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Devwudfw1 Zh fkdudfwhul}h &0k|srqrupdolw| dqg txdgudwlf k|srqrupdolw| ri

srzhuv ri zhljkwhg vkliwv xvlqj Vfkxu surgxfw whfkqltxhv1

41 Lqwurgxfwlrq

Ohw K eh d vhsdudeoh/ lq�qlwh glphqvlrqdo frpsoh{ Kloehuw vsdfh dqg ohw E+K,
eh wkh dojheud ri erxqghg olqhdu rshudwruv rq K1 Dq rshudwru W5 E+K, lv vdlg wr

eh qrupdo li W�W @ WW�/ vxeqrupdo li W lv wkh uhvwulfwlrq ri d qrupdo rshudwru

+dfwlqj rq d Kloehuw vsdfh N � K, wr dq lqyduldqw vxevsdfh/ dqg k|srqrupdo li

W�W � WW�1
Wkh Eudp0Kdoprv fulwhulrq iru vxeqrupdolw| vwdwhv wkdw dq rshudwru lv vxeqru0

pdo li dqg rqo| li [
l>m

+W l{m > W
m{l, � 3

iru doo �qlwh froohfwlrqv {3> {4> {5> � � � > {n 5 K +^Eud`/ ^Frq`,1 Xvlqj Fkrohvnl*v

Dojrulwkp iru rshudwru pdwulfhv/ lw lv hdv| wr vhh wkdw wklv lv htxlydohqw wr wkh

iroorzlqj srvlwlylw| whvw=3
EEEC

L W� � � � W�n

W W�W � � � W�nW
111

111
1 1 1

111

Wn W�Wn � � � W�nWn

4
FFFD � 3 +doo n � 4,=+414,

Frqglwlrq +414, surylghv d phdvxuh ri wkh jds ehwzhhq k|srqrupdolw| dqg vxe0

qrupdolw|1 Wkh qrwlrq ri n0k|srqrupdolw| kdv ehhq lqwurgxfhg dqg vwxglhg lq dq

dwwhpsw wr eulgjh wkdw jds +^Dwk`/ ^EHM`/ ^Fx5`/ ^FP[`/ ^MO`/ ^PfFS`,1 Lq idfw/ wkh

srvlwlylw| frqglwlrq +414, iru n @ 4 lv htxlydohqw wr wkh k|srqrupdolw| ri W / zkloh

vxeqrupdolw| uhtxluhv wkh ydolglw| ri +414, iru doo n1

Li zh ghqrwh e| ^D>E` =@ DE � ED wkh frppxwdwru ri wzr rshudwruv D dqg

E> dqg li zh gh�qh W wr eh n0k|srqrupdo zkhqhyhu wkh n � n rshudwru pdwul{

Pn+W , =@ +^W�m> W l`,nl>m@4 lv srvlwlyh/ ru htxlydohqwo|/ wkh +n . 4,� +n . 4,rshudwru
pdwul{ +414, lv srvlwlyh/ wkhq wkh Eudp0Kdoprv fulwhulrq fdq eh uhskudvhg dv vd|lqj

wkdw W lv vxeqrupdo li dqg rqo| li W lv n0k|srqrupdo iru hyhu| n � 4 +^FP[`,1

Jlyhq d erxqghg vhtxhqfh ri srvlwlyh qxpehuv +fdoohg zhljkwv, � = �3> �4> �5>

�6> � � � / wkh +xqlodwhudo, zhljkwhg vkliw Z� dvvrfldwhg zlwk � lv wkh rshudwru rq

4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu| 7:E6:/ 7:E53> Vhfrqgdu| 7:037/ 7:D461

Nh| zrugv dqg skudvhv1 &0k|srqrupdolw|/ srzhuv ri zhljkwhg vkliwv/ Vfkxu surgxfwv1

Wkh uhvhdufk ri wkh �uvw qdphg dxwkru zdv sduwldoo| vxssruwhg e| QVI judqw GPV0<;33<641

