EFFHYPONORMALITY OF FINITE RANK
PERTURBATIONS OF UNILATERAL WEIGHTED SHIFTS

RAUL E. CurRTO AND WOO YOUNG LEE

ABSTRACT. In this paper we explore finite rank perturbations of unilateral weighted shifts W, . First, we
prove that the subnormality of W, is never stable under nonzero finite rank pertrubations unless the per-
turbation occurs at the zeroth weight. Second, we establish that 2-hyponormality implies positive quadratic
hyponormality, in the sense that the Maclaurin coefficients of Dy, (s) := det Py, [(Wa +sW2)*, Wo+sW2] P,
are nonnegative, for every n > 0, where P, denotes the orthogonal projection onto the basis vectors
{eo, - ,en}. Finally, for « strictly increasing and W, 2-hyponormal, we show that for a small finite-rank
perturbation o’ of «, the shift W, remains quadratically hyponormal.

1. INTRODUCTION

Let H and K be complex Hilbert spaces, let L(H, K) be the set of bounded linear operators from
H to K and write L(H) := L(H,H). An operator T € L(H) is said to be normal if T*T = TT*,
hyponormal if T*T > TT*, and subnormal if T = N|x, where N is normal on some Hilbert space
K O 'H. If T is subnormal then T is also hyponormal. Recall that given a bounded sequence of
positive numbers « : ag, a1, - (called weights), the (unilateral) weighted shift W,, associated with «
is the operator on ¢?(Z,) defined by Wae, := ape,t1 for all n > 0, where {e,}2°, is the canonical
orthonormal basis for £2. It is straightforward to check that W, can never be normal, and that W,
is hyponormal if and only if a,, < a1 for all n > 0. The Bram-Halmos criterion for subnormality
states that an operator T is subnormal if and only if

> Tz, TVa;) > 0

4,J
for all finite collections xg,z1, - ,zx € H ([2],[4, II.1.9]). It is easy to see that this is equivalent to
the following positivity test:
1 T ... Tk
T T*T ... T*T
(1.1) . : . : >0 (all K > 1).
Tk T*Tk ... T*kTE

Condition (1.1) provides a measure of the gap between hyponormality and subnormality. In fact, the
positivity condition (1.1) for k = 1 is equivalent to the hyponormality of T', while subnormality requires
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the validity of (1.1) for all k. Let [A, B] := AB — BA denote the commutator of two operators A and
B, and define T to be k-hyponormal whenever the k X k operator matrix
(1~2) Mlc(T) = ([T*j»Ti])ﬁjﬂ
is positive. An application of the Choleski algorithm for operator matrices shows that the positivity of
(1.2) is equivalent to the positivity of the (k+ 1) x (k + 1) operator matrix in (1.1); the Bram-Halmos
criterion can be then rephrased as saying that T’ is subnormal if and only if T is k-hyponormal for
every k > 1 ([16]).

Recall ([1],[16],[5]) that T € L(H) is said to be weakly k-hyponormal if

k
LS(T,T?,--- ,T%) := ZajTj ca=(ag, - ,a) € CF
j=1

consists entirely of hyponormal operators, or equivalently, My (T) is weakly positive, i.e., ([16])

)\Ox /\Ox
(1.3) (M(T) , - ]) >0 for € H and Ao, -, A, € C.
/\kx /\kﬂf

If £ = 2 then T is said to be quadratically hyponormal, and if k = 3 then T is said to be cubically
hyponormal. Similarly, T € L(H) is said to be polynomially hyponormal if p(T) is hyponormal for
every polynomial p € C[z]. It is known that k-hyponormal = weakly k-hyponormal, but the converse
is not true in general.

The classes of (weakly) k-hyponormal operators have been studied in an attempt to bridge the gap
between subnormality and hyponormality ([7],[8],[10], [11],[12],[14],[16], [19],[22]). The study of this
gap has been only partially successful. For example, such a gap is not yet well described for Toeplitz
operators on the Hardy space of the unit circle; in fact, even subnormality for Toeplitz operators has
not been characterized (cf.[20], [6]). For weighted shifts, positive results appear in [7] and [12], although
no concrete example of a weighted shift which is polynomially hyponormal and not subnormal has yet
been found (the existence of such weighted shifts was established in [17] and [18]).

In the present paper we renew our efforts to help describe the above mentioned gap between sub-
normality and hyponormality, with particular emphasis on polynomial hyponormality. We focus on
the class of unilateral weighted shifts, and initiate a study of how the above mentioned notions behave
under finite perturbations of the weight sequence. We first obtain three concrete results:

(i) the subnormality of W,, is never stable under nonzero finite rank perturbations unless the per-
turbation is confined to the zeroth weight (Theorem 2.1);

(ii) 2-hyponormality implies positive quadratic hyponormality, in the sense that the Maclaurin
coefficients of D,,(s) := det P, [(W, + sW2)*, W, + sW2] P, are nonnegative, for every n > 0, where
P,, denotes the orthogonal projection onto the basis vectors {eg,- - ,e,} (Theorem 2.2); and

(iii) if « is strictly increasing and W, is 2-hyponormal then for o’ a small perturbation of «, the
shift W, remains positively quadratically hyponormal (Theorem 2.3).

