Homework 5: Solutions

Let C be the simplicial complex below (the boundary of a tetrahedron).

Find the following:

OO - ZQ[Uluv27v37U4] =< U1, U2, U3, Uy >
C(1 - Z2[61762a63764765766] = < €1, €2, €3, €64, 5,65 >
Cy = Lol f1, fo, 3, fa] = < f1, fa, f3, fa >

03:<0>

Zy = {Emzvl in C() ‘ (50(227”6@1}1) = O} = < V1,V2,V3,V4 > = CO

Explain your answer for Z;: The elements in Z, are linear combinations of
elements in Cy that are mapped to 0 via dy. But, dg maps all the vertices to 0.
Hence, all linear combinations of vertices will go to 0.

Thus Zy = CO =< V1, V9, V3, V4 >.

By = image of §; = < vy 4 vg, V9 + V3, U3 + Vg, V1 + Vg, V1 + V3, Vg + Vg > =
< V1 + Vg, Vg + V3, V3 + vy > since vy + vy4, V1 + v3 and vy + v4 can be obtained
from linear combinations of vy 4+ vg, Vo + v3, and v3 + v4.

HO = ZO/BO = {Ul,'Ug,Ug,U4 | U1 + Vg = O,UQ + vy = O,’U3 + vy = O,Ul + vy =
0,01 +v3 = 0,09 + vy = 0} = < [v1] > where [v1] = {v1,v9,v3,v4} is a
representative of the set containing all the vertices. Since we are working with
coefficients in Z,, we get that vy = vy, v9 = v3, V3 = vy, V3 = vy, V3 = v3 and
Vo = V4.

Rank Cy =4 Rank Zy =4 By=3
|Col =2 =16 |Zo| =21 =16 |Bo| =23 =38
Rank Hy = Rank Z; - Rank By =4—-3=1

|Ho| =2 =2




e Find the matrix for dg:
U1 V2 Uz U4

My= (0 0 0 0)

e Find the matrix for d;:
€1 €2 €3 €4 €5 €5

U1 1 0 0 1 0 1
w11 1 0 0 0
My = vsl O 1 0 1 1 0
w\0 0 1 0 1 1

e Simplify the matrix for §; so that the nonzero columns are linearly indepen-
dent. Write the basis element above its corresponding column.

€1 €2 €3 €4 €5 €4 €1 ey €3 e +exteys €5 €
vp/1 0 0 1 0 1 vu /1 0 O 0 0
) 1 1 1 0 0 O vyl 1 1 1 0 0
M="1o 1 01 1 ol wlo 1 o0 0 1
mu\0 0 1 0 1 1 wu\0 0 1 0 1

€1 €2 €3 e1textes €ex+e3tes €

vp/f1 0 0 0 0 1
vl 1 1 1 0 0 0 -
vs| O 1 0 0 0 0
vy \ 0 0 1 0 0 1

€1 €9 €3 61+€2+64 62+€3+€5 61—|—63—|—66

vr/1 0 O 0 0 0
vl 1 1 1 0 0 0
vs] O 1 O 0 0 0
u\0 0 1 0 0 0
i o [z fa
er /1 0 1 0
esf 1 1 0 O
e Find the matrix for dy : My = Zi (1) (1) (1) (1)
esl 0O 1 0 1
(&5 0 0 1 1

e Simplify the matrix for d, so that the nonzero columns are linearly independent.
Write the basis element above its corresponding column.

_— o O =



i fo s fa i fo fs fitfot+fat+fa

€1 1 0 1 0 €1 1 0 1 0

()] 1 1 0 0 €9 1 1 0 0

el 0 11 0 sl 01 1 0
M= l1 0 0 1|7 el1 o o 0
el 0 1 0 1 es| 0 1 0 0
e\0 0 1 1 e\ 0 0 1 0

Z1 = {Emze, n Cl | 61(217’%61) = 0} =< €1 + €9 —+ €4, €9 -+ €3 + €5, €1 —+ €3 —+
€6, €4 + €5 + €6 >

e Explain your answer for Z;:
Z1 = null space of M; = < e; +ey+e4,60+ 63+ €5, +e3+ e >
e B = image of 09 =< €1 + e+ e4,69 + €3+ €5,61 + €3+ eg >
o Hi= 2B, = SEEesimeaate —<0>
e Rank C; =6 Rank Z; =4 Rank By =4
o |Cy] =25=64 |Z,| =2 =16 |By| = 2% =16
e Rank H; = Rank Z; - Rank B =4—-4=0
[ |H1| = 20 =1
o Zy={Ymifiin Cy | 6o(Xinifi) =0t =< fi+ fot fs+ fa>
e Explain your answer for Zs:
Zy = null space of My = < fi+ fo+ fa+ f4 >
e By = image of 03 = < 0 > since 03 : C3 — Cy and C3 = 0.
o Hy=7p/By =Mtttz —  fi 4 ot 3+ fu >
e Rank Cy =4 Rank Z5 =1 Rank B, =0
[ ] ‘02’224:16 ’Z2’221:2 ‘BQ|:2021

Rank Hy = Rank Z5 - Rank B, =1—-0=1

|Hy|=2' =2
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Figure 1: Barcode for H,

Figure 2: Barcode for H;
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