Wkh uhvhdufk ri wkh vhfrqg qdphg dxwkru zdv sduwldoo| vxssruwhg e| NRVHI uhvhdufk surmhfw

qr1 U34053330333361
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o5+]., gh�qhg e| Z�hq =@ �qhq.4 iru doo q � 3> zkhuh ihqj4q@3 lv wkh fdqrqlfdo

ruwkrqrupdo edvlv iru o5+].,= Lw lv vwudljkwiruzdug wr fkhfn wkdw Z� fdq qhyhu

eh qrupdo/ dqg wkdw lw lv k|srqrupdo li dqg rqo| li �q � �q.4 iru doo q � 3=
Wkh prphqwv ri � duh xvxdoo| gh�qhg e| �3 =@ 4> �q.4 =@ �q�q +q � 3, +^Vkl`,>
krzhyhu/ zh zloo uhvhuyh wklv whup iru wkh vhtxhqfh �q =@ �5

q +q � 3,1 Ehujhu*v

Wkhruhp/ zklfk iroorzv/ vwdwhv wkdw Z� lv vxeqrupdo li dqg rqo| li wkh prphqwv ri

� duh wkh prphqwv ri d suredelolw| phdvxuh rq ^3> nZ�n5`1
Wkhruhp 4141 +Ehujhu*v Wkhruhp ^Frq`, Z� lv vxeqrupdo li dqg rqo| li wkhuh

h{lvwv d Eruho suredelolw| phdvxuh � vxssruwhg lq

k
3> mmZ�mm5

l
/ zlwk mmZ�mm5 5 vxss�

dqg vxfk wkdw

�q @

]
wqg�+w, +doo q � 3,=

Lq whupv ri n0k|srqrupdolw| iru zhljkwhg vkliwv/ zh zloo riwhq xvh wkh iroorzlqj

edvlf uhvxow1

Ohppd 4151 +^Fx4/ Wkhruhp 7`, Z� lv n0k|srqrupdo li dqg rqo| li wkh +n.4,�
+n . 4, Kdqnho pdwulfhv

Dq>n+�, =@

3
EEEC

�q �q.4 � � � �q.n
�q.4 �q.5 � � � �q.n.4

1
1
1

1
1
1

1 1 1
1
1
1

�q.n �q.n.4 � � � �q.5n

4
FFFD +q � 3,+415,

duh doo qrqqhjdwlyh1

Lq wklv duwlfoh zh vwxg| n0k|srqrupdolw| dqg txdgudwlf k|srqrupdolw| ri srz0

huv ri zhljkwhg vkliwv/ xvlqj Vfkxu surgxfw whfkqltxhv1 Zh fkdudfwhul}h wkh n0

k|srqrupdolw| ri srzhuv ri Z� lq whupv ri wkh n0k|srqrupdolw| ri d �qlwh fro0

ohfwlrq ri zhljkwhg vkliwv zkrvh zhljkw vhtxhqfhv duh qdwxudoo| ghulyhg iurp �1

Vlplodu whfkqltxhv/ zkhq frpelqhg zlwk wkh uhvxowv lq ^EHM`/ ^Fx4`/ ^FI5`/ ^MS4`

dqg ^MS5`/ doorz xv wr ghdo zlwk edfn0vwhs h{whqvlrqv ri zhljkwhg vkliwv/ dqg zlwk

zhdn n0k|srqrupdolw|/ lqfoxglqj txdgudwlf k|srqrupdolw|1

51 n0k|srqrupdolw| ri srzhuv ri zhljkwhg vkliwv

Iru pdwulfhv D>E 5Pq+F,/ zh ohw D � E ghqrwh wkhlu Vfkxu surgxfw1 Wkh

iroorzlqjv uhvxow lv zhoo nqrzq1

Ohppd 5141 +^Sdx`, Li D � 3 dqg E � 3/ wkhq D �E � 3=

Gh�qlwlrq 5151 Ohw � � i�qj4q@3 dqg � � i�qj4q@31 Wkh Vfkxu surgxfw ri � dqg

� lv gh�qhg e| �� =@ i�q�qj4q@31

Wkhruhp 5161 Ohw � � i�qj4q@3 dqg � � i�qj4q@3 eh wzr zhljkw vhtxhqfhv/ dqg

dvvxph wkdw erwk Z� dqg Z� duh n0k|srqrupdo1 Wkhq Z�� lv n0k|srqrupdo1

Surri1 Ohw i�qj dqg i�qj eh wkh prphqwv ri � dqg �/ uhvshfwlyho|1 E| k|srwkhvlv/

Dq>n+�, � 3 dqg Dq>n+�, � 3 +doo q � 3,1 Vlqfh wkh fruuhvsrqglqj prphqwv �q ri

�� vdwlvi| �q @ �q�q +doo q � 3,/ lw iroorzv wkdw Dq>n+��, @ Dq>n+�, �Dq>n+�, +doo

