HW: Ch 7: 4,9, 16
Defn: A recurrence relation is linear if
hp = a1(n)h,_1 +as(n)hy_o+ ... + ag(n)h, g + b(n)
A recurrence relation has order k if ay # 0
Ex: Derangement
D,=mn-1)D, 1+ (n—1)D,_»
D, =nD,_1+ (—1)"

Defn: A linear recurrence relation is homogeneous if
b=20

Defn: A linear recurrence relation has constant coefficients
if the a;’s are constant.



7.2: linear homogeneous recurrence relation with constant
coeflicients:

where a; are constants.

Suppose ¢ and 1 are solutions to the above recurrence re-
lation, then

Claim 1: c¢ is a solutions for any constant c



Claim 2: ¢ 4+ v is a solutions for any constant c

Hence if ¢; are solutions, then Xc;¢; is a solutions for any
constants c¢;.



Thm 7.2.1: Suppose a; are constants and ¢ # 0. Then ¢"
is a solution to
hn — alhn_l — CLth_Q — . T akhn_k =0

iff ¢ is a root of the polynomial equation

o —aixFt —asxF 2 — ... —ap =0

If this characteristic equation has k distinct roots, ¢1, ¢o, ..., ¢ .}
then h,, = c1q7 + c2qy + ... + cxq; 1s the general solution.

I.e, given any initial values for hg, h1, ..., hx_1, there exists
C1,Ca, ..., ¢k such that h, = c1q7 4+ cagy + ... + ciq;’ satisfies
the recurrence relation and the initial conditions.

Thm 7.2.2: Suppose ¢; is an s;-fold root of the character-
istic equation. Then

Hz(n) = c1q; + cang;’ + ... + csinsi_lq?
1s a solution to the recurrence relation.

If the characteristic equation has ¢ distinct roots ¢, ..., g
with multiplicity sq, ..., s¢, respectively, then

h, = Hi(n) 4+ ...H;(n) is a general solution.



Ex: Solve the recurrence relation, h,, + h,,—s = 0,
ho =3,h1 =5

Ex: Solve the recurrence relation,

hn - 2hn—1 + 2hn—3 — hn—4 =0

ho =3,h1 =3,hy = 7,hg = 15,

7.3: Non-homogeneous Recurrence Relations.
hn — alhn_l — aghn_g — .. akhn_k = b

Let k(h) = hn — alhn_l — aghn_g — . akhn_k

Suppose ¢ is a solution to the recurrence relation k(h) = 0
and (3 is a solution to the recurrence relation k(h) = b.

Claim: ¢ 4+ 3 is a solution to

Suppose h,, — ai1h,—1 = b.

If b is a polynomial, guess (3 is a polynomial of the same
degree.

If b=d", guess 8 = pd"



