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In this article a broad class of systemsof implicit differential–algebraic equations (DAEs)
is considered, including the equationsof mechanical systemswith holonomic andnonholo-
nomic constraints. Solutionsto theseDAEs canbeapproximated numerically by applying a
classof superpartitionedadditive Runge–Kutta (SPARK) methods.Severalpropertiesof the
SPARK coef� cients,satis�ed by thefamily of Lobatto IIIA-B-C-C � -D coef� cients,arecrucial
to dealproperly with thepresenceof constraintsandalgebraic variables.A main dif� culty for
an ef� cient implementationof thesemethodslies in the numericalsolutionof the resulting
systemsof nonlinearequations.Inexactmodi� ed Newton iterationscanbeusedto solve these
systems.Linearsystemsof themodi� ed Newton methodcanbesolvedapproximately with a
preconditionedlineariterativemethod.Preconditionerscanbeobtainedafter certaintransfor-
mationsto the systemsof nonlinearandlinearequations. Thesetransformationsrely heavily
onspeci� c properties of theSPARK coef� cients. A new truly parallelizable preconditioneris
presented.

Keywords: differential–algebraic equations,holonomic constraints, inexactmodi� ed Newton
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1. In tr oduction

In this article a broadclassof systems of possiblystif f and implicit differential–
algebraicequations(DAEs) is considered,including Hessenberg DAEs of index 1� 2,
and3 [1,5,6,8,9]. Theseequationsencompassthe formulation of mechanicalsystems
with mixed constraintsof holonomic, nonholonomic, scleronomic, andrheonomic types
[7,16,17]. Solutions to theseDAEs can be approximated numerically by applying a
classof superpartitionedadditive Runge–Kutta (SPARK) methods,suchas thecombi-
nationof LobattoIIIA -B-C-C� -D methods[9]. SPARK methodscantake advantageof
splitting the differentialequationsinto differentterms andof partitioning the variables
into differentclasses.Several propertiesof theSPARK coef� cients,satis�ed by theLo-
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batto family, are essentialto treat the constraintsandthe algebraicvariablesproperly.
A main dif� culty for an ef� cient implementationof thesemethodslies in thenumerical
solutionof theresultingsystems of nonlinearequations.For this purposeinexactmod-
i� ed Newton iterationscanbeused,extendingtechniquesproposedfor the solutionof
implicit Runge–Kutta(IRK) methodsappliedto implicit systems of stif f ordinary dif-
ferential equations(ODEs) [10–12]. Such an extensionis not straightforward,as the
presenceof constraintsandalgebraicvariablesaddssome extra dif� culty. Linearsys-
temsof themodi� ed Newtonmethodcanbesolvedapproximately with apreconditioned
linear iterative methodaftercertaintransformationsto thesystems of nonlinearandlin-
earequations.Thesetransformationsrely heavily on speci�c propertiesof theSPARK
coef� cients.Foran � -stageSPARK methodandstif f DAEsthedecompositionof at most
� � 1 independentsubmatricesof thesame dimensionastheDAEs is requiredto build
an ef� cient preconditioner. The main purposeof this paperis to presentthe stepsin-
volved to put thesystemof linear equationsof themodi� ed Newton methodin a form
suchthatpreconditioningtheselinearequationscanbedonein astraightforwardmanner
following theresultsof [10–12].

In section2, theclassof implicit DAEs consideredin this article is presented.In
section3, thede� nition of SPARK methodsappliedto theseDAEsis given. Someprop-
ertiesof theSPARK coef� cientsaregiven whicharecrucial for an ef� cientimplementa-
tion of thesemethods.In section4, an approximate Jacobianto thesystemof nonlinear
equationsis derived after certainlinear transformations. Section5 describesthe steps
involved to transformtheapproximate Jacobianbeforeapplicationof a preconditioner.
A new truly parallelizablepreconditioneris succinctlypresented.

