

1
Toshn = / [5<A<x>vs,’:,vs,i’>+35k<s,’:>]dx

B ro+h

A
5(7“) / (19802 + By 6] dx + e, Bry)

2
Br0+h\Br()

IA

A — 2
(5 + 1) ColBry+n \ Bryl + 7 / | — uo*dx } + Fi(&. Bry)
Br0+h\Br0

IA

A — 2
(5 + 1) ColBryn \ Bryl + 7 / lug — uo|*dx } + Eo(&, By,)
Br()+h\Br0

IA

CrN " h+ o (1) + Eo(€, Byy).
where o; means o(1) with respect to k. Now, by Theorem (4.1), applied with Q" = By,
we have for & >> g
/ I (¥0) X{up=0)4% < [IT[1 £ [0 N Byl < 1712l NGu(Q% N Byy)| < [T ||z Chrg™ ™!
By,
=5 N—1
< Chry + / ['(x)Be, (ug)dx
By,

and since uy, — ugin H! (Bry)s

k—+00
B

/(A(x)Vuo,Vuo)dxfliminf/ (Ax)Vuy, Vuy) dx

Bry 0
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This implies
Eo(uo, Byy) < liminf Fy (ug, By,) + Chro¥ 1
k—+o00

Finally, since uy is a minimizer of F, we have
Tk enn = T = Frle, Bry)
ro+hi = Yrgh = S k\Hk> Pry

This way,

Eo(uo, Bry) < limsup 7, + Chro™™' < (C+ O)hrg" ™" + Eo (&, Byy)
k——+00

Letting & — 0, we conclude the proof. O

Next, we state the density of the zero phase of the solution along the free boundary.
The proof is a straightforward modification of Theorem 1.18, in [7].

Theorem 4.5 Let xg € F(ug) N Q. Then there exist universal constants t* = r*(Q/)
such that if p < %

126 N Byxo)| = %"

To conclude the measure theoretic properties of the free boundary, we state the
following

Corollary 4.6 Assume xo € F(up) N Q. Then the following hold

(1)  There exist universal constants C, C depending on Q' such that
CoN Tt < HNTH(F(uo) N By (x0)) < CoNTh (p << A)
@) HNTHF (o) \ Fuo)rea) = 0.

Proof (2) Follows from (1) since F(up) coincides with the measure theoretic free
boundary F(up)y and HN=V(F(uo)pr \ F(uo)req) = 0. Let us prove (1). The second
inequality, it is already proven in Theorem (4.1) (6). The first inequality is a conse-
quence of the isoperimetric inequality. Indeed, by Theorem (4.1) (6) that € is a set
of finite perimeter, we conclude if p << A

min {7,7*} oV < ClIDxqlI(B,x)) < CHN "L (F(ug) N B, (x0))

5 Free boundary condition

This section is devoted to study the Free boundary condition. The goal is to verify it in
a sense which is as classical as possible and discuss the regularity of the free boundary.
We prove that condition holds in four (weak) senses and the C'¥ regularity of the
free boundary if A is Lipschitz continuous. Namely, the conditons are integral sense,
measure sense, HV ! almost everywhere along the reduced free boundary and in the
viscosity sense, notion introduced by Caffarelli in the celebrated and by now classical
papers [4-6] .
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Next, we prove the free boundary condition in a weak sense, that we called Inte-
gral sense. Except for the regularity of the free boundary, it is the only result in this
paper where we assume that the matrix A = A(x) is Lipschitz continuous. It could be
understood as a motivation for what comes next. As usual, @ will always denote a
compactly contained subset of Q.

Theorem 5.1 (Free boundary condition —integral sense) Assume A = A(x) € CO1(Q),
[ el®Q)NH: (Q). Let B= B, (x0) CC 2 be a ball centered on the free boundary

loc

F(up) = d{ug > 0} N Q and W e HL(B,RN). Then

lim / [(Awo, Vo) — 21“]37 v dHN =0, (5.1)
y—0+
BN{up=y}

where v is the outward unit normal to {ug > y} along the surface B N {ug = y}

Proof For the beginning, let us observe that under the assumption of Lipschitz conti-
nuity on A = A(x), the minimizers u, € Clo(Q) ﬁHIZOC(Q) foranyw € (0, 1), by elliptic
regularity theory. This way, we can freely use Green’s formulas. Let ¢ be a function
in H(l) (B). Let us denote by G = B N {up > 0}. In what follows, the index ¢ should be
understood as the sequence {ex}x>1 given before. If we multiply the equation

