N-TUPLES OF OPERATORS SATISFYING o7 (AB) = or(BA)
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ABSTRACT. Let A = (A1,...,An) and B = (B1,..., Bn) be n-tuples of oper-
ators on a Banach space satisfying criss-cross commutativity, i.e., A;BpA; =
A;BrA; and B;ApB; = BjAB; (all i,4,k), and let AB := (A1 By, ..., AnBn)
and BA := (Bj1Ai,...,BnAy) be the associated commuting n-tuples. We
show that or(AB) = op(BA) whenever (i) 0 € ox(A) N ox(A*), or (ii)
ao A := a1A1 + ... + anAp is invertible for some a € C*. We also give
some applications of this result.

1. INTRODUCTION

Given two operators A and B acting on a Banach space, it is well known that

(1.1) o(AB) \ {0} = o(BA) \ {0}

[2, Prop. 6, p.16], [1]. On Hilbert space, more can be said: if A is normal or
invertible, then o(AB) = o(BA) for every B. We study the latter identity for
n-tuples of operators on a Banach space; we specifically ask, when is it true that
o0(AB) = ¢(BA), for o a joint spectral system?

Let A = (Ay,..., A,) and B = (By, ..., B,) be n-tuples of operators on a Banach
space, and let AB : = (A1 By, ..., A, B,) and BA : = (B1 44, ..., B,A,). In[12], V.
Wrobel proved that if A; = ... = A, = A and AB; = BjA (all j = 1,...,n), then
or(AB) \ {0} = op(BA) \ {0}. To deal with more general tuples, we need the
following

Definition 1.1. A = (4;,...,A,) and B = (By,...,B,,) are said to criss-cross
commute if

AinAj = AjBkAi and B,‘AkBj = BjAkB,' (all i,j, k)

It is clear that if A = (A4, ..., A,) and B = (By, ..., By,) criss-cross commute, then
AB and BA are commuting n-tuples. Several authors have obtained analogues of
(1.1) for various joint spectra, under special conditions. In [6], S. Li proved that
if A and B are criss-cross commuting then or(AB) \ {0} = or(BA) \ {0}, and
in [7] he showed that ind(AB — z) = ind(BA — z) for z # 0. In [5], R. Harte
extended this result to different kinds of joint spectra for criss-cross commuting
pairs of n-tuples.

For a commuting n-tuple T = (T7,...,T},) acting on a Banach space X, let
K(T — z) denote the Koszul complex associated with T —z (cf. Section 3 be-
low, [4], [10], [11]). We define the Taylor spectrum or(T) and approximate point
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spectrum o, (T) as follows:
op(T) :={z € C": K(T — z) is not exact}

and
n

7a(T)i= {2 € C": inf 3 (7 = )al = 0}
i=1

Given a bounded linear operator 1" on a Banach space X, we let T denote the
adjoint of T', acting on X'*, the dual space of X. Also, o(7T) and o(T") denote the
spectrum and the approximate point spectrum of 7', respectively. In this paper we
show that for a pair A = (Ay, ..., A,) and B = (By, ..., B,) of criss-cross commuting
n-tuples on a Banach space, if (i) 0 € o-(A)Nor(A*) or (ii) there exists an invertible
operator which is a linear combination of {41, --- , A, }, then op(AB) = op(BA),
where A* = (A3, ..., A%).

2. THE SINGULAR CASE

First we prove

Theorem 2.1. Let A = (A4,..., A,) and B = (By, ..., B,) be criss-cross commut-
ing. If 0 € o.(A) No (A*), then or(AB) = op(BA).

For the proof of Theorem 2.1 we need the following result.

Theorem 2.2. [10, Theorem 3.6]. Let A = (Ay,..., An) be a commuting n-tuple of
operators. Then or(A) = or(A¥).

Proof of Theorem 2.1. By Li’s Theorem [6], it suffices to show that 0 € or(AB)N
or(BA). By assumption, there exists a sequence {x,,} of unit vectors in X’ such that
Ajz, - 0asn— o0 (j=1,..,n). Then BjA;x, — 0asn— oo (all j =1,...,n),
so we have 0 € or(BA). Now, since 0 € 0,(A*), there exists a sequence {f,} of
unit vectors in X* such that A;f fn — 0asn — oc. Then B;AJ*-fn — 0asn — oo (all
j=1,..,n), so we have 0 € op(B*A*). Since op(B*A*) = op((AB)*), we must
have 0 € o7 (AB) by Theorem 2.2. Hence or(AB) = op(BA), as desired. O

Next we study the condition:

(*) 0 €or(A)=0€0,(A)No,(A").

