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RAUL E. CURTO AND YOUNG MIN HAN

ABSTRACT. We give necessary and sufficient conditions for a Banach
space operator with the single valued extension property (SVEP) to
satisfy Weyl’s theorem and a-Weyl’s theorem. We show that if T
or T* has SVEP and T is transaloid, then Weyl’s theorem holds for
f(T) for every f € H(o(T)). When T* has SVEP, T is transaloid
and T is a-isoloid, then a-Weyl’s theorem holds for f(7T') for every
f € H(o(T)). We also prove that if T or T* has SVEP, then the
spectral mapping theorem holds for the Weyl spectrum and for the

essential approximate point spectrum.

1. INTRODUCTION

Let B(X) denote the algebra of bounded linear operators acting on
an infinite dimensional complex Banach space X. If T' € B(X) we shall

write N(T') and R(T) for the null space and range of T', respectively.
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Also, let o(T') := dim N(T'), 5(T") := dim X/R(T), and let o(T") denote
the spectrum of T', mo(T") the eigenvalues of T', and mo¢(T") the eigenvalues
of finite multiplicity of T. An operator T' € B(X) is called Fredholm if
it has closed range, finite dimensional null space, and its range has finite

co-dimension. The index of a Fredholm operator T is given by

An operator T' € B(X) is called Weyl if it is Fredholm of index zero, and
Browder if it is Fredholm “of finite ascent and descent;” equivalently ([11,
Theorem 7.9.3)) if T' is Fredholm and T" — X is invertible for sufficiently
small A # 0 in C. The essential spectrum o.(T'), the Weyl spectrum
w(T), and the Browder spectrum oy,(T) of T € B(X) are defined by

([10], [11])
0.(T) :={A € C:T — Xis not Fredholm},
w(T):={A e C:T — X\ is not Weyl},

and

op(T) :={X € C: T — X is not Browder},

respectively. Evidently

0e(T) Cw(T) Cop(T) = 0.(T) Uacco(T),

where we write acc K for the accumulation points of K C C.

If we write iso K := K \ acc K then we let

moo(T) :={A €iso o(T) : 0 < (T — \) < o0}
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denote the set of isolated eigenvalues of finite multiplicity, and we let
poo(T) :=o(T) \ oo(T)

denote the set of Riesz points of T'.
We say that Weyl’s theorem holds for 7' € B(X) if

(1.1) o(T)\ w(T) = meo(T),
and that Browder’s theorem holds for 7' € B(X) if
(1.2) o(T)\ w(T) = poo(T).

In [21], H. Weyl proved that (1.1) holds for hermitian operators. Weyl’s
theorem has been extended from hermitian operators to hyponormal
operators, to Toeplitz operators [4], and to several classes of operators
including seminormal operators ([2], [3]).

In this article we give necessary and sufficient conditions for a Banach
space operator with the single valued extension property (SVEP) to sat-
isfy Wey!’s theorem (Theorem 2.2) and a-Wey!’s theorem (Corollary 3.3).
(For the relevant definitions please see below.) We show that if 7" or
T* has SVEP and T is transaloid, then Weyl’s theorem holds for f(T)
for every f € H(o(T)) (Theorems 2.5 and 3.5). We establish that if 7™
has SVEP, and if T is transaloid and a-isoloid, then a-Weyl’s theorem
holds for f(T') for every f € H(o(T)) (Theorem 3.5). We also prove that
if T or T has SVEP, then the spectral mapping theorem holds for the
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Weyl spectrum (Corollary 2.6) and for the essential approximate point
spectrum (Theorem 3.1).

To describe some of the above mentioned results, we consider the sets
¢, (X)={T € B(X):R(T) is closed and o(T") < o0},
®_(X)={T € B(X): R(T) is closed and 3(T) < oo},

and
¢ (X)={TeB(X):Te®.(X) and i(T) <0}.

