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1. Introduction

Index 3 problems often appear when modelling mechanical systems with con-
straints (for further details see [1, Sect. 6.2], [3, pp. 6-7] or [5, pp. 483486
and pp. 539-540]). A usual way for solving such problems is by index reduction
(see [1, Subsects. 2.5.3 and 5.4.1]). However, for multibody systems containing
rigid springs with a Hooke’s constant 1/&? (¢ very small), the numerical solution
behaves as that for the limit problem (& — 0) which is of index 3 (see [3, pp. 10-12]
or [6]). In this situation, an index reduction is not possible and one is compelled
to study the convergence behaviour for the index 3 case. This remark aiso holds
for very stiff mechanical systems in which a large potential forces the motion
to be close to a manifold.

Convergence of BDF-methods is stated in [1, Subsect. 3.2.4]. Preliminary
theoretical convergence results for general implicit Runge-Kutta (IRK) methods
have been obtained in [3, Sect. 6], but numerical experiments have shown that
they are not optimal and sharper orders of convergence have been hypothesized
[3, pp. 18-19 and p. 86]. For solvable linear constant coefficients systems of
arbitrary index, necessary and sufficient conditions to ensure that the local and
global errors of an IRK method attain a given order of accuracy have already
been derived in [2].

The main result of this paper (Theorem 2.2 below) will be a partial proof
of the conjecture of [3, p. 86], giving sharp convergence bounds for stiffly accu-
rate collocation methods, such as the Radau A processes. The necessary tools
for this proof (Sect.5), which relate on the ideas of [3, Sect. 6], and of [5,
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Sect. VI.7] (devoted to index 2 systems), are collected in Sect. 3 (existence,
uniqueness, and study of perturbations in the initial values) and in Sect. 4 (local
error).

2. Collocation methods for index 3 DAE’s

Let

2.1 y=f02), y(xo)=yoeR",
Z’:k(y, z, u)’ Z(XO):ZOGIRM,
0=g(y), u(xo)=uoeR?

be a system of differential-algebraic equations given in an autonomous and
semi-explicit formulation (or Hessenberg form). The initial values (y,, z¢, #o)
are assumed to be consistent, i.e., to satisfy

(2.2a) 0=g(y
(2.2b) 0=(g,/)(»:2)
229 0=(2,,(/LN)+8 /s f+8 [ k) (¥, 2 u).

Let us suppose that f, g, and k are sufficiently differentiable functions and that
2.3) g, /- k, Isinvertible

in a neighbourhood of the exact solution (index 3). If (2.2¢) and (2.3) are satisfied
for some (y*, z*, u*), then, in a vicinity of these values, (2.2¢) defines an implicit
function u=GJ{y, 2).

One step of a collocation method applied to (2.1) is defined as follows:

Definition 2.1. Let ¢, ..., ¢, be s distinct real numbers and let (Y (x), Z(x), U(x))
denote the collocation polynomials of degree s which satisfy
(2.4a) Y(xo)=Yo, Z(Xo)=20, Ulxe)=uo,
(24b) Y'(xg+c;h)=f(Y(xo+c; h), Z(xo+c; h)
Z' (xo+c; By =k(Y{(xg+c, h), Z(xo+c; h), Ulxo+c; b)) ; i=1,...,s.
0=g(Y(xo+c; b))

Then the numerical solution is given by

(2.4¢) yi=Y(xo+h), z;=Z(xo+h), u;=U(xy+h).

Remark. The condition U(xq)=1u, in (2.4a) can be omitted if we require U(x)
to be a polynomial of degree s— 1 only, and U(x,) to be close to ug, ie., Ulxy)
—ug=o0(1). This modification does not alter the polynomials Y(x) and Z(x),
and will apply throughout this paper. Consequently the three collocation polyno-
mials become independent of u,.
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In this article we turn our interest to collocation methods with s>2 and
coefficients satisfying the hypotheses

H1l: ¢;+0 fori=1,...,s;
H2: ¢,=1, ie,the method is stiffly accurate.