div(AVu,) = T'Be(ue)
by ¥ dru., and integrate it over B, since
div(Y uAVu,) = (AVue, V(rdkue)) + Vg div(AVu,),

we obtain
0= / {(AVue, V(Y oue)) + TBe (ue)ogue} dx. (52)
B

Using integration by parts, we obtain

—/(AVMS,V(Wakus))dx = /(FI/f)ak(Bs(us)) = —/ak(rl/f)Bs(ua)dx (53)
B B B

but, from the following identity a.e.,
Ok (AVue,Vuy) =2 (AVu,, Vogue) + ((0gA)Vue, Vug)
‘We have,
(AVue, V(ogues)) = (AVue, Vr)ogue + (AVug, Vogue )y = (AVug, Vi) o,

+% {0k (AVue, Vug) — (0 A)Vug, Vue)}

From (5.3) and again integrating by parts, we obtain

/ [(AVMS,VI/f)akus - % (AVug, Vue) oy — % ((0xA)Vue, V) 1/;] dx

= [ B
B
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By reflexivity, we may assume By (;) — ¢ for some function 0 < ¢ < 1in L?(B).
But, since B, (s) = 1 for s > ¢ we conclude ¢ = 1 in G. Now, letting ¢ — 0 and taking
into account Lemma (4.2), we find

1 1
/[(AVMO,Vlﬁ)f?kuo—E (AVug, Vug) 3k'ﬁ—§ ((0xA)Vug, Vuyg) llf] dx=/3k(rlﬁ)¢dx
B

Since by Theorem (4.1), ug is locally Lipschitz and nondegenerate, we are able
to reproduce a strip measure estimate like Theorem (3.7) by following ([6], Lemma
10), so

I BN{0<uy<y}|l—0 asy -0
In particular, we can rewrite the equation above in the form
1 1
/ (AVug, V) oruo — 3 (AVug, Vuo) oy — 3 ((0xA)Vuo, Vuo) ¥ 1 dx
BN{ug>y}

Fou(y) = / BT )i (5.4)

B

with lim0 o1(y) = 0. By the other hand, since
y—>

div(AVug)yorug =0in BN {v > y}
we have
(AVuo, V(¥ dup)) dx = / Yoo (AVug, vy dHN !
BN{up>y} Bn{up=y}

= / (AVugy, Vug) lﬁvkd'HN_l (5.5)
Bnfup=y}

proceeding now, like we did in (5.3) and taking into account the boundary term that
appears in the integration by parts in the second equality, we obtain

/ (AV i, V(ydgatg)) d

BN{ug>y)
1
= / (AVL{(),Vl/f)aku()dx“r‘E / Ok (AVug, Vug) Ydx
BN{ug>y) BN{ug>y)
1
-3 / (O A) Vg, Vaag) e
BN{ug>y)
1
= / (Awg,vl/f)akuodx—5 / (AVug, Vug) 3y dx
BN{up>y} BN{up>y}
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1 1
- (AV o, Vitg) yugdN ! — / (kA) Vo, Vaag) vl
BN{up=y} Bn{up>y}
1
_ / Y9 —o1(0) + 5 / (AVug, Vug) Yrogd KV !
B Bn{up=y}

Now, finally, by (5.5), we arrive at

1
/ HTY)pdx = o1(0) + / (AV i, Vutg) v dHN ! (5.6)
B BN{up=y}

We will finish the proof, if we can show that ¢ = 0in B\ G. Indeed, since ¢ =1 in
G, we have:

1
1)+ 3 / (AVug, Vug) yropdHV ! = / I (Cy)pdx = / O (Cyr)dx

BN{up=y} B G

- / 0T dx + 02()
BNlip>y)

= / FI//vdeN_l + oa(y)
Bniuy=y)

with limo 02(y) = 0. In particular,
j/—)

[ (A0 u0) = 20) puedt ! = 26020) - 1)
BN{ug=y}
To Finish, we just need to prove the following,
Claim¢ =0in B\ G

In fact, from identity (5.6), taking ¢ is supported in the interior of B \ G, we
conclude that

Vé =0inD (B\ G)

Thus, ¢ is also constantin B\ G,say ¢ = A in B\ G.

We claim A = 0. Indeed, let B,(¢) be a ball in the interior B\ G and consider og > 0
so small that B, (¢) is still contained in the interior B \ G, for all o < 0. Let n, be
a nonnegative smooth cutoff function with the following properties:

o 1, =0inB,(¢).
e e =1inQ\ By (2).

