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In this article a broad class of systems of implicit differential—al gebraic equations (DAES)
is constered, including the equatons of mechantal sysemswith holonomic and nonhob-
nomic constaints. Solutionsto theseDAES canbe appioximaied numeicaly by appling a
classof superpartitionedadditive Runge—HKitta (SPARK) methods.Several propertiesof the
SPARK coef cierts, satis ed by the family of Lobatto [IIA-B-C-C -D coef cients, arecrucial
to dealpropety with the presenceof constaints and algebric variables. A main dif culty for
anef cientimplementationof thesemethodslies in the numericalsolutionof the resulting
sysemsof nonlinearequatons.Inexactmodi ed Newton iterationscanbeusedto solvethese
sysems.Linearsysemsof themodi ed Newton method canbe solved appioximaiely with a
preconditionedineariterative method.Preconditionersanbe obtainedafter certaintransfor
maionsto the systems of nonlinearandlinearequatons. Thesetransbrmatonsrely heavily
onspeci c propeties of the SPARK coef ciens. A new truly parllelizabk precondiioneris
presengd.
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1. Introduction

In this article a broad classof systens of possiblystiff and implicit differential—
algebraicequations(DAES) is consideredjncluding Hessenbe&y DAEs of index 1 2,
and3 [1,5,6,8,9]. Theseequationsenconpassthe formulation of mechanicalsystens
with mixed constraintsof holononic, nonholononic, sclerononc, and rheononic types
[7,16,17]. Solutionsto theseDAEs can be approximated numerically by applying a
classof superpartitionedadditive Runge—Kitta (SPARK) methods such as the combi-
nationof LobattolllA -B-C-C -D methods[9]. SPARK methodscantake adwantageof
splitting the differentialequationsinto differentterms andof partitioning the variables
into differentclasses Several propertiesof the SPARK coef cients,satis ed by theLo-
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battofamily, are essentialo treatthe constraintsandthe algebraicvariablesproperly
A maindif culty for an ef cientimplementationof thesemethodsliesin the numerical
solutionof the resultingsystens of nonlinearequations.For this purposeinexact mod-
i ed Newton iterationscanbe used,extendingtechniquesproposedfor the solution of
implicit Runge—Kutta(IRK) methodsappliedto implicit systens of stiff ordinary dif-
ferential equations(ODESs) [10-12]. Such an extensionis not straightforward,as the
presenceof constraintsand algebraicvariablesaddssomne extra dif culty. Linearsys-
temsof themodi ed Newtonmethodcanbesolvedapproxinately with apreconditioned
lineariterative method after certaintransfornationsto the systens of nonlinearandlin-
earequations.Thesetransfornationsrely heavily on speci ¢ propertiesof the SPARK
coef cients.Foran -stageSPARK methodandstiff DAEsthedeconpositionof at most

1 independensubnatricesof the sane dimensionasthe DAEs is requiredto build
an ef cient preconditioner The main purposeof this paperis to presentthe stepsin-
volved to put the systemof linear equationsof the modi ed Newton methodin aform
suchthatpreconditioninghesdinearequationsanbedonein astraightforwardmanner
following theresultsof [10-12].

In section2, the classof implicit DAEs consideredn this article is presented.in
section3, thede nition of SPARK methodsappliedto theseDAEs s given. Some prop-
ertiesof the SPARK coef cientsare given which arecrucial for an ef cientimplementa-
tion of thesemethods. In section4, an approximete Jacobiarto the systemof nonlinear
equationds derived after certainlinear transfornations. Section5 describeghe steps
involved to transformthe approximete Jacobiarbeforeapplicationof a preconditioner
A new truly parallelizablepreconditioneiis succinctly presented.