It can be noticed that from H2 we get g(y,)=0 in (2.4). The following theorem
gives the optimal orders of convergence for collocation methods satisfying these
hypotheses, proving the conjecture stated in [3, p. 86] for such methods:

Theorem 2.2. Let us consider the differential-algebraic system (2.1) of index 3
with consistent initial values and the collocation method (2.4) satisfying s=2, H1,
and H2. Then, for x,— x,=nh= Const, the global error satisfies

(25 g plx)=0H 022 () (2, —2(x) = O(hmo2+2),
Z,,—z(x,,)=0(hs), u,,—u(x,,)zO(hs")

where B(x)=(I—k,(g, /> k)~ ' g, ) (¥(x), z(x), u(x)) and p is the order of the under-
lying quadrature formula. If in addition the function k of (2.1) is linear in u
then we get

(2.5) Ya—Y(x)=0(h"),  E(x,)(z,—z(x,))=0(h").

The proof will be presented in Sect. 5, and it makes use of preliminary results
contained in Sects. 3 and 4.

The result (2.5) shows that if in a last step the numerical solution is projected
onto the manifold (g, f)(y, z)=0, the accuracy of the z-component can be
improved. This projection can be done as follows: 2, and p, are the solution
of

(2.6) 2=z, k(s Zn» ) My
0=(g,f) Vns 2a)

where (y,, z,, 4,) 1s the numerical solution of (2.4) at x,,. In this case we get

O(h?) if k is linear in u,
O(pmine-25-2))  elge.

) fi=z(m)=

Furthermore, if we define 4, as the solution together with y, and 2, of (2.2¢),
we have

O(h?) if k is linear in u,
O(h™inp:25-2)  elge,

28) an—u(xn)={

The application of the above results to the Radau IIA processes leads to:
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Corollary 2.3. For the s-stage (s=2) Radau IIA method applied to the index
3 system (2.1), the global error satisfies

(2.9) Ya—Y(x)=0h*72),  B(x,)(z,—z(x,))=0(h**"?),
Zn_Z(xn)=0(hs)’ 2n~2(x"):0(h2s—2)’
u,—u(x,)=0(h"1, f,—u(x,)=0(h*"2)

and if k is linear in u we have

(2.9 y,,—y(x,.)zo(th— i), P.(x,) (z,,—z(x,,))=0(h25‘ 1),
f,.—Z(X,,)ZO(hZS“l), ﬁn__u(xn)zo(hh—l)‘

Proof. The proof is obtained by putting p=2s—1 in (2.5+2.5), (2.7), and
(28). O

3. Existence, uniqueness, and influence of perturbations

In this section, (y,, z, #,) in Definition 2.1 are replaced by approximate h-depen-
dent starting values (1, {, v). We will first investigate the existence and uniqueness
of the collocation polynomials.

Theorem 3.1. Let us suppose that s=2, H1 is satisfied, (2.3) holds in a neighbour-
hood of (n, {, v), and that

(3.1a) gm=0(h"), 23,
(3.1b) (&), O)=0("), k22,
(.19 @y (L) +8, fy f+8, LK) (. {,v)=O(h).

Then for h< hg the collocation polynomials (Y (x), Z(x), U(x)) of (2.4) with Y(xy)
=y and Z(xy)={ exist and are locally unique.

Proof. A straightforward extension of [4, Theorems II.7.6 and IL7.7] to
index 3 problems shows the equivalence of (2.4) with an s-stage IRK method.
More precisely, the values Y(xq+c¢; h), Z(xy+c; h), and U(x,+c; h) can be inter-
preted as the internal stages of a RK method whose coefficients, depending
on the c;, are defined by the simplifying assumptions B(s) and C(s) (see [3,
pp. 15-16] or [5, Sect. IV.5]). H1 ensures that the corresponding RK matrix
is invertible. By defining c,:=0, the collocation polynomials are uniquely deter-
mined by

