Let G be a connected graph.

If G = = , then x(G) =
In all other cases:

x(G) = the size of a minimal vertex cut

= the minimum number of vertices one can
remove such that the resulting subgraph
1s disconnected.

Thm 2.4: k(G) < AG) < min{d(v) | v e V(G)}
Case 1: Suppose G = K,,, then k(G) = = AG)
Case 2: Let G be a graph such that A\(G) =k

Let E* = {eq1,e9,...,ex} be a minimal edge cut of G.

Claim: G — E* = G1 U Gy where G;, 1 = 1,2 are
the connected components of G — E*.

Claim: e; =< u;,v; > where
U; € V(Gl) and v; € V(Gg) fori =1, ..., k.

Let U* = {uq,...,ur} C V(G1). Note |U*| < k.

Let V* ={vy,...,v} C V(G2). Note |V*| < k.



Case 2a: Ju € V(G1) such that u & {uq, ..., u }.
Claim: u is not connected to v1{ in G — U™,

Thus G — U™ is disconnected and hence U™ is a
vertex cut for G. Therefore K(G) < k = A(G).

Case 2b: Jv € V(G2) such that v € {vq, ..., v }.
Claim: v is not connected to u; in G — V'*.

Thus G — V* is disconnected and hence V* is a
vertex cut for GG. Therefore k(G) < k = A(G).

Case 2¢: V(G1) =U* ={uq,...,ux} and V(G3) =
V* = {Ul,...,?}k}.

Since G is not a complete graph,
dr,y € V(G) = {uq, ..., uk, v1, ..., g }
such that < x,y > & E(G).

WLOG assume x = u;.

Let N(ul) — {uil, ceny Ujyy Uy ...,ejm}
where u;, € U" and v;, € V™ Vs, 1.

Note x = w7 is not connected to y in G — N (uq).
Thus N (uy) is a vertex cut for G.



Claim |N(u1)| = d0(u1) < k.
Define f : N(uy) — E* by
f(v;,) =<wui,v;, > and

f(u’bs) =< Ui, Up >
where p = min{j | v; is adjacent to u;_}

Note f is a well-defined 1:1 function.

Thus |N(uy)| < |E*|.

G = (V, FE) is k-connected if removing any set of
k — 1 vertices in GG does not disconnect it and G #

K, is -connected.
k connected implies kK — 1 connected if k£ > 1
connected = 1-connected

k(G) = connectivity of G = max{k | G k—connected }}}