Moreover,

0e(T) ={A e C: T =X ¢ 0, (X)}
is the left essential spectrum,

0re(T) :={AeC: T - A ¢ d (X)}
is the right essential spectrum,

ea(T) ={AeC:T-X¢ D (X)}
is the essential approximate point spectrum, and

0,(T) :={A € C: R(T — X) is not closed or a(T' — \) > 0}

is the approximate point spectrum. We now let

Too(T) :={A €is0 0, (T) : 0 < (T — \) < o0 },



WEYL’S THEOREMS AND LOCAL SPECTRAL THEORY 5

denote the set of eigenvalues of finite multiplicity which are isolated in

o.(T), and we let
oap(T) :={oo(T+K): TK = KT and K € K(X)}

denote the Browder essential approximate point spectrum, where K (X)
is the set of all compact operators on X. Observe that o.,(T") C 04(T)
for every T' € B(X).

We say that a-Weyl’s theorem holds for T € B(X) if

(1.3) 7a(T) \ 0ea(T) = m50(T),

and that a-Browder’s theorem holds for 7' € B(X) if

(1.4) 0ealT) = 7(T).

It is well known ([7], [12], [19]) that if T' € B(X) then we have:

a-Weyl’s theorem =— Weyl’s theorem = Browder’s theorem;

a-Weyl’s theorem = a-Browder’s theorem =—> Browder’s theorem.

V. Rakocevi¢ [19] has shown that (1.3) holds for cohyponormal opera-
tors. More recently, S.V. Djordjevi¢ and D.S. Djordjevi¢ [6] have shown
that if 7™ is quasihyponormal then a-Weyl’s theorem holds for T'.

An operator T' € B(X) is called isoloid if every isolated point of o(7T')
is an eigenvalue of 7. If T' € B(X), we write r(T") for the spectral radius
of T'; it is well known that r(7') < ||T'||. An operator T' € B(X) is called
normaloid if r(T) = ||T||. X € B(X) is called a quasiaffinity if it has
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trivial kernel and dense range. S € B(X) is said to be a quasiaffine
transform of T € B(X) (notation: S < T) if there is a quasiaffinity
X € B(X) such that XS =TX. If both S < T and T' < S, then we say
that S and T are quasisimilar.

We say that T € B(X) has the single valued extension property (SVEP)
if for every open set U of C the only analytic solution f : U — X of

the equation
(T=NfA) =0 (Ael)

is the zero function ([5], [17]). Given an arbitrary operator T € B(X),
the local resolvent set pr(z) of T at the point z € X is defined as the
union of all open subsets U of C for which there is an analytic function

f U — X which satisfies

(T—-NfN) =z (all A€ D).

The local spectrum or(z) of T at x is then defined as

or(2) = C\ py(a).

For an arbitrary operator T' € B(X), we define the local (resp. glocal)
spectral subspaces of T as follows. Given a set ' C C (resp. a closed

set G C C),

Xr(F):={ze X :op(x) C F}
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(resp.

Xr(G) :={z € X : there exists an analytic function

f:C\G — X that satisfies (T'— X)f(\) =z for all A € C\ G}).

An operator T € B(X) has Dunford’s property (C) if the local spectral
subspace Xr(F) is closed for every closed set F' C C; such operators
automatically have SVEP [17].

We will use often the following two results.

Lemma 1.1. ([1, Theorem 2.6]) Let T € B(X) be an operator satisfying
SVEP, and let A ¢ 0.(T). Then T — X has SVEP if and only if T — A

has finite ascent.

Lemma 1.2. ([14, Theorem 3.1]) Let T' € B(X) and assume that \ €
7oo(T). Then T = Ty & Ty with respect to the decomposition X =
Xr({A}) @ K(T — N), and o(Th) = {A}, o(Tz) = o(T) \ {\}, where
KT) ={z € X : Txpy1 = xp, Ty = z, ||z,]] < Mz|] (n =
1,2,...) for some ¢ > 0,z, € X}.

2. EXTENSIONS OF WEYL’S THEOREM
The following theorem relates Weyl’s theorem to local spectral theory.

As motivation for the proof, we use some ideas in [16] and [17].