(32a)  Y(xo+th)= 2 L() Y (xo+c; W) =lo(t) n+ Z 1(8) Y (xo+ i h)

i=0 i=1

(3.2b) Z(xg+th)= i L Z(xg+c; D)=1(t) {+ i L) Z(xog+c; h)

i=0 i=1

(3.2¢) U(xo+th)= i L(t)U(xg+c; h)

i=1
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where the [;(t) and L,(t) are the Lagrange polynomials of degree s and s—1
respectively, given by

(3.3) l(t=fl< j>’ Lin= 1j(c~c)

j=0
JFi

The result is now an immediate consequence of the existence and uniqueness
of the RK solution stated in [3, Theorem 6.1]. O

We will study next the influence of perturbations in the initial values on the
collocation solution.

Theorem 3.2. In addition to the assumptions of Theorem 3.1, let us suppose that
H?2 holds and that

(3.4) A=n+0®), {={+0(K).

Let us consider (Y (x), Z(x), U(x)) the collocation polynomials satisfying Y (xo)=4
and Z(xo)="_. Then we have

(3.5a) AY(xo+h)=B An+hf,BAl
+OGR|Anl+R* B AL +R"21Q, AL+ 1Q, AL
(3.5b) B(xo+h) AZ(x+h)=P AL

+0(|\QyArlH +h[B Anl+h[B AL +h*!

10,871+ 1. AL17)

(3-5¢) Q.(xo+h) AZ(xo+h)= *% 8Q, An+O(An|+h[AL])

where o is a constant depending on the coefficients of the method and is given
in the proof, m=min(t—-3,k—2,s—2, max(p—s—1,0)), n=min{(t—3, k—2,
s—2, p—s). The projectors Q,, B,, Q,, and P, are defined under the hypothesis
(2.3) by

(3.6 Si=k,(g, k)" "8y,
ngz.fz S5 ‘R)=:I~Qy’ Qz::Sf;, I)z:I_Qz
In (3.5) they are evaluated at (n,{, G(n, {)) with G described in Sect. 2 and the

arguments of P(xo+h) and Q,(xo+h) are (Y(xo+h), Z(xo+h), G(Y(xy+h),
Z(xq+ h))).
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Remarks. 1) The notation A indicates a difference between a “non-hat value”
with the corresponding “hat value”, e.g, in (3.5a) AY(xqo+h)=Y(xo+h)
—¥(xo+h)and Anp=n—4.

2) The missing arguments for f,, S, B, etc., are (y, {, G(x, {)). .

3) The conditions (3.4) ensure the local existence and uniqueness of (Y(x),
Z(x), U(x)).

4 If g(A)=0=g(n) then Q,(A—n)=0((H~nl?). Consequently this term may
be neglected and the hypothesis 4 =# -+ O(h®) can be relaxed to #=n+ 0 (h?).
5)If the function k of (2.1) is linear in u, then in (3.5a,b)
m=max(p—s—1,0),n=p—s, and the terms ||Q,A{||*> are multiplied by one
additional factor h.

6) It can be noticed that m and n satisfy 0OSm<n<m+ 1.

7) The important results consist in the splitting of A{ according to the projections
E and @, and in the h-exponents in front of |Q, A{|| in (3.5a, b).

8) We point out that the constants entering in the O(-) terms of (3.5) depend
on those implied by the O(-) terms of (3.1a, b) and (3.4). Nevertheless this
will not affect the proof of Theorem 2.2 (see Sect. 5) where Theorem 3.2 will
be used.

Proof. A large number of the ideas contained in this proof are expressed in
the demonstrations of [5, Theorem V1.7.9 and Lemma V1.7.10]. The proof is
divided into four parts. Our first aim in a) is to show (3.15) with the help
of the nonlinear variation-of-constants formula [4, Formula (1.14.20)]. In part b)
we analyse in details the two terms entering in (3.15), leading to (3.22)3.23).
Hence (3.15) can be rewritten as the sum (3.24) of several terms expressed in
(3.25). Those are then estimated separately in the last part d) with the help
of some technical results derived in c).

a) The defect of the collocation polynomials (Y(x), Z(x), U(x)) inserted into
the differential-algebraic problem (2.1) is defined as follows

(3.7a) Y'(x)=f(Y(x), Z{x))+ (x)
(3.7b) Z'(x)=k(Y(x), Z(x), U(x))+ pu(x)
(3.7¢) 0=g(Y(x))+6(x).

