EF-HYPONORMALITY OF POWERS OF WEIGHTED SHIFTS
VIA SCHUR PRODUCTS
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ABSTRACT. We characterize k-hyponormality and quadratic hyponormality of
powers of weighted shifts using Schur product techniques.

1. INTRODUCTION

Let H be a separable, infinite dimensional complex Hilbert space and let B(H)
be the algebra of bounded linear operators on H. An operator T'€ B(H) is said to
be normal if T*T = TT*, subnormal if T is the restriction of a normal operator
(acting on a Hilbert space K 2 H) to an invariant subspace, and hyponormal if
™r>TT".

The Bram-Halmos criterion for subnormality states that an operator is subnor-
mal if and only if

> (T, T9x;) = 0
Y]
for all finite collections zg, 21,22 --- ,2; € H ([Bra], [Con]). Using Choleski’s

Algorithm for operator matrices, it is easy to see that this is equivalent to the
following positivity test:

I T N A
T T - TT

(1.1) . S >0 (all k> 1).
TE TR .. TrRTE

Condition (1.1) provides a measure of the gap between hyponormality and sub-
normality. The notion of k-hyponormality has been introduced and studied in an
attempt to bridge that gap ([Ath], [BEJ], [Cu2], [CMX], [JL], [McCP]). In fact, the
positivity condition (1.1) for k¥ = 1 is equivalent to the hyponormality of 7', while
subnormality requires the validity of (1.1) for all .

If we denote by [A,B] := AB — BA the commutator of two operators A and
B, and if we define T to be k-hyponormal whenever the k x k operator matrix
M(T) := ([T*j,Ti])ﬁjzl is positive, or equivalently, the (k¥ + 1) x (k + 1)operator
matrix (1.1) is positive, then the Bram-Halmos criterion can be rephrased as saying
that 7" is subnormal if and only if 7" is k-hyponormal for every & > 1 ([CMX]).

Given a bounded sequence of positive numbers (called weights) o : g, g, &g,
as,- -, the (unilateral) weighted shift W, associated with « is the operator on
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12(Z.) defined by W,e, := anenyq for all n > 0, where {e,}%, is the canonical
orthonormal basis for 2(Z_). It is straightforward to check that W, can never
be normal, and that it is hyponormal if and only if o, < apyy for all n > 0.
The moments of « are usually defined by Gy := 1, Bpt+1 := anfBn (n > 0) ([Shi]);
however, we will reserve this term for the sequence vy, = 32 (n > 0). Berger’s
Theorem, which follows, states that W, is subnormal if and only if the moments of
a are the moments of a probability measure on [0, |W,]|*].

Theorem 1.1. (Berger’s Theorem [Con]) W, is subnormal if and only if there
exists a Borel probability measure pu supported in [0, [|Wal |2] , with ||[W,||? € supp p
and such that

Vn = /t”du(t) (all n > 0).

In terms of k-hyponormality for weighted shifts, we will often use the following
basic result.

Lemma 1.2. ([Cul, Theorem 4]) W, is k-hyponormal if and only if the (k+1) x
(k+ 1) Hankel matrices

Yn Yn+1 Tt Yn+k
Yn+1 V42 o Yndk+1

(1.2) A (o) = | . , o (n > 0)
Yn+k  Vnt+k+1 0 Yn42k

are all nonnegalive.

In this article we study k-hyponormality and quadratic hyponormality of pow-
ers of weighted shifts, using Schur product techniques. We characterize the k-
hyponormality of powers of W, in terms of the k-hyponormality of a finite col-
lection of weighted shifts whose weight sequences are naturally derived from «.
Similar techniques, when combined with the results in [BEJ], [Cul], [CF2], [JP1]
and [JP2], allow us to deal with back-step extensions of weighted shifts, and with
weak k-hyponormality, including quadratic hyponormality.

2. k-HYPONORMALITY OF POWERS OF WEIGHTED SHIFTS

For matrices A,B €M, (C), we let A x B denote their Schur product. The
followings result is well known.

Lemma 2.1. ([Pau]) If A >0 and B >0, then Ax B > 0.