Since u, is a global minimizer of the considered variational problem, we have,
Fe(ug) < Fe(noute). Translating this, in integral terms, we find

/[%(AVue,Vua)JrFBe(ue)]dxs / [%(Avnaus’vncrus)+FBa(770u8)]dx

Br+r7(§) Br+a(§)
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Thus,

1

/ B (ug)dx < / IE(AV%M@,V%ME) + rBa(nUus)l dx

Br+z7 ({) Br+0’ ({)
<A [ (@90 2 P) dr o UITs Brio €\ B )
Br+¢7 (C)
(5.7)

Since, u, — 0in H* (Br+o,(2)), by Lemma 4.2, applying the limit in the inequality

above as ¢ — 0 we obtain,

F¢dx < [|Tf|z[Brio () \ Br(0)]
Br+o(§)

Letting now, o goes to zero, we finish the proof. O

We can actually prove a stronger version of the above Theorem by showing that
the Free Boundary Condition (5.1) holds for any local minimizer of the functional
Ey(., Q). We point out that, any local minimizer of Ey(.,2) is continuous. For the
proof, look at Theorem 2.1 in [2].

Although, the following result is proven for Lipschitz Matrices, this will have no
effectin treating the free boundary condition for A Holder continuous, since this result
will just be employed under circunstances [proof of Theorem (5.8)] where much more
regularity is available.

Theorem 5.2 Assume A = A(x) € C™(Q) and let & be a local minimizer of Eo(.,<2).
Then if |[F(&)| = 0,

lim [(Avg, VE) — 2F]E’ vdHNL =0, (5.8)
y—0t
E>y}

for any \_IJ) € H&(Q,RN), where v is the outward unit normal to {§ > y} along the
surface 0 {§ > y}

Proof For |y| small enough, let us define 7, : Q@ — Q defined by 7, (x) = x + y\_ﬁ(x).
Denoting A, = A o7, and setting §, = & o (ry)(_l) since it has the same boundary
values of &,

0 < Eo(§,,82) — Eo(§,9)

/ [[1 (Ay(x)vg(Dry)H), VE(DT,) V)T ty] detDr, —% <Avg,g>—r] dx

2
(£>0)
—y / B(AV&,VS)—I—F]diV(E))dx
(£>0)
+y / B((DA)Tﬁvs,vg)—<Avg,DTﬁvs>+<vr,E>>]dx+o(y)
(€50}

We can conclude from that the linear term in y vanishes. It is easy to check
that L& = 0 in {§ > 0}. To see this, we just use that Eg(§ + n,Q2) > Ep(§,2) with
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n € C5°({€ > 0}), |¢| small enough. This way,

0= / div[(% (AVE,VE) + I‘) U <E’,vs>Avg] dx

{£>0}
= lim <[ (1 (AVE, VE) + F) T - <Tﬁ,vg>Avg] ,v>d’HN_1
y—0 2

{E>y}

1 1 N7l N-1

= lim / (0~ 3 48,60 (T ) an
>y}

[m}

Remark 5.3 We point out that the assumption that the free boundary has measure
zero in the above Theorem is really not necessary, since, this can actually be proven
for any local minimizer following the procedure developed in [1].

Remark 5.4 Theorem (5.8) shows in particular that if the free boundary 9 {§ > 0} is
C'and £ is C! in {& > 0} uniformly up to the free boundary, then

(AVE,VE) = 2T on the free boundary.

We state now our next result. The proof is based on Green’s representation for-
mula an Harnack inequality which is also available for operators in divergence form.
It follows by a straightforward modification of Theorem (1.19) in [7].

Theorem 5.5 There exist constants C, C depending on Q/, such that
CoN7! < Lug(B,) < CpN! (5.9)
for any (small) ball B, = B,(xp) C Q/,xo € F(up) = 0 {ugp > 0} N Q.
Before we continue, we sate the main properties of blow-up sequences.
Definition 5.6 Let & be a local minimum of Ey(.,Q), and let B, (xi) be a sequence of

balls in Q with pr — 0,x — x9 € Q with &(xi) = 0. The sequence of functions

1
E(x) = —&(xg + pix)
Pk

is called a blow-up sequence.
Since |VEg(x)| < C in every compact set of RN, if k is large enough, and since
&, (0) = O, it follows that for a subsequence,
&k > EinC), Va,0<a<1
VEr — Vés  weakly star in LTy,

The function &, is called a blow-up limit.

Below, we sumarize the main properties of the blow-up limit. A direct proof is
given in ([10], Lemma 3.6, pp. 281) and ([1], pp. 120).