According to Definition 2.1 d(x), u{x), and 0(x) vanish at the points x,+¢; h.
By differentiating (3.7¢) twice with respect to x and by taking (3.7a, b) into
account, the collocation polynomials and the defect are seen to satisfy for all
X

(3.7d)  0=g,(V)(f(¥ 2)+d)+0

(B.7¢)  0=g,,(V)(f(X2)+6,/ (X Z)+0)+g,(Y) /(X Z)(f (X Z2)+9)
+8,(N (X Z2) k(X Z,U)+p)+g,(Y) o' +0".

Furthermore, these equations can be used in a vicinity of the solution of (2.1)
for arbitrary (Y, Z, U) and sufficiently small “perturbations™. In view of (2.3)
U can be extracted from (3.7¢), giving

(3.8 U=G(¥Z,6,0,1,8")
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and it extends the definition of G(y, z) in Sect. 2 which simply corresponds to
G(y, z,0,0,0,0). Thus, (3.7b) can be rewritten

B.7b)  Z'(x)=k(Y(x), Z(x), G(Y (x), Z(x), 6(x), &' (x), u(x), 6" (x))) + u(x)

forming togeEher with (3.7a) a differential system for Y(x) and Z(x). As it con-
cerns (Y (x), Z(x), U(x)), by straightforwardly following the above analysis with
8(x), fi(x), and A(x) defined in the same way as in (3.7), we obtain

(39a)  Y'(0)=/(Y(x), Z(x)+5(x)

(B9b)  Z'()=k(Y(x), Z(x), G(Y(x), Z(x), 6(x), &' (x), A(x), 0" (x))) + A(x).

With the aim of expressing AY(x) and AZ(x), the nonlinear variation-of-con-
stants formula of Grobner-Alekseev [4, Corollary 1.14.6] can be applied. The

difference between Y’, Z’ and Y, Z formally inserted into (3.9) needs to be comput-
ed. We get

iy FL2)+8()
(10 dex XZ)“(Z’)‘(k(Y,z, G(Y 2, 5(x),8 (), A(x), é"(x»)+ﬁ(x))

= &(x, ¥ Z, 1) &(x, , Z,0)
where, leaving out the x-argument in the “perturbations”,

3.11) ®(x, [Z,1)= (i:i‘_?&‘?)

0
+(k(XZ, G(YZ,6+x—1)A8,8 +@— DAY, p+(@—1)Ap, 0 +(— 1)A0”))>'

With the shortened notation &(x, 1)=®(x, Y(x), Z(x), 1), the formula &(x, 1)
1

—P(x,0)= j' 0®/01(x, ) dt permits us to express the defect d(x, ¥ Z) as
0

I 0 ,
(3.12) d(x, XZ)=(Q1(X’ XZ)) A(S(x)+(Q2(x, XZ)) AS (x)

)Au(x)-i-(

0 4
+(1+Q3(xa ¥2) A7 (x)

Q4(x(,) XZ))

We only give the expressions of Q, and Q,

(.13a) 0105, ¥2)= [ (K2, 6L S - 05
(3.13b) Q4(x,XZ)—jk(XZ G(.. ))60,,(...)dt
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where the missing arguments (...) are identical to those of G in (3.11). A simple
differentiation of (3.7e) with respect to ¢’ and " shows that

oG _oU_ _ -1 96 _oU _ _ -1
(314) W_ E¥G - (gyfz ku) gy> agn - 06" = (gyfz ku) s

hence we have

(3.13a)) 02(x, ¥ Z)=— [ (ku(g, [ k)" ' g} (Y Z,G(.. ))dt
0
=0Q4(x, ¥ Z) g,(Y)