q � 3,1 E| Ohppd 514/ Dq>n+��, � 3 +doo q � 3,/ vr Ohppd 415 qrz lpsolhv wkdw

Z�� lv n0k|srqrupdo1
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Fruroodu| 5171 Ohw Z� dqg Z� eh wzr zhljkwhg vkliwv/ dqg dvvxph wkdw hdfk lv

vxeqrupdo1 Wkhq Z�� lv dovr vxeqrupdo1

Surri1 Wklv lv d vwudljkwiruzdug dssolfdwlrq ri wkh Eudp0Kdoprv Fulwhulrq1

Gh�qlwlrq 5181 Jlyhq lqwhjhuv l dqg c/ zlwk c � 4 dqg 3 � l � c� 4/ frqvlghu wkh
ghfrpsrvlwlrq K � o5+]., @

O4
m@3ihmj/ dqg gh�qh Kl =@

O4
m@3 hcm.l1 Pruhryhu/

iru d zhljkw vhtxhqfh � ohw �+c = l, =@ i
c�4T
p@3

�cm.l.pj4m@31 �+c = l, lv wkh vhtxhqfh

ri surgxfwv ri zhljkwv lq dgmdfhqw sdfnhwv ri vl}h c/ ehjlqqlqj zlwk �l � === ��l.c�41

H{dpsoh 5191 Ohw � � i�qj4q@3 eh d zhljkw vhtxhqfh1 Wkhq

+l, �+5 = 3, = �3�4> �5�6> �7�8> ===

+ll, �+6 = 4, = �4�5�6> �7�8�9> �:�;�<> ===

+lll, �+6 = 5, = �5�6�7> �8�9�:> �;�<�43> ===

Sursrvlwlrq 51:1 Ohw c � 4/ ohw 3 � l � c� 4/ dqg ohw �+c = l, eh dv lq Gh�qlwlrq

5181 Wkhq Z�+c=l, lv xqlwdulo| htxlydohqw wr Z c
�mKl

1 Wkhuhiruh/ Z c
� lv xqlwdulo|

htxlydohqw wr

c�4O
l@3

Z�+c=l,1

Surri1 Vlqfh Z c
�hcm.l @

c�4T
p@3

�cm.l.phc+m.4,.l/ lw lv fohdu wkdw Kl lv dq lqyduldqw

vxevsdfh iru Z c
�1 Pruhryhu/ +Z c

�,
�hcm.l @

c�4T
p@3

�c+m�4,.l.phc+m�4,.l/ vr Kl lv dovr

lqyduldqw xqghu +Z c
�,
�1 Lw iroorzv wkdw Kl lv d uhgxflqj vxevsdfh iru Z c

�1 Li zh

qrz gh�qh d xqlwdu| rshudwru X = K �$ Kl e| X+hm,@hcm.l/ zh vhh dw rqfh wkdw

X�+Z c
�mKl

,X@Z�+c=l,/ dv ghvluhg1

Fruroodu| 51;1 +d, Z c
� lv n0k|srqrupdo / Z�+c=l, lv n0k|srqrupdo iru 3 � l �

c� 41
+e, Z c

� lv vxeqrupdo/ Z�+c=l, lv vxeqrupdo iru 3 � l � c� 41

Wkurxjkrxw wkh uhvw ri wklv vhfwlrq/ zh dvvxph wkdw Z� lv vxeqrupdo/ zlwk

Ehujhu phdvxuh �1 Revhuyh wkdw zh fdq dozd|v zulwh � � �.��3 zkhuh �+i3j, @ 3/
dqg wkdw Z c