2. Thesystemof implicit differ entialDalgelraic equations

Considerthefollowing classof systens of implicit differential-algebraiequations
(DAES)

d
d (1a)
d
q (1b)
d
d (1c)
0 (1d)
0 (1e)
0 (af)

which may presentsome stiffness. TheseequationsenconpassHessenber DAES of
index 1 2, and 3 [1,5,6,8,9]. They alsoinclude the formulation of mechanicalsys-
tems with mixed constraintsof holonoric, nonholononit, sclerononic, and rheononic
types[7,13,16,17]. In mechanicsthe quantities representrespectiely gener
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alized coordinates generalizedvelocities, and generalizedmomenta. The right-hand
side of (1b) containsgeneralizedorcesactingon the systemand (1c) describesthe
dynamcs of externalvariables . The algebraicvariables and arelLagrangemul-

tipliers associatedespectiely to the nonholononit constrainty1e)andthe holononic

constraintq1f). The equationsof constrainedystens in mechaniccanbederived from

Newton’s law of motion and the generalizedGaussvariational principle of leastcon-
straint[13]. It is assuned thatthe constraintg1f) canalsobe expressedis

0 (19)

The variable is theindependentariable and

1 T

1 T

1 T

1 T

1 T

1 T
The variables are called the differential variablesandthe variables are

calledthealgebraic variables. The latteroften correspondo L agrangemultipliers when
the DAEs are derived from some constrainedariational principle [ 7,13]. Theinitial val-
ueSso o o o o oatgaresupposedobegiven. Somedifferentiabilityconditions
on the above functionsand consisteng of the initial valuesare assuned to ensureex-
istenceand uniguenes®f the solution. In a neighborhoodf the solution the following
conditionsaresupposedo be satis ed

is invertible, (2a)
is invertible, (2b)
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is invertible, (2¢)

is invertible, (2d)

is invertible. (2e)

Notice thatfrom (1g) holds, hence 1 in (2e). Undercon-

ditions (2a)—(2c)explicit expressiondor the deriatives of the differentialvariablescan
be obtained.The differentialequations(1la)—(1c)leadto

d
— 3
5 (32)
d d
— — 3b
g g (3b)
d d d
d d d
(30)
For example, (3a)leadsto
d 1

d

Implicit expressiongfor the algebraicvariablescan be obtainedby application of the
implicit function theorem From (1d), (2d) the algebraicvariables canbe implicitly

expresseds . Differentiatingthe constraintg1e) oncegives
d d d
— — — 4
0 3 d d (42)
Differentiatingthe constraint1g) twice leadssuccessiely to
d
0 — 4b
5 (4b)
d2
d d
— — 4
g g (4c)

Hencefrom (2e), (3b), (4a), (4c) implicit expressiondor the algebraicvariables

canbe obtained. The exact solution must satisfy theseadditional so-calledunderlying
constaints (4). To be consistentthe initial values ¢ ¢ o o o o at o mustsat-
isfy the whole setof constraints(1d)—(1f), (4). After one more differentiationof the
constrainty1d), (4a), (4c) explicit expressiondor the derivatives of the algebraicvari-
ablescanbe obtained . forming togetherwith (1a)—(1c)an underlyingsystemof ODES.



L.O. Jay / Iterative solution of SPARK methods 175

The overdeternined systemof DAES (1), (4) isthereforeof differential andperturbation
index 1 [8]. The constrainty1d)—(1f) are often calledthe index 1 2 3 constraintsre-
spectvely, althoughthenotionof index, especiallyof perturbatiorindex, is more closely
relatedto variablesthanto equationd8, p. 10]. DAEs of perturbationindex lessthan
or equalto 1 suchas(1), (4) are well-posedcontraryto higherperturbationindex DAES
suchas(1). From a numerical and computationalperspectie and from the mathemati-
cal point of view of well- andill-posednesshe perturbationindex is certainlyoneof the
most relevant notionsof index.

