Homework 5: Solutions

Let C be the simplicial complex below (the boundary of a tetrahedron).

Find the following;:

o Cy = Zo[v1,va,v3,v4] = < v1,V2, 03,04 >

° Cl == Z2[617627€37€47e5766] =< €1, €2, €3,€4, €5, Cq >

o Oy =Zolfr, fo, f3, fa] = < fu1, fo, [3, fa >

e U5=<0>

o /y= {Zznzvz in C | 50(217121)1) = 0} = < V1,V2,V3,V4 > = Co

Explain your answer for Z;: The elements in Z; are linear combinations of elements in
Cy that are mapped to 0 via dg. But, g maps all the vertices to 0. Hence, all linear
combinations of vertices will go to 0.

Thus Zy = Cy =< vy, v, U3, Vg >.

BO = image of (51 =< +U2,’U2 +U3,U3 —|—U4,U1 +U4,Ul +U3,’U2 + vy > =
< V1 + 9, Uy 4+ v3, V3 + vy > since v; + vy, v1 + v3 and vy + v4 can be obtained from linear
combinations of v; 4+ vs, v9 4+ v3, and v + vy.

Hy = Zy/By = {v1,v9,v3,v4 | v1 +v2 = 0,03 + v3 = 0,03 + vy = 0} = < [vy] > where
[v1] = {1, v9,v3,v4} is a representative of the set containing all the vertices. Since we are
working with coefficients in Zs, we get that vy = vq, v9 = v3, v3 = V4.

e Rank 00:4 Rank 20:4 B0:3
o |Gy =2*=16 |Zo| =22 =16 |By| =23 =8
e Rank Hy = Rank Z; - Rank By =4—-3=1

[ ] ’H(]’ = 21 =2

e Find the matrix for dg:

Uy V2 VU3 U4

My= (0 0 0 0)



e [ind the matrix for d;:

v/1 0 0 1 0 1
w1 1 1 0 0 0
M, = vl 0O 10 1 1 0
wu\0 0 1 0 1 1

e Simplify the matrix for J; so that the nonzero columns are linearly independent. Write
the basis element above its corresponding column.

€1 €9 €3 €4 €5 €6 €1 €9 €3 61+62+€4 €5 €6
vp/{1 0 0 1 0 1 v /{1 0 O 0 0 1
) 1 1 1 0 0 0 vy | 1 1 1 0 0O 0
M=o 1 0 1 1 0|l wlo 1 o 0 1 0|~
wu\0 0 1 0 1 1 u\0 0 1 0 1 1
€1 €2 e3 e;1t+extes extegtes e
vi/{1 0 O 0 0 1
vl 1 1 1 0 0 0 N
v3] O 1 O 0 0 0
vu\0 0 1 0 0 1

€1 €9 e3 e1+eg+ ey €2+€3+€5 €1+€3+66

w/l 0 0 0 0 0
w1 11 0 0 0
V3 0 1 0 0 0 0
w\0 0 1 0 0 ’
i fo fs fa
et /1 0 1 0
62 1 1 0 O
e Find the matrix for dy : My = zg (1) (1) (1) (1)
4
€5 0 1 0 1
es\0 0 1 1

e Simplify the matrix for J, so that the nonzero columns are linearly independent. Write
the basis element above its corresponding column.

fi fo fs fa fi o fs hi+fot+fs+/a
€1 1 0 1 0 €1 1 0 1 0
€9 1 1 0 0 €9 1 1 0 0
€3 0 1 1 0 es] 0 1 1 0
M= 11 0 0 1|7 el1 0 o0 0
es|] O 1 0 1 es|] O 1 O 0
e\ 0O 0 1 1 e\ 0 0 1 0




Z1 = {Emzez in C | 51(Eznlez) = 0} =< ej+ertey,eat+estes,e1+e3+eg, 640+ €5+eg >

Explain your answer for Z;:
Z1 = null space of M7 = < ey + e+ e4,60+ €3+ 5,61+ €3+ eg >

By = image of §; =< ey + €5+ e4,60 + €3+ €5,€1 + €3 + e >

_ _ <eiteaxteq,eatestes.ertestes>
Hy = Zl/Bl T <eiteates,eatestes,eitestes> <0>

Rank C; =6 Rank Z; =3 Rank By =3
|Cl‘:26:64 |Zl|:23:8 |Bl‘:23:8
Rank H; = Rank Z; - Rank B1 =3-3=0

|H|=20=1

Zg = {Emlfl n CQ | (52(2[)%]%) = 0} =< fl + f2 + f3 + f4 >

Explain your answer for Zs:

Zy = null space of My = < f1+ fo+ f3+ f4>

By = image of 93 = < 0 > since d3 : C3 — C5 and C3 = 0.

Hy = 7Z5/By = —<f1+f23£3+f4> =< fi+tfotfs+fa>

Rank Cy =4 Rank 7, =1 Rank By =0
|Cy) = 24 = 16 |Zo| = 2L =2 1B,| =20 =1
Rank Hy = Rank Z; - Rank Bo=1—-0=1

|Hy| =2 =2
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Figure 1: Barcode for H,

Figure 2: Barcode for H,
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