Suppose a multiset of size k must contain the following:
between two to four (inclusive) x’s,
zero, one, two or five y’s.

Find the number of multisets of size k.

“Long” method: list all possibilities

between two to four (inclusive) x’s: 2 + 23 + 24
zero, one, two or five y’s: yo + yl + y2 + y5

(2% +2° + 2’ +y' +y° +y°)
_ .TQyO +$2y1 +x2y2 +~T2y5 —|—333y0 +$3y1 _1_£C3y2 _|_3:.3y5 +
x4y0 _|_£L.4y1 +$4y2 +$4y5

Let hr = number of multisets of size k.

hO: 7h1: 7h2: 7h3: 7h4: ’
h5: 7h6: 7h7: 7h8: 7h9: ’
hp = k>9

“Short” method:
between two to four (inclusive) x’s:  x? + 23 + 2*

zero, one, two or five y's:  2° + 2! 422 +2°
g(z) = (2?2 + 23 + 2Y) (2 + 2! + 22 + 2°)

=22+ 223 + 32 +22° + 20 + 27 + 28 + ¥



Suppose a multiset consisting of integers between 0 and 5 in-
clusive of size kK must contain the following:

even number of 0’s: 20 + 22 + % 4+ ... =

1—a2
odd number of 1’s: ' +2° + 2° + ... =
three or four 2’s: z° + 2% = 23(1 + )
the number of 3’s is a multiple of five: z°+z°4+210+... = 1_1335
btwn zero to four (inclusive) 4’s: 2% +xt +a?++23+2? = 11__5‘;5

zeroorone b: 29 +xl =14z
Find the number of multisets of size n.
Find the number of multisets of size 100.

gx) = (2 + 2?2+ 22+ )@t + 22+ 20+ ) (23 + ) (2 +
2° + 210+ ) (2 + 2t + 22 + 22 + 2 (20 + )

:11x21$2x(1+ )1 $51$(1+ )

24 o (3tk—-1 s (k+2)(k+1
— (1-=2)3 el 0( k )xk :Zkzo( )2( Lkt



7.7 Exponential Generating Functions

Instead of using 1, x, 22, ..., 2", ...

z _

s
we can use STy oy oy e

1 T 2 n
NIRETE !

Ex: The standard generating function of 1, 1, 1, ... is

gz)=14+z+22+ .. +2"+..=

1—x

The exponential generating function of 1, 1, 1 is

gy =1+2+%2 o 4+ n,,...:ex

Ex: The standard generating function of 2, 3, 4, 5, 0, 0, ...

g(x) = 2 + 3z + 42° + ba®

The exponential generating function of 2, 3, 4, 5, 0, 0, ...

9@ () = 24 3z + 4% + 5%,

Ex: The standard generating function of 1, a,a?, ... is

g(x) = l+ax+a?x2+ ... +azx" + .. =

l—ax

The exponential generating function of 1, a, a?, ... is

99 (z) =1+ azx + a®% + ... +a” =e

n' ’n..

1S

1S



Suppose a permutation of size k must contain the following:
between two to four (inclusive) x’s;

zero, one, two or five y’s.

Find the number of possible permutations of size k.

“Long” method: list all possibilities

. . 2 3 4
between two to four (inclusive) z’s: %y + 5 + Iy
, yO yl 2 y5
zero, one, two or five y’s: G+ 7 + 57 + 5
2 3 4 0 1 2 5
22 2% oty ) Ly Ly Ly
(G +e+T) (G +T+5+5)
2,0 2,1 3,0 2,2 3,1 4,0
_ r— Yy Y x~ Y x° Y x~ Y Ty
= g T (rm toso) t (g s+ o)
3 ,,2 4 .1 4 , 2 2 ,,5 3,5 4 .5
r_y r— Y Y Y x° Y =y
Horor+t o tostoa Tt Ta
_ 2! 2%y® | 31 2? y 31 2%y° 41 22 y 2hy0 I
= zior 21 (3 3 Jr3'0! 3 ) (a2 +3'1' +4'0' )

51 x3y? 51 x* y 6! xty? 7! x? y 8l x> y ol zty®
_F(ENQ! 5! _%zﬂl' )_+zﬂ2! 6! _%iNS! 7! _%iﬂS! 8! _+zﬂ5! 9!

Let hir = number of multisets of size k.

hO_ 7h1: 7h2_ 7h3_ )
h4— 7h5_ 7h6_ ’
h7 = , hg = , hg = , hy, = kE>9



“Short” method:

between two to four (inclusive)

x’s:
? iCO ZL’l
zero, one, two or five y’s: G + Iy
3 4 0 1
e _ (X T xT T x
9= (G +%5+5) Gr+5+
3 0
2,0 2,1 3 ,.0
r X r X r I
2! 0! T (2! 1! + 3! O!) + (
3 ,.2 4 1 4 2 2 .5
r X r X r X r X xZ
tgrrtomtastast



Thm 7.7.1: Let the multiset S = {ny - a1,n2 - as,....,ng - a}
Let h,, = the number of n-permutations of S.

g(e) () = fny (@) fry (). fry, () Where

ng
|
’Lo

fo(@) =14z +% + . 42

n

Suppose a permutation consisting of integers between 0 and 2
inclusive of size k must contain the following:

even number of 0’s
odd number of 1’s
any number of 2’s
Find the number of permutations of size k.

Find the number of permutations of size 100.

R



7.6: A geometry example

Thm 7.6.1: Let h,, = the number of ways of dividing a convex
polygonal region with n + 1 sides into triangular regions by
inserting diagonals which do not intersect in the interior of
the polygonal region. Define hy = 1. Then

B = S0 thihp g, 1> 2

1 _
hn:_<mz2)’n21

n\ n—1



ho =50 thihy g, n>2 hy =1, hg = hihy =1

hs = hihao+hohy =2, hy = hihg+hoho+hsh; =24+14+2=5
Let g(z) = 0+ hiz + how? + haz® + ...

Then [g(2)]? = (hiz+hox? +hsz®+..)(hix+hez® +hzz3+...)

— (h%)xQ T (hth + h2h1)$3 + (hlh?, + hoho + hghl)x4 + ...