With the equationsof mechanicakystens in mind wheredifferenttypesof forces
arepresent,see[7,9,16,17], deconpositionsof theright-handsidesof (1a)—(1c)canbe
considered

max

(5a)

max

(Sb)

max

(5¢)

Thefunctions , , aresupposedo have distinct propertiesand canthereforebe
nunerically treatedn adifferentway. Thevalueof a5« correspondso differentclasses
of certaintypesof right-handside terms. This value shouldbe reasonablysmall. For
exanple, mechanicakystens may includedifferenttypesof forcessuchasconseretive,
dissipatve, explosive, andhighly oscillatory forces,hencetypically max 4. Forthe
applicationof the numerical methodsconsideredn this paper the following additional
assumptions aremade

(5d)
This is obviously not arestrictionon the system(1) per se,but it is usedasa restriction
ontheapplicationof SPARK methods,seesection3.
3. SPARK methods

The applicationof SPARK methodsto theoverdeterninedsystemof implicit DAES
(1), (4) istentatvely given asfollows, generalizingthede nition of [9]:
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Debnition 1. One step of an -stage superpartitioned additive Runge—Kutta (SPARK)
method appliedwith stepsize to the overdeternined systemof implicit differential—
algebraicequations(1), (4) satisfyingthe assunptions with deconpositions(5) reads

max

0 0 for 1 (6a)
11
0 ! # $ 0 for 1
101
(6b)
% 0 " # % 0 for 1
11
(6¢c)
L0 for 1 (6d)
0 for 1 (6e)
0 1 0 for 1 (61)
1
10 & 0 (69)
1
Lo & L " % $ 0 (6h)
1
1 o & Lot # S 0 (6i)
1
11111 O (6))
111 O (6k)
11 O (G)
101 11 111 O (6m)
where
0 0 o
0 0 0 0
0 000 0
0 for 1

for 1
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for 1
% ! for 1
1 0
1 1 1
1 1 1 1
1 1 1 1 1

The RK coef cientsmatricesof nax Runge—Kutta(RK) methodsbasedon the sane

guadratureformula & 1 are denotedby ' 1 for 1
max- 10 ensureexistenceanduniquenes®f the numerical solution,only a certain

linear combination of equations(6e), (6k) is actuallyconsideredseeequationg14e).

From this tentatve de nition of SPARK methodsresultsa systemof nonlinear
equationsto be solved for the internal stages " # $ for 1
andfor the numerical approxinetion at ; givenby ; ;1 1 1. Ingeneralexistence
anduniquenesso thesenonlinearequationscannotbe shavn unlesssone assunptions
on the SPARK coef cientsare made. Also equations(6e), (6k) for the constrainty1e)
cannotbeall satis ed. The actualde nition of SPARK methodsis given in de nition 5.
Accuratevaluesfor the algebraicvariables ; 1 1 arenot necessaryor the step by
stepintegration. In ary casetheaccurag of thesealgebraicvariablesdoesnotin uence
the convergenceof the other variablesandthe propertiesof SPARK methodssincethe
values o o o donotenterexplicitly thede nition of SPARK methods. For SPARK
methodssatisfying 1theapproxinationsgivenby " 4 # 1 %
areadequate.

3.1. Propertiesof SPARK coefcients

In this article( denoteghe identity matrix, denoteghe zero
matrix, & & & T istheweightvector ) 0 010 0 Tisthe th
-dimensionalunit basisvectotr and 0 0 0 T isthe -dimensionalzerovector

It is assured that the nunber of internalstagessatis es 2. SPARK methods(6)
satisfyingthefollowing assunptions areconsidered

)11 O (7a)

)T & (7b)

)T s & (7c)
OT

' 1' % fOI’ 2 max (7d)

& is invertible, (7€)

3 isinvertible. (7f)
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Theseassumptions aresatis ed for exanple by the Lobattofamily with .« 5 and
"1' 2" 3" 4" 5 beingthe RK matrices of LobattolllA -B-C-C -D coef cients, re-
spectvely [9]. Theassumptions (7b), (7c) are stiff accuracy conditions.Noticethat(7a)
is also a direct consequencef (7f) and (7d) for 3. Let' ; bethe 1
submatrix of ' ; given by therelation

OT

1

"1 (8)
The following lemmas will be extremely usefulto obtainan ef cientimplementation of
SPARK methodsappliedto DAES.

Lemma 2. Therelation

Loy

"1

)T & '3 )
follows from (7¢)—(7f).
Proof. Therelation' ;" 3 * follows from (7d) for 3. Hence,togetherwith
(7¢)it leadsto

"y *

)T 3 &

Theinvertibility of theleft matrix ontheleft-handside follows from the conditions(7e),

(7).

