Increasing bounded sequences converge

Theorem 11.1.10 says that increasing bounded sequences converge. The text
does not have a proof of this theorem, so I will give you one here.

Theorem 9.6. If {a,}>,, is a bounded increasing sequence (that is, there
is a constant M where |a,| < M for all n, and a,, < a,1 for all n), then

exists and is a finite number.
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The basic idea of this proof is to look at decimal expansions of the a,,’s.
For example, here is a list of decimal expansions to about 15 digits of a
sequence generated by a,4; = cos(cosa,) with a; = 0. This is an increasing

sequence.
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If we look down the first column of digits after “0.”, we see that the first
digit is increasing from 0 to 5 to 6 to 7, and then stays at 7. (The first
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digit can’t decrease because there are no prior digits, and a,, is an increasing
sequence.) Once the first digit has become 7, the second digit increases from
0 to 2 to 3, and then seems to be stuck at 3. Further inspection seems to
indicate that once this happens the third digit is increasing and soon settles
down to 9. So it seems that the limit is something like 0.739.... Now we
make this more formal.

Proof. We start with a bounded, increasing sequence {a,}°, . Let’s
suppose that the bound is M so that |a,| < M for all n > m. Put b, =
(a, + M)/(2M). Then 0 < b, < 1 for all n, and b,41 > b, for all n. If
{bn}22,, is convergent and has a limit L, then {a,}5°, is also convergent
with limit 2M L — M. so we just need to show that {b,}5° = has a limit.

Write out each number b,, in terms of its decimal expansion:

b1 == 0.b171b172b173b174 e
b2 == 0.b271b272b273b274 “ee
bg = O.b371b372b373b374 ‘e

Each b, , being the kth digit of b, is one of 0, 1, 2, 3, 4, 5, 6, 7, 8, or
9. Since the sequence b, is increasing, so too are the first digits b1, bo 1,
bs 1, etc. Since there are only finitely many possibilities, and these digits are
increasing, there can only be a finite number of changes (nine at most in fact:
0—1—2—3---—9). So after a finite number of entries the first digit
becomes constant; call this constant digit bj. Let N; be the entry when the
first digit becomes b7.

If we now look at the column of second digits after row N; in our list,
we see that these too must also be increasing since the first digit is now
constant, and the sequence {b,} is increasing. Again, there can only be a
finite number changes after row Ny, so the second digit must also eventually
become constant 05. Let N, be the row where this first happens.

The same thing happens for the third row: the third digit must eventually
become constant, call it b3, and call the row where this first happens N;. We
can continue in this fashion showing that all the digits eventually become
constant. For the kth digit, let b} be this eventual constant digit, and suppose
that it happens first in row Nj.

I say that the number L = 0.b7b5b5 ... (in its decimal expansion) is the
limit of {b,}52,,..

Suppose I am challenged with a tolerance ¢ > 0. Now I can find k£ >



log,y(1/€), and put N = Ni. If n > N = N, then

‘bn - L‘ - ]0.bn,1bn,2 cee bn,kbn,k’-i-l cee Obibg e b}:,b};+1 e |
= [0.b505 .. bbpgrr . — 0305 EbE
= 10.00...00,441...—0.00...0b5,,...|<107F <

since by, j = b for j = 1,2,...,k. So L really is the limit of {b,};2,,, and so
both {b,}°° and {a,}>2,, converge, as we wanted to show. A

This theorem can be used in a wide range of situations where you need
to show a sequence converges, but you don’t know what the limit is. Other
theorems based on this one include the Alternating Series Test (section 11.5)
which says that if {a,}5°,, is a decreasing sequence of positive numbers
with limit zero, then >°° (—1)"a, converges; another consequence is the
Absolute Convergence Theorem (section 11.6) which says that if >00 |a,|
converges, then so does 77 a,,.

Heine-Borel Theorem

Another useful theorem to know about is the Heine-Borel Theorem. This is
not listed in Stewart, but is interesting in itself.

Theorem (Heine-Borel). If {a,}% is a bounded sequence, then there
is a convergent subsequence. That is, there is a sequence {n;}5°, with n; 4 >
n; for all i, where {a,, }2, is a convergent sequence.

The proof of this theorem is similar to the proof of the convergence of
increasing bounded sequences.

Proof. Suppose that each a,, is between zero and one. Write out each num-
ber a,, in the sequence in terms of its decimal expansion: a,, = 0.4, 10y, 2053 - . ..
If we write the decimal expansions one above the other we get a table like

this:

ay = 0.(1,171&172&173&174 e
ag = O.a271a2,2a273a274 Ce
as = 0.&3’1CL3720]3’3CL374 c.

Since there are only a finite number of digits, looking down the digits in
the first column after the decimal point (a1, as1, as 1, etc.), there must be
at least one digit that occurs infinitely often. Pick (say) the smallest of these



digits, and call it a], and make n; the first row n where a,,; = aj.

Now look down the second column of digits after the decimal point, but
only at the rows where the first digit is a]. Again there must be some digit
that is repeated infinitely many times; pick (say) the smallest of these and
call it a3, and make ny the first row n > ny where a,; = af and a, > = a3.

We can repeat this process for the third column of digits after the decimal
point; in the infinitely many rows where a, 1 = aj, a, 2 = a3 there must be a
digit that is repeated infinitely many times. Pick (say) the smallest of these
and call it aj. Make ng the first row with n > ny where a,,1 = aj, a,2 = a3,
and a, 3 = aj.

Continuing in this way we can find a sequence n; < ny < ng < ---

where the first k& digits of a,, are 0.aja}aj...aj. I claim that {a,, };2, is a
convergent sequence and its limit is L = 0.ajasa;.... For any € > 0, put

K >log,,(1/€), a positive whole number. Then for £ > K,

lan, — L| = 0.a7a3...apan, g+1-.. —0.a7a5 ... apay, ... |
= 10.00...0a,, jt1-..—0.00...0a;;...| <107% <.
Thus limy . a,, = L. A

The Heine-Borel Theorem is used in many situations in basic analysis.