Theorem 2.1. Let T' € B(X) and assume that Xp({\}) is finite dimen-
sional for each A € mop(T). Then Weyl’s theorem holds for T
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Proof. We must show that o(7T) \ w(T) = me(T"). Suppose that A €
o(T)\w(T). Then T — X is Weyl but not invertible. Then X € m(T),
and hence dim Xp({\}) < co. Since Xr({\}) is an invariant subspace

for T', we can write

A C
0 B

where A := T'|x,((ap)- Since dim Xp({A}) < oo, T'— A is Weyl if and only
if B— X is Weyl. Thus, B — X is Weyl. However, N(T'— \) C Xr({A}),
hence B — A is injective. Therefore B — A is invertible. Recall now that
since dim Xr({\}) < oo, 0(A) must be finite and o(T") = o(A)Jo(B).
Thus, A is an isolated point of o(T"). Therefore A € iso o(T) \ w(T'), and
by the punctured neighborhood theorem, A € moo (7).

Conversely, suppose that A € mp(T). By Lemma 1.2, T = T} & T5 on
Xr({A}) & K(T — \), with o(T1) = {A\} and o(T3) = o(T) \ {\}. Since
dim Xr({A\}) < oo, T — X is Weyl. Therefore A € o(T') \ w(T). O

In [13], it was shown that if T € B(X) has totally finite ascent (in the
sense that 7" — A has finite ascent for each A € C), then Weyl’s theorem
holds for T' if and only if R(T" — A) is closed for all A € mp(7"). In
general, if 7' has totally finite ascent then 7" has SVEP([15]). However,
the converse is not true. Consider the following example: let T € B(l5)

be given by

1 1
(21) T<x07$17x27”') = (5371753:27”')'
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Then clearly T' does not have finite ascent. But since T' is quasinilpotent,
T has SVEP. Thus SVEP is a much weaker condition than having totally

finite ascent. However, we can prove:

Theorem 2.2. Suppose that T € B(X) has SVEP. Then the following
statements are equivalent:

(i) Weyl’s theorem holds for T';

(i) R(T — \) is closed for all X\ € 7oo(T');

(111) Xr({\}) is finite dimensional for every A € moo(T);

(iv) vr(C) is discontinuous on moo(T'), where yr(-) denotes the reduced

manimum modulus of T', i.e.,

(T = Q)]
dist(z, N(T — ())

r(¢) = inf{ e XAN(T =)}

Proof. (1)=(ii): Suppose A € my(T"). Since Weyl’s theorem holds for T,
A€ o(T)\ w(T). Therefore R(T — \) is closed.

(ii)=-(iii): Let A\ € mpo(T"). By Lemma 1.2, T =T} @& T» on Xp({\}) ®
K(T — \), where 0(T7) = {\} and o(T») = o(T) \ {\}. Since R(T — \)
is closed, an application of the punctured neighborhood theorem shows
that A is a Riesz point of 7. Therefore R(P) is finite dimensional, where
P € B(X) is the spectral projection corresponding to A, given by

1
pP.=— (z —T) 'dz,
2m oD
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where D is an open disk of center A which contains no other points of

o(T). Now,

R(P)={z € X : lim ||(T — \)"a||* = 0} = Xr({\});

hence X7r({\}) is finite dimensional.

(iii)=-(i): Suppose A € o(T) \ w(T). Then T — X is Weyl but not
invertible. We first show that A € Jdo(T"). Assume to the contrary
that A € int o(T). Then there exists a neighborhood U of A such that
dim N(T'—p) > 0 for all p € U. Tt follows from [8, Theorem 10] that T
does not have SVEP, a contradiction. Therefore A € 0o (T) \ w(T), and
it follows from the punctured neighborhood theorem that A € moo (7).
Conversely, suppose that A € mgo(7"). By Lemma 1.2, T =T; & T on
Xr({\}) @ K(T — ), where o(T1) = {\} and o(T3) = o(T) \ {\}. Since
Xr({A}) is a finite dimensional subspace of X, T'— X is Weyl. Therefore
Aeo(T)\w(T).