Underthe assunptions of lemma 2 thefollowing 1 matricesarede ned
1
"1 "1 0 g
0 10a
1 )T OT 1 ( 1 ( )
, 1
1
1 )T 1) ) 1 (10b)
where
1
1 1
10c
o) (10c)

1 &T 0 I3 0 for 2 max
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Moreover, if in addition(7b) holdsthenthe following relationis obtained

"1 0 .
1&T0 1

Proof Therelations

1
1 1 0 l 0 ' 0 for
)T o0 1 & 0 :

follow directly from (7d) andlenmma 2. For 1 therelation
1
"1 '1 01 "1 0
)T or 1 & 0
follows from

1) )
which is asimple consequencef (7b).

Lemma4. Considerthe matrix 1 asde nedin (10) andthe
vector 1 0 0 1 1T. Thenthefollowing 1

1
11 T
1

is invertible.

Proof The expressiong10) give

(1 1 1
o, 0 1

hencedet 1 1 liseasilyobtained.In fact,theinverseto
explicitly by usingthefactorization

where

max

1 -dimensional
1 matrix

(11)

(12)

1 1 canbegiven

(13a)

(13b)
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Hence, % , , % .+ % holdswhere
1 1
1 + 1
! 1 1 1 1 1 1
1 1 1

3.2. The systenof nonlinearequations

It is essentiato putthe systemof nonlinearequationsn aform suchthatprecondi-
tioning thelinearequationof themodi ed Newton methodcanbedonein astraightfor
ward mannerfollowing the resultsof [10-12], seesection5. From the assunption (7a)
andthe consisteng condition o o 0 theequation(6f) for 1 isautomatically
satis ed. A consequencef theassunption (7b)is

thereforeby (6f) for equation(6l) is aso automatically satis ed. Insteadof solving
directly the remaining setof equationsof (6), sone speci c linear transfornationsare
applied. The remaining equationsare expressedy making useof the matrices 1
(10)and 1 ;(11)asfollows:

Debnition 5. The actualde nition of SPARK methodsappliedto (1)—(4)—(5)is taken
as

10 1
1 1
11 ( max 0 (149)
0
11
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11 (
1 0 1 " # S
101
max 0 (14b)
0 | " # $
101
1 0 & ot # S
1
1 (
%l 0 1 ! " # $
101
max 0 (l4c)
% o bt # 3
101
10 & ot # 3
1
11 1t1"
1 ( 0 (14d)
|
101 1 1 1
101 1
( 0 (14€)
101 1
1
- 2 0 21
1
1
( 0 (14f)
1
= 0 1
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Equations(14e) correspondonly to a linear combination of the constraints(6e), (6k).
From (12) equation(6k) is truly the only one presered among (6e), (6k), this implies
that the numerical solutionat ; still satis es the constraint(1e). This linear combina-
tion (14e)of (6e), (6k) is somehow necessaryo ensureexistenceanduniquenessf the
numerical solutionsince in (6) thereareonly algebraicvariables# ( 1 )
for 1 setsof equations(6e), (6k). In order to combine the constraints(6f) and
(6l) properly the equations(6f) have beenmultiplied by 1- where is the stepsize.
Since ¢ o 0, this can be interpretedas a nite differenceapproxination to
d -d Oa

d 0 11 0 0

d

The main reasonfor theselinear transfornationsis to obtainan advantageoustructure
of the approximete Jacobiangivenin section4, for the constructionof ef cientprecon-
ditioners,to be discussedn section5.

