Math 3600 Differential Equations Exam #2
Oct 26, 2018 SHOW ALL STEPS

1.) Circle T for true and F for false.

[4] 1a.) Suppose f(z) = Xa,(x —3)™ has a radius of convergence = r about 3. Then we can define
the domain of f to be (3 —7,3+7). T

[4] 1b.) If b* — 4ac < 0, then the solution to the initial value problem ay” + by’ + cy = 0, y(0) = 2,
y'(0) = 1 is a complex valued function.

[4] 1c.) If b* — 4ac < 0, then the solution to the characteristic equation ar? +br + ¢ = 0 is complex
valued. T

[4] 1d.) D(f) = f'is a linear function. T

[4] le.) There is a unique solution to the differential equation ay”+by'+cy = ¢g(t),y(0) = 1,y(1) =0
F

[7] 2.) The eigenvalues of (Zl% _52> are 4+

3IA 5__2)\‘:(3—)\)(5—)\)+2:15—8)\+)\2+2:>\2—8)\+17

A= Bi@: 8ﬂ@:4i\/—_:4iz’
m13) swpose 4| | =[] 4l7] =[] 4|5 ] =[] 4 [5] = [ So)

Ael=lal =2l
A[51=150] = =25)

State the 2 eigenvalues of A:

3, -2

State 5 eigenvectors of A:

m ’ [124] ) {:H : [__231] : [g] etc.



20] 4.) Using power series, find a degree 5 polynomial approximation for the solution to vy’ —y = 4x
[ 8 8 y y'—y
for x near 0

Yy =2 ,a,2", Y =X a,na™ " = X2 ha,n(n — 1)z 2.
¥ sa,n(n — 1)z" 2 — 3% ja,2" = 4x

Y2 sapn(n — 1)z"? — ¥ ja,2" = 4z

Y2 panta(n+2)(n+ 1)z — 300 japa™ = 4x
Y2 olansa(n+2)(n+ 1) — ay)a™ = 4z

For n = 1: [a3(3)(2) — a1]z = 4x. Thus a3 = 2

For n # ]., an+2(n + 2)(77/ -+ ].) — ap = 0. Thus Ap42 = M;W

For n = 0: a2 = G0

2)(1
For n =2: as = @ty = @)
as __ _a1+4

Forn =3: a5 = &5 = spw

: : . _ ag .2 a1+4,.3 ag .4 a1+4,.5
Approx1mat10n. Y = Qo + a1r + ?J,‘ —+ T[L’ + jx —+ TO':C



22] 5.) Solvey” —y=e€"+2, y(0)=1,¢'(0)=2

Solve homogeneous: Guess y = e and plug into v —y = 0: r2e"™ — ™ = 0.
Thus > —1=(r+1)(r—1)=0. Thusr =1, —1.
Homogeneous solution: cie! + coe™

Solve 3y —y = ¢€!

y = €' is a homogeneous solution, so guess y = Ate!. Then 3/ = Ae! + Ate! and vy’ = Ae' + Ael +
Ate! = 2Ae! + Ate'.

Plug into " — y = e':
2A¢" + Ate' — Ate' = ¢! implies 24¢’ = ¢'. Thus 2A =1 and A = 3.
Thus y = te’ is one solution to y” —y = €'
Solve ¢y —y =2
Guess y = B, then y = 0,y” = 0.
Plug in: 0 — B =2. Thus B = —2.
Thus y = —2 is one solution to ¢y’ —y = 2
Hence general solution to y” —y = e’ 4+ 2 is y = cie’ + coe ™ + Ste! — 2
Solve IVP: y(0) =1, ¥'(0) = 2.
y=cie' + et + Ltet — 2
Yy = cret — et + %tet + %et
y(0) =1: 1 =c¢1 + o — 2 implies 3 = ¢1 + ¢
y'(0)=2:2=¢ —C2+% implies g = — ¢y
9 _ 9

Add equations: 5 = 2¢;. Thus ¢; =

Subtract equations: 2 = 2¢,. Thus ¢, = 2

Solution: y = e’ + 37 + Stel — 2




[24] 6.) Solve two of the following (from this page and the next page). If you solve all 4, T will
grade your best 2 and will give 1 (or 2) points extra credit for 3 (or 4) correct problems):

6a.) If y = ¢(t) is a solution to py” + qy’ + ry = g(t), show that y = 2¢(¢) is a solution to
py" + qy' + ry = 2¢(t). Hint use linearity OR plug in.

Using linearity: Recall that L(y) = py” + qy’ + ry is a linear function.

Since y = () is a solution to py” + qy' +ry = g(t), L(¥(t)) = g(t). Since L is a linear function,
L(2¢(t)) = 2L(y(t)) = 2g(t). Thus y = 2¢(t) is a solution to py” + qy’ + ry = 29(t).

Plugging in: Since y = v (¢) is a solution to py” +qy’ +ry = g(t), p"(t)+q'(t) +r(t) = g(t).
Thus p[2¢"(8)] + q[2¢' ()] + r[20:(1)] = 2[pe" (t) + qi'(£) + ro(8)] = 29(2).

Thus y = 2¢(t) is a solution to py” + qy’ + ry = 29(t).

6b.) Use your work in problem 5 to solve y” — y = 3e* 4 10 for the general solution.

Homogeneous solution: cie! + coe™

Since y = %tet is one solution to y’ —y =¢€f, y = %tet is one solution to y” — y = 3e!
Since y = —2 is one solution to y” —y = 2, y = —10 is one solution to y” —y = 10
Thus general solution to y” —y =3¢’ +10 is y = cie’ + coe™ + Ste’ — 10

6c.) Given ag, a; and a,2 = 2a,41 — a,, determine a,, in terms of ay and a;.

as = 2a1 — ag

az = 2as — a1 = 2(2a; — ag) — a; = 3a; — 2ag

as = 2a3 — ay = 2(3a; — 2ag) — (2a1 — ap) = 4a; — 3ag

as = 2a4 — a3 = 2(4a; — 3ap) — (3a; — 2ay) = ba; — 4ayg

Answer: a, =na; — (n — 1)ag

6d.) Use the ratio test to determine the radius of convergence for the power series 22 2 . For
what values of x does this series converge?

grtlgntl 2n —1 3(2n —1 3(2n —1 2
lim w < n ) = lim 3@n =l | _ im 3@n — Lz = |3x| lim n =[3z| <1
n—oo |\ 2(n+1)—1 3nan nsoo|2(n+1)—1| n=e| 2n+41 n—o0 2

Thus |z| < 3. Thus rachus of convergence is 5 and the series converges for all z € (—3, 1) and the
series dlverges if |z > &

0o co 3" (1 00 _1lywoo 1
Ifz=3 Zn 02n En 02n 1(§> Zn 02n 1 En 02n — n“n=0p
: 1 3" (1\n J;:
Since ¥22 o+ diverges, ¥ (72— (5)" diverges.
n ’,’L —
Ifo=—1 52 5252" =502 )52~ (—5)" = 52 0(2 - Since lim Qn% = 0 and 5-— is a decreasing

(—)
2n

sequence, 207 converges by the alternating series test.

Thus the series 352 o2 —" converges for all z € [—3, 3).