(1)< (iv): If Weyl’s theorem holds for 7', then it follows from [9, Theorem
1] that y7()) is discontinuous for each A € my(T"). Conversely, suppose
yr(A) is discontinuous on my(7"). Since T" has SVEP, it suffices to show
that moo(T) C o(T) \ w(T'). Suppose that A € meo(T). Since A is an
isolated point of o(T), there exist § > 0 and an open disk D(, 6) centered
in A such that D(X\,6) No(T) = {A}. For every u € D(X,0)\ {\}, we
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have T' — p injective and thus,

- (T — p)z]| NI = |
= inf = inf ————
)= e NT =) ST T
< (T =Nz = (= N)z]|
~ zeN(T-M)\{0} ||z|]
M= all
= | — Al
2EN(T-M\{0} l|z||

Since vyr(¢) is discontinuous at A\, yr(A) > 0. Therefore R(T — ) is
closed, and hence T' — X is Weyl. This completes the proof. 0

Before we state our next theorem, we need a definition and two pre-
liminary results. Recall that an operator T' € B(X) is called transaloid

if T'— X is normaloid for every A € C.

Lemma 2.3. Suppose that T' € B(X) is transaloid. Then
Xr({\}) = N(T — X\) for every X\ € C.

Proof. Observe that Xp({\}) = {z € X : lim ||(T = \)"z||= = 0} for
each A € C. Since T is transaloid, T' — p 17; I:)rmaloid for each p € C.
Therefore ||(T — N)z|| < ||(T — A)"z||= for all z € X and n € N, and
hence Xr({\}) C N(T — A) for every A € C. The converse is clear. [

Lemma 2.4. Suppose that T € B(X) has SVEP and is transaloid. Then

T is isoloid.

Proof. Suppose that A is an isolated point of o(7"). Then it follows from
[17] that X = Xr({A\})+Xr(C\ {\}). Assume to the contrary that 7'—\
is injective. It follows from Lemma 2.3 that X = X7(C\ {A}). But
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(T—XN) X7 (C\ {A}) = Xr(C\ {A}); hence T'— A is surjective. Therefore

T — ) is invertible, a contradiction. It follows that T is isoloid. [l

In the following theorem, recall that H (o (7)) is the space of functions

analytic in an open neighborhood of o(T).

Theorem 2.5. Suppose that T € B(X) has SVEP and is transaloid.
Then Weyl’s theorem holds for f(T') for every f € H(o(T)).

Proof. We first show that Weyl’s theorem holds for 7. Since SVEP and
being transaloid are translation-invariant properties, it suffices to show

that

0 € mo(T') <= T is Weyl and not invertible.

Suppose 0 € moo(T'). Then using the spectral projection P := 5= [, (A—

= 2m
T)~'d\, where D is an open disk of center 0 which contains no other
points of o(T'), we can write ' = Ty & T, where o(77) = {0} and
o(Ty) = o(T) \ {0}. It follows from Lemma 2.3 that P(X) = {x €
X : TLILIEOHT":UH% = 0} = Xr({0}) = N(T). Since N(T) is a finite
dimensional subspace of X, we must have w(T) = w(T3). But T3 is
invertible, hence T" is Weyl. Therefore 0 € o(T") \ w(T"). Conversely,
suppose that 0 € o(T) \ w(T). Then it follows from Lemma 2.3 that
Xr({0}) = N(T'). Since Xr({0}) is a closed invariant subspace for T', T

can be represented by the following 2 x 2 operator matrix:

0 Ty
0 Ts

T =
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Since X7({0}) is a finite dimensional subspace of X, T is Weyl if and
only if 75 is Weyl. But X7 ({0}) = N(T); hence T is injective, and so
T, is invertible. It follows from the punctured neighborhood theorem
that 0 € mpo(7"). Thus Weyl’s theorem holds for 7.

We now claim that

(2.2) F(w(T)) = w(f(T)) for all f € H(a(T)).

Let f € H(o(T)). Since w(f(T)) € f(w(T)) with no restriction on
T, it suffices to show that f(w(7T)) C w(f(7T)). Suppose A & w(f(T)).
Then f(T) — A is Weyl and

(2.3) fT) = A =T = ar)(T = az) -+ (T = an)g(T),

where ¢, aq, g, -+ ,a, € C, and ¢(T) is invertible. Since the operators
on the right-hand side of (2.3) commute, every T'— «; is Fredholm. Since
T has SVEP, it follows from Lemma 1.1 that each T'—«; has finite ascent.
Now we show that (T — ;) <0 for each i = 1,2,--- ,n. Observe that
if A € B(X) is Fredholm of finite ascent then i(A) < 0 : indeed, either
A has finite descent, in which case A is Browder and i(A) = 0, or A has

infinite descent and
n-i(A) = a(A") — f(A") — —oc0 asn — o0,

which implies that i(A) < 0. Thus i(T—a;) < 0foreachi=1,2,--- ,n.
Therefore A ¢ f(w(T)), and hence f(w(T)) = w(f(T)).
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We now recall that if T is isoloid then