1

(3.13b) Qulx, ¥ Z)=— [ (ku(g, f. k)~ NE Z,G(...))d.
]

The application of [4, Formula (1.14.20)] leads to

(3.15) (i;g;% [ RGx,t, Y(0, Z() (6, Y(0), Z(t) de

Xo

+ | R(x, xo,n+(t—1)Ar/,C+(t—1)AC)dt(iz>

where the resolvent R is given by

(3.16) R(x,t,y, z)=%((y}%(x, t,y,2)

and (¥, Z)(x, t, y, z) denotes the solution at x of (3.9) passing through (y, z) at
t. R satisfies R(s, s, y, z)=1 and is the solution of the variational equation asso-
ciated with the system (3.9). In the sequel we will use the abbreviations

(3.17) R(x,)=R(x,t, Y(t), Z(t), d®)=d(t, Y1), Z(1)),
Qi) =0Qi(t, Y(2), Z(2)-

b) Let us now consider the first integral in (3.15). By the use of (3.12) we
get, after some integrations by parts,

(3.18) f Rix,t)d(t)dt= jx Si(x, ) Ao(t)+S,(x, 1) AS'(¢)

X0 X0

+85(x, ) Ap(t) + Sa(x, ) AG" () dt

=8,(x, 1) Aé(t)—%(x, 1) AB(2)

FS. 6 DABE)]  + | o(ndt

=x0 Xo
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where we have defined

(3.19) S (%, )=R(x, 1) ( Qll(t)), S>(x,)=R(x, 1) (QS( t)),
Sal60)=R(x.9) (1+ gs(t))’ 54060 =R (Q?(t))’

2

a(x, t)= (S (x,t)— —(x t))Aé(t)+S3(x HAp(t)+ 54 —+(x, 1) AB(1).

a 2

An expression entering in (3.18) is
arten= g0 {g R0 o)
(3.20) S X =71 0.0 +R(x, 1) 0.0)

therefore dR/0t(x, t) remains to be computed. By using well-known properties
of the resolvent, we arrive at

(3.21)

IR LY (@), Z () f (Y(2), Z(1) )
)

(x, 1) Rix, 1)
((k +k, aG)(Y(t) Z(t), H(t)) (k +k, )(Y(t) Z(t), H(t)

oR
T30.9

where H(t):=G(Y(t), Z(t), 5(t), &' (1), ii(t), 8" (1)) and we point out that OR/3(y, z)
is a bilinear application. Now, we put x:=xq+ h in (3.15). The assumption ¢;=1
implies that 6(x), §(x), 6(x), and O(x) vanish at this point. By replacing 0’(x0)
and #(x,) with the help of (3.7d) and by using the relation S,(x,t)
=8,(x, ) g,(Y(t)) which is a consequence of (3.13'), we deduce

2 (%, 4, Y(0), Z(0)) (d(t, Y (1), Z(1)), -)

(3.22)
xoth

[ R(xo+h,1)d(t)dt=5,(xo+h, x0) (Mg, () 6(xo)+ Alg, /), 1))

X0

S xo+h
—ii(xo +h,xe) Ag(n)+Sa(xo+h, xo+h) A (xo+h)+ j o(xo+h,t)dt.

X0

Because of OR/0(y, z)(xo+ h, Xo,y,2)=O0(h), the second integral in (3.15) can be
estimated by

(3.23) R(xo+h, xo)( C)+0(hl|An||2+hHACI12)-

By collecting the previous results and rearranging the terms, we obtain

(AY(xo+h)>=(1)+(2)+(3)+(4)+0(h [Anl2+h{ALI?)