2. Thesystemof implicit differ entialÐalgebraic equations

Considerthefollowingclassof systemsof implicit differential–algebraic equations
(DAEs)
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which may presentsome stiffness. TheseequationsencompassHessenberg DAEs of
index 1� 2, and 3 [1,5,6,8,9]. They also include the formulation of mechanicalsys-
tems with mixed constraintsof holonomic, nonholonomic, scleronomic, and rheonomic
types [7,13,16,17]. In mechanicsthe quantities�� � � 
 representrespectively gener-
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alized coordinates,generalizedvelocities, and generalizedmomenta. The right-hand
side� of (1b) containsgeneralizedforcesactingon the systemand(1c) describesthe
dynamics of externalvariables� . The algebraicvariables� and� areLagrangemul-
tipliers associatedrespectively to thenonholonomic constraints(1e)andtheholonomic
constraints(1f). Theequationsof constrainedsystems in mechanicscanbederived from
Newton’s law of motion and the generalizedGaussvariationalprinciple of leastcon-
straint[13]. It isassumed thattheconstraints(1f) canalsobeexpressedas

�� � � � � � �� �� � � �� � � � � 0� (1g)
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The variables�� 	 � � arecalled the differential variablesandthe variables
 � � � � are
calledthealgebraic variables.The latteroftencorrespondto Lagrangemultipliers when
theDAEsarederived from someconstrainedvariationalprinciple [7,13]. Theinitial val-
ues� 0� 	 0� � 0� 
 0� � 0� � 0 at �0 aresupposedto begiven. Somedifferentiabilityconditions
on the above functionsandconsistency of the initial valuesare assumed to ensureex-
istenceand uniquenessof thesolution. In a neighborhoodof thesolution thefollowing
conditionsaresupposedto besatis�ed

� � is invertible, (2a)


 	 is invertible, (2b)
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� � is invertible, (2c)
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Notice that from (1g) � � � � � � � holds,hence� � � 	 � � � �� � � � 1� 	 in (2e). Undercon-
ditions(2a)–(2c)explicit expressionsfor thederivatives of thedifferentialvariablescan
beobtained.Thedifferentialequations(1a)–(1c)leadto
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Implicit expressionsfor the algebraicvariablescan be obtainedby application of the
implicit function theorem. From (1d), (2d) the algebraicvariables
 canbe implicitly
expressedas
 � 
 � � � � � 	 � � � . Differentiatingtheconstraints(1e)oncegives
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Differentiatingtheconstraints(1g) twice leadssuccessively to
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Hence from (2e), (3b), (4a), (4c) implicit expressionsfor the algebraicvariables�� �
canbe obtained.The exact solutionmust satisfy theseadditionalso-calledunderlying
constraints (4). To be consistentthe initial values� 0� 	 0� � 0� 
 0� � 0� � 0 at �0 must sat-
isfy the whole set of constraints(1d)–(1f), (4). After one more differentiationof the
constraints(1d), (4a), (4c) explicit expressionsfor thederivatives of thealgebraicvari-
ablescanbeobtained,forming togetherwith (1a)–(1c)an underlyingsystemof ODEs.
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Theoverdeterminedsystemof DAEs(1), (4) is thereforeof differential andperturbation
index 1 [8]. The constraints(1d)–(1f) are often calledthe index 1� 2� 3 constraintsre-
spectively, althoughthenotionof index, especiallyof perturbationindex, is moreclosely
relatedto variablesthanto equations[8, p. 10]. DAEs of perturbationindex lessthan
or equalto 1 suchas(1), (4) are well-posedcontraryto higherperturbationindex DAEs
suchas(1). From a numerical andcomputationalperspective and from themathemati-
cal pointof view of well- andill-posednesstheperturbationindex iscertainlyoneof the
most relevant notionsof index.

With theequationsof mechanicalsystems in mind wheredifferenttypesof forces
arepresent,see[7,9,16,17], decompositionsof theright-handsidesof (1a)–(1c)canbe
considered
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The functions� � , � � , � � aresupposedto have distinct propertiesand canthereforebe
numerically treatedin adifferentway. Thevalueof � max correspondsto differentclasses
of certaintypesof right-handside terms. This valueshouldbe reasonablysmall. For
example,mechanicalsystemsmayincludedifferenttypesof forcessuchasconservative,
dissipative, explosive, andhighly oscillatory forces,hencetypically � max � 4. For the
applicationof thenumericalmethodsconsideredin this paper, the following additional
assumptionsaremade
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This is obviously not a restrictionon thesystem(1) per se,but it is usedasa restriction
on theapplicationof SPARK methods,seesection3.