Definition 2.2. Let o = {0, }22, and 8 = {3,}32,. The Schur product of & and
3 is defined by a8 := {3, }52,.

Theorem 2.3. Let oo = {ay, }oly and 8 = {Bn}oro be two weight sequences, and
assume that both W, and Wg are k-hyponormal. Then Wz is k-hyponormal.

Proof. Let {e,} and {n,} be the moments of & and {3, respectively. By hypothesis,
Ay p(a) > 0and A, 1 (8) > 0 (all n > 0). Since the corresponding moments 7, of
af satisfy v, = €1, (all n > 0), it follows that A, p(a8) = Ay k() % Ap 1(5) (all
n>0). By Lemma 2.1, A, (aB) > 0 (all n > 0), so Lemma 1.2 now implies that
Wag is k-hyponormal. O
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Corollary 2.4. Let W,, and Wg be two weighted shifts, and assume that each is
subnormal. Then W,z is also subnormal.

Proof. This is a straightforward application of the Bram-Halmos Criterion. O

Definition 2.5. Given integers i and ¢, with £ > 1 and 0 < i < ¢ — 1, consider the

decomposition H = 1*(Z,) = @;’;O{ej}, and define H; := @;’;0 €¢j+i. Moreover,
-1

for a weight sequence v let (€ :4) :={ ] @gjrizm}§2o. @€ : 1) is the sequence
m=0

of products of weights in adjacent packets of size £, beginning with a; - ... - ;14 1.

Example 2.6. Let o = {a,}32, be a weight sequence. Then

(1) a(2:0): apay, s, auas, ...

(i) a(3:1): ayasag, aqasag, aragag, ...
(i) a(3:2): agazay, asasar, gy, ...

Proposition 2.7. Let £ > 1, let 0 <i < {—1, and let a(€ : i) be as in Definition
2.5. Then Wy is unilarily equivalent to Wﬁ w,. Therefore, Wﬁ is unitarily

-1
equivalent to @ W)
i=0

-1
Proof. Since Wée[‘j+i = II Qgjtitm€p(j+1)+is it is clear that H; is an invariant
m=
£—1
subspace for W¥. Moreover, (W/)*esi; = ] Q- 1)i+m€e(i—1)+is 50 H; is also
m=0

invariant under (W¥)*. Tt follows that H; is a reducing subspace for W£. If we
now define a unitary operator U : H — H; by U(ej)=esj+i, we see at once that
U*(Whly,JU=Woeay, as desired. O

Corollary 2.8. (a) Wﬁ is k-hyponormal < W, (g4 is k-hyponormal for 0 < i <
{—1.
(b) Wt is subnormal < Woeay is subnormal for 0 <7 < € — 1.

Throughout the rest of this section, we assume that W, is subnormal, with
Berger measure y. Observe that we can always write i = v+ pdp where v({0}) = 0,
and that Wé is subnormal whenever W, is subnormal. By Corollary 2.8, we know
that each W, is subnormal, for 0 < ¢ < ¢ — 1. We now seek to identify the
Berger measures p; corresponding to each W, 4.).

Theorem 2.9. (a) duo(t) = du(t'/*).
(b) For 1 <i < 0—1, dui(t) = E-dv(tV/?).

Proof. Let 7, be the moments of o (n > 0). Then

[ ana® == [ auto),

so duo(t) = du(t'/*). Similarly, for 1 <i <1-1,

n+1 1 :
/t”dm(t) = Jensi _/ ntidu(t),

Y Yi
so dui(t) = L dy(t1/9). O

Vi
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3. BACK-STEP EXTENSIONS OF WEIGHTED SHIFTS

For a weight sequence «, we consider the back-step extension a(x) : x, g, ay,
o, 3, -- where x > 0.

Lemma 3.1. Let W, be a subnormal weighted shift with associated Berger measure

L.
(a) (cf. [Cul, Proposition 8]) Wo(,) is subnormal if and only if (i) + € L' () and
(ii) 22 < (|| 4| 1)) L. In particular, Wz is never subnormal when pu({0}) > 0.
(b) if x < (||%||L1(M))’1/2 the corresponding measure (1, Of Wy satisfies ji,({0})
> 0. In particular, T :=W (|2 12 ) is the unique back-step extension of W, wilh

o Ll(u)
no mass at the origin.