Notice that becauseof the factorization(13a),(13b) multiplication by 1 po0f
equationg14a)-(14chasanimplication easilyinterpretable Forexanmple, (14b)canbe
rewritten as

+ 1 1 (
10 1 [
101
e 0 (149)
0 " #$
11
1 & " # %
101

One effectis to renmove stiffnessfrom the lastsetof equationsprovided theterms caus-

ing gtiffnessare treatedwith coef cients satisfying the stiff accuracy condition
& for 1 , see(7b), (7c).
A setof dunmy equationscanbe appendedo (14e),(14f)
111 1 O (14h)
11 11 1 1 1 1 0
(24i)
Theseequationsmust be taken as a dunmy de nition of ; ;. Of coursethe exact
solution at 0 must not be approxinetedby ; 1 as given above,
but, for exanple,by# $ when 1. Theunknovns ; 1 havebeenincludedonly

for easeof presentationn the derivation hereaftey but they are actually not unknavns
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of the nonlinearsystem(14a)—(14f). In (14) a systemof nonlinearequationshasbeen
obtainedfor the following vectorcollectingall unknovns

1 o111 #1185 " # $ 110101 1 1"
(15)

4. Inexactmodibed Newton iterations for SPARK methods

The iterationschenes proposedo solve the systemof nonlinearequationscorre-
spondingto the application of IRK methodsto DAEs have generallybeenbasedon ad
hocmodi cationsof thesimpli ed Newton method[5]. For SPARK methodsthereare
additionaldif cultiesto obtainan ef cientimplementationdueto their additive andpar-
titioned nature. This paperproposeshe use of inexact modi ed Newton iterationsor
more precisely using anotherterminology, of modi ed Newton-iteratve methods, ex-
tendingtechniguedevelopedin [10-12]. Insteadof solving exactly the linear systens
of the modi ed Newton method,they canbe solved approxinetely anditeratively after
applicationof speci c lineartransfornationsandthe useof a preconditioner

4.1. Inexact modi ed Newton iterations

Modi ed Newton iterations appliedto the setof equationg14) readasfollows
/0 .1 2 .1 Sttt oot 1 012 (16)

where / is amodi ed Jacobianj.e., roughly speakingan approxingtion to the exact
Jacobian,

0. 0., 0. 037 (17a)
0. 0O 0 O! 0" Oo# 0% T for 1 (17b)
03; 0,0 ;0 ;0 ;0 ;0 T (17¢)

and2 . correspondso the expressionsn (14) reorderedaccordingly

A direct deconposition of the modi ed Jacobiar/ may be inef cient. In the
inexact modi ed Newton methodthe linear systens (16) are solved only approximeately,
generallyby a preconditionedinear iteratve method, suchas preconditionedversions
of Richardsonor GMRES iterations[3,4,11,14,15]. This requiresthe constructionof
a good preconditioner seesection5. A sequencef iterates. ' with a residualerror
1 /0 .1 2 .1 isobtainedat eachiteration. Suf cienta priori anda posteriori
conditionsto ensurecorvergenceof the inexact modi ed Newton iteratestoward the
solution of a systemof nonlinearequationshave beengiven in [11]. In combination
with alinear iterative method the inexact Newton method is calleda modi ed Newton-
iterative method Theuseof preconditionedinear iteratve methodsfor the numerical
solution of ODEs and DAEs was rst consideredin the context of implicit multistep
methodsby Brown et al. [2].
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4.2. The"simplied” Jacobian

In a standardapproachthe systemof nonlinearequationg14)is solved by simpli-
ed Newtoniterations.Thisrequiresthesimpli ed Jacobianwhich isthe Jacobiaratthe
initial guess.The simpli ed Jacobiancorrespondingo the equations(14a)—(14f)with
respecto thevariablesin (15) canbe expressedasfollows

101
max 1 O
L1 o (18a)
1
101
max O
11 o (18b)
1
101
max 1 O
L1 et g (18c)
1
11 (18d)
1 (18e)
1
1 1 01
)T o 1
1 l O
1 1 1
)T o' 1
1
(18f)

where the symbol  denotesthe tensorproduct. The arguments of the expressions
, €tc., which have beenomitted, aregiven by theinitial valuesg ¢ o o o,
o o Strictly speakingthisisin factnot really the smpli ed Jacobiarsincethe ini-
tial guessof theiterationsis generallynot given by the initial values.Neverthelessthe
terminology of simpli ed Jacobianto referto (18) will be kept, since thisis how it is
generallycalledfollowing, e g., [6, sectionlV.8]. Theterminology of modi ed Jacobian
would actuallybe more correct.