3. SPARK methods

Theapplicationof SPARK methodsto theoverdeterminedsystemof implicit DAEs
(1), (4) is tentatively given as follows, generalizingthede� nition of [9]:
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DeÞnition 1. One step of an � -stage superpartitionedadditiveRunge–Kutta (SPARK)
method appliedwith stepsize� to the overdetermined systemof implicit differential–
algebraicequations(1), (4) satisfyingtheassumptionswith decompositions(5) reads
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The RK coef� cientsmatricesof � max Runge–Kutta(RK) methodsbasedon the same
quadratureformula �&� � � � � � � 1���� � � are denotedby ' � �� �� �� � � � �� � � 1���� � � for � � 1�
� � � � � max. To ensureexistenceanduniquenessof thenumericalsolution,only a certain
linearcombinationof equations(6e),(6k) is actuallyconsidered,seeequations(14e).

From this tentative de� nition of SPARK methodsresultsa systemof nonlinear
equationsto be solved for the internal stages� � � � � � ! � � " � � # � � $ � for � � 1� � � � � �
andfor the numerical approximation at �1 given by � 1� 	 1� � 1� 
 1. In generalexistence
anduniquenessto thesenonlinearequationscannotbeshown unlesssome assumptions
on theSPARK coef� cientsare made. Also equations(6e),(6k) for theconstraints(1e)
cannotbeall satis�ed. The actualde� nition of SPARK methodsis given in de� nition 5.
Accuratevaluesfor the algebraicvariables
 1� � 1� � 1 arenot necessaryfor the step by
stepintegration.In any casetheaccuracy of thesealgebraicvariablesdoesnot in� uence
theconvergenceof theother variablesandthepropertiesof SPARK methodssincethe
values 
 0� � 0� � 0 do not enterexplicitly thede� nition of SPARK methods.For SPARK
methodssatisfying� � � 1 theapproximations given by 
 1 �� " � � � 1 �� # � � � 1 �� $ �

areadequate.

3.1. Propertiesof SPARK coef�cients

In this article( � denotesthe� � � identity matrix, � �� � denotesthe� � � zero
matrix, & �� �&1� � � � � &� � T is theweightvector, ) � �� � 0� � � � � 0� 1� 0� � � � � 0� T is the � th
� -dimensionalunit basisvector, and 0� �� � 0� � � � � 0� T is the� -dimensionalzerovector.
It is assumed that the number of internalstagessatis�es � � 2. SPARK methods(6)
satisfyingthefollowing assumptionsareconsidered
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Theseassumptions aresatis�ed for example by theLobattofamily with � max � 5 and
' 1� ' 2� ' 3� ' 4� ' 5 being the RK matrices of LobattoIIIA -B-C-C� -D coef� cients, re-
spectively [9]. Theassumptions(7b), (7c) arestiff accuracy conditions.Noticethat(7a)
is also a direct consequenceof (7f) and (7d) for � � 3. Let �' 1 be the �� � 1� � �
submatrix of ' 1 given by therelation

' 1 �



0T

�

�' 1
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� (8)

The following lemmas will beextremely usefulto obtainan ef� cient implementationof
SPARK methodsappliedto DAEs.

Lemma 2. The relation
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Lemma 3. From(7c)–(7f) it follows that
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Moreover, if in addition(7b) holdsthenthefollowing relationisobtained
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Lemma 4. Considerthe matrix � �� � � 1 asde� ned in (10) andthe �� � 1� -dimensional
vector� � � 1 �� � 0� � � � � 0� � 1� 1� T. Thenthefollowing �� � 1� � �� � 1� matrix
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explicitly by usingthefactorization
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Hence,� � 1
� � 1�� � 1 � , � 1

� � 1�� � 1+
� 1
� � 1�� � 1 holdswhere
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3.2. Thesystemof nonlinearequations

