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Linear algebra pre-requisites you must know.

b1, ..., b, are linearly independent if

c1by + egbs + ...+ cpbn = diby +dobs + ... +d,bp
implies ¢; = dy, ¢2 = ds..., ¢ = dp.

or equivalently,

b1, ..., by are linearly independent if

c1b1 + egbg + ... + cp by = 0 implies ¢; = ¢ = ...Cpn.

Example 1: by = (1,0,0), bs = (0,1,0), bg = (0,0,1).}

(1;2,3) # (1,2,4).

If (a,b,c) =(1,2,3) thena=1,b=2,c=3.

Example 2: by = 1, by = ¢, bg = t2.
142t 432 # 1+ 2t + 442,

Ifa+bt+ct?=1+2t+3t2thena=1,b=2,c=3.

h?\f\d Ve N ﬁ

: Partial Fractions

4 = Azt 4 C .AU 1 A=

z2+1

Applicati

gre¢ b

8
+
+
5]
M
i

If you don’t like denominators, get rid of them:
4=(Az+ B)(z—3)+C(z* + CT
4= Az?+ Bz — 34z -3B+Cz?+C
4=(A+C)z*+ (B—-3A)x—3B+C
Le., 02240z +4 = (A+ C)2? +(B—3A)z—3B+C
Thus 0=A+C, 0=B-3A4, 4=-3B+C.

C=—A, B=3A, 4=-3(34)+—A = 4=—10A.

Hence A= -2, B=3(-2)=—8,C=2%
4 -2 8 2
Thus, efye=s) = 2241 + 723

Alternatively, can plug in z = 3 to quickly find C
and then solve for 4 and B. Can also use matrices

to solve linear eqns. i ~ m. v Qu.v - C
2

7
=) ¢ w\mwvm\
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2.3: Modeling with differential equations.

Suppose salty water enters and leaves a tank at a
rate of 2 liters/minute.

Suppose also that the salt concentration of the water
entering the tank varies with respect to time accor-
ding to Q(t) - tsin(t?) g/liters where Q(t) = amount
of salt in tank in grams. (Note: this is not realistic).

If the tank contains 4 liters of water and initially
contains 5g of salt, find a formula for the amount of
salt in the tank after { minutes.

Let Q(t) = amount of salt in tank in grams.
Note Q(0) =5 g

rate in = (2 liters/min)(Q(t) - tsin(t?) g/liters)
= 2Qtsin(t?) g/min

rate out = (2 liters/ EEXAEMWV m\ min
% = rate in - Tate out = 2Qtsin(t?) — %

9@ = Q(2tsin(t?) — 1), Q(0) =5

This is a first order linear ODE. It is also a separable
ODE. Thus can use either 2.1 or 2.2 methods.

Using the easier 2.2:

[ = [(sin(t?) — §)dt = [ 2tsin(t*)dt - [ 3dt
Let u = 2, du = 2tdt

In|Q| = [ sin(u)du — £ = —cos(u) — £ +C

= —cos(t?) —

_Q_ — mlno.w?uvl +C _ leno.w?uv|w

+C

o+

Q= Ce—cos(t®)—4
Q0)=5: 5=Ce 1" 9=Ce!. Thus C =5e
Thus Q(t) = be - e=°(t")~%
Thus Q(t) = 5e—cos(t*)=
Long-term behaviour:
) = 5(e=>*)) (e e

Ast = 0o, €7 — 0, while 5(e=°°*®"))e are finite.

Thus as t — oo, Q(¢t) — 0.

10



2.3: Modeling with differential equations.
Ex.: F = ma=mv'

anoo_owmaoHpHe\Ha:
eH<m_oQJ~Ha\
¢ = position

m = mass mg = weight

Model 1: Falling ball near earth, neglect air resis-
tance. =

F, = Gravitational force = —mg

IF the positive directi ts up.

Note in some examples in the book, the positive di-
rection points down (F, = +mg) while in other ex-
amples in the book, the positive direction points up
(Fg = —mg)

@:@r@u v = —g. Thusv=—gt+C.

IVP: v(0) = vg implies vo = —g(0) + C implies C' =
vg. Thus v = —gt + vg

' =v = —gt + vy implies z = lw.ﬁm + vt + C.

IVP: z(0) = zo implies zg = —3g(0)* + vo(0) + C
implies C = xo.

Thus z = Ilbww + vot + zg.

Note when ball reaches maximum height v =0

Model 2: Falling ball near earth, include air resis-
tance.

E——

Let A(v) = the force due to air resistance.
mv’ = Fy + R(v) = —mg + A(v) — Q%c.\
Model 3: Far from earth.

Fy = —mgmi—e & +a1 where R = radius of the earth.

If = is small, { mmwvu_ ~ 1 and thus F; = —mg when
close to earth.

For large z, mv’ = iSmB'WMﬂ where R constant.
%. = Igmﬁ%ﬂ with 3 variables: v, t, T

To eliminate one variable: |ﬁ = mlmm% = e%

Note this trick can also be used to simplify some prob-
lems.



