Math 2550 Matrix Algebra

Form A
SHOW ALL WORK

May 12, 2014
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1. LetA=| -3 7 0 6
22 50
1 3
[8] 1a.) Find a basis for the column space of A: | -3 |, | 7
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Note: To determine a basis for the column space of a matrix, you do NOT need REF. Echelon form will
suffice for determining pivot columns, so as soon as you know which columns are pivot columns, you can stop

performing row ops IF you are ONLY interested in finding a basis for col(A).

However, we are also interested in solving a system of equations in order to answer question le. But you
only needed to write one column as a linear combination of the other columns, so you could have taken just 3
of the columns (both pivot columns and 1 free variable column in order to write the free variable column as a
linear combination of the pivot columns).

In other words, instead of the last few row op steps above, you could delete, for example, free variable
column 3, in order to solve for free variable column 4 in terms of pivot columns 1 and 2.
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[3] 1d.) Are columns of A linearly independent? no
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[5] 1e.) If possible write one of the columns of A as a linear combination of the other columns of A.
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12 4 0 O
30 -10 0 O
3.LetA = 0 0 2 0
O 0 0 2

[12]  3a). Find an invertible matrix P and a diagonal matrix D such that D = P1AP.
Note, you may use the following facts:
(1.) A has eigenvalue A; = 0 with multiplicity 1.

(2.) A has eigenvalue A, with multiplicity 3.

0
(3.) The vector _(; is an eigenvector of A.
1
Using fact 3, we see that A, = 2 per the calculation below:
12 4 00 0 0 0
30 -10 0 O Of(_160 ) 0
0O 0 20 S0 T-6 ] -3
0O 0 0 2 1 2 1
00 0O
.. . 3 02 00
Thus per facts 1 and 2, the characteristic polynomial of A =A(A—2)” and D = 002 0
000 2
For the eigenspace corresponding to =2: A — 21 =
10 4 0O 1 04 00 X —0.4x; —-0.4 0
30 -12 0 0 0O 0 00 x| X B 1 0
0 0 00|00 00| o= x» [T o |T|1|t™
0 0 00 0O 0 00 X4 X4 0 0
For the eigenspace corresponding to = 0:
12 4 00 1 300 x| —1x —1
| -30 -10 0 O 0 00O x| X2 . 1
A=0I=1"9%""09 2 0 0010 T =] 0o |[T%2] o
0O 0 0 2 0 0 01 X4 0 0
1300 0000
0 00O 0200
3a.P=14901 0| b=100120
0 0 01 000 2

[3]  3b. The characteristic polynomial of the matrix A = A(A —2)3
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Alternatively one can solve det (A — AI') = 0 using cofactor expansion:

2-% 4 0 0
30 —10—A 0 0
. 0 ol o | =2-ME=LI(12-A)(=10-2)+ 120
0 0 0 2—A

= (2-N)(2=A)[=120— 24+ A2 +120] = (2= A)(2— A)[=2A+ A2 = (2= W) (2= A)(—2 + M)A

Thus we get the same characteristic polynomial and same matrix D as above.



[2] 5. Circle the correct answer:

Suppose AX = b has a unique solution, then A% = 0 has

e B. Unique solution

6. Fill in the SIX blanks below:

Suppose that A is a 10 x 12 matrix which has 4 pivot columns, then

[2] 6a. Therank of A =4
[2]  6b. The nullity of A =38
[4]  6¢c. The column space of A is a 4 dimensional subspace of RK where k =10

[4] 6d. The nullspace of A is a 8 dimensional subspace of R" where n =12

7. Circle T for true and F for False

[3] 7a. If A= QR, where Q has orthonormal columns, then R = QT A. T

[3] 7b. If A= QR, where Q has orthogonal columns, then R = OTA. F

[31 7c. Suppose the Gram-Schmidt process is applied to the linearly independent set {xi,...,x,} to form
an orthogonal set {v1,...,v,}. Then span {vi,...,v,} = span {x1,...,x, }.
T

[3] 7d. Suppose A= PDP~! where D is a diagonal matrix. If P = [ p| p> p3 |, then 3p> is an eigenvector
of A
T

[2] T7e. If S=span{u;,up,u3,us}, then dim(S) <4. T

[2] 7f If S=span{uj,us,us,us}, then dim(S) =4 . F

[2] 7g. If S=span{u;,up,u3,us} and {uy,uy,u3,us} is a linearly independent set, then dim(S) =4 .
T



Math 2550 Matrix Algebra Form C

May 12, 2014 SHOW ALL WORK
1 4 3 5
1. LetA=| -2 2 -5 0
-5 0 -13 -5

[8] 1a.) Find a basis for the column space of A:

1 4 3 5 1 4 3 5 1 4 3 5 1 4 3 5 1 0 26 1
22 -5 0f(—-]J]010110f(—-]J010110f(—=-]01011|—={0T1201°1
-5 0 -13 -5 0 20 2 20 0 0 0 O 00 0 O 00 0 O

Note: To determine a basis for the column space of a matrix, you do NOT need REF. Echelon form will
suffice for determining pivot columns, so as soon as you know which columns are pivot columns, you can stop
performing row ops IF you are ONLY interested in finding a basis for col(A).

