
HW: Ch 7: 4, 9, 16

Defn: A recurrence relation is linear if

hn = a1(n)hn−1 + a2(n)hn−2 + ...+ ak(n)hn−k + b(n)

A recurrence relation has order k if ak 6= 0

Ex: Derangement

Dn = (n− 1)Dn−1 + (n− 1)Dn−2

Dn = nDn−1 + (−1)n

Defn: A linear recurrence relation is homogeneous if
b = 0

Defn: A linear recurrence relation has constant coefficients
if the ai’s are constant.
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7.2: linear homogeneous recurrence relation with constant
coefficients:

hn − a1hn−1 − a2hn−2 − ...− akhn−k = 0
where ai are constants.

Suppose φ and ψ are solutions to the above recurrence re-
lation, then

Claim 1: cφ is a solutions for any constant c
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Claim 2: φ+ ψ is a solutions for any constant c

Hence if φi are solutions, then Σciφi is a solutions for any
constants ci.
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Thm 7.2.1: Suppose ai are constants and q 6= 0. Then qn

is a solution to
hn − a1hn−1 − a2hn−2 − ...− akhn−k = 0

iff q is a root of the polynomial equation
xk − a1x

k−1 − a2x
k−2 − ...− ak = 0

If this characteristic equation has k distinct roots, q1, q2, ..., qk,

then hn = c1q
n
1 + c2q

n
2 + ...+ ckq

n
k is the general solution.

I.e, given any initial values for h0, h1, ..., hk−1, there exists
c1, c2, ..., ck such that hn = c1q

n
1 + c2q

n
2 + ...+ ckq

n
k satisfies

the recurrence relation and the initial conditions.

Thm 7.2.2: Suppose qi is an si-fold root of the character-
istic equation. Then

Hi(n) = c1q
n
i + c2nq

n
i + ...+ csi

nsi−1qn
i

is a solution to the recurrence relation.

If the characteristic equation has t distinct roots q1, ..., qt
with multiplicity s1, ..., st, respectively, then

hn = H1(n) + ...Ht(n) is a general solution.
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Ex: Solve the recurrence relation, hn + hn−2 = 0,
h0 = 3, h1 = 5

Ex: Solve the recurrence relation,
hn − 2hn−1 + 2hn−3 − hn−4 = 0
h0 = 3, h1 = 3, h2 = 7, h3 = 15,

7.3: Non-homogeneous Recurrence Relations.

hn − a1hn−1 − a2hn−2 − ...− akhn−k = b

Let k(h) = hn − a1hn−1 − a2hn−2 − ...− akhn−k

Suppose φ is a solution to the recurrence relation k(h) = 0
and β is a solution to the recurrence relation k(h) = b.

Claim: φ+ β is a solution to

Suppose hn − a1hn−1 = b.

If b is a polynomial, guess β is a polynomial of the same
degree.

If b = dn, guess β = pdn
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