Proof. (b) Let 7y, be the moments of T'. Since T" is subnormal, there exists a Berger
measure v such that

1 n=~0
= " = n—1
Tn /t dv ;}%d}f“ n>1

Assume z < (||%||L1(H))*1/2 and write © = (1 — 6)(||%||L1(M))’1/2 for 0 < e < 1.
The moments 7, of W, are such that

o 1 n=20
= =)y = Jt"Ql—g)dv n>1
It follows that p, = (1 — €)dv + €bo. O

Lemma 3.2. Let W, be a subnormal weighted shift, let £ > 1, and let k > 1. The
followz'ng statements are equivalent.

(a) W a(z) is k-hyponormal.

(b) Woaye0y is k-hyponormal.

Proof. (a) = (b). Straightforward from Corollary 2.8.
(b) = (a). By Corollary 2.8(b), we know that Wazye:) = Waeii—1) is subnormal,

and by Proposition 2.7, W* o) = @ Wo(a)(e:i)- It follows that for 1 <¢ < 1-1,

Wo(z)(e:4) 18 k-hyponormal, which together with the assumption that W ,)s.0) is
k-hyponormal shows that ¢ o(z) is k-hyponormal. O

Theorem 3.3. Let W, be subnormal, with Berger measure i = v + pdy, and let
0> 1. Then W, is subnormal if and only if x < (13]121)) " Y2 In particular,

if p=0, W¢ o(z) 18 subnormal if and only if Wz is subnormal.

Proof. Tt suffices to consider W, ;yp.0). Observe that W, .0y is a back-step
extension of Wy sp—1). By Lemma 3.1, W40y is subnormal if and only if
2?1 < (142 ) !
mal if and only if z < (||%||L1(l,))’1/2, as desired. O

= 7471(|||%||L1(l,))’1. Therefore W, (2)(¢:0) is subnor-

Remark 3.4. Although for an operator T the subnormality of 7¢ does not imply
the subnormality of 7', Theorem 3.3 shows that this is the case for back-step ex-
tensions of subnormal weighted shifts with Berger measures having no mass at the
origin.



k-HYPONORMALITY OF POWERS OF WEIGHTED SHIFTS VIA SCHUR PRODUCTS 5

Theorem 3.5. Let W, be a subnormal weighted shifl, wilth Berger measure [i.
Then Wy (g, wn_1 . zy) 18 subnormal if and only if

(a) £ € LY (p) for all1 <j<mn,

() x1-xp = (||5prg) Y2 for 1<j<n—1and xy-an < (|| &) Y2

Proof. The case n = 1 was established in [Cul, Proposition 8|. Here, and without
loss of generality, we will only consider the case n = 2.

(=) Assume that W (2s,21) 18 subnormal. Since W, (,,) is a subnormal weighted
shift possessing a subnormal extension (namely Wa(mz7ml)), Lemma 3.1 implies
that z; = (||%||L1(M))’1/2. Moreover, since Wz, »,) is subnormal, we must have
WQ(I%II) subnormal, so Lemma 3.2 implies that Wz, z,)2:0) = Wa(2:0)(z0z,) 18

subnormal and x;29 < (||%||L1(u(t%)))71/2 - (||tL2||L1(H))71/2.

(<) Assume that (a) and (b) hold. Since + € L*(n) and zf = (||+]|11(,)), we
know that W, ) is subnormal with measure v such that v({0}) = 0. To check
the subnormality of W4, »1) = Wa(z1)(2s), Py Theorem 3.3 it suffices to check the

subnormality of VVQ2 and by Lemma 3.2, this reduces to verifying the subnor-

mality of Wa(zg,zl)(;o?;)Wa(z:o)(zgzl)~ If 441 denotes the Berger measure of W, 2.0y,
that is, dyy (t) = du(t%), we know that zazy < (||t%||L1(H))’1/2 = (||%||L1(Ml))’1/2.
Therefore, we see that Wo(2:0)(22z,) 18 subnormal, using Lemma 3.1. Thus,