4.3. Anappoximate Jacobian

Somemodi cationsto thesimpli edJacobian(18) canactuallybeused sinceit is
not necessaryo keepthefull smpli edJacobiarto ensurecornvergenceof themodi ed
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Newton iterates(16). The expressionof a so-called approximate Jacobian4 is given
here. It will be usedin the discussiongiven in section5 aboutthe constructionof pre-
conditioners.lt should be noticedthatit is not necessaryo use exactly the approximete
Jacobianpresentedhereto ensurecornvergenceof the whole inexact modi ed Newton
procedureadditionalmodi cationsarepossible.

A main point in the speci cationof the approxinate Jacobiarconcernghe equa-
tions

1 & 0 (19a)
101

1 & b # 3 0 (19b)
101

1 % & " #0$ 0 (19¢)
101

11 1 1 1 L 0 (19d)

11 1 1 O (19e)

11 11 1 1 1 (29f)

1 O

which involve the numerical solution at the endpoint ;, see(14). Denotingminus the
left-hand side of equations(19) by ;, one stepof the smpli ed Newton method for
theseequationgeads

max

5 6 03; O. 7 03, & Hm 7 0. 1 (20)
1
where
0. 0., 0. T (21)
with 0.  for 1 and03 ; asin (17),and
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6
7
7
(
(
The quantities 1, 1, 1, 1and , ,! ," bothapproximete the exactsolution ,
at 0 1 . By (19a)—(19d)they arecloseto eachother

provlded stlff terms aretreatedby stif y accurateRK coef cients. Hence,sone ternms

in (20) canbe ngylected,leadingto some sort of xed-pointiterationsfor ; 1 1 1.

Since the variables ; ; are dunmy variableswhich are directly de ned by (14h),

(14i), they shouldhave noin uenceon thenumerical solutionto the systemof equations
(14a)—(14f).Therefore,in (20) theterm7 03 ; andthe conponentsof ; corresponding
to (19e), (19f) canbe neglected. The dummy values ; 1 canbe setexplicitly after

eachmodi ed Newton iterationsuchthatthe equationg14h), (14i) are satis ed exactly

for the currentiterate. 1. This meansthatthe correspondingomponentsof ; canbe

assuned to vanish. Provided stiff terms aretreatedby stif y accuratecoef cients,i.e,

satisfying & for 1 , the linear equation(20) canbe simpli ed, for

exanple, to

50 . 503 (22)

From (18) thewholesetof equationg14) andvariablescanbereorderediccording
to (15) suchthatafterapplicationof lemma 3 the correspondingpproxinate Jacobiard
consideredhereis expressedsfollows
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' 0 ' 0
4 1 1 5 O'I:'L 0 71 O'? 0 70 78 (23)
wherefrom (5d)
7o (24a)
2
1 1
1 1
7 ot (24b)
7g (24c)

The particulartensorialstructureof the approxinate Jacobiard cannow be usedto ob-
tain goodpreconditionerslt will bediscussedn section5. It would not be possibleto
do soif thesmpli edJacobian(18) waskept. Some otherpartsof the approximete Ja-
cobian,suchas and , canactuallybeneglectedwithoutjeopardizingconvergence
of theinexactmodi ed Newton iterates.

5. Precorditioning the approximate Jacobian

In this sectionthe discussions basedon the approximate Jacobiard (23), though
aspreviously mentioned,otherchoicesarepossible.Considera linear systemwith ma-
trix 4

40. + (25)
0. asin (17),andright-handside + deconposedas

+ o+ + 47
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5.1. Transforning thelinear system

As a rst step, the relation (22) can be introducedinto the rst subequations
of (25). A reducedinear system

40 . + (26)
is obtainedfor 0 . givenin (21) where
4 (5 "1 Tt '3 To Tg
+ o+ + T 1

by usingthe deconposition (13) for 1 1in(23).