Along the way we establish two related results, each of independent interest:

(iv) an integrality criterion for a subnormal weighted shift to have an n-step subnormal extension
(Theorem 6.1); and

(v) a proof that the sets of k-hyponormal and weakly k-hyponormal operators are closed in the
strong operator topology (Proposition 6.7).



2. STATEMENT OF MAIN RESULTS

C. Berger’s characterization of subnormality for unilateral weighted shifts (cf. [21], [4, 111.8.16])
states that W, is subnormal if and only if there exists a Borel probability measure p supported in
[0, [[Wal[?], with [[Wq|[* € supp i, such that

Yo = /t"d,u(t) for all n > 0.

Given an initial segment of weights « : ag, - - - auy, the sequence & € £°°(Z4) such that &; = «; (i =

0,---,m) is said to be recursively generated by « if there exist r > 1 and g, -+ ,¢,—1 € R such that
(2.1) Yntr =00V + + @r-1Tntr—1  (alln > 0),
where v9 == 1, v, := ad---a2_; (n > 1). In this case W4 with weights & is said to be recursively
generated. If we let
(2.2) g(t) =" = (prat™ -+ o)
then g has r distinct real roots 0 < sg < -+ < s,—1 ([11, Theorem 3.9]). Let
1 1 ... 1
S0 S1 cee Sp—1
V= )
o s Sio1
and let
Po 70
=y :
prfl Yr—1

If the associated recursively generated weighted shift Wy, is subnormal then its Berger measure is of
the form

o= pO(Sso + ot pro10r—1.
For example, given ap < a1 < a2, Wiag,a,,a0)0 18 the recursive weighted shift whose weights are
calculated according to the recursive relation

1
(2.3) 0‘%4—1 =1+ Yo,
an
where
2 20,2 2 2002 _ o2
agai(as — ay) af(as — af)
9.4 __ Gpogla) U and _ aalay — o
( ) ¥o OJ%—O[% ¥1 04%—0&%

In this case, W(qg,a1,a0)~ is subnormal with 2-atomic Berger measure. Let Wy (a9 a1,a0)~ denote the
weighted shift whose weight sequence consists of the initial weight x followed by the weight sequence
of W(Oéo,al,Cm)A .

By the Density Theorem ([11, Theorem 4.2 and Corollary 4.3]), we know that if W, is a subnormal
weighted shift with weights o = {a,,} and € > 0, then there exists a nonzero compact operator K with
[|K|| < esuch that W, +K is a recursively generated subnormal weighted shift; in fact W, +K = W——

a(m)
for some m > 1, where o™ : ag,--- ,a,,. The following result shows that K cannot generally be
taken to be finite rank.
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Theorem 2.1 (Finite Rank Perturbations of Subnormal Shifts). If W, is a subnormal weighted
shift then there exists no nonzero finite rank operator F(# cPy.,y) such that Wy + F' is a subnormal
weighted shift. Concretely, suppose W, is a subnormal weighted shift with weight sequence o = {a, }22
and assume o = {al,} is a nonzero perturbation of a in a finite number of weights except the initial
weight; then W, is not subnormal.

We next consider the selfcommutator [(W, +s W2)*, W, +s W2]. Let W, be a hyponormal weighted
shift. For s € C, we write

D(s) = [(Wa +sW2)*, W +sW(]

and we let
g T 0 ... 0 0
o q T1 ... 0 0
9 9 0 T1 q2 . 0 0
(2.5) Dy (s) = Po[(Wa +sW3)" \ Wo+sW3P,=| . . . | . . ;
0 0 0 qn—1 /Fn*l
0 0 O Th—1 qn
where P, is the orthogonal projection onto the subspace generated by {eg, - ,e,},
Qn = upn + |20,
T 1= Sy/Wp
(2.6) Uy = ap —ap_y
Up = QG0 —an 10

Wn, = a%(aiﬂ - aifl)za

and, for notational convenience, a_s = a_1 = 0. Clearly, W, is quadratically hyponormal if and only
if D,(s) > 0forall s € Candall n>0. Let d,,(-) := det (D,(-)). Then d, satisfies the following
2-step recursive formula:

(2.7) do=qo, di=qoq1 — |rol®s dni2= quiadni1 — |rni1l’dn.

If we let t := |s|?, we observe that d, is a polynomial in t of degree n + 1, and if we write d,, =
Z?iol c(n,i)t’, then the coefficients c(n, i) satisfy a double-indexed recursive formula, namely

(2.8) c(n+2,4) =upyocn+1,i) +vppoc(n+ 1,0 — 1) — wppq c(n, i — 1),

e(n,0) =wug - up, cnym+1)=uvg---vn, ¢(1,1)=uiv9+v1ug— wp

(n > 0,4 > 1). We say that W, is positively quadratically hyponormal if ¢(n,i) > 0 for every
n>0 0<i<n+1/(c [9]). Evidently, positively quadratically hyponormal = quadratically
hyponormal. The converse, however, is not true in general (cf. [3]).