It is essentialto put thesystemof nonlinearequationsin aformsuchthatprecondi-
tioning thelinearequationsof themodi� ed Newtonmethodcanbedonein astraightfor-
wardmannerfollowing theresultsof [10–12],seesection5. From theassumption (7a)
andtheconsistency condition �� �0� � 0� � 0 theequation(6f) for � � 1 is automatically
satis�ed. A consequenceof theassumption (7b) is

�� �1� � 1� � �
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thereforeby (6f) for � � � equation(6l) isalsoautomatically satis�ed. Insteadof solving
directly the remaining setof equationsof (6), some speci�c linear transformationsare
applied. The remaining equationsareexpressedby making useof the matrices� �� � � 1

(10) and� � � 1�� � 1 (11) asfollows:

DeÞnition 5. The actualde� nition of SPARK methodsappliedto (1)–(4)–(5)is taken
as
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Equations(14e)correspondonly to a linear combination of the constraints(6e), (6k).
From (12) equation(6k) is truly the only onepreserved among (6e), (6k), this implies
that the numerical solutionat �1 still satis�es the constraint(1e). This linear combina-
tion (14e)of (6e),(6k) is somehow necessaryto ensureexistenceanduniquenessof the
numerical solution since in (6) thereareonly � algebraicvariables# � (� � 1� � � � � � )
for � � 1 setsof equations(6e), (6k). In order to combine the constraints(6f) and
(6l) properly the equations(6f) have beenmultiplied by 1- � where � is the stepsize.
Since �� �0� � 0� � 0, this can be interpretedas a � nite differenceapproximation to
d�� �� � � �� � � � - d� � 0 at � �

d
d�

�
�
� � � �

�
� � � � � � � �
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�
�

The main reasonfor theselinear transformationsis to obtainan advantageousstructure
of theapproximate Jacobian,givenin section4, for theconstructionof ef� cientprecon-
ditioners,to be discussedin section5.

Notice thatbecauseof thefactorization(13a),(13b)multiplication by � � � 1�� � 1 of
equations(14a)–(14c)hasanimplicationeasilyinterpretable.Forexample, (14b)canbe
rewritten as
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Oneeffect is to removestiffnessfrom thelastsetof equations,providedtheterms caus-
ing stif fnessare treatedwith coef� cients � �� � � satisfying the stiff accuracy condition
� �� � � � &� for � � 1� � � � � � , see(7b), (7c).

A setof dummy equationscanbeappendedto (14e),(14f)

��� 1� � 1� 	 1� � ��� � � � � � � � � � � 1 � 0� (14h)

� � �� 1� � 1� � � � �� 1� � 1�� �� 1� � 1� 	 1� �
�
� � �� � � � � � � � � �� � � � � �� �� � � � � � � � �

�
� � 1 � 0�

(14i)

Theseequationsmust be taken as a dummy de� nition of � 1� � 1. Of coursethe exact
solution ��� � � � �� � at � � �0 � � must not be approximated by � 1� � 1 as given above,
but, for example, by # � � $ � when � � � 1. Theunknowns � 1� � 1 havebeenincludedonly
for easeof presentationin the derivation hereafter, but they are actuallynot unknowns
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of the nonlinearsystem(14a)–(14f). In (14) a systemof nonlinearequationshasbeen
obtainedfor thefollowing vectorcollectingall unknowns

. �� �� 1� � 1� ! 1� " 1� # 1� $ 1� � � � � � � � � � � ! � � " � � # � � $ � � � 1� 	 1� � 1� 
 1� � 1� � 1� T�
(15)

4. InexactmodiÞedNewton iterations for SPARK methods

The iterationschemesproposedto solve thesystemof nonlinearequationscorre-
spondingto theapplicationof IRK methodsto DAEs have generallybeenbasedon ad
hocmodi� cationsof thesimpli� edNewton method [5]. For SPARK methodsthereare
additionaldif � cultiesto obtainan ef� cientimplementationdueto their additiveandpar-
titioned nature. This paperproposesthe useof inexact modi� ed Newton iterationsor
more precisely, usinganotherterminology, of modi� ed Newton-iterative methods,ex-
tendingtechniquesdevelopedin [10–12]. Insteadof solving exactly the linearsystems
of themodi� ed Newton method,they canbesolvedapproximately anditeratively after
applicationof speci� c lineartransformationsandtheuseof apreconditioner.