Definition 2.3. An n-tuple A = (44, ..., 4,) is called strongly commuting if, for
each 1 < j < n, there exist operators H; and K, each with real spectrum, such
that A; = Hj+iK; and S = (Hy, K4, ..., H,,, K,,) is a commuting 2n-tuple (cf. [8]).

Theorem 2.4. If A = (A1,..., A,) is a strongly commuting n-tuple, then A has
condition (x).
For the proof of Theorem 2.4 we need the following result.

Theorem 2.5. [3, Theorem 2.1]. Let T = (T1,...,Ty,) be a strongly commuting
n-tuple of operators. Then op(T) = o,(T).

Proof of Theorem 2.4. By Theorem 2.5 we have 0 € o,(A). Since by Theorem
2.2, or(A*) = or(A) and since A* = (A7, ..., AY) is also strongly commuting, by
Theorem 2.5 we have 0 € o,(A*). O

For the rest of this section, we consider the single operator case.



N-TUPLES OF OPERATORS SATISFYING o7 (AB) = or(BA) 3

Corollary 2.6. If an operator A satisfies condition (x), then o(AB) = o(BA) for
every operator B € B(X).

Proof. If 0 ¢ o(A), then it is clear 0(AB) = o(BA). If 0 € 0(A), then by Theorem
2.1 we have 0(AB) = o(BA). O

We now let
M= {(z,f) e X x X" : |[f|| = f(z) = z|| = 1}.

Definition 2.7. For an operator T € B(X), the numerical range V(T') of T is
defined by

V(T):={f(Tx) : (x,f) € I}.

An operator T is said to be hermitian if V(T') C R; T is said to be normal if there
exist hermitian operators H and K such that HK = KH and T = H 4+ 1 K.

It is well known that o(T) C V(T), where V(T') is the closure of V(T'). Hence
normal operators satisfy condition (x). We thus have

Corollary 2.8. If A is normal, then o(AB) = o(BA) for every operator B €
B(X).
3. THE NONSINGULAR CASE

For a commuting n-tuple of operators A = (4, ..., A, ), we consider the following
properties (P) and (P):

(P1) Ja=(ay,...,an) €C"andaocA := a1A; + --- + anA, is invertible

(P) 0=(0,..,0) ¢ or(A).

Proposition 3.1. For a commuting n-tuple of operators A = (A1,..., Ay), (P1)
implies (P3).

Proof. If ao A is invertible, then by the spectral mapping theorem we have
o(ao A) = aoor(A).

Hence
0¢o(aocA) < 0¢acor(A)
< aoz:=ajz1+ -+ apz, #0 (all z= (21, ..., 2,) € or(A)).
Therefore, we have 0 ¢or(A), so (P2) holds. O

Remark 3.2. In general, (P2) # (P1). To see this, we shall need the following result
([10, Theorem 4.1]) : There exists a 5-tuple A = (Ay, ..., A5) such that A is non-
singular but the equation A1 By + -+ + AsBs = I cannot be solved for By, ..., Bs €
(A)Y, where (A) :={T : A;T =TA, for all A; (i =1,...,5)}. Assume now that
(P;) = (P1). Then, for A = (Aj,..., As) as above, there exists a = (a1, ..., as)
such that ao A is invertible. Since it is clear that Zle ai(aoA)"1A; = I and
ai(acA)"t e (A) (i =1,...,5), we get a contradiction.

Theorem 3.3. Let A = (Ay,...,Ay) and B = (By, ..., By) be criss-cross commut-
ing n-tuples. If there exists an invertible operator T which is a linear combination

of {A1,..., A, }, then op(AB) = op(BA).
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Proof. We need to recall the construction of the Koszul complex. Let E be the
exterior algebra on n generators, that is, F is the complex algebra with identity eq
generated by indeterminates e, ..., e, such that e; Aej = —ej Ae; for all ¢, j, where
A denotes multiplication. The elements e;; A---Aej, 1 <y <--- <ji <nform
a basis for the subspace of k-forms, Fj, (k =1,...,n), while Eg = Ce. Thus, F is a
graded algebra, with E = @, _, Ex. For X a Banach space, let Ej(X) := E;®c X.
For z = (21, ..., zn) € C", we define Dy, and D¥ : E(X) — Ex_1(X) by

k
Di(w@ej A Aej) = > (1) 1A By, — 25,)x @ ey A= Néj A- ey,
i=1
and
k
Dk(x® ejy N Nej) = Z<_1)1+1(BjiAji —zj)T®e€jy N Néj N Nejy,
=1

respectively (here é;, means deletion). We thus have two chain complexes (Koszul
complexes)

K(AB —2):0 — Ep(X) 2B (20) 5 - P2 g () 2L By (X) — 0

and

KBA —2):0 — Eo(X) 2B, ()25 2p () 2L By (X) — 0.

