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Summary. We present a new second order extension of the generalized{ method
of Chung and Hulbert for systems in mechanics having nonconsant mass ma-
trix, holonomic constraints, and/or nonholonomic constra ints. Such systems are fre-
quently encountered in multibody dynamics. For variable st ep{sizes, a new adjusting
formula preserving the second order of the method is proposeal.

1 Introduction

The generalized{ method of Chung and Hulbert [2] was originally developed
for second order systems of di erential equations in structural dynamics of
the form My® = f (t;y;y9. In mechanicsM 2 R" " is a constant mass
matrix, y 2 R" is a vector of generalized coordinatesy® 2 R" is a vector of
generalized velocities,y®®2 R" is a vector of generalized accelerations, and
f(t;y;y9 2 R" represents forces. Introducing the new variableg := y°2 R"
and a := z0= y%2 R", these equations are equivalent to the semi{explicit
system of di erential{algebraic equations (DAES)
y=z; Z=a; 0=Ma f(ty;2): (1)

Assuming the mass matrix M to be nonsingular, this system of DAEs is of
index 1 since one can obtain explicitya = M *f (t;y;z). The generalized{

method of Chung and Hulbert [2] for My® = f (t;y;y9 or equivalently
for (1) is a non-standard implicit one-step method. One stepof this method
(to;Yo;zo;a ) 7! (ty = to+ h;y1;z3; @+ ) with step{size h can be expressed
as follows

This material is based upon work supported by the National Sc ience Foundation
under Grant No. 0654044.
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2
Vi=yor hzo+ T(1 2)a 4221 ) (2a)
z1=20+h((1 )a + an+ ); (2b)
1  m)Maw. + mMa =1 ¢ )f (tisyisza)+ ¢f(to;Yoizo);  (20)
see Section 2 for a justi cation of the notation a ;a;+ . The generalized{

method has free coecients ,, 6 1; ¢;; . For specic choices of these
coe cients we obtain well-known methods:

Newmark's family: , =0, ¢ =0;
{ The trapezoidal rule: =1=4; =1=2;

{ Swrmer'srule: =0; =1=2;
The Hilber-Hughes-Taylor (HHT- ) method [3, 4]:
1 @ )2 1
=0: = 2 —0 = ‘7 - = Z
mTe ! 3 4 2
The coecients 1, 61; ¢;; of the generalized{ method (2) are usually
chosen according to
_21 1, _ 1. _ @) _1
m - 1 + l 1 f - 1 + l ’ - 4 L - 2
where = f and 1 2 [0;1] is a parameter controlling numerical

dissipation ( 1 =0 for maximal dissipation [2]).
In this paper we present extensions of the generalized{ method (2) for
systems having

Nonconstant mass matrix M (t;y), see Section 3;
Holonomic constraints g(t;y) = 0, see Section 4;
Nonholonomic constraintsk(t;y; y% = 0, see Section 5.

Such systems are frequently encountered in multibody dynanes [10]. A gen-
eral extension and a convergence result is given in Section. &or variable
step{sizes, a new adjusting formula preserving the secondrder of the method
is proposed in Section 7. Some numerical experiments are @r in Section 8.
A short conclusion is nally given in Section 9.

2 About the Notation a ais

We use the notation a and a3+ instead of ap and a; to emphasize the
fact that these quantities should not be considered as appiximations to the

acceleration vectora(t) at to and t; respectively, but att = to+ h and
ti+ =t1+ h = tog+(1+ )hrespectively where = ¢. The reason is
that for a solution (y(t); z(t); a(t)) and values (yo; zo) satisfying yo  y(to) =

0(h?), zg z(to) = O(h?), we have
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a;+  a(tis )= O(h?) when a a(t )= O(h?); (3)

whereas we only havea; . a(ty) = O(h) for 60 and whena  a(tp) =
O(h®) ora a(t )= O(h?). This can be seen as follows. We rewrite (2c) as

1 mas + ma =1 )M M(tuysz)+ MM (to;Yorzo) 1 (4)