4.1. Inexact modi�ed Newton iterations

Modi�ed Newton iterationsappliedto thesetof equations(14) readasfollows

/0 . 1 � � 2
�
. 1�

� . 1� 1 � . 1 � 0. 1� 1 � 0� 1� 2� � � � � (16)

where / is a modi� ed Jacobian,i.e., roughly speakingan approximation to the exact
Jacobian,

0. �� �0. 1� � � � � 0 . � � 0 31� T� (17a)

0. � �� �0� � � 0 � � � 0 ! � � 0 " � � 0 # � � 0 $ � � T for � � 1� � � � � � � (17b)

03 1 �� �0 � 1� 0 	 1� 0 � 1� 0 
 1� 0 � 1� 0 � 1� T� (17c)

and2�. � correspondsto theexpressionsin (14) reorderedaccordingly.
A direct decomposition of the modi� ed Jacobian/ may be inef� cient. In the

inexact modi�ed Newton methodthelinearsystems (16) aresolved only approximately,
generallyby a preconditionedlinear iterative method, suchaspreconditionedversions
of Richardsonor GMRES iterations[3,4,11,14,15]. This requiresthe constructionof
a goodpreconditioner, seesection5. A sequenceof iterates�. 1 with a residualerror
� 1 �� /0 �. 1 � 2� �. 1� is obtainedat eachiteration. Suf� cienta priori anda posteriori
conditionsto ensureconvergenceof the inexact modi� ed Newton iteratestoward the
solution of a systemof nonlinearequationshave beengiven in [11]. In combination
with a linear iterative method the inexact Newton method is calleda modi�ed Newton-
iterative method. Theuseof preconditionedlinear iterative methodsfor the numerical
solution of ODEs and DAEs was � rst consideredin the context of implicit multistep
methodsby Brown et al. [2].
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4.2. The “ simpli�ed” Jacobian

In astandardapproach,thesystemof nonlinearequations(14) is solvedby simpli-
� ed Newtoniterations.Thisrequiresthesimpli�ed Jacobianwhich istheJacobianat the
initial guess.The simpli� ed Jacobiancorrespondingto the equations(14a)–(14f)with
respectto thevariablesin (15) canbeexpressedasfollows
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where the symbol 	 denotesthe tensorproduct. The arguments of the expressions
� � � � � � , etc., which have beenomitted, aregiven by the initial values�0� � 0� 	 0� � 0� 
 0,
� 0� � 0. Strictly speakingthis is in fact not really the simpli� ed Jacobiansincethe ini-
tial guessof the iterationsis generallynot given by the initial values.Nevertheless,the
terminology of simpli� ed Jacobianto refer to (18) will be kept, since this is how it is
generallycalledfollowing,e.g., [6, sectionIV.8]. Theterminology of modi�ed Jacobian
would actuallybemore correct.

4.3. An approximateJacobian

Somemodi� cationsto thesimpli� edJacobian(18) canactuallybeused,sinceit is
not necessaryto keepthefull simpli� edJacobianto ensureconvergenceof themodi� ed
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Newton iterates(16). The expressionof a so-calledapproximate Jacobian4 is given
here. It will beusedin thediscussiongiven in section5 abouttheconstructionof pre-
conditioners.It shouldbe noticedthat it is not necessaryto useexactly theapproximate
Jacobianpresentedhereto ensureconvergenceof the whole inexact modi� ed Newton
procedure,additionalmodi� cationsarepossible.