(324) AZ (x4 +h)
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where
(323 (1)=Rixo+h, xo) {(A c) + (Q4(xo)((A g,(n)- Sxo)+Alg, ), 0))
4 f(ﬂ, 0) Q4(xo) Ag(n) ,
(k k. )(n, 4, H(x0)) Qa (x0) — Q' (x0)
dR 0
0= thxon D (400100, V)
0 xg+h
(3):<Q4(x0+h)A0'(xo+h))’ = f oo th Hdt

In order to estimate each of these terms, some intermediate results will be
required.
c) First of all, by expanding the resolvent R(x,+ h, x,) at x,, we obtain

(3.26) R(xo+h xo)=I+h fy(ﬂéé) f. (néé) +0(h?)
(k th )(..) (k +k, )( )

with (...)=(n, {, H(x,)). Secondly, by differentiating k times the difference of
the two collocation polynomials, written in the form (3.2), we arrive at

(3.27a) K AY®(xo +th)=IP()An+ Y, IP()AY (xo+c;h), k=0,...,s,

i=1

(327b) H*AZ® (xo+th) =IO AL+ ¥ OO AZ(xo+c:h), k=0, ...,s,

i=1

(327¢)  KAUM(xo+th)= Y IP()AU(xo+c;h), k=0,...,s—1,

i=1

and the higher derivatives vanish identically. The proof of [3, Theorem 6.4]
related to RK methods may be adapted in our situation, leading to

(328a) AY(xo+c;h)=BAn+c;hf, EAL+Ok|An]+h*[AL])

(28b)  AZ(so+h) =R 8+0(10, Anl+ 1B Anl +hiALI)

(280 AUGso+aih)=0 (37 10, Anlli+3 1B Anl+5 10: AL + 12 AL1),
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By using ) I(t)=1 and ) [i(t)c;=t, these relations inserted into (3.27) yield
i=0 i=0
for x in an O(h)-neighbourhood of x,,

(3.292) HAYN(x)=0(IQ, Ayl +h' x| B, Anll+h* Q. ALl + k>~ |[R, AL])

(29) 1#AZ9()=0 (110, Anil-+ B Anl+ Q. ALl +h' [ al])
(3299 WAUVW =0 (57 10, Anll+1 1B Anl+ 10,71+ 17 ALI)

where S, =1 if j>k else S;;=0. Since AS(x)=AY"(x)—Af(Y(x), Z(x)), Au(x)
=AZ' (x)— Ak(Y(x), Z(x), U(x)), and Af(x)= — Ag(Y(x)), we have

(30 859=0(7 10, Anl+ IR Anl-+ 10.ALI+ IR AZI)
A3 (9=0 (35 10, Anl+ 5 1B Arl-+4 1. AL+ R A
A= (510, A+ 1B A+ 10. AL+ IR ALI)
A (=0 55 10, Anll+ I, 8l +10, AL +112 AL1).

Thirdly, we define (7, {, %) as consistent values close to (3, ¢, v) uniquely deter-
mined by the equations (2.2), B,(n—#)=0 and F({— 7)=0. The hypothesis (3.1a,
b) shows that Q,(n—~#)=0(h") and Q,((~{)=O0(h™>"*). As in (3.7), we denote
by 8(x), fi(x), and ’é(x) the defects of the collocation polynomials passing through
(7, C, ¥). These defects vanish at the collocation points x,+c; h, therefore we
have S(x)=0(k), § (x)=0(h*" 1Y), fi(x)=0(h), and 9(x)=0(hs“), g (x)=0(h"),
§'(x)=0(k*"!) by also taking into account the consistency of 7, ie., ngo)=
—g(7)=0. These estimates and the application of (3.30) to y—# and {—{ lead
to

(331) 5(x)=(5(x)___5(x)) + S(X)= 0(hmin(t- l,x,s))’
5I(X)= O(hmin(t— 2,k—1,s— 1)),
M(X) = 0(hmin(r~ 2,k l,s))’ 0”()(7)2 O(hmin(t—Z, KyS— 1)).

d) With these preparations we are now able to treat each term of (3.25).
From (3.30) and (3.31) we deduce that

(3.32) 04(x0) 8, /. Q. Al=—0Q. AL
+O(”Qy Anl +h|B, Al 4 pminC3xm2m27 1 1g, AL]|

+310: AL + IR ATI)
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and

(333a)  Q.(xo+h) Qulxo+h)=—k,(g,f. k) (0., G, () +O(h)

(3.33b)
IJz(x0+h) Q4(X0 +h)20(hmin(t—2.x'— 1,s— 1))

+0( 10, AL +3 I8 Ani +710. ALY+ IR AL1).