Sincea(t) = M (t;y(t);z(t), y1 y(t1) = O(h?), and z; z(t;) = O(h?)
we have

M (t1;y1521) = a(to)+ haYto)+ O(h?) ; M *f (to;yo; 20) = a(to)+ O(h?) :
Hence, for the right-hand side of (4) we obtain
L oM M(tiynz)+ (M (to;yo; 20)
= a(to)+ h(1  1)a%te) + O(h?) : (5)
Since
a(ti+ )= a(to)+ h(1+ )a%tg)+ O(h?); a(t )= a(tg)+ ha Ytg)+ O(h?) ;
we have
(1  malte )+ malt )= alte)+ h m+ )ate)+ O(h?): (6)
Thus, from (4{6), we obtain
1 m)as  altie )+ m(a  alt))
=h( ¢+ m )alto)+ O(h?): (7)

Hence, (3) is satised for = f.

Choosing the Initial Value of a for the First Integration Step

Here we give two possible choices for the initial value o4 to be used for the
rst integration step. For |, = 0, for example for the HHT- method, we
see from (7) that taking a := agp where Mag = f (to; Yo; zo) still leads to the
estimate a;+ a(ty+ )= O(h?). For , 60 itis better to dene a such
that a  a(t )= O(h?), for example implicitly by

Ma =1  )f(to;yo;zo)+ f (t1;y1;71) (8)

as proposed by Lunk and Simeon [7]. Nevertheless, taking := ag in fact
does not a ect the order of global convergence of they and z components, see
Theorem 1 in Section 6.
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3 Nonconstant Mass Matrix M (t;y)

We considerM (t;y)y%= f (t;y;y% where M (t;y) is a nonconstant mass ma-
trix assumed to be nonsingular. These equations are equivaht to the semi{
explicit system of index 1 DAEs

y'=z; 2°=a; 0=M(ty)a f(ty;z):
A natural extension of the generalized{ method of (2) is to replace (2c) with
1 mMu aw + mMa =(@Q 1 )f(tyyisz)+ 1 f(to;Yo; 20)

where
M1+ M (ti+ 5y(t+ )5 M M(t ;y(t)):

For example we can take explicitly
M1+ = M(ti+ ;Yo+ h(1+ )zo); M = Mg ) 1 or M(t ;yo+hzo)

where M ;. ) 1 denotes the matrix M. used at the previous time{step.
Second order of convergence is a consequence of Theorem 1 att®n 6.

4 Holonomic Constraints g(t;y)=0

We extend now the generalized{ method to systems having holonomic con-
straints g(t;y) = 0. More precisely we consider

M (ty)y®=f(ty;y% ); 0=g(ty):

Using the notation gy(t;y) := ZHty), usually f(ty;y% ) = fo(tiy;y9
g;(t;y) and the term g;(t;y) containing algebraic variables represents
reaction forces due to the holonomic constraintsg(t;y) = 0. Di erentiating

0 = g(t;y) once with respect tot we obtain

0=(g(ty)°= g(ty)+ g (ty)y°:
Hence, we consider overdetermined systems of index 2 di ential{algebraic
equations (ODAES) of the form
y=2z; Z%=a; 0=M(ty)a f(ty;z; );
0=g(ty); 0=a(ty)+ g(ty)z
where we assume the matrix

M(ty) f (tyiz; )

g, (ty) o is nonsingular:
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When f (t;y;z; )= fo(t)y; 2) g;(t;y) , this matrix becomes