Woles,z1)(2:0) is subnormal, as desired. O

4. SOME REVEALING EXAMPLES

Let o : ag,aq, 09, ,a,, - be a sequence of weights and let v,, be the corre-
sponding moments. For z > 0 let a(z) : x,ap,a4, - be the associated back-step
extension of & and assume that W, is subnormal. It follows from [Cul, Theorem
4] that W, () is k-hyponormal if and only if

1

zz 0 M 0 k-1
Yo 71 T2 T Ve
Dy, = Y2 Y3 Ve > 0.
-1 Ve Ve+1 0 V2k-1

Theorem 4.1. For{>1, Wi(z) is k-hyponormal if and only if

ml_z Ye-1 Y2¢-1 T Vre—1
Ye-1 Yoe-1 Y3e-1 T Ve+1)e-1
Dy = Y2¢-1 Y3e-1 Yae-1 T V(k+2)e-1 > 0.
Yee—1  V(k+1)e-1 V(E+2)L-1 T Yokre—1

Proof. It suffices to check that Woz)(e:0) is k-hyponormal. Now, the matrix detect-
ing k-hyponormality for W, (,(s.0) is
1

zZ Ye-1 Y2e-1 T Yre—1
Ye-1 Yoe-1 Y361 T Y(R+1)e-1
Dy =22 | 721 Y30—1 Y401 U Y(k+2)e-1 = xQDW’

VYee—1  V(E+1)e-1  V(E+2)-1 " Yokre—1
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so the result follows. O
Proposition 4.2. For { > 1, let o : \/g, \/g, \/%, e

. ¢ 2
(1) Wi(ﬁ) is hyponormal & = < 2((22_)1)

Y . 041)%(2¢+1)2
(2) Wa(ﬁ) is 2-hyponormal & x < B DAE 3T

(3) Wi(ﬁ) is subnormal < x < 1.

Proof. Observe that v 1 = %4-1' Now consider

1 _2 _2

£+1 2041

Dy=| & 2 i
- £+1 2041 3041
A R

20+1 34+1 40+1

By direct calculation we obtain

(€ +1)%(20+ 1)
(3¢ +1)(42 +30+1)

D220<:>x§2

Moreover, since W, is subnormal, with measure 2¢d¢ (in particular, with no mass
at the origin), we see that Wé(\/;) is subnormal <= W, 7 is subnormal. O

Corollary 4.3. ([Cul, Proposition 7]) Let « : \/g, \/g, \/g, e
(1) W, /z) is hyponormal & x <
(2) W, () is 2-hyponormal < x
(3) W /z) is subnormal < x < 5.

I/ como

2
16"

5. QUADRATIC HYPONORMALITY

We recall some terminology and mnotation from [Cul], [CF2] and [CF3]. An
operator T is said to be quadratically hyponormal if T + sT? is hyponormal for
every s € C. Let W, be a hyponormal weighted shift. For s € C, let D(s) :=
[(Wo +sW2)* W, + sWZ], let P, be the orthogonal projection onto \/_,{e;}, and
let

Dy, = Dy (8) := P [(W, + sW2)*, W, + sWZ]P,
qo fo 0 e 0 0
ro @ 71 - 0 0
0 r g - 0 0
0 0 0 e Gn—1 fnfl
O 0 0 - rp_q Gn

— 2 — 2 2 2.9 2 2
where qr 1= uy, +|8]°v, Tk = S\ Wk, Up, = QF — Ay, Vg = QA — 0@y,

wy, = Al (oz]%+1 —a? )% (k>0)and a_; = a_g := 0. Clearly, W, is quadratically
hyponormal if and only if D, (s) > 0 for every s € C and every n > 0. Let d,,(-) :=
det(D,(+)). Then it follows from [Cul], [CF3] that dy = qo, d; = qoq1 — |r0|?, and

dn+2 = Qn+2dn+1 - |Tn+1|2dn (TL Z 0)7
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and that d, is actually a polynomial in ¢ := |s|2 of degree n + 1, with Maclaurin
n-+1 .
expansion d,(f) = Y. c¢(n,?)t". This gives at once the relations
i=0
¢(0,0) = g c(0,1) =g

c(1,0) =wug  ¢(1,1) = wgvo +uovrs —wo  ¢(1,2) = vyvg
and

e(n+2,4) = upoc(n+1,4) +vp0c(n + 1,4 — 1) —wy1e(n, i — 1)

(n>0,0<i<n+1).
To detect the positivity of d,, the following notion was introduced in [CF3].