(2.4) f((T) \moo(T)) = o (f(T)) \ moo(f(T))

for every f € H(o(T)) [18, Lemmal|. By Lemma 2.4, T is isoloid, and

since Weyl’s theorem holds for 7', we have
a(f(T) \ moo(f(T)) = f(a(T) \ 700(T)) (by(2.4)
= [(w(T)) = w(f(T)) (by 2.2).

Therefore

moo(f(T)) = o (f(T)) \ [o(f(T)) \ moo(f (T))] = o (f(T)) \ w(f(T)),
so Weyl’s theorem holds for f(7'), as desired. O

From the proof of Theorem 2.5 we obtain the following useful conse-

quence.

Corollary 2.6. Let T € B(X). Suppose that T or T* has SVEP. Then

w(f(T)) = f(w(T))  for every f € H(a(T)).

3. EXTENSIONS OF a-WEYL’S THEOREM

Let T' € B(X). It is known that the inclusion o.,(f(T")) C f(0ea(T))
holds for every f € H(o(T)), with no restriction on 7" [20]. The next
theorem shows that the spectral mapping theorem holds for the essential

approximate point spectrum, for operators having SVEP.
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Theorem 3.1. Let T' € B(X) and suppose that T or T* has SVEP.
Then

0ea(f(T)) = f(0ea(T)) for every f € H(o(T)).

Proof. Let f € H(o(T)). Tt suffices to show that f(0eo(T)) C 0ea(f(T)).
Suppose that A ¢ o.,(f(T)). Then f(T) — A € ®(X) and

(3.1) ) = A =T —aa)(T — az) -+ (T — an)g(T),

where ¢, aq, g, -+ ,a, € C, and ¢(T) is invertible. Since the operators
on the right-hand side of (3.1) commute, 7' — a; € ®,(X). Since T
has SVEP, it follows from Lemma 1.1 that each T'— «; has finite ascent.
Therefore by the proof of Theorem 2.5, (T — «;) < 0 for each i =
1,2,---  n. It follows that A ¢ f(oe.(T)).

Suppose now that 7 has SVEP. Since T'— «o; € &, (X), T* — oy €
®_(X*). Since T* has SVEP, it follows from Lemma 1.1 that each
T — «; has finite descent. We claim that i(T" — «;) > 0 for each i =
1,2,--- ;n. Observe that if A € & (X) and A is not Fredholm then
evidently i(A) > 0. If A is Fredholm with finite descent, then either A
has finite ascent (and then A is Browder and i(A) = 0), or A has infinite

ascent (and then

n-i(A) =a(A") — B(A") — 00 asn — o0,
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which implies that i(A) > 0). Thusi(T'—«;) > 0foreachi =1,2,--- ,n.

However,
0< 3 T — a) = i(F(T) — 3) <0

and so T'— «; is Weyl for each i = 1,2,--- ,n. Hence A ¢ f(0e.(T)), and
50 Oea(f(T)) = f(0ea(T)). This completes the proof of the theorem. [

In general, we cannot expect that a-Weyl’s theorem necessarily holds
for operators having SVEP. Consider the quasinilpotent operator 1" on /5
given by (2.1); this operator has SVEP. But 0,(7T") = 0.,(T) = {0}, and
75o(T) = {0}; hence a-Weyl’s theorem does not hold for 7. However,

a-Browder’s theorem does hold, as the following result shows.

Theorem 3.2. Suppose that T' € B(X) has SVEP and S € B(X) sat-
isfies S < T. Then a-Browder’s theorem holds for f(S), for every

f e H(a(5)).