M(ty) gy (ty)
g(ty) O
and it is symmetric when M (t;y) is symmetric. At to we consider consistent
initial conditions ( yo; Zo; @0; o), i.€.,
0=M (to;yo)ao f (to;Yo;Zo; o) ;
0= g(to; Yo) ;
0= g (to;Yo) + 9y(to;Yo)Zo ;
0= gt (to; Yo) +2 gy (to; Yo)Zo + Gyy (to; Yo)(20; 20) + Gy (to; Yo)ao
Several extensions of the HHT- method have been proposed. Cardona and
Geradin [1] analyze a direct extension of the HHT- method to linear index
3 DAEs. They show that a direct application of the HHT- method is incon-
sistent and su ers from instabilities. Yen, Petzold, and Raha [11] propose a
rst order extension of the HHT- method based on projecting the solution of
the underlying ODESs onto the constraints (including the index 1 acceleration
level constraints) after each step. More recently, secondrder extensions of
the HHT- method and generalized{ method have been proposed indepen-
dently by Jay and Negrut [5] and by Lunk and Simeon [7] assumig additivity
off(t;y;z; )= fo(t;y;z)+ f1(t;y; ). Here, we propose a di erent extension
of the generalized{ method without making this assumption:

Y1=VYo+ hzg + h—22((1 2)a +2 e+ ) ;(93)
z1=20+h(@ a + ag ); (9b)

(1 wMu & + mMa =1 ¢)f(trysz1:€1)
+ ¢f(to;Yo;zo; o); (9¢)

1 )M e + WM a =(1 )f (tsy1zas 1)

+ ¢f(to;Yo: 2o, o) (9d)
0=9(ts;y1) ; (9e)
0=g(t1;y1) + gy(ta;y1)zs : (of)

When f (t;y;z; )= fo(t)y; 2) g;(t;y) we can replace (9c) by

1 w)Mu (er & )= gty 1 &)

Second order of convergence is a consequence of Theorem 1 att®n 6.

5 Nonholonomic Constraints  k(t;y;y 9 =0

We extend now the generalized{ method to systems having nonholonomic
constraints k(t;y; y% = 0. More precisely we consider



6 Laurent O. Jay and Dan Negrut
M(ty)y®= f(tyiy% ) 0=k(tyy9:

Usually f (t;y;y% )= fo(ty;y9)  kpo(ty;y9) and the term  kjo(t;y;y9)
containing algebraic variables represents reaction forces due to the nonholo-
nomic constraints k(t; y; y9 = 0. Hence, we consider systems of index 2 DAEs
of the form

yo=z; %= a; 0=M(ty)a f(ty;z; ); 0=k(ty;z);
and we assume the matrix

M(ty) f (ty;z; )

Ky (ty:2) o is nonsingular:
Z 3 ’

When f (ty;z; )= fo(ty;z) k] (ty;z) , this matrix becomes

M(ty) k;(ty;2z)
k(ty;z) O

and it is symmetric when M (t;y) is symmetric. At to we consider consistent
initial conditions ( yo; Zo; @0; o), i.€.,

0=M(to;yo)ao f (to;Yo;Zo; o);
0= K(to; Yo; z0) ;
0= ki (to; Yo; zo) + Ky(to; Yo; zo)zo + Kz (to;Yo; zo)ao :

We propose the following extension of the generalized{ method

Y1=Yo+ hZo+h—22((1 2)a +2ai ) ;(10a)
Zo+ h((1 Ja + a+ ) ; (10b)
1 Of(tyyrz; 1)

+ ¢f(to;yoi2o; o) (10c)
0=K(t1;y1;21) : (10d)

Z;
(1 mM1+ a;+ + mM a

Second order of convergence is a consequence of Theorem 1 att®n 6.

6 General Extension and Convergence

We extend now the generalized{ method to systems having a nonconstant
mass matrix M (t;y), holonomic constraints g(t;y) = 0, and nonholonomic
constraints k(t;y;y9 = 0. The algebraic variables are associated with the
holonomic constraints g(t;y) = 0 and g (t;y) + gy(t;y)y°® = 0 which results
from di erentiating g(t;y) = 0 with respect to t. The algebraic variables
are associated with the nonholonomic constraintsk(t;y;y% = 0. Hence, we
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consider overdetermined systems of index 2 di erential{abebraic equations
(ODAES) of the form

yo=1z; (11a)
M(ty)Z°=f(ty;z 5 ); (11b)
O=g(ty); (11c)
O=a(ty)+ g(ty)z; (11d)
0=k(ty;2); (11e)
and we assume the matrix
1