Proposition 5.7 (blow-up limit properties) The following properties hold

1) 9{& > 0} — 9 {éx > 0} in the Hausdorff distance;
) Xig=0) = Xigws0yin L}
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3) Ifxx € 9{& > 0} then 0 € 9 {5 > 0};

4) V& — Vés ae

(5) IfT is continuous, then £, is an absolute minimizer in every bounded domain for
the following functional

Eq(€.Q) = / {{A(x0)VE, VE) + T (x0) x>0} } dx
Q/

Now, we are ready to prove the free boundary condition in the measure sense. This
is the content of the following Theorem. Related results can be found in [1] and [8].

Theorem 5.8 (Free boundary condition — measure sense) Assume I' is continuous.
There exists a HN ™! measurable function g such that

(1) Lug=gH N8 {uo > 0}, ie
—/ (A(X)Vug, Vo) dx = / pgdHN 1 Vg e CT(Q)
Q QN{up>0}
(2) There exists universal constants C, C depending on Q' such that
C<g)<C HV 'aexeQ Niuy>0)

B3) Ifxo € F(up)req with Y HN=1| F(ug), x0) < 1and v is the outward unit normal
vector to 2 at xg then,

g(x0) = /2T (x0) (A(x0)v, v)

Proof Let g = dLug/dHN~!, the Radon-Nikodym derivative. Let us observe now
that Theorem (5.5) says that i <« HV~!. By Lebesgue Decomposition Theorem for
Radon measures and estimate (5.9) we conclude (1) and (2). Let us concentrate on
(3) now. Let xg € F(up)req- Let us assume without lost of generality that v(xg) = ey.
A well know property of sets of finite perimeter says that the blow-up limits at xo of
the sets 29 and  are, respectively, the half planes

Hy ={x:;(xo)y —xy <0} and H; = {x; (xo))y —xn > 0}

(for a proof of this fact, look at ([9], Theorem 1, pp 199-203))
By the other hand, from proposition (5.7),the blow-up of the sets ¢ and f are
given as well and respectively, by

x0 + {too < 0} and xg + {tteo > 0}

Thus, if 1 is a blow-up limit with respect to x( of ug, using the fact that @1 (HN-1
LF (10),x0) < 1 we can follow the proof of Theorem 3.5 in [2] and Theorem 4.8 in [1]
to conclude from the analysis above that uy, > 0in H~ = {x; xy < 0},us = 0 in
HT = {x; xy > 0} and

L) (use) =0 in{xy < 0}
Reflecting uy, in an odd fashion ([7], remark 11.1), we obtain i, satisfying,

L3 (@) =0 in RN

@ Springer



A singular perturbation free boundary problem in divergence form

Where A(xo) is a constant matrix. Since u, is globally Lipschitz, it follows by
Liouville theorem that # is a linear function and therefore u(x) = 6x;,, for some
positive 6. By proposition (5.7)5), u« is an absolute minimizer of Ey, and since it has
smooth free boundary, expression (5.8) implies that

2I" (x0)
= | ———— 5.10
(A(xo)en,en) (5.10)

In particular, ug has a unique blow-up limit at xo, namely

~[ora .

By the other hand, if we proceed by repeating the arguments of ([1], Theorem 4.8, pp.
120-121), we obtain

- / (A(x0) Vitoo, Vo) dx = g(xp) / o(x,00dHN
B,N{xy <0} B,NRN-1

forevery g € C(lJ(B,). Since L4 (xy) (Uoo) = 0in {xn < 0}, from the boundary regularity,
we conclude that the condition above is actually satisfied in the classical sense, i.e,

8(x0) = — (A(x0) Vo, en) on {xy = 0}
Using now the expression for 14, and 6 found above we conclude,

o — 8(x0) (5.12)

(A(xo)en, en)

Comparing (5.10) and (5.12), we conclude the Theorem. O

We can now state the following corollary which provides the free boundary condi-
tion in the pointwise sense.

Corollary 5.9 (Free boundary condition — pointwise sense) For HN=L a.e. xo € F(ug),
the following asymptotic development holds

B 2T (x0) _ i _
up(x) = AGo)v.v) (x —x0,v)" + o(lx — xo)

where v is the inward unit normal vector to {ug > 0} at xo.

Proof Indeed, let xo € F(ug)req such that O L N1 F(ug),x9) < 1. As a con-
sequence of the uniqueness of the blow-up limit with respect to such a point (fact
obtained in the proof of previous result) and the characterization given by (5.11), we
have

u(t(x — x0)) +

u,(x—xo):fee(x—xo,v)

ast — 0

where 6 is given by (5.10). Since HN 1 (F(ug) \ F(u0)req) = 0 and the upper density
e*n-1 (HN_l | F(up),xo) <1 for HN-1 ae. on F(up) the proof is complete. O
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We now move towards the free boundary condition in the viscosity sense. This
notion was introduced by Luis Caffarelli in [4-6]. First, we need to state a result. For
the proof, look [5] and [7].