Asasecondstep,the quantitiesO# and0$ for 1 canbereplacedn
(17) asfollows
09 ,; 0# 0: ; 0% ;
"3 ( "3 (
09 o# 0: 0%
Hence,alinearsystem
;3 & (27)
is obtainedwith matrix
( S 7o "1 71 '3 Ts (28)

where

Undertheassunptions (2) thematrix 5 7 is invertible. For nonstif DAEs theterns

1 7iand ' 3 7g in(28)canbengglected.

Once an approxination to the solution of the linear system(26) is obtained, it
remains to de ne anapproximationto0 ,,0 ;,0 1,0 ;. Therelation(20) or (22)
canbeusedfor thatpurpose.The currentiteratesfor ; ; canbede neddirectly from
(14h),(14i), but this neednot be doneexplicitly.

The linear system(25) with approximate Jacobiand (23) hasbeentransforned
undera form suchthat preconditioningthe linear equationg27) cannow be donein a
straightforwardmannerfollowing the resultsof [10—12]. The preconditioneideveloped
in [10,11] will not be describechere. The main dravbackof this preconditioneiis the
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factthat althoughits deconpositionis parallelizable the solutionof the linear systens
involved is not. Instead,a new truly parallel preconditioneris presentedn the next
subsection.

5.2. Atruly parallel preconditioner

In this subsectiorsome recentresultsof [12] arefollowed and brie y presented.
Thelinearsystem(27) is solvedapproxinately by applicationof lineariterative methods
with a preconditioner ; Loftheform

< < 1
where
< 5 7o "1 71 "3 Tg
2 (5 T 1 T 3 T

The coef cientsmatrices" ; and" 3 arechosento be diagonal

1 diag 11 21 1 3 diag 13 23 3

with 1, 0becausef (7a),leadingto

where
< 5 7o 171 a7g for 1

The matrices< canbe deconposedindependentlyhencein parallel. Solving a linear
systemwith matrix < canalsobedonein parallelsinceit is block-diagonal.This is the
main adwantageof this preconditionercomparedto the onepresentedn [10,11].

The coef cientsof " 1, "3, : 1, and : 3 still renain to be xedto somne values.
Assuning the coef cientsof " ; andof " 3 to begiven, thecoef cientsof : ; and: s are
taken as

0 o’ W dn
1 v 1L W 1a D3 3 373
1 1 11 1 1 1
where
"1 11 "1 "y diag 21 1

with ' 1 asin (8). The coef cientsmatrices: ; and: 3 have beenseparatelyetermned
suchthatthe preconditioner is asynptotically correctwhenconsideringhe Dahlquist
testequation

Re 0
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The coef cients 4 for 2 and 3 for 1 arefree. They are
requiredto satisfy ; = O for 2 and 3= O for 1 which isa
naturalassunption to ensurethe invertibility of the matrices< . Thesecoef cientscan
be chosenfor exanple, to minimize

max —max / 1

Re 0 1
where v ; yand / for 1 arethe eigervalues
of / . When 4 q for 2 and 3 3 for 1 only oneor

two matrix deconpositionsbeside5 7y areneeded.This canbe quite adventageous
on aserialcomputer The costof computing a matrix—vectorproduct  with atleast
processor®n a parallel computerconsistsof onedeconpositionof < on eachproces-
sor, two linear systens with matrix < to be solved, one local matrix—vector product
with eachmatrix 5 7y, 7 1, and 7 g, and sonme communicationbetweenprocessors
accordingto the nonzeroelements of the coef cientsmatrices: ; and: s.

6. Conclusion

The approximetion of a certainclassof DAEs by SPARK methodshasbeencon-
sidered. The main dif culty of thesemethodsresidesin nding a way to implement
themef ciently. Certainlinear transformations are applied to the resulting system of
nonlinearequationssuchthat an ef cient preconditionerto the linear systens of the
modi ed Newton methodcanbe constructed.Thesdineartransfornationsrely heavily
on speci ¢ propertiesof the SPARK coef cients. An approxinate Jacobiarof the sys-
temof nonlinearequationss presentedBasedon this approxinete Jacobiara new truly
parallelizablepreconditioneiis given.
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