The following theorem establishes a useful relation between 2-hyponormality and positive quadratic
hyponormality.
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Theorem 2.2. Let o = {a, }22, be a weight sequence and assume that Wy, is 2-hyponormal. Then
W is positively quadratically hyponormal. More precisely, if Wy, is 2-hyponormal then

(2.9) e(n,i) > v« Vi1 Uy m>0,0<i<n+1)

In particular, if « is strictly increasing and W, is 2-hyponormal then the Maclaurin coefficients of
dn(t) are positive for all n > 0.

If W, is a weighted shift with weight sequence o = {a, }52, then the moments of W, are usually
defined by By := 1, Bny1 := anfn (n > 0) [23]; however, we prefer to reserve this term for the
sequence 7, := (32 (n > 0). A criterion for k-hyponormality can be given in terms of these moments
([7, Theorem 4]): if we build a (k4 1) x (k + 1) Hankel matrix A(n;k) by

Tn Yn+l - Tntk
(2.10) A(ns k) = %z.+1 %.+2 'Yn+'k+1 (n>0),
Vn;k 7n4k+1 e 7n;2k
then
(2.11) W, is k-hyponormal <= A(n;k) >0 (n>0).

In particular, for « strictly increasing, W, is 2-hyponormal if and only if

TYn Yn+1 Tn+2
(2.12) det | Yne1 Yna2 Ynas | >0 (n>0).
Tn+2  Vn43  In+4

One might conjecture that if W, is a k-hyponormal weighted shift whose weight sequence is strictly
increasing then W, remains weakly k-hyponormal under a small perturbation of the weight sequence.
We will show below that this is true for k¥ = 2 (Theorem 2.3).

In [12, Theorem 4.3], it was shown that the gap between 2-hyponormality and quadratic hyponor-
mality can be detected by unilateral shifts with a weight sequence a : v/z, (v/a, Vb, v/¢)". In particular,
there exists a maximum value Ho = Hs(a,b,c) of  that makes W NAN R NG 2-hyponormal; Hy
is called the modulus of 2-hyponormality (cf. [12]). Any value of z > Hj yields a non-2-hyponormal
weighted shift. However, if x — Hs is small enough, W Vo (VA b E) is still quadratically hyponormal.
The following theorem shows that, more generally, for finite rank perturbations of weighted shifts with
strictly increasing weight sequences, there always exists a gap between 2-hyponormality and quadratic
hyponormality.

Theorem 2.3 (Finite Rank Perturbations of 2-hyponormal Shifts). Let o = {a,,}3%, be a
strictly increasing weight sequence. If W, is 2-hyponormal then W, remains positively quadratically
hyponormal under a small nonzero finite rank perturbation of c.



3. PROOF OF THEOREM 2.1

Proof of Theorem 2.1. It suffices to show that if T' is a weighted shift whose restriction to \/{en, €nt1,--- }
(n > 2) is subnormal then there is at most one «;,_; for which T is subnormal.

Let W :=T|\/fe,_1.ensensr -} a0d S :=T|\/fe, ensr, 3> Where n > 2. Then W and S have weights
ar(W) = agn—1 and ai(S) := agsn (k > 0). Thus the corresponding moments are related by the
equation

Vi1 (W)
W (S) = o - "ai+k71 T T2
n—1

We now adapt the proof of [7, Proposition 8]. Suppose S is subnormal with associated Berger measure

2
w. Then v, (S) = fOHT” t* dp. Thus W is subnormal if and only if there exists a probability measure
v on [0,]|T||?] such that

1

2
a1

Il Il
/ th Tl du(t) = / th du(t) for all k>0,
0 0

2
n

which readily implies that ¢t dv = o, _; du. Thus W is subnormal if and only if the formula

2
o

(3.1) dv = \-6y+ —=1

d

: H

defines a probability measure for some A > 0, where §; is the point mass at the origin. In particular
+ € L*(p) and p({0}) = 0 whenever W is subnormal. If we repeat the above argument for W and
V= Tly{en s, ..}, then we should have that v({0}) = 0 whenever V' is subnormal. Therefore we

€n—1,"
can conclude that if V' is subnormal then A = 0, and hence
2
(3.2) dv = o‘"t—l dp.

Thus we have

so that
, 712 4 !
(33) Ay 1 = / ;dﬂ(t) )
0
which implies that «,_; is determined uniquely by {ay,,ant1,- -} whenever T is subnormal. This
completes the proof. O

Theorem 2.1 says that a nonzero finite rank perturbation of a subnormal shift is never subnormal un-
less the perturbation occurs at the initial weight. However, this is not the case for k-hyponormality. To

see this we use a close relative of the Bergman shift By (whose weights are given by o = {,/ Z—i; > 0);

it is well known that B, is subnormal.



Example 3.1. For x > 0, let T, be the weighted shift whose weights are given by

1 1
040;:\/g7 a1 =+, and ay = nt (n>2).

n+2

Then we have:

(i) Ty is subnormal <= x = 2;

(ii) T, is 2-hyponormal <= % <z< %.

