22M:017, Fall 2006
Lecture 9 (9/11/06)
Juan A. Gatica

Important Notice: there are quite a few students that have not entered
correctly their information in pop quizzes, so we will make adjustments for this
fact (no penalties for the first two pop quizzes). From now on it will be the
student’s responsibility to enter their information correctly: their student ID
number and their section number, using the jkl columns in the answer form. The
forms should be filled using a #2 lead pencil, so please make sure to bring one
with you.

Please visit the website where the syllabus is. There was an addition to problems
from Section 2.3.

It is important to know that when dealing with limits, the functions may be defined
as piecewise, and that looking at both sides of the real number in the domain is
important. For example, we may have graphs such as:
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In both cases we see that if we approach the point of interest from one side we
approach a limit, and if we approach the point from the other side, we also have a
limit. In the first picture, both of these limits exist and are equal, so we can conclude
that the FULL limit exists and is equal to the "sided "limits, while in the second picture
the sided limits are different and it follows that the full limit does not exist.

Definition. Suppose that a function fis defined in an interval of he form (a,x,). Then
we are interested in what happens when we approach x, from the left, and we say that
L is the limit of fas x approaches x, from the left, written as lim,.,, if the values of
flx) get as close as we wish to L by taking x close to x, but smaller than xy.



L = lim f{x).

X=X~

Example. Find lim,_;_ yx?> - 1.
Notice that f{x) = Vx> — 1, so the "natural domain "of f'is (—0,—1] U [1,).f cannot
be evaluated for x > —1, near —1. Itis "clear " that lim,._;—- yx> -1 = 0.

. . 7X2
Example. Find lim,.;_ <——.
x“+x+1

In this case the function
I

i) = x> +x+1
and its natural domain is [-1,1]. The denominator has limit 3 when x approaches 1,
and lim,.;_ 41 —x?> = 0. Thus:

lim—g—— - ¢ - L
xirlllx2+x+1 3 3

As we did with limits from the left we can also deal with limits from the right.

Definition. Let x, be a real number and f'a function defined in an interval of the form
(x0,a). We say that a real number L is the limit of fas x approaches x, from the right if
the values of f{x) get as close to L as we wish by taking x close to x, but greater that

X0.
L = lim f{x).

XX+

Example. Find lim,.1: ¥x* — 1 .Notice that f{x) = Vx?> — 1, so the "natural domain "of
fis (—o0,—1] U [1,%).f cannot be evaluated for x < 1, but near 1. Itis "clear " that

lime: yx2 =1 = 0.

Example.
im KL
i
since
J%L =1,x>0
B <o

Observation: Let a < b be real numbers, x¢ € (a,b) and fa function defined for all
X # x0,x € (a,b). Then: lim,.,, f{x) exists if and only if:
)}ixmm f(x),xlﬁi)rcrol+ f(x) both exist and xlixmw fx) = xlj££1+ Sx).



If either of lim,.,, f{x),lim,..,.f(x) does not exist, the "full " limit does not exist, and
if both sided limits exist but are different, the full limit does NOT exist.

Example. Let f'be the function given by the rule

fx) = J%l-,x +0
A0) = 1.
Then, by the argument given above,
limf(x) = -1

x=0-
lir(Rﬂx) = 1.
Thus lim,.( f{x) does not exist.
Example. Let f'be the function given by the rule:
fx) = e x>0
fix) =2x+1,x < 0.

Does lim,.o f(x) exist and if it does, what is its value?
Note that 0 is not in the domain of f.
We have:

1i1011 fix) = 1i1011(2x +1)
= 1.

lim Ax) = lime*
x—>0+ﬂ ) x>0+

=0 =1.
Thus both sided limits exist and are equal. We have proved that
linolf(x) = 1.

Example. Let f{x) be given by the rule:
fx)y =2x—-1,x <1
fx) =3x+1,x > 1.

Does lim,,; f{x) exist and if it does, what is its value?
In this case we have that 1 is in the domain of fand that f{1) = 4:

lirlrlf(x) = lirlrl(Zx— 1) =1
lirlrif(x) = lirH(3x+ 1) =4.
Since 1 # 4, lim,,; f{x) does NOT exist.



Definition. Let / be an open interval, xo € I, : I - R a function (x, is in the domain
of /). We say that f'is continuous at x, if two conditions hold: 1. lim,., f{x) exists, and

2. limyen, fx) = flxo).

Example. Let /' be the function given by the rule:
fx) =e¥x>0
fix) =2x+1,x <O.

Is f continuous at 0? Notice that now f{0) = 1.
We have already showed that

lim/(x) = 1 = f(0).

fis continuous at 0.

Example. Let f'be the function given by the rule:

fx) =2x—-1,x <1
fx) =3x+1,x > 1.

Is the function continuous at 1?.

No, since lim,. f{x) does not exist.

Definition. Let 7 be an open interval and f: I - R be a function. We say that f'is
continuous (without specifying the point of interest) if fis continuous at every point of
L

Recall the Rules for Limits:

If 7, ¢ are defined in an open interval around a point xy, but not necessarily defined
at this particular point (x¢), and a € R, then, if lim,.,, f{x) = L1,lim,_, g(x) = L»:

1. limyey, ¥y = 7.

2. limyx, x = Xo.

3. lim,_y, (aflx)) = alime.,, fix) = al;.

4. limy,, (flx)g(x)) = limyy, fx) limyy, g(x) = LiL>.

5. limyoy, (fx) + g(x)) = limyoy, flx) + limyy, g(x) = L1 + Lo.
6.1F Ly % 0, limy, (22 ) = 00— Ly
7
8
9
1

g(x) limy-xy g(x) Ly *
fa > 0,a # 1,lim,, @™ = gime=x/® = g1,
. If lim,.,z, g(x) = L3 exists, then lim,.,, g(f(x)) = L3
M xo > 0,lim,y, In(x) = In(xo).
0. If xo > 0,lim,_y, x* = x¢’.



A consequence of all of these rules is that now they should be considered as giving
rules for continuity, as follows:

1. Any constant function is continuous.

2. The identity function /(x) = x is continuous.

3. If n € N, then f{x) = x" is continuous. The constant multiple rule and the sum
rule yield AS CONSEQUENCE THAT ANY POLYNOMIAL FUNCTION IS
CONTINUOUS.

4. Any exponential function is continuous as well as any logarithmic function is
continuous on (0, ).

Example. f{x) = 3x* + e* + log,(x) is continuous on (0,0). This function is not
defined for any negative real number and is not defined at zero.

5. The composition of two continuous functions is continuous.

Example. /{x) = wIn(1£5) is continuous.