A main point in thespeci� cationof theapproximate Jacobianconcernstheequa-
tions
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which involve the numerical solutionat the endpoint�1, see(14). Denotingminus the
left-handside of equations(19) by � 1, one stepof the simpli� ed Newton method for
theseequationsreads
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with 0. � for � � 1� � � � � � and03 1 asin (17),and
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Thequantities� 1, 	 1, � 1, 
 1 and� � , � � , ! � , " � bothapproximate theexactsolution�� � � ,
	� � � , ��� � , 
 � � � at � � �0 � � � �1 � � � . By (19a)–(19d)they arecloseto eachother
provided stiff terms aretreatedby stif� y accurateRK coef� cients. Hence,some terms
in (20) canbeneglected,leadingto some sort of � xed-point iterationsfor � 1� 	 1� � 1� 
 1.
Since the variables � 1� � 1 are dummy variableswhich are directly de� ned by (14h),
(14i), they shouldhaveno in� uenceon thenumericalsolutionto thesystemof equations
(14a)–(14f).Therefore,in (20) theterm7� 03 1 andthecomponentsof � 1 corresponding
to (19e), (19f) canbe neglected. The dummy values� 1� � 1 canbe setexplicitly after
eachmodi� ed Newton iterationsuchthat theequations(14h),(14i) are satis�ed exactly
for thecurrentiterate. 1. This meansthat the correspondingcomponentsof � 1 canbe
assumed to vanish. Providedstiff terms aretreatedby stif� y accuratecoef� cients, i.e.,
satisfying� �� � � � &� for � � 1� � � � � � , the linear equation(20) canbe simpli� ed, for
example, to

� 50 . � � 50 31 � � 1� (22)

From(18) thewholesetof equations(14)andvariablescanbereorderedaccording
to (15)suchthatafterapplicationof lemma3 thecorrespondingapproximate Jacobian4
consideredhereis expressedasfollows
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wherefrom (5d)
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The particulartensorialstructureof theapproximate Jacobian4 cannow be usedto ob-
tain goodpreconditioners.It will bediscussedin section5. It would not bepossibleto
do soif thesimpli� edJacobian(18) waskept. Some otherpartsof theapproximate Ja-
cobian,suchas � � and� � � � , canactuallybeneglectedwithout jeopardizingconvergence
of theinexactmodi� ed Newton iterates.

5. Precondition ing theapproximate Jacobian

In this sectionthediscussionis basedon theapproximate Jacobian4 (23), though
aspreviously mentioned,otherchoicesarepossible.Considera linearsystemwith ma-
trix 4

40. � +� (25)

0. asin (17),and right-handside + decomposedas

+ � �+ 1� � � � � + � � � 1� T�
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5.1. Transforming thelinear system

As a � rst step, the relation (22) can be introducedinto the � rst � subequations
of (25). A reducedlinearsystem

�40 �. � �+ (26)

is obtainedfor 0 �. given in (21) where

�4 �� ( � 	 5 � �' 1 	 71 � �' 3 	 � 70 � 78 � �
�+ �� �+ 1� � � � � + � � T � 
 � 	 � 1�

by usingthedecomposition(13) for � � � 1�� � 1 in (23).
Asa secondstep,thequantities0# � and0$ � for � � 1� � � � � � canbereplacedin

(17) asfollows
�

�
�

09 1
���
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�
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Hence,a linearsystem

�; �3 � �& (27)

is obtainedwith matrix

�; � ( � 	 � 5 � 70� � �' 1 	 71 � �' 3 	 78 (28)

where
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Undertheassumptions (2) thematrix 5 � 70 is invertible. For nonstiff DAEs theterms
� �' 1 	 71 and� �' 3 	 78 in (28) canbeneglected.

Once an approximation to the solution of the linear system(26) is obtained,it
remains to de� ne an approximation to 0� 1, 0	 1, 0� 1, 0
 1. The relation(20) or (22)
canbeusedfor thatpurpose.Thecurrentiteratesfor � 1� � 1 canbede� neddirectly from
(14h),(14i), but this neednot bedoneexplicitly.

The linear system(25) with approximate Jacobian4 (23) hasbeentransformed
undera form suchthat preconditioningthe linear equations(27) cannow be donein a
straightforwardmannerfollowing theresultsof [10–12]. Thepreconditionerdeveloped
in [10,11] will not bedescribedhere. Themain drawbackof this preconditioneris the
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fact thatalthoughits decomposition is parallelizable,thesolutionof the linearsystems
involved is not. Instead,a new truly parallel preconditioneris presentedin the next
subsection.