By collecting the results (3.26) and (3.32), we get

(3.34)
ne(BAn+hfEA
”‘( pat )
+<0(hHA'1H+hmi“(’_3"‘_2‘8_2’”l|QzACN+IIQZACHZ-H!ZIIPZACH))

(1A +hmnc=3x-202 210, AL+ £ 10, AL +hIR AL

Because of d(x,, 1, {)=0(h) we have the rough estimate (2)=0(h|Anl]). By set-

ting o= ) IV(1)=—I{"(1), a consequence of

(3.35) AY (xo+h)=—~7 0, An+f. B AL+O([An] +hIAL))
and A (x)= — A[g,(Y(x)) Y'(x)] is
(3.36) A9 (xo+H) =18, 0, An+O(IAnli+h|AL))

Combined with (3.33) we obtain the following decomposition for Q,(x,
+h) A9 (x, + h) entering in (3)

(3.37a) Q,(xo+h) Qa(xo+M) Al (xo+h)= —%SQy An+O(jAn+h|ALl))

(3.37b)
E(xo+h) Qa(xo+h) AG (xo+h)

=0(1Q, Anll +h || B An| +pmin€=3x=2572%2 0 AL| +11Q, ALl +h*|B AL]).

As in the proof of [S5, Theorem VI.7.9], 6(xo+h,t) in (4) can be integrated
by the use of the quadrature formula {b;, ¢;}i-,, yielding

(3.38) 4)= i b; 6(xo+h, xo+ c; h)+ err(o).

i=1

=0
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The quadrature error is estimated by

(3.39) err(c)=0 (h" *1.  max —6%‘;; o(xq+h, t)l l)

te[xg, xo +Hh]

From (3.29) it follows that
(3.40)
@D=0h?"*1Q, Anll +hP~s* 1|, Anll+hP 7> 1Q, ALl +h? 72| B ALY).

Insertion of the expressions (1), (2), (3.37a, b), and (4) into (3.24) gives the desired
result, except that if p=s, the term O(||Q, Anll +h[Q, Al]l) in AY(x, +h) coming
from (4) has to be neglected in view of (3.28a) for i=s, and the term B Apn
entering in B,(xo+ h) AZ(xo +h) is O(h || P, Anl|), because of

(3:41) B(xo+c;h)AZ(xo+c;R)=E AL+ O([Q, Anl +h{|F Anl +h[AL])

which can be proven in the same way as (3.28). []

4. The local error

We consider one step of a collocation method (2.4) with consistent initial values
o> 2o, Ug). The local error

(4.1) dyp(xo)=y1—y(xo+ h)‘, 02z4(x0)=21 —z(xo+h), OSuy(xe)=u;—ulxo+h)
can be estimated as follows:
Theorem 4.1. Let us assume that s=2 and that H1 holds. Then we get
(4.2) Oyn(xo)=0( "),  B(xo+h)dyylxe)=O(hmins+TE),
02,(x0)=O(K), B (xo+h) dz,(x0) =0 ("),
du(xo)=0(r"")
where p is the order of the underlying quadrature formula. P,(x), B(x) are the

projectors (3.6) evaluated at the exact solution of (2.1) at x. If in addition H2
is satisfied, we have

4.3) Syn(x)=0(**"),  Pxo+h) dz,(xo) =0 (hminp- 25~ D+1)

Remark. If the function k of (2.1) is linear in u, then instead of (4.3) we get
4.3 B(xo+h)6z,(xo)=0(h"*").

Proof. The interpretation of the collocation solution in terms of one correspond-
ing IRK method (see Theorem 3.1 for more details) ailows us to apply [3, Lem-
ma 6.3] which leads to (4.2).