M(y) f (ty;z; ) f (Gyiz;; )

@ g,(t;y) 0 0 A is nonsingular:  (12)
k. (ty;2) o) 0

Whenf (ty;z;; )= fo(ty;z) gy(ty) kj(ty;z) ,this matrix becomes

1
M(ty) o (ty) k] (ty;z)
@ g,(ty) O o A
k.(ty;z) O ©)

and it is symmetric when M (t;y) is symmetric. At t, we consider consistent
initial conditions ( Yo; Zo; @0; o; o), i-€.,

0=M (to;Yo)ao f(to;Yo;Zo; o5 o)

0= 9(to;Yo) ;

0= g (to;Yo) + gy(to;Yo)zo ;

0=K(to; Yo; 20) ;

0= 0 (to;Yo) + 2 Gy (to; Yo)Zo + Gyy (to; Yo)(Zo; 20) + Gy(to; Yo)av ;
0=kt (to; Yo; 20) + Ky(to;Yo;20)Zo + Kz (to;Yo;Zo)ao :

We propose an extension of the generalized{ method which does not use
any additive structure of f (t;y;z;; ). We call it the generalized{ {SOI2

method (SOI2 stands for Stabilized Overdetermined Index 2). One stp
(to;YoiZo;a ; o; o) 7! (t1;y1;21;@1+ ; 1; 1) with step{size h of the genera-
lized{ {SOI2 method for (11) can be expressed as follows
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Y1=Yo+ hzo + h_22((1 2)a +2 e ) ;(139)
B=2+h(1 )a+ e ); (13b)
z1=20+ h((2 Ja + a+ ) ; (13c)

(1 m)M1 @ + oM a =1 )f(t1;y1;21;€1; ©1)
+ ¢f(to;YoiZo; o; o) (13d)

1 WMy ar + WM a =(1 )ty 21 1 1)
+ ¢f(to;yo:Zo; 0, o) (13e)

0=9g(t1;y1) ; (13f)
0=g(t1;y1) + gy(ta;y1)za; (139)
0=k(t1;y1;21) ; (13h)
0=K(t1;y1;21) (13i)

whereM1+ = M (t1+ ;yo+ h(l+ )zog)andM = M1, ) 1 OrM(t ;yo+
h z ). The auxiliary variables &;; a1+ ;€1; € arejustlocal to the current step,
they are not propagated. The possibility to replace €; by 1 in (13d) and to
suppress the equations (13b)-(13h) and the auxiliary varidlese;; €, remains
to be investigated. Whenf (ty;z; ; )= fo(ty;z) gy(ty) Kkj(ty:z)
we can replace (13d) by

1 M (as @ )= gty 1 ©)
+(1 kg (tynz)( 1 &)

Convergence analysis of the generalized{SOI2 method is not straightfor-
ward. We have the following convergence result:

Theorem 1. Consider the overdetermined system of DAEs (11) under the
assumption (12) with consistent initial conditions (yo; zo; a0; o; o) at to and
exact solution (y(t);z(t), a(t); (t); (t)). Suppose thata a(to+ h) =
O(h) (eg.,a = &), m61l, 61, 60, 60,andr < 1where
r=jm=1 m)j. Then the generalized{ {SOI2 numerical approximation
(YniZn;an+ ; n; n), See (13), satisesforO0 h hpa andt, to= nh
Const, the following global error estimates

Yn o Y(tn) = O(hz) v Zn Z(th) = O(hz) ;
an+ alth+ h)= O(h?+r" o);
n ()= O+ o) o (th)= O(h?+ 1" o)

where ¢:= ka a(to+ )k=0O(h).lIf n,=0o0ora a(to+ h)= 0O(h?
we have

ane  alta+ h)=0(h?); o (t)=0(h?; o  (ta)= O(h?):
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Theorem 1 remains valid for variable step{sizes, see Sectio/. A proof of this
theorem will be given in a forthcoming paper [6]. It is long ard technical and
is thus omitted here.