Proof. Assertion (i) follows from Theorem 2.1. For assertion (ii) we use (2.12): T, is 2-hyponormal if
and only if

1 1 1 1 3
det 15 gl’ §ZL' Z 0 and det gl‘ §l' ?l‘ Z O7
2% 3T 107 st 10T g7
or equivalently, 63_86129 <zr< %. O

For perturbations of recursive subnormal shifts of the form W( NS subnormality and 2-
hyponormality coincide.

Theorem 3.2. Let o = {a, }22, be recursively generated by \/a, Vb, /c. If Ty is the weighted shift
whose weights are given by ag : g, - ,0-1,V/T, 41, -+ , then we have
T = oz? if 7 > 1;

T, is subnormal <= T, is 2-hyponormal < o
r<a if 7 =0.

Proof. Since « is recursively generated by /a, Vb, V¢, we have that o = a, o =b, a3 = ¢,

bc® — dabc? + 2ab*c + a?be — a?b? + a®c?
(b—a)(c® — 2ac+ ab)

b(c? — 2ac + ab)
cb—a)
Case 1 (j = 0): Tt is evident that T, is subnormal if and only if z < a. For 2-hyponormality observe
by (2.12) that T, is 2-hyponormal if and only if

(3.4) a3 = and of =

1 T bx
det | = bx bex >0,
br bexr adbex

or equivalently, = < a.

Case 2 (j > 1): Without loss of generality we may assume that j = 1 and a = 1. Thus a; = /.
Then by Theorem 2.1, T, is subnormal if and only if = b. On the other hand, by (2.12), T, is
2-hyponormal if and only if

1 1 T 1 x cr
det| 1 =z cr >0 and det| =z cr a%cw > 0.
T cx a%ca: cr a%cw a%aicx

Thus a direct calculation with the specific forms of a3, oy given in (3.4) shows that T, is 2-hyponormal
2 2

if and only if (z — b) (x — W) < 0and z < b. Since b < w, it follows that T, is

2-hyponormal if and only if z = b. This completes the proof. O



4. PROOF OF THEOREM 2.2

With the notation in (2.6), we let
D = Up Upt1 — Wy (n>0).

We then have:

Lemma 4.1. If a = {a,}22, is a strictly increasing weight sequence then the following statements
are equivalent:
(i) W, is 2-hyponormal;
(i) of 41 (unt1 +Ung2)® < Upp1vpe (0 20);
(i) g lbnt2 < Bail > ()
)

ai+2 Un+3 — Un42

(iv) pp 20 (n>0).
Proof. This follows from a straightforward calculation. ]

Proof of Theorem 2.2. If « is not strictly increasing then « is flat, by the argument of [7, Corollary 6],
i.e.,, ap = ay = ay = ---. Then

aZ+|s]?ald sad
(4.1 Das) = (0 20, ) @0

% Is| e

(cf. (2.5)), so that (2.9) is evident. Thus we may assume that o is strictly increasing, so that
Up, > 0, v, > 0 and w, > 0 for all n > 0. Recall that if we write d,(f) := Z?:()l c(n,i)t' then
the ¢(n,i)’s satisfy the following recursive formulas (cf. (2.8)):

(4.2) en+2,i) = upqac(n+1,i) + vppac(n+1,i — 1) —wpi1¢(n,i—1) (n>0, 1 <i<n).

Also, ¢(n,n+ 1) = vy - v, (again by (2.8)) and p,, = upvVpt1 — wy > 0 (n > 0), by Lemma 4.1. A
straightforward calculation shows that

(4.3) do(t) = uo + vo t;

d1(t) = uouy + (vous + po) t + vovy t7;

da(t) = uouruz + (voustz + uopr + uapo) t + (vov1uz + vop1 + vapo) £ + vovy v £,
Evidently,
(4.4) ¢(n, i) >0 0<n<2,0<i<n+1).

Define
B(n,i) :=c(n,i) —vg -+ Vi—1U; + -+ Up, (n>1,1<i<n).

For every n > 1, we now have

Up - Up 20 (i=0)
(4.5) e(n,i) =4 vo-- Vi1 Uy + B(n,i) (1<i<n)
Vo >0 (i=n+1).

For notational convenience we let 3(n,0) := 0 for every n > 0.



Claim 1. Forn > 1,
(4.6) e(n,n) > upc(n—1,n) > 0.

Proof of Claim 1. We use mathematical induction. For n =1,

c(1,1) =vour +po > u1¢(0,1) >0,

and
cln+1l,n+1)=upyric(n,n+1) +v,11 c(n,n) —wpe(n — 1,n)

> uptic(n,n+ 1)+ vpp1 upce(n —1,n) —wy e(n —1,n)  (by inductive hypothesis)
=upt1c(n,m+1)+ppc(n—1,n)
> Upt1 c(n,n+ 1),

which proves Claim 1.

Claim 2. Forn > 2,

(4.7 B(n, i) > up B(n—1,7) >0 (0<i<n-—1).

Proof of Claim 2. We use mathematical induction. If n = 2 and ¢ = 0, this is trivial. Also,
B(2,1) = ug p1 + u2po = uop1 + uz B(1,1) > ug f(1,1) > 0.
Assume that (4.7) holds. We shall prove that
Bn+1,4) > upy1 f(n,i) >0 (0 <i<n).