Proposition 5.10 (Linear behavior at regular boundary points) Assume u be a nonneg-
ative Lipschitz L-Harmonic function in a domain Q2 such that u vanishes in B,(xo) N 92
for some xop € 02 and r > 0.

(1) If there exists B = B,(yo) C Q such that BN 3dQ = {xo}. Then, the following
development holds in B

u(x) =6 (x — x0,v) " 4 o(lx —xo|)

with 6 > 0, where v is the unit normal to 0B inward to Q.

(2) Ifthere exists B = B,(yo) C Q° such that BN9Q = {xo}, then extending u by zero
outside Q, the following development holds

ux) =6 (x —x0,v) " + o(|x — xo|)

with 6 > 0, where v is the unit normal to 3B inward to Q. Moreover, if 6 > 0, then
B is tangent to Q2 at xo.

We recall that a point xog € F(up) is said to be regular if it has a one-sided ball, i.e,
there exists B, (xo), xo € 0B, (xp) and B, (xo) is contained either in £y or (€2 \ ©20)°.

Theorem 5.11 (Free boundary condition in the viscosity sense) Assume that T is con-
tinuous. If xo € F(up) is a regular point and B = B, (yo) is the correpondent touching
ball, then

| 2I'(xo) 3 n B
up(x) = AGow.v) {x —x0,v)™ +o(lx —xol)

where v is the unit normal to 9B, (yo) pointing inward to Q. That is,

2r
u% = A along F(uop)

holds in the Caffarelli’s viscosity sense.

Proof We can proceed exactly as in [7], pp.23. In any case where B, is placed at, by
proposition (5.10), nondegeneracy, uniform density estimate of Qf (Theorem 4.5) and
the monotonicity formula ([6], Lemma 1), we conclude that

up(x) = 0o (x — xo,v)* + o(jx — xq|), with 6y > 0

This implies in particular that any blow up sequence uxo + prx) with pp — 0 [as in
Pk

definiton (5.6)] converges uniform in compact subsets to
uoo(x) = 90 (X, \)>+
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Now, by proposition (5.7), u« is an absolute minimizer of Ey, and since it has smooth
free boundary, by expression (5.8), we conclude that

2T (x0)

9= |— 77
(A(xo)v, v)

Concluding the proof of the Theorem. O
Finally, we address the free boundary regularity. Let us state the following

Theorem 5.12 ([11] — Theorem 1.3) Assume A = A(x) is Lipschitz continuous and u
is a viscosity solution of the following free boundary problem

Lu=divi(Ax)Vu) =0in QT = QN {u > 0} and (Q\ Q1)°

ul = G(u; ,v,x)

where Q = B/1 0) x (-1,1), B,1 (0) unit ball in RN and

. . .. +
(i) There exist positive numbers ag, a1 such that oy < d(”?(g)) <o

(ii) G@O,v,x) > Cy > 0,G(z,-,-) Lipschitz continuous, strictly increasing in z and
for some large constant N > 0, independent of v and x,z N G(z, -, ) is decreasing
in (0, +00).

(iii) There exist 6 < Z and € > 0 such that for some ¢,0 < & < €, F(u) is contained in
a e-neighborhood of the graph of a Lipschitz function x, = g(x ) with Lipschitz
norm

Lip(g) < tan (% - 5)
then, in B/1 /2(0), gisa cly function where y is a universal constant.

Theorem 5.13 Assume that A = A(x),I’ = I'(x) € CONQ) and let ug be the limit
function considered in Theorem (4.1). Then, the free boundary F(up) = 3 {uy > 0}NQ
is a C' surface in a neighborhood of H"~! a.e. point xo € F(ug)req. In particular,
F(ug) is a CY surface in a neighborhood of HN=! a.e. point in F(uy).

Proof Let us just observe that u is a viscosity solution of and admissible free bound-

ary problem. Here,
[ 2
G =
(z,v,x) z+ Av.o)

Furthermore, it is locally Lipschitz and it has linear growth away from the free
boundary. Furthermore, since F(u)req has full HN=1 measure in F(ug), ug is for V-1
a.e. point on F(up) a 1-plane solution. In particular, in any such point xg, a suitable
dilation

(o) (x — x0) = M, 7 small,

falls under conditons of Theorem (1.3) in [11], concluding the Theorem. O
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