7 Adjustments for Variable Step{Sizes hn

When applying the generalized{ method with variable step{sizes, the val-
uesap+ and Mp:+ a,+ must be adjusted before each new step in order
to preserve the second order of the method for all componentConsider a
previous step starting att, ; with step{size h, ; and a new step starting at
th = tn 1t h, 1 with step{size h,. The valuea, 1+ usedinthe previous step
is an approximation ofa(t) att, 1+ h, 1i.e,ay 1+ a(th 1+ hy 1)
The value a,+ obtained in the previous step is an approximation ofa(t) at
th 1+(@+ )hy 1=ty + h, 1ie., an+ a(t, + h , 1). For the current
time{step starting at t, with step{size h, we need the valuea,. to be an
approximation of a(t) at t, + h ,, i.e., an+ a(ty + h ). By linearly inter-
polatinga, 1+ att, 1+ h, ;anday+ att,+ h, ;and by extrapolating
att, + h,,a,+ can be replaced by

hn

hn 1

an+ T g+ + 1 (@+ @ 1+ ) (14a)

Analogously we can replaceM + an+ by

Mns ans = Mps ans
hn
hn 1

+

1 (Mn+ an+ Mn 1+ an 1+ ): (14b)

These adjusting formulas (14) have several advantages:

They are simple to implement;

Their computational cost is almost negligible;
They are valid for ODEs and DAEs;

They preserve second order of convergence.

These modi cations are not necessary to preserve the seconarder of con-
vergence for they and z components. However, they are recommended since
their computational cost is almost negligible and they allov second order of
convergence for the components; , and

8 Numerical Experiments

8.1 A Nonlinear Mathematical Test Problem

To illustrate Theorem 1 numerically we rst consider the following nonlinear
mathematical test problem
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0
Y1 y2 e? 20
sin(y: €) yiy» 9
€(y1z2 +2Y2z1) + €?y1 1 Y1Zp 1 2 - (15b)
e '(0:5y22, 1z1yoZo+ Yo 2) YaYozy 3+ €
0=g(ty)=yiy2 1; (15¢)
0=gi(ty)+ g(ty)z=2y1y221 + Yizo ; (15d)
0=k(ty;z) = y12122 + 2 : (15e)

Observe that this problem is nonlinear in the algebraic varables ; and ;.
The following initial conditions at to = 0 have been usedy;(0) = 1, y»(0) =1,
z;(0) =1, z(0) = 2, 1(0) =1, 1(0) = 1. The exact solution is given
explicitly as follows: y;(t) = €', yo(t) = e 2, z1(t) = €, z(t) = 2e &,
1(t)=e ', 1(t) = €. We have applied the generalized{ {SOI2 method, see
(13), with damping parameter ; = 0:2 and variable step{sizes alternating
betweenh=3 and 2h=3 for various values ofh. Using the adjusting formulas
(14) for a,+ and Mp+ a,+ we observe global convergence of order 2 at
tn = 1 in Fig. 1. Without these modi cations a reduction of the or der of
convergence to 1 for the components; , and can be observed in Fig. 2.

8.2 A Pendulum Model

As a second numerical experiment we consider the pendulum nael in Fig. 3

where we denotey; ;= X;y2 := y;y3:= . The constrained equations of motion
associated with this model are
0,1 0_1
Y1 Z1
@ySA = @z, A ; (16a)
% Z3
0 10 1 O
mO 0 29 0
@om 0 A@NA =@ mg A
00 m% 9 czz k y3 3
1 0
@ o 1 A ! - (16b)
L sin(ys) L cosfys)
O _ .y_ VY1 Lcosfs) .
0 - g(tv Y) - y2 L Sin(yg) ’ (160)
0 z; + L sin(ys)zs

o = aty)+gty)z= Z L costys)zs (16d)
The pendulum is started from consistent initial conditions corresponding to

y3(0) = 3 =2, z3(0) = 10. The parameters used are given in the caption
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. error of generalized-alpha-SOI2 with variable stepsizes
107 ¢ . ———— . ————— .