For,
Bn+1,4) 4 v+ vi—1u; - Upy1 = c(n+1,4) (by (4.2))
= Upy1¢(n, i) + vpprc(n,i — 1) —wpe(n — 1,0 — 1)
= Un41 (5(7% i) +vo VU Un>
+ Un41 (5(%@' — 1) +vo- - vicgUioy -+ un)
— Wp (B(TL - 172 - 1) + Vo Vi—2Uj—1 " * 'Un—1>a
so that

Bn+1,i) = upt18(n, i) + vpt18(n,i — 1) —w,B(n—1,i—1)
+ Vo Vi—2Ui—1 Un—1 (unvn+1 - wn)

= Upy10(n, 1) + vpr1Bn,i — 1) —wpBn— 1,0 — 1) 4+ (vg -+ - Vi—oUi—1 ** * Up—1) Pn
> Upt18(n, i) + vpprunfB(n—1,i — 1) —wpB(n —1,i — 1)

(by the inductive hypothesis and Lemma 4.1;

observe that i — 1 < n — 1, so (4.7) applies)
= unt18(n, i) + pn B(n — 1,i— 1)
> Upy1 B(n, i),
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which proves Claim 2.
By Claim 2 and (4.5), we can see that ¢(n,7) > 0 for all n > 0 and 1 < ¢ < n — 1. Therefore (4.4),
(4.5), Claim 1 and Claim 2 imply

c(n,i) > Vo Vi_1U Uy (n>0,0<i<n+1).

This completes the proof. O

5. PROOF OF THEOREM 2.3

To prove Theorem 2.3 we need:

Lemma 5.1 ([15, Lemma 2.3]). Let o = {a,}5% be a strictly increasing weight sequence. If W,
is 2-hyponormal then the sequence of quotients

(5.1) 0, 1= L (> 0)
Up+2

is bounded away from 0 and from oc. More precisely,

Wal2\ 2
al <||a|> for sufficiently large n.
U2

(5.2) 1<0, <
(67510 %)

In particular, {u,}32, is eventually decreasing.

Proof of Theorem 2.3. By Theorem 2.2, W, is strictly positively quadratically hyponormal, in the
sense that all coefficients of d,(t) are positive for all n > 0. Note that finite rank perturbations of «
affect a finite number of values of w,,, v, and w,. More concretely, if o’ is a perturbation of « in the
weights {ag, - ,an}, then u,, v,, w, and p, are invariant under o’ for n > N + 3. In particular,
pp >0 forn > N + 3.

Claim 1. Forn>3, 0<i<n-+1,

c(n, i) :unc(nf1,i)+pn_1c(n72,i71)+Zpk_2 ij ck—3,i—n+k—2)

n

k=4 j=k
(5.3) + Up c V3 Pimnt1,
where
0 (t<n—1)
Pi—n+1 = Hon (Z =n=1)
Uop1 + V2P0 (i=n)
VU1V (i=n+1)

(cf. [12, Proof of Theorem 4.3)).
Proof of Claim 1. We use induction. For n =3, 0 <¢ <4,
c(3,i) =uze(2, i) +vse(2,i—1) —wace(l,i—1)

= uz c(2,1) +U3(u20(17i — 1) 4+wvae(l,i—2) —wy¢(0,i— 2)) —wgc(l,i—1)

=ugc(2,i) + pac(l,i—1) +vs (1)2 c(l,i—2) —wy ¢(0,i — 2))

=usc(2,i) + pac(l,i—1) + vs pi—a,



where by (4.3),

Now,

0

UopP1
pPi—2 =

Vop1 + V2P0

VoV1V2

A

AA/—\A
=~ . .
1

NI IR

S N N N

~.
I

cn+1,7) = upy1c(n, i) + vprrc(n,i — 1) —wpe(n — 1,1 — 1)

= Upt16(n, @) + Vpy1 (unc(n —1,i—=1)+pr_1c(n—2,i—2)

+Zpk72 ij c(k—3,i—n+k—3)+vn~-~v3pin) —wpe(n—1,i—1)
k=4 j=k

= Upt1¢(n, 1) + pre(n —

n n
+vn+12pk_2 H’Uj clk—3i—n+k—3)+ Vg1 V3pi—n
k=4 j=k

(by inductive hypothesis)

:un+1c(n,i)+pnc(n—1,i—1)+2pk,2 ij c(k—3,i—n+k—3)

+ Uny1 U3Pi—n,

which proves Claim 1.

3 !/ /
Write u,,, v, w

/

n+1

k=4

1,0 —1) 4+ vpp1pn—1c(n — 2,3 — 2)

n+1

Jj=k

11

LDy Py and (-, -) for the entities corresponding to . If p,, > 0 for every n =

0,--+,N + 2, then in view of Claim 1, we can choose a small perturbation such that p/, > 0 (0 <
n < N + 2) and therefore ¢’(n,i) > 0 for all n > 0 and 0 < ¢ < n + 1, which implies that W, is also
positively quadratically hyponormal. If instead p, = 0 for some n = 0,--- ;N + 2, careful inspection
of (5.3) reveals that without loss of generality we may assume py = -+ = py42 = 0. By Theorem 2.2,
we have that for a sufficiently small perturbation o’ of «,

(5.4) d(n,i)>0 (0€n<N+2 0<i<n+1) and d(n,n+1)>0 (n>0).
Write v
by = 0 (n=2,3,-1).
U,

Claim 2. {k,}22, is bounded.