Proof. We first recall that S has SVEP. For, let U be any open set and
f : U — X be any analytic function such that (S — X)f(\) = 0 for all
A€ U. Since S < T, there exists a quasiaffinity A such that AS = T'A.
Thus, A(S—X) = (T'—= M)A forall A € U. Since (S —\)f(A) =0 for all
AeU,0=A(S=N)f(\) = (T-NAf(A) forall A € U. But T has SVEP,
hence Af(A\) = 0 for all A € U. Since A is a quasiaffinity, f(A\) = 0
for all A € U. Therefore S has SVEP. Next we show that a-Browder’s
theorem holds for S, i.e., that 0.,(S) = 04,(S). It is well known that
Oea(S) C 04p(S). To prove the converse, suppose that A € 0,(5)\0eq(5).
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Then S — A € & (X) and S — X is not bounded below. Since S has
SVEP and S — XA € &, (X), it follows from Lemma 1.1 that S — X has
finite ascent. Therefore by [20, Theorem 2.1], A € 0,(S5) \ 0ap(S). Thus
a-Browder’s theorem holds for S. Hence, it follows from Theorem 3.1

that
Oab(f(S)) = f(aab(s)) = f(aea(S)) = Uea(f(s))
(all f € H(o(S5))), and so a-Browder’s theorem holds for f(S). O

In analogy with Theorem 2.2, we obtain

Corollary 3.3. Suppose that T € B(X) has SVEP and S € B(X)
satisfies S < T. The following statements are equivalent:

(i) a-Weyl’s theorem holds for S;

(i) R(S — \) is closed for all A € w§,(5);

(iii) vs(C) is discontinuous on iy (S), where ys(-) denotes the reduced
mintmum modulus;

(1v) 0ea(S) N7 (S) = 0;

(v) 7Go(S) = 7a(5) \ s (5)-

Proof. Since T has SVEP and S < T, it follows from Theorem 3.2 that
a-Browder’s theorem holds for S. Therefore 0.,(S) = ga(5).

(i)<(ii): Suppose A € 7§y(S). Since a-Weyl’s theorem holds for S,
A € 04(5) \ 0ea(S). Therefore R(S — A) is closed. Conversely, suppose
that R(S — A) is closed for all A € 7§,(S). Since a-Browder’s theorem
holds for S, 0¢(S) = 04(S). It follows from [20, Corollary 2.2] that
04(S) \ Oea(S) = 04(5) \ 0ap(S) C 75y (S). Conversely, let A € 7§,(.5).
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Then S — A has closed range, and so S — A € &, (X). Since S has
SVEP, it follows from Lemma 1.1 that S — A has finite ascent. There-
fore (S — A) <0, and hence S — X\ € &7 (X).

()< (iii): If a-Weyl’s theorem holds for S, then it follows from [19, The-
orem 2.4] that yg(\) is discontinuous for each A € ©§,(S). Conversely,
suppose that vg(A) is discontinuous on 7§, (S). To show that a-Weyl’s
theorem holds for S, it suffices to show that R(S — A) is closed for all
A€ mi(S). Let A € w§,(S). Since A is an isolated point of o,(.5),
there exist € > 0 and an open disk D(\,€) centered in A such that
D\ e) Na,(S) = {A\}. For every u € D(Ae) \ {\}, we have S —

injective, and therefore

. (S — p)z]| (S = )]
— f — jpf N2 70
75 (k) meX\lJ{lf(Sw) dist(z, N(S — p)) ﬂlcr;fo |||
(S = Nz — (1 — N)z]|
= seN(S-A\{0} |||
— ANz
(= Nal| _ =l
seN(S—IN0} |||

Since v5(C) is discontinuous at A, vg(A) > 0. It follows that R(S — \)
is closed.

(ii)<(iv): Assume to the contrary that A € o.,(S) N7 (S), so R(S — )
is closed. Since S has SVEP, i(S — ) < 0. Therefore S — A € & (X),
and 0 A € 0.4(5), a contradiction. Conversely, let A € 7§,(S). Since

Oea(S) N7 (S) =0, A & 004(S). Therefore R(S — \) is closed.
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(i)<(v): Since a-Weyl’s theorem holds for S, we have
760(S) = 0a(S5) \ 0ea(S) = 0a(5) \ 0as(S5).