100 F

100 E

errors in y,z,a,lambda, and psi
4

107 ¢

100

10 . M| . M |

10 . P
10 10° 10 10°

Fig. 1. Global errors kyn  y(tn)kz ( ), kzn  z(tn)kz ( ), kan+ a(tn + h)ka (),
K n (th)k2 (+), k n (tn)k2 () of the generalized{ {SOI2 method ( 1 =0:2)
at t, = 1 for the test problem (15) with variable step{sizes altern ating between h=3
and 2h=3 using the adjusting formulas (14) for an+ and M+ an+

of Fig. 3. We have applied the generalized{{SOI2 method, see (13), with
damping parameter ; = 0:2 and variable step{sizes alternating betweerh=3
and 2h=3 for various values ofh. Using the adjusting formula (14a) for a,«
we observe global convergence of order 2 &t = 2 in Fig. 4.

8.3 1 =0 and Holonomic Constraints: HHT{SOI2

As mentioned in Section 1 the generalized{ method for ,, = 0 corresponds
to the HHT{ method. In this section we only consider the generalized{{
SOI2 method for , =0 and systems for which

The constraints are holonomic 0 =g(t;y);
Forces are of the formf (t;y;z; )= fo(t;y;2) g; (ty) .

Note that these two conditions are satis ed by a vast number d multibody
systems. In this situation, denoting = i, €= ans a1+ ,and e =
@+ ) 1 ©),the generalized{ {SOI2 method given in (9) becomes
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N error of generalized-alpha-SOI2 with variable stepsizes
10 : —_—— : —_——y

10" F

N
o,
&
T

i
o,
T

errors in y,z,a,lambda, and psi
&

=
o,
S
T

10" |

10' L L L L P L L PR L L L L Y
10° 10 10° 10°

Fig. 2. Global errors kyn  y(tn)kz (), kzn  z(tn)kz ( ), kan+ a(tn + h)ka (),
K n (th)k2 (+), k n (tn)k2 () of the generalized{ {SOI2 method ( 1 =0:2)
at t, = 1 for the test problem (15) with variable step{sizes altern ating between h=3
and 2h=3 without using the adjusting formulas (14) for a,+ and M+ an+

y1=Yo+ hzo + h—22 1 2)a +2 (m+ +9 . (173)
z1=20+ h((2 Ja + a+ ) ; (17b)

M1 €= gy (t1iy1)e; (17c)
M a+ =1+ )f(ti;yza; 1) (tosYoiZos o) ; (17d)
0=9(t1;y1) ; (17e)
0=gai(te;y1) + gy(ts;y1)za : (171)

Numerical experiments have been carried out based on this niieod which is
called HHT-SOI2 hereafter. The method HHT-SOI2 is similar in form to the
HHT{13 method proposed in [9] with the following di erences:

The velocity kinematic constraints (17f) has been added to povide con-
straint stabilization;

The equation (17a) has an acceleration correction ternf;

The additional equation (17c) relates the acceleration corection € to the
algebraic variables e associated with the velocity kinematic constraints

(7).
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Fig. 3. A pendulum model. Parameters used (in Sl units): mass m =5, length L = 2,
spring stiness k = 3000, damping coe cient c¢ = 100, gravitational acceleration
g = 9:81. Initial conditions used correspond to  (0)=3 =2, %0)=10

A rigid-body slider crank model shown in Fig. 5 is used here tdllustrate
the velocity constraint stabilization. The equations of motion are formulated
using the oating frame of reference formulation [10]. A degription of this
model along with initial conditions used in its analysis is provided in [8]. We
have monitored the velocity of the pin connecting the crank © the ground
(point O in Fig. 5) using a step{sizeh = 2 1° = 0:0009765625. Ideally, the
drift of the velocity constraints should be zero. When plotted in a phase plot
one against the other, for the HHT{I3 integrator a limit cycl e of magnitude
approximately 10 © can be observed in Fig. 6, while for the HHT{SOI2, as
expected, the plot of Fig. 7 displays a collection of random pints that are
within machine precision.