Proof of Claim

2. Observe that
2,2 2
C Un 00 — Q109
fy = 2 = LI
Un ay — O[n71
_ 2 2 2 “'n+1
_an+an 1+an 2 _
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Therefore if W, is 2-hyponormal then by Lemma 5.1, the sequences

2 2\ 2 2 o0
Apy1 — Oy d Ap_1 — Q2

2 2 an 2 2
an @ n=2 a Ay n=2

n—1
are both bounded, so that {k,}72, is bounded. This proves Claim 2.

Write k := sup,, k,. Without loss of generality we assume k < 1 (this is possible from the observation
that ca induces {c?k, }). Choose a sufficiently small perturbation o’ of a such that if we let

N+4 N+3
(5.6) hi= sup | > phoo | [T V)] (k=30 +vhgs- 50,
0<U<NH2 | =4 j=k
0<m<1
then
1
(5.7) c’(N+3,i)—mh>O (0<i<N+3)

(this is always possible because by Theorem 2.2, we can choose a sufficiently small |p;| such that
(N +3,i) >vp- vi_qu;---unt+3 —€ and |h] < (1— k)(vo S VUG UN43 — e)

for any small € > 0).

Claim 3. Forj>4 and 0<i< N +j,

7—3
(5.8) A(N+37,1) > unij - Un+ta (c’(]\7—|—37 i) — Zk" h> .
n=1

Proof of Claim 3. We use induction. If j =4 then by Claim 1 and (5.6),
(N +4, i) =ty (N +3,0) + pyysc (N +2,i—1)

N-+4 N+3
+ Vs Z P2 H vi | ¢ (k—3,i—N+k—6)+vyis 30 (nia)
k=4 j=k

> Uy 4€ (N 4 3,4) + plyya (N + 2,0 — 1) — vy 4h
> un4a(d (N +3,i) — knyah)
> unya(c' (N +3,i) — kh)

because u'y 4 = UNy4, Vg = UNt4 and ply, 5 = pni3 > 0. Now suppose (5.8) holds for some j > 4.
By Claim 1, we have that for j > 4,

(N +j+1,0) =y (N 44, 0) + Py je(N+j—1,i—1)

N+j+1 N+j+1

+ 3 pho | TI o) | te=8i=N+k—j—3)+vhyin - vhoi (vay)

k=4 =k
= Uy, i1 (N+74,0) +pye(N+j—1,i-1)

N+j+1 N+j+1

+ > pho| ] v | dtk=3i-N+k-j-3)
k=N+5 j=k
N+4 N+j+1

—I—Zpﬁg_Q H v | € (k=3,i=N+k—7—=3)+Vniji1 V30 (N4j)-
k=4 j=k
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Since p,, = p, > 0 for n > N + 3 and ¢/(n,£) > 0 for 0 < n < N + j by the inductive hypothesis, it
follows that

N+j+1 N+j+1
(5.9) PreN+i—Li-0+ > ppo| J] vj|dk=38i-N+k—j-3)>0.
k=N+5 j=k
By inductive hypothesis and (5.9),
(N +j+1,4)
N+4 N+4j+1
> Uy € (N +J, 8) + Z Ph—2 H v | (k=30 = N+k—j—3)+ Uyt V30 (n4j)
k=4 j=k

ZUN+j+1UN+j"'uN+4< N—|—37, Zk‘n>

Nt4 N+3
/ / / . . !/ /AN
+ UN4j+1UN+j - UN44 E Pr—2 H v; | (b =3,i=N+k—j—3)+vnis Vs (nij)
=k
2“N+j+1UN+j"'UN+4 N+3 Z an ) —UN+J'+1’UN+J""'UN+4/”L

n=1

]—3
= UN4j+1UN+j *  UN+4 <CI(N +3,i) — Z E"h —kntjt1knyj - kNt h)

j
> UN4jp1UNj o UNa | € (N +3,0) — Z k"h> )
which proves Claim 3.
Since Zflzl k™ < 11 for every j > 1, it follows from Claim 3 and (5.7) that
(5.10) d(N+j,i)>0 forj>4and0<i<N+j

It thus follows from (5.4) and (5.10) that ¢/(n,i) > 0 for every n > 0 and 0 < i < n + 1. Therefore
Wy is also positively quadratically hyponormal. This completes the proof. O

Corollary 5.2. Let W, be a weighted shift such that o;_1 < o for some j > 1, and let T, be the
weighted shift with weight sequence

Qg POy A1, T, Qg 1, .

Then {x : T, is 2-hyponormal} is a proper closed subset of {x : T, is quadratically hyponormal}
whenever the latter set is non-empty.