5.2. A truly parallel preconditioner

In this subsectionsome recentresultsof [12] arefollowed and brie� y presented.
Thelinearsystem(27) is solvedapproximately by applicationof lineariterativemethods
with apreconditioner�� 
 �; � 1 of theform

�� �� �< � 1 �2 �< � 1

where

�< �� ( � 	 �5 � 70� � �" 1 	 71 � �" 3 	 78 �
�2 �� ( � 	 �5 � 70� � �: 1 	 71 � �: 3 	 78 �

Thecoef� cientsmatrices" 1 and" 3 arechosento bediagonal

" 1 �� diag�
 1�1� 
 2�1� � � � � 
 �� 1�� " 3 �� diag�
 1�3� 
 2�3� � � � � 
 �� 3�

with 
 1�1 � 0 becauseof (7a),leadingto

�< � 1 �

�

�
�
�
�

< � 1
1 �

< � 1
2

� � �
� < � 1

�

�

�
�
�
�

where

< � �� �5 � 70� � �
 �� 171 � �
 �� 378 for � � 1� � � � � � �

The matrices< � canbedecomposedindependently, hencein parallel. Solving a linear
systemwith matrix �< canalsobedonein parallelsinceit is block-diagonal.This is the
main advantageof this preconditionercomparedto theonepresentedin [10,11].

The coef� cientsof " 1, " 3, : 1, and : 3 still remain to be � xed to some values.
Assuming thecoef� cientsof " 1 andof " 3 to begiven, thecoef� cientsof : 1 and: 3 are
taken as

: 1 �
�

0 0T
�

� �" 1 �' � 1
1

�' 1�1 �" 1 �' � 1
1

�" 1



� : 3 � " 3' � 1

3 " 3

where

�' 1 �
�

�' 1�1 �' 1
�
� �" 1 �� diag�
 2�1� � � � � 
 �� 1�

with �' 1 asin (8). Thecoef� cientsmatrices: 1 and: 3 have beenseparatelydetermined
suchthatthepreconditioner�� is asymptotically correctwhenconsideringtheDahlquist
testequation

� 
 � �� � Re��� � 0�
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The coef� cients 
 �� 1 for � � 2� � � � � � and 
 �� 3 for � � 1� � � � � � are free. They are
requiredto satisfy 
 1�� = 0 for � � 2� � � � � � and
 �� 3 = 0 for � � 1� � � � � � which is a
naturalassumption to ensuretheinvertibility of thematrices< � . Thesecoef� cientscan
bechosen,for example, to minimize

max
Re�	 � � 0

�
max

� � 1���� � �

�
�� �

�
/� 	 �

�
� 1

�
�
�

where 	 � �� , /� 	 � � ���	 � �;� 	 � , and � � �/ �	 �� for � � 1� � � � � � arethe� eigenvalues
of /� 	 � . When 
 �� 1 � 
 1 for � � 2� � � � � � and
 �� 3 � 
 3 for � � 1� � � � � � only oneor
two matrix decompositionsbeside5 � 70 areneeded.This canbequiteadvantageous
on a serialcomputer. Thecostof computinga matrix–vectorproduct ��� with at least�
processorson a parallel computerconsistsof onedecompositionof < � on eachproces-
sor, two linear systems with matrix < � to be solved, one local matrix–vector product
with eachmatrix 5 � 70, �7 1, and �7 8 , and some communicationbetweenprocessors
accordingto thenonzeroelementsof thecoef� cientsmatrices: 1 and: 3.

6. Conclusion

The approximation of a certainclassof DAEs by SPARK methodshasbeencon-
sidered. The main dif� culty of thesemethodsresidesin � nding a way to implement
them ef� ciently. Certain linear transformationsareapplied to the resultingsystemof
nonlinearequationssuchthat an ef� cient preconditionerto the linear systems of the
modi� ed Newton methodcanbeconstructed.Theselinear transformationsrely heavily
on speci�c propertiesof theSPARK coef� cients. An approximate Jacobianof thesys-
temof nonlinearequationsis presented.Basedonthisapproximate Jacobiananew truly
parallelizablepreconditionerisgiven.
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