� lv vxeqrupdo zkhqhyhu Z� lv vxeqrupdo1 E| Fruroodu| 51;/ zh nqrz

wkdw hdfk Z�+c=l, lv vxeqrupdo/ iru 3 � l � c � 41 Zh qrz vhhn wr lghqwli| wkh

Ehujhu phdvxuhv �l fruuhvsrqglqj wr hdfk Z�+c=l,1

Wkhruhp 51<1 +d, g�3+w, @ g�+w4@c,1

+e, Iru 4 � l � c� 4/ g�l+w, @
wl@c

�l
g�+w4@c,1

Surri1 Ohw �q eh wkh prphqwv ri � +q � 3,1 Wkhq]
wqg�3+w, @ �cq @

]
wcqg�+w,>

vr g�3+w, @ g�+w4@c,1 Vlploduo|/ iru 4 � l � o� 4/]
wqg�l+w, @

�cq.l

�l
@

4

�l

]
wcq.lg�+w,>

vr g�l+w, @
wl@c

�l
g�+w4@c,1
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61 Edfn0vwhs H{whqvlrqv ri Zhljkwhg Vkliwv

Iru d zhljkw vhtxhqfh �/ zh frqvlghu wkh edfn0vwhs h{whqvlrq �+{, = {> �3> �4>

�5> �6> � � � zkhuh { A 31

Ohppd 6141 Ohw Z� eh d vxeqrupdo zhljkwhg vkliw zlwk dvvrfldwhg Ehujhu phdvxuh

�1

+d, +fi1 ^Fx4/ Sursrvlwlrq ;`, Z�+{, lv vxeqrupdo li dqg rqo| li +l,
4
w
5 O4+�, dqg

+ll, {5 � +mm 4
w
mmO4+�,,

�4
1 Lq sduwlfxodu/ Z�+{, lv qhyhu vxeqrupdo zkhq �+i3j, A 31

+e, li { ? +mm4
w
mmO4+�,,

�4@5
/ wkh fruuhvsrqglqj phdvxuh �{ ri Z�+{, vdwlv�hv �{+i3j,

A 31 Lq sduwlfxodu/ W =@ Z
�+n 4

wn�4@5O4+�,
,
lv wkh xqltxh edfn0vwhs h{whqvlrq ri Z� zlwk

qr pdvv dw wkh ruljlq1

Surri1 +e, Ohw �q eh wkh prphqwv ri W 1 Vlqfh W lv vxeqrupdo/ wkhuh h{lvwv d Ehujhu

phdvxuh � vxfk wkdw

�q @

]
wqg� @

+
4 q @ 3

U
wq�4g�U

4
w
g�

q � 4
=

Dvvxph { ? +mm 4
w
mmO4+�,,

�4@5 dqg zulwh { @ +4 � �,+mm 4
w
mmO4+�,,

�4@5 iru 3 ? � ? 41
Wkh prphqwv �q ri Z�+{, duh vxfk wkdw

�q @

�
4 q @ 3

+4� %,�q @
U
wq+4� %,g� q � 4

=

Lw iroorzv wkdw �{ @ +4� �,g� . ��31

Ohppd 6151 Ohw Z� eh d vxeqrupdo zhljkwhg vkliw/ ohw c � 4/ dqg ohw n � 41 Wkh
iroorzlqj vwdwhphqwv duh htxlydohqw1

+d, Z c
�+{,

lv n0k|srqrupdo1

+e, Z�+{,+c=3, lv n0k|srqrupdo1

Surri1 +d, , +e,1 Vwudljkwiruzdug iurp Fruroodu| 51;1

+e, , +d,1 E| Fruroodu| 51;+e,/ zh nqrz wkdw Z�+{,+c=l, �Zd+c=l�4, lv vxeqrupdo/

dqg e| Sursrvlwlrq 51:/ Z c
�+{,

�@
c�4O
l@3

Z�+{,+c=l,1 Lw iroorzv wkdw iru 4 � l � o � 4/

Z�+{,+c=l, lv n0k|srqrupdo/ zklfk wrjhwkhu zlwk wkh dvvxpswlrq wkdw Z�+{,+c=3, lv

n0k|srqrupdo vkrzv wkdw Z c
�+{,

lv n0k|srqrupdo1

Wkhruhp 6161 Ohw Z� eh vxeqrupdo/ zlwk Ehujhu phdvxuh � � � . ��3/ dqg ohw

c � 41 Wkhq