Proof. Write
Hy :={z: T, is 2-hyponormal}.
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Without loss of generality, we can assume that Hs is non-empty, and that j = 1. Recall that a 2-
hyponormal weighted shift with two equal weights is of the form ap = a1 = as =+ or qp < a1 =
ap = a3 = ---. Let x,, = inf Hy. By Proposition 6.7 below, T,  is hyponormal. Then z,, > ag.
By assumption, =, < as. Thus ag, 2y, s, as, -+ is strictly increasing. Now we apply Theorem
2.3 to obtain 2’ such that ay < 2’ < x, and T, is quadratically hyponormal. However T,/ is not
2-hyponormal by the definition of x,,. The proof is complete. O

The following question arises naturally:
Question 5.3. Let a be a strictly increasing weight sequence and let k > 3. If W, is a k-hyponormal

weighted shift, does it follow that W, is weakly k-hyponormal under a small perturbation of the weight
sequence ?

6. OTHER RELATED RESULTS

§6.1 Subnormal Extensions

Let o : g, avq, - - - be a weight sequence, let 2; > 0for 1 < i < mn,andlet (z,, - 21)a: Ty, -+ , 21, Qo, 1, -

be the augmented weight sequence. We say that W, ... 2,)a is an extension (or n-step extension) of
W,. Observe that

W(-Tnv"' 77:1)04‘\/{674,75",4—11'”} = WO"
The hypothesis F' # ¢ P,y in Theorem 2.1 is essential. Indeed, there exist infinitely many one-step
subnormal extension of a subnormal weighted shift whenever one such extension exists. Recall ([7,

Proposition 8]) that if W, is a weighted shift whose restriction to \/{e1,ez,---} is subnormal with
associated measure p, then W, is subnormal if and only if

(i) ¢ € L' (n); 1

(i) af < (15llerw)
Also note that there may not exist any one-step subnormal extension of the subnormal weighted shift:
for example, if W,, is the Bergman shift then the corresponding Berger measure is u(t) = ¢, and hence

% is not integrable with respect to u; therefore W, does not admit any subnormal extension. A similar
situation arises when p has an atom at {0}.

More generally we have:

Theorem 6.1 (Subnormal Extensions). Let W, be a subnormal weighted shift with weights a :
ap, 1, and let p be the corresponding Berger measure. Then Wiy, .. v)a 18 subnormal if and only

if
(i) g € L' (w); 1
o (gl ) : .
(ii) z; = for1<j<n-—1;

1
HHHLl(u)

1
Hﬁ”[,l 2
(iii) =, < | o=

||ﬁHL1(“)

In particular, if we put

Si={(w1, - ,2n) ER" : Wiy . 21)a 15 subnormal}
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then either S = () or S is a line segment in R™.

Proof. Write W; := W(xn,---,rl)a|V{en_j,en_j+1,---} (1 <j <n)and hence W,, = W, ... 4,)a- By the
argument used to establish (3.2) we have that W; is subnormal with associated measure v if and only
if

(i) €LY

. _

(i) dvy = ﬁdu, or equivalently, 2% = ( OHWO‘H %du(t))
Inductively W,,_ is subnormal with associated measure v,,_1 if and only if

(i) Wy,—2 is subnormal;

(i) mr € L (w);

2
Tp—1
t

Wall?
| Well” Sy du(t)

b " modult)
ST Sy due)

2 2
s _ .
dvp_9 = -+ = ““Zr—du, or equivalently, 2 =

(iii) dvy_y =

Therefore W, is subnormal if and only if

(i) Wp—1 is subnormal;

(i) # € L'(w);
2
o 2 IWall? 1 LWl 22 ad L el ()
2 (5 ) = (1 ) - e
O

Corollary 6.2. If W, is a subnormal weighted shift with associated measure u, there exists an n-step
subnormal extension of Wy, if and only if t% € Li(u).

For the next result we refer to the notation in (2.1) and (2.2).

Corollary 6.3. A recursively generated subnormal shift with ¢y # 0 admits an n-step subnormal
extension for every n > 1.

Proof. The assumption about (g implies that the zeros of g(t) are positive, so that sy > 0. Thus for
every n > 1, t% is integrable with respect to the corresponding Berger measure p = pods, + -+ +
pr—10s,_,. By Corollary 6.2, there exists an n-step subnormal extension. O

We need not expect that for arbitrary recursively generated shifts, 2-hyponormality and subnor-
mality coincide as in Theorem 3.2. For example, if « : %, Vv, (V3,4 %, v/ %7)/\ then by (2.12) and
Theorem 6.1,

(i) T, is 2-hyponormal <= 4 — V6 <z <2
(ii) T, is subnormal <= = = 2.

A straightforward calculation shows, however, that T, is 3-hyponormal if and only if z = 2; for,

1 1 3
R
= sx 2x bx
A(0:3) = 2 2 2 > —9
(0:3) %az %x 5¢ 17z | — 0 ==
%z S5 17z 58«

This behavior is typical of general recursively generated weighted shifts: we show in [13] that subnor-
mality is equivalent to k-hyponormality for some k& > 2.
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§6-2 Convexity and Closedness

Next, we will show that canonical rank-one perturbations of k-hyponormal weighted shifts which
preserve k-hyponormality form a convex set. To see this we need an auxiliary result.