Conversely, suppose that 75,(S) = 04(S) \ 0as(S). Since S has SVEP,
0ea(S) = 0a(S). Therefore 7§y (S) = 04(5)\ 0ea(S), and hence a-Weyl’s
theorem holds for S. This completes the proof. O

Recall [12, Definition 13| that an operator T' € B(X) is called requloid
if each isolated point of its spectrum is a regular point, in the sense that
there is a generalized inverse Sy € B(X), i.e., (T—\) = (T —=X\)SA(T— ).
Corollary 3.4. Let T € B(X). Suppose that T or T* has Dunford’s
property (C) and T is reguloid. Then Weyl’s theorem holds for f(T') for
every f € H(o(T)).

Proof. Since Dunford’s property (C) implies SVEP [17, Proposition 1.2.19],
it follows from Theorem 3.2 that Browder’s theorem holds for 7. But T'
is reguloid, hence T"— X has closed range for each A € moo(7"). Therefore
Weyl’s theorem holds for T" by Theorem 2.2. Since T is reguloid, it is
also isoloid by [12, Theorem 14]. Hence by the proof of Theorem 2.5,
Weyl’s theorem holds for f(T'), for each f € H(o(T)). O

Finally, recall that 7" € B(X) is called approzimate isoloid (a-isoloid)
if every isolated point of o,(7T) is an eigenvalue of T. We observe that if
T is a-isoloid then it is isoloid because the boundary of o (7') is contained
in 0,(T). (However, the converse is not true. Consider the following

example: let T' = T @ Ts, where T} is the unilateral shift on Iy and T3
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is injective and quasinilpotent on ly. Then o(T) = {z € C : |z| < 1}
and 0,(T) = {z € C : |z|] = 1} U{0}. Therefore T is isoloid but not
a-isoloid.)

Theorem 3.5. Suppose that T* € B(X*) has SVEP and T is transaloid.
Then a-Weyl’s theorem holds for T'. If, in addition, T is a-isoloid, then
a-Weyl’s theorem holds for f(T), for every f € H(o(T)).

Proof. We first show that a-Weyl’s theorem holds for 7. Since SVEP
and being transaloid are translation-invariant properties, it suffices to
show that

0€m5(T) <= 0€ 0,(T) \ 0ea(T).

Suppose that 0 € 7§, (7). Since T* has SVEP, it follows from that [8,
Corollary 7] that o(T) = 0,(T). Therefore 0 is an isolated point of
o(T). Using the spectral projection P := 5= [, (A —T)'d\, where D

is an open disk of center 0 which contains no other points of o(T), we

can represent T' as the direct sum

T, 0
T = ,
0 Ty

where o(71) = {0} and o(T3) = o(T) \ {0}. It follows from Lemma 2.3
that

P(X) = {z € X : lim [|T"a|[* = 0} = Xr({0}) = N(T).

Since N(T) is a finite dimensional subspace of X, w(T) = w(T3). But T
is invertible, hence T" is Weyl. Therefore 0 € 0,(T)\ 0co(T"). Conversely,
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suppose that 0 € 0,(T)\ 0eo(T). ThenT € ¢, (X) and (7)) < 0. Since
T* has SVEP, it follows from Lemma 1.1 that i(7") > 0. Therefore T is
Weyl, and so 0 € 0,(T) \ w(T). Observe now that Browder’s theorem
holds for 7™ by Theorem 3.2. Also, Browder’s theorem holds for 7™ if
and only if it holds for 7. Thus Browder’s theorem holds for 7', and so
0 € ngo(T).

We have thus established that a-Weyl’s theorem holds for 7.  Let
f € H(o(T)). Since T* has SVEP, it follows from Theorem 3.1 that
Oea(f(T)) = f(0ea(T)). But a-Weyl’s theorem holds for 7', hence
Oea(T) = 0ap(T). Therefore

Uea(f(T)) = f(Uea(T)) = f<aab(T)) = Uab(f(T))

(the last equality by virtue of [20, Theorem 3.4]) and so a-Browder’s
theorem holds for f(7"). Now let A € w,(f(T")). Since o(T') = 04(T), it
follows that o(f(T) = 0a(f(T)), so A € meo(f(T")). Since T is a-isoloid,
we notice that Weyl’s theorem holds for f(7') by the proof of Theorem
2.5. Therefore f(T) — A has closed range for all A € 78, (f(T)), and it
follows from Corollary 3.3 that a-Weyl’s theorem holds for f(7T'). O
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