The results (4.3) can be found quite easily with the same techniques used
in the proof of Theorem 3.2. Instead of computing the difference between two
collocation polynomials with distinct initial values, we must estimate the differ-
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ence between a collocation polynomial and the exact solution of (2.1), here
with identical initial values. The exact solution has no defect (see (3.7)). The
defect of the collocation polynomials vanishes at the collocation points x,+¢; h,
therefore for xe{xg, xo+Hh] we have 6(x)=0(k*), & (x)=0(h° 1), u(x)=0(H),
and 8(x)=0(R*"), 0(x)=0(K), 8"(x)=0(h*"") by consistency of the initial
value y,, ie., 8(xgo)= —g(yo)=0. It can be easily shown that the derivatives
of the collocation polynomials are uniformly bounded (see [5, Theorem VI.7.8]
for an equivalent result concerning index 2 systems). With similar formulas to
(3.15) and (3.22) we finally arrive at

h— xot+h
(4.4)@&‘21}1;_;&212): [ 0(o+h, t)dt—S,(xo+h, xo+h) O (xo+ h)

e

=0 )+ | 0
§ ku(gyfz ku)— l(ya Z, G(y’ z, Té) 15,7 TH, IBN)) dt-¢
0

where y, z, 0, &', u, 8, and 8’ are evaluated at xy+ h in the last expression. [

5. Proof of Theorem 2.2

We only outline the main points.

Following the proof given in [3, Theorem 6.4], we denote two neighbouring
collocation solutions by {J,, Z,}, {Pn, 2.} and their difference by Ay,=7,
—9Pn, Az,=%,—%,. In a first step it can be shown that (see [3, Theorem 6.4}
or apply the second step with m=n=0)

(5.1 lay I <C Pt Az SCy et

Therefore global convergence of order s for the y- and z-component occurs.
We thus get

(52 (& ) (Fus ZNSC3 B, (8, /) (Pns ZI S C5 2.

We insist on the fact that the constants C,, C,, and C; can be chosen indepen-
dently of n if h is sufficiently small.

Secondly, because of g(j,)=0=g(¥,) the fourth remark after Theorem 3.2
holds, implying that

(5.32) (@) Ayu=0(Ay,|?) =0 [(B), Ayl

though this is not essential for the present demonstration. With the above results,
Theorem 3.2 can be applied, yielding

(53b)  (Blasv1 Ayns1=(B)a Ay, +h(B)u(f)n Az,

+O (B Ayl + 2 [(B)y Az + ™2 1(Q.), Azyll + Q2w Azal?)
(5309 h(B)u+1 Az =h(B), Az,

+O(h* [(B)y Ap,ll +h? |(B), Az, | + B2 (@) Azyll + 1(Q.)n Azal1?)
(5.3d) h(Q2n+1 82,51 =0 |(B), Ay,ll +h*[Az,)
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where m=min(s—2, max(p—s—1,0)), n=min(s—2, p—s) and (B),, (Q,)n, (/2>
(B),, (Q,), are evaluated at (9, Z,, 4F). Here 4*:=G(§,, £,), with G as defined
in Sect. 2. This choice of @} does not influence the values ($,, 2,) (see the remark
after Definition 2.1) and simplifies the proof. Hence the estimates (5.3) lead to

(5.4a) 1Ayl SC(I(B)o Ayoll + li(B)o Azoll + B 1 Q)0 Azoll)

(54b)  h|(B)n Az, SCRI(B)o Ayoll +h(B)o Azoll + " 2 [[(Q.)o Azoll)

(54¢c)  hll(Qn Az, SCI(R)o Aol +hII(B)o Azl + 1> (Q.)o Azoll).

If the function k of (2.1) is linear in u then the fifth remark after Theorem 3.2

and the remark after Theorem 4.1 hold. The final convergence result follows
now from standard techniques (see [3, Fig. 4.1] or [4, Fig. 11.3.2]). O
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