Lemma 6.4. Let I ={1,--- ,n} x{1,--- ,n} and let J be a symmetric subset of I. Let A = (a;;) €
M, (C) and let C = (¢;5) € M, (C) be given by

iy = { CQyj if (Z,j) eJ (C . O)

Qij if (’L,j)GI\J

If A and C are positive semidefinite then B = (b;;) € M,,(C) defined by

b — { baij Zf (la]) €J (be [I,C] or [Ca 1])

Vo lay i ) elNd
is also positive semidefinite.

Proof. Without loss of generality we may assume ¢ > 1. If b = 1 or b = ¢ the assertion is trivial. Thus
we assume 1 < b < c. The result is now a consequence of the following observation. If [D]; ;) denotes
the (7, 7)-entry of the matrix D then

[c_b (A b_lcﬂ &= <1+ i:})c) ai; if (i,j) € J
+7 =
c—1 b/ + ’;j)aij if (i,7)eI\J

_{ baij if (Z,j)EJ
L ay if (i,5)eI\J
= [Bl.p)-
which is positive semidefinite because positive semidefinite matrices in M,,(C) form a cone. ]

An immediate consequence of Lemma 6.4 is that positivity of a matrix forms a convex set with
respect to a fixed diagonal location; i.e., if

k * k
A, = * =z =*
% ok

then {z : A, is positive semidefinite} is convex.

We now have:

Theorem 6.5. Let a = {a,}32, be a weight sequence, let k > 1, and let § > 0. Define aU)(z) :
g, -, QG_1, T, 041, . Assume Wy is k-hyponormal and define

Qkd = {x: Woi) (z) 18 k-hyponormal}.
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Then Q87 is a closed interval.

Proof. Suppose 1,79 € QFJ with 1 < z9. Then by (2.11), the (k + 1) x (k + 1) Hankel matrix

Yoo Ukl oee Undk
Tn+l  TYnt2 - Undktl

Agy(msk) = | " " (n>0;i=1,2)
Yn+k  Tntk4+1 oo Tni2k

is positive, where A,, corresponds to a'?)(x;). We must show that tz; + (1 —t)xs € Q87 (0 < t < 1),
ie.,
Atz 41—tz (k) > 0 (n>0, 0 <t <1).

Observe that it suffices to establish the positivity of the 2k Hankel matrices corresponding to o) (tz; +
(1 —t)xo) such that tx; + (1 — t)xo appears as a factor in at least one entry but not in every entry. A
moment’s thought reveals that without loss of generality we may assume j = 2k. Observe that

Az (5 k) = Azy(nsk) = (2 — 23) H(ns k)
for some Hankel matrix H(n; k). For notational convenience, we abbreviate A.(n; k) as A,. Then

P Ap, + (1 —)? Ay, + 261 — 1)A oz for 0<n <2k
Atxl-l-(l—t)xz = (

x

2
t—|—(1—t)z—f) Az, for n > 2k + 1.

Since Az, >0, Az, > 0 and A z7; have the form described by Lemma 6.4 and since 1 < /7172 <
x3 it follows from Lemma 6.4 that A zz; > 0. Thus evidently, Az, 1(1-t)z, > 0, and therefore
try + (1 —t)xe € QFJ. This shows that Q7 is an interval. The closedness of the interval follows from
Proposition 6.7 below. O

In [17] and [18], it was shown that there exists a non-subnormal polynomially hyponormal operator.
Also in [22], it was shown that there exists a non-subnormal polynomially hyponormal operator if and
only if there exists one which is also a weighted shift. However, no concrete weighted shift has yet
been found. As a strategy for finding such a shift, we would like to suggest the following:

Question 6.6. Does it follow that the polynomial hyponormality of the weighted shift is stable under

small perturbations of the weight sequence ?

If the answer to Question 6.6 were affirmative then we would easily find a polynomially hyponormal
non-subnormal (even non-2-hyponormal) weighted shift; for example, if

a1,z (V3 \/?, \/157)A

and T is the weighted shift associated with a, then by Theorem 3.2, T, is subnormal < = = 2, whereas
T, is polynomially hyponormal < 2 — §; < z < 2 + 2 for some 1,02 > 0 provided the answer to
Question 6.6 is yes; therefore for sufficiently small € > 0,

1 1
o LVEF e (VA5 5)"

would induce a non-2-hyponormal polynomially hyponormal weighted shift.

The answer to Question 6.6 for weak k-hyponormality is negative. In fact we have:
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Proposition 6.7.

(i) The set of k-hyponormal operators is sot-closed.
(ii) The set of weakly k-hyponormal operators is sot-closed.

Proof. Suppose T,, € L(H) and T,, — T in sot. Then, by the Uniform Boundedness Principle, {||T},||},

is bounded. Thus T,;'T7 — T™*T7 in sot for every i, j, so that My (T,) — My (T) in sot (where My(T)

is as in (1.2)). (i) In this case My (T},) > 0 for all 1, so M(T) > 0, i.e., T is k-hyponormal.

(i) Here, My(T;,) is weakly positive for all n. By (1.3), My(T) is also weakly positive, i.e., T is
weakly k-hyponormal. O
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