Definition 5.1. We say that W, is positively quadratically hyponormal if ¢(n, i) >
0 forall n,s >0 with0<i<n+1.

It is obvious that positive quadratic hyponormality implies quadratic hyponor-
mality; moreover, quadratic hyponormality does not necessarily imply positive qua-
dratic hyponormality [JP1].

Proposition 5.2. With the above notalion, assume thal Uup1 1V, > Wy (n > 3),
Then W, is positively quadratically hyponormal if and only if ¢(3,2) > 0 and
c(4,3) > 0.

Proof. Tmmediate from [BEJ, Corollary 3.3 and Theorem 3.9]. O
Lemma 5.3. Assume that W, is subnormal and let £ > 1, k > 1. The following
statements are equivalent.

(1) Wi(z) s weakly k-hyponormal.

(2) Wa(a)e:0) 5 weakly k-hyponormal.

Proof. Imitate the proof of Lemma 3.2. O
Theorem 5.4. Let o, = 1/%‘:—% (n>0), let « = {an}52g, and let £ > 1. Then
Wz e0) @ positively quadratically hyponormal if and only if
(£+1)° g
(5.1) { (é+:i)2§(1-2+(72;++314242+4443) (=2
T S 3AT07-15P 1097 0177) =

Proof. Let fo = \/£% and G, = /ity (0 = 1) Then Wm0y = Wp-

By direct calculation we see that

62
tn =y =By = s Dir iy 22

442
— 3232 32 2 — >3
Un ﬁn n+1 n716n72 ((n+2)€+1)(n€+1) (TL_ )
and
402
wn=53( T2L+1_ 72%1)2: (n>2)

l+ D)((n+ D)l + D((n+2)+ 1)?
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Since W3 has the property t,41vn, > wrn, (n > 3), by Proposition 5.2 it suffices to
verify the nonnegativity of ¢(3,2) and c(4, 3). By direct calculation,

(€ +1)%(7+110)

3,2) >0
3220 = Jm T iie)

and
(€4 1)2(1 4 7€+ 3402 + 4403)
2(1 + 9¢ + 4502 + 9963 + 9404)°

c(4,3) >0 =

On the other hand, the hyponormality condition for Wg is < éé%_%. Finally,

observe that

(C+1D)27+110) _ (L+1)?
> >
IBrI00T 18 = 20ie Ty ezl
(04 1)2(1 + 7C + 3402 + 4403) 5 e+ 1)2 (=12
2(1+90+ 4502 + 996 + 046%) = 220+ 1) )
and
2 2 3 2
(C4+1)%(1 +7¢ + 34¢% + 440°) < (C+1) (0> 3).
2(1 4+ 9¢ + 4502 49903 + 94¢4) — 2(20 + 1)
This proves (5.1). O

Corollary 5.5. Let o, := /222 (n > 0) and o = {on }52.
(a) Wg(ﬁ) is quadratically hyponormal <> z < <5.

(b)) If ¢ >3 and x < éff jgig&%:ﬁé@:ﬁiﬁ%, then Wé (/3 ' quadratically hyponor-

mal.

Remark 5.6. Let « be as in Corollary 5.5. Then Wz( J7) is positively quadrati-
cally hyponormal if and only if Wz( VB is quadratically hyponormal if and only if

z < 19—0. Moreover, for © = 19—0, Wz( J7) has the first two weights equal, namely

Bo=p01= \/é; this example resembles [Cul, Proposition 7], where the first nontriv-

ial quadratically hyponormal weighted shift with two equal weights appears. (For
additional results along these lines, see [CJ].) Here we notice that for z = 19—0,
only W, /z) is quadratically hyponormal with two equal weights but also Wz( J7)

not

is quadratically hyponormal!

Acknowledgment. The authors are indebted to the referee for several helpful
suggestions.
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