However, we are also interested in solving a system of equations in order to answer question le. But you
only needed to write one column as a linear combination of the other columns, so you could have taken just 3
of the columns (both pivot columns and 1 free variable column in order to write the free variable column as a
linear combination of the pivot columns).

In other words, instead of the last few row op steps above, you could delete, for example, free variable
column 3, in order to solve for free variable column 4 in terms of pivot columns 1 and 2.

1 4 5 1 45 1 01
010 10| —=]011|—=1]011
0 0 O 0 00 0 00

[2] 1b.) Rank(A) =2
[2]  1c.) Nullity(A) =2
[3] 1d.) Are columns of A linearly independent? no

[5] 1e.) If possible write one of the columns of A as a linear combination of the other columns of A.

1 4 5
21+12]|1=10
-5 0 -5
or
1 4 3
26| -2 (4012 [=] -5
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Note, you may use the following facts:

(1.) A has eigenvalue A; = 0 with multiplicity 1.

(2.) A has eigenvalue A, with multiplicity 3.
2

(3.) The vector

Using fact 3, we see that A, = 2 per the calculation below:

Thus per facts 1 and 2, the characteristic polynomial of A = A(A—2)3 and D =

5
0
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is an eigenvector of A.
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For the eigenspace corresponding to = 0:

12
-30
A—-0I= 0

0

[3]

400 1 0
-10 00 |00 0
0 20 00 1
0 0 2 000
1300
_|0o00o0
3a.P_001O
0001

Thus

— o O O

. Thus

3a). Find an invertible matrix P and a diagonal matrix D such that D = P~'AP.
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X4 0 0
0 0 0O
02 00
D=101012 0
0O 0 0 2

3b. The characteristic polynomial of the matrix A = A(A —2)?
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Alternatively one can solve det (A — AI') = 0 using cofactor expansion:

2-% 4 0 0
30 —10—A 0 0
. 0 ol o | =2-ME=LI(12-A)(=10-2)+ 120
0 0 0 2—A

= (2-N)(2=A)[=120— 24+ A2 +120] = (2= A)(2— A)[=2A+ A2 = (2= W) (2= A)(—2 + M)A

Thus we get the same characteristic polynomial and same matrix D as above.



[2] 5. Circle the correct answer:

Suppose AX = b has a unique solution, then A% = 0 has

e B. Unique solution

6. Fill in the SIX blanks below:

Suppose that A is a 7 x 9 matrix which has 6 pivot columns, then

[2] 6a. Therankof A=6
[2]  6b. The nullity of A =3
[4] 6¢c. The column space of A is a 6 dimensional subspace of R* where k =7

[4] 6d. The nullspace of A is a 3 dimensional subspace of R" where n =9

7. Circle T for true and F for False

[2] 7a. If S=span{uj,u,us,us}, then dim(S) <4. T

[2] 7b. If S=span{uy,us,u3,us}, then dim(S) =4 . F

[2]  Tc.If S=span{uj,up,u3,us} and {uy,us,us,us} is a linearly independent set, then dim(S) =4 .
T

[3] 7d. Suppose A= PDP~! where D is a diagonal matrix. If P = [ p| p> p3 ], then 3p> is an eigenvector
of A
T

[3] 7e. If A= OR, where Q has orthonormal columns, then R = QT A. T

[3] 7f. If A= QR, where Q has orthogonal columns, then R = OTA. F

[31 7g. Suppose the Gram-Schmidt process is applied to the linearly independent set {x1,...,x,} to form
an orthogonal set {v1,...,v,}. Then span {vi,...,v,} = span {x1,...,x, }.
T



Math 2550 Matrix Algebra Form B

May 12, 2014 SHOW ALL WORK
1 4 5 3
L LetA=|-2 2 50
30 -5 3
1 -4
[8] 1a.) Find a basis for the column space of A: | -2 | , | 2
-3 0
(1 4 5 3 1 4 5 3 1 -4 5 10 20
22 50|=|0 -6 5 6|—=|01-2-1|=|01 -2 -1]|=
|30 -5 3 0 -12 10 12 00 0 0 00 0 0
(10 ¥ 10 3 -1
01 =2 -1|—=]01 -2 -1
00 0 0 00 0 0

Note: To determine a basis for the column space of a matrix, you do NOT need REF. Echelon form will
suffice for determining pivot columns, so as soon as you know which columns are pivot columns, you can stop
performing row ops IF you are ONLY interested in finding a basis for col(A).