9 Conclusions

The generalized{ method of Chung and Hulbert [2] is extended in this work
to handle the case of nonlinear di erential{algebraic equaions associated for
example with the time evolution of systems of rigid and/or e xible bodies.
The proposed method, calledgeneralized{ {SOI2 method, where SOI2 stands
for Stabilized Overdetermined Index 2, is second order corergent for sys-
tems having nonconstant mass matrix, holonomic constraing, and/or non-
holonomic constraints. For variable step{sizes, a new adjsting formula pre-
serving the second order of the method is proposed. Numerit@xperiments
have been carried out to verify these claims. The new extensn has the same
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o error of generalized-alpha-SOI2 with variable stepsizes
10 . . - ———— . .

errors in y,z,and lambda

7 . . . . M .
10° 10° 10°
hi2

Fig. 4. Global errors kyn, y(tn)k2 ( ), kzn  z(tn)k2 ( ), k n (tn) k2 (+) of the
generalized- -SOI2 method ( 1 = 0:2) at t, = 2 for the pendulum test problem
(16) with variable step{size alternating between h=3 and 2h=3 using the adjusting
formula (14a) for an+

user-adjustable numerical damping parameters associatedith the original
generalized{ method. Due to its semi{implicit formulation, early numeri cal

Fig. 5. Slider crank mechanism
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Fig. 6. Velocity kinematic constraints Fig. 7. Velocity kinematic constraints
violation for HHT{I3 satisfaction for HHT{SOI2

results suggest that the new method is more e cient for largemechanical sys-
tems simulation when compared to the current state of the artin numerical
integration of constrained systems in mechanics.

References

1. Cardona A, Geradin M (1989) Time integration of the equat ions of motion in
mechanism analysis. Comput. & Structures 33: 801{820

2. Chung J, Hulbert GM (1993) A time integration algorithm fo r structural dy-
namics with improved numerical dissipation: the generaliz ed{ method. J. Appl.
Mech. 60: 371{375

3. Hilber HM, Hughes TJR, Taylor RL (1977) Improved numerica | dissipation for
time integration algorithms in structural dynamics. Earth quake Engng Struct.
Dyn. 5: 283{292

4. Hughes TJR, Taylor RL (1987) Finite element method - Linea r static and dy-
namic nite element analysis. Prentice{Hall, Englewood Cl is, New Jersey

5. Jay LO, Negrut D (2007) Extensions of the HHT- method to di erential{
algebraic equations in mechanics. ETNA 26: 190-208

6. Jay LO, Negrut D (2008) A second order extension of the generalized{ method
for constrained systems in mechanics. Technical report, Dept. of Mathematics,
Univ. of lowa, USA. In progress

7. Lunk C, Simeon B (2006) Solving constrained mechanical systems by the family
of Newmark and {methods. ZAMM 86: 772{784

8. Negrut D, Jay LO, Khude N, Heyn T (2007) A discussion of low o rder numerical
integration formulas for rigid and exible multibody dynam ics. In: Bottasso CL,
Masarati P, Trainelli L (eds) Conference Proceedings of Mul tibody Dynamics
2007, ECCOMAS Thematic Conference, Milano, Italy, 25{28 Ju ne 2007

9. Negrut D, Rampalli R, Ottarsson G, Sajdak A (2007) On an imp lementation
of the HHT method in the context of index 3 di erential algebr aic equations of
multibody dynamics. ASME J. Comp. Nonlin. Dyn. 2: 73{85



16 Laurent O. Jay and Dan Negrut

10. Shabana AA (2005) Dynamics of multibody systems. Cambridge University
Press, third edition

11. Yen J, Petzold LR, Raha S (1998) A time integration algori thm for exible
mechanism dynamics: The DAE{alpha method. Comput. Methods Appl. Mech.
Engrg. 158: 341{355