By hypothesis, there exist complex numbers a; (i = 1, ...,n) such that T := a1 A; +
.-+ + ay, Ay is invertible. For i = 1,...,n, x € X, and a complex number z,

(AzBl — Z)Z‘ = (AZBZ — Z)TT71$

= (A;iB; — 2)(a1 A1 + -+ AT o = T(B; Ay — 2)T 1,
because A = (A1, ..., 4,) and B = (By, ..., By) criss-cross commute. It follows that
Di(z®ejy A---Nej, ) =TDF(T z)@ej, A---Nej,) (k=0,...,n).
This identity readily implies that K (AB—z) is exact if and only if so is K(BA —2z).
Therefore, c(AB) = o(BA). O

We proved in Section 2 that a normal operator on a Banach space satisfies con-
dition (x). Applying this result and Theorems 2.1 and 3.3, we obtain the following

Corollary 3.4. Let A = (A,...,A) and B = (By, ..., By) be criss-cross commuting.
If A is normal, then or(AB) = or(BA).

We conclude this section with an application of Theorem 3.3 to commuting n-
tuples of operators in a somewhat restricted form.

Corollary 3.5. Let A = (A, ..., A,) be a commuting n-tuple operators which is
non-singular, that is, 0 = (0, ...,0) ¢ o(A). Suppose that fori =1,...,n, if 0 € o(A;)
then 0 is an isolated point of 0(A;). Let B = (By, ..., By,) be an n-tuple of operators
such that A and B criss-cross commute. Then or(AB) = or(BA).

For the proof of Corollary 3.5, we need the following lemma. For i =1,...,n, let
P; : C™ — C denote the orthogonal projection onto the i-th coordinate.
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Lemma 3.6. Let M C C" be a compact subset and assume that O ¢ M. Assume
that 0 € Py(M) and that 0 is an isolated point of Pi(M) (all i = 1,...,mn). Then
there exist numbers ai,...,a, such that aixy + --- + apx, F 0 for every
(X1, .y p) € M.

Proof. Since 0 is an isolated point of P;(M), there exist positive numbers b;, ¢; such
that if 0 # z € P;(M) then b; < |z| <¢; (i =1,...,n). Let a; := 1 and select ay > 0
such that asbs > c1. Next select ag > 0 such that azbs > c; + agcs. Inductively,
select a; > 0 such that a;b; > ¢; + asca + -+ + aj_1¢;-1 (i =3,...,n). Then
for all (z1,...,x,) € M we must have
r1 + asxs + -+ + apx, #£ 0.

For, assume that 1 + agzs + -+ + anz, = 0. If 2, # 0, then

anbn < aplrn| =l + a2y 4+ -0+ ap17n 1]

< cptascs+ .ot an 1¢n 1 < Apby,

a contradiction. Thus, we must have z,, = 0. Therefore, x1 + asxzy + --- +
p—1Tn—1 = 0, and a repeated application of the above argument shows that
r1 =z =+ =z, = 0, contradicting the hypothesis on M. O

Proof of Corollary 3.5. 1f there exists i such that 0 ¢ o(A4;), then let T :=
0-Ay 4+ -+ +0- 41+ A +0-A441 +--- 4+ 0-4, = A;. Since T is invertible,
by Theorem 3.3 we have o7 (AB) = or(BA). Thus, we may assume 0 € o(A4;) (all
i = 1,...,n). By the hypothesis and Lemma 3.6 (applied to M := op(A)), there
exist numbers ay, ..., a, such that a;x1 + -+ + apx, # 0for all (z1,...,2,) €
or(A). Let f: C" — C be given by f(21,...,2n) := a121 + -+ + anzn, and let
T := f(Ai,..., Ay). By the Spectral Mapping Theorem for the Taylor spectrum we
have o(T) = {a121 + - + anxyn : (21,...,2,) € or(A)}, and thus 0 ¢ o(T).
Therefore, T is invertible, so by Theorem 3.3 we have or(AB) = op(BA). O
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