However, we are also interested in solving a system of equations in order to answer question le. But you
only needed to write one column as a linear combination of the other columns, so you could have taken just 3

of the columns (both pivot columns and 1 free variable column in order to write the free variable column as a
linear combination of the pivot columns).

In other words, instead of the last few row op steps above, you could delete, for example, free variable
column 3, in order to solve for free variable column 4 in terms of pivot columns 1 and 2.

1 -4 1 0 -1
01 -1|—=([01 -1
0 0 O 000

[2] 1b.) Rank(A) =2
[2]  1c.) Nullity(A) =2
[3] 1d.) Are columns of A linearly independent? no

[5] 1e.) If possible write one of the columns of A as a linear combination of the other columns of A.

1 4 3
| 2]-121]=1]o0
3 0 3
or
1 4 5
5 5 —
Sl2]-212]=]-5



20 0 O
02 0 O
3.LetA= 00 12 30
00 4 -10

[12]  3a). Find an invertible matrix P and a diagonal matrix D such that D = P 1AP.
Note, you may use the following facts:
(1.) A has eigenvalue A; = 0 with multiplicity 1.

(2.) A has eigenvalue A, with multiplicity 3.

-2
(3.) The vector 8 is an eigenvector of A. Using fact 3, we see that A, = 2 per the calculation below:
0
20 0 O 2 4 2
02 0 O 51 110 _» 5
0 0 12 -30 o| | 0 |~ 0
00 4 -10 0 0 0
0 0 0O
.. ) 3 02 00
Thus per facts 1 and 2, the characteristic polynomial of A = A(A—2)” and D = 002 0
0 0 0 2
For the eigenspace corresponding to =2: A — 21 =
00 0 O 1 04 0 O X1 —0.4x, —04 0
00 0 O 0O 0 0O x| X2 - 1 0
00 10 -30 0 0 00| us| =] x || o |[TH||T™
0 0 4 -12 0O 0 0O X4 X4 0 0
For the eigenspace corresponding to = 0:
12 4 00 1 300 X1 —1x —%
B 30 -10 0 O 00 0O x| X2 B 1
A=0I=1"19" o 2 0 0010 | o= o [T2
0 0 0 2 0 0 01 X4 0 0
1300 0000
00 00O 0200
a.P=10010]" D=101012 0
0 0 01 0 0 0 2

[3]  3b. The characteristic polynomial of the matrix A = A(A —2)3

SO OO



Alternatively one can solve det (A — AI') = 0 using cofactor expansion:

2-% 4 0 0
30 —10—A 0 0
. 0 ol o | =2-ME=LI(12-A)(=10-2)+ 120
0 0 0 2—A

= (2-N)(2=A)[=120— 24+ A2 +120] = (2= A)(2— A)[=2A+ A2 = (2= W) (2= A)(—2 + M)A

Thus we get the same characteristic polynomial and same matrix D as above.






[2] 5. Circle the correct answer:

Suppose AX = b has a unique solution, then A% = 0 has

e B. Unique solution

6. Fill in the SIX blanks below:

Suppose that A is a 5 x 11 matrix which has 3 pivot columns, then

[2] 6a. Therank of A =3
[2]  6b. The nullity of A =8
[4]  6c. The column space of A is a 3 dimensional subspace of RF where k =5

[4]  6d. The nullspace of A is a 8 dimensional subspace of R” where n =11

7. Circle T for true and F for False

[3] 7a. If A= QR, where Q has orthogonal columns, then R = QT A. F

[3] 7b. If A= OR, where Q has orthonormal columns, then R = QT A. T

[3] 7c. Suppose A =PDP~! where D is a diagonal matrix. If P = [ pj p> p3 |, then 3p, is an eigenvector
of A
T

[31 7d. Suppose the Gram-Schmidt process is applied to the linearly independent set {x1,...,x,} to form
an orthogonal set {v1,...,v,}. Then span {vi,...,v,} = span {x1,...,x, }.
T

[2]  7e. If S=span{uj,uz,u3,us}, then dim(S) =4 . F

[2] 7f. If S=span{uj,up,us,us}, then dim(S) <4 . T

[2] 7g. If S=span{u;,up,u3,us} and {uy,us,u3,us} is a linearly independent set, then dim(S) =4 .
T



Math 2550 Matrix Algebra Form D

May 12, 2014 SHOW ALL WORK
1 3 45
1. LetA=| -2 10 2 O
-5 17 0 -5

[8] 1a.) Find a basis for the column space of A:

1 3 4 5 1 3 4 5 1 3 4 5 1 3 45
22102 0 |—=[016 10 10— |0 16 10 10| —=|0 1 3 3 |—
| -5 17 0 -5 0 32 20 20 0 0 0 0 0000

Ooolud| ]
O oolueo|

Note: To determine a basis for the column space of a matrix, you do NOT need REF. Echelon form will
suffice for determining pivot columns, so as soon as you know which columns are pivot columns, you can stop
performing row ops IF you are ONLY interested in finding a basis for col(A).

However, we are also interested in solving a system of equations in order to answer question le. But you
only needed to write one column as a linear combination of the other columns, so you could have taken just 3
of the columns (both pivot columns and 1 free variable column in order to write the free variable column as a
linear combination of the pivot columns).

In other words, instead of the last few row op steps above, you could delete, for example, free variable
column 4, in order to solve for free variable column 3 in terms of pivot columns 1 and 2.

1 3 4 13 4 10 3% 10%
016 10 =013 (=01 3 [—=]01 3
00 0 000 00 0 00 0

[2] 1b.) Rank(A)=2
[2]  1c.) Nullity(A) =2
[3] 1d.) Are columns of A linearly independent? no

[5] 1e.) If possible write one of the columns of A as a linear combination of the other columns of A.

1 3 4
17 5
Tl2+3|10]=]2

5 | 17] |0
or

1] [ 3] [ 5
25
Bl2]+3]10(=]0

|5 [ 17] |5




12 -4
30 -10
0 O
0 O

3.LetA =

oSN OO
N O OO

[12]  3a). Find an invertible matrix P and a diagonal matrix D such that D = P1AP.

Note, you may use the following facts:
(1.) A has eigenvalue A; = 0 with multiplicity 1.

(2.) A has eigenvalue A, with multiplicity 3.
0

(3.) The vector is an eigenvector of A.

—_— W O

Using fact 3, we see that A, = 2 per the calculation below:

12 4 00770 0 0
30 410 0 0| fO|_|0]|_,|0
0 020|137 |63
0 0 021 2 1

Thus per facts 1 and 2, the characteristic polynomial of A = A(A—2)3 and D =

For the eigenspace corresponding to =2: A — 21 =

10 -4 00 1 04 0 O X1
30 -12 0 O 0 0 0O x|
0 0 00| |0 0 0o0|™MS||=
0 0 0O 0 0 0O X4
For the eigenspace corresponding to = 0:
12 4 00 1300
-30 -10 0 O 0 00O
A—-0I = o 0 20l loo1o0 . Thus
0O 0 02 0 001
1300
0 00O
3a. P = 0010l
0 001

[3]  3b. The characteristic polynomial of the matrix A = A(A —2)3
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Alternatively one can solve det (A — AI') = 0 using cofactor expansion:

2-% 4 0 0
30 —10—A 0 0
. 0 ol o | =2-ME=LI(12-A)(=10-2)+ 120
0 0 0 2—A

= (2-N)(2=A)[=120— 24+ A2 +120] = (2= A)(2— A)[=2A+ A2 = (2= W) (2= A)(—2 + M)A

Thus we get the same characteristic polynomial and same matrix D as above.



[2] 5. Circle the correct answer:

Suppose AX = b has a unique solution, then A% = 0 has

e B. Unique solution

6. Fill in the SIX blanks below:

Suppose that A is a 8 x 6 matrix which has 5 pivot columns, then

[2] 6a. Therank of A=5
[2]  6b. The nullity of A =1
[4]  6c. The column space of A is a 5 dimensional subspace of RF where k =8

[4] 6d. The nullspace of A is a 1 dimensional subspace of R" where n =6

7. Circle T for true and F for False

[3] 7a. Suppose A = PDP~! where D is a diagonal matrix. If P = [ py p> p3 |, then 3p, is an eigenvector
of A
T

[2]  7b. If S=span{ui,us,u3,us}, then dim(S) =4 . F

[2] T7c. If S=span{u;,up,u3,us}, then dim(S) < 4. T

[2]  7d.If S=span{u;,up,u3,us} and {u,up,u3,us} is a linearly independent set, then dim(S) =4 .
T

[3] 7e. If A= QR, where Q has orthogonal columns, then R = QT A. F

[3] 7f. If A= QR, where Q has orthonormal columns, then R = QT A. T

[31 7g. Suppose the Gram-Schmidt process is applied to the linearly independent set {x1,...,x,} to form
an orthogonal set {v1,...,v,}. Then span {vi,...,v,} = span {x1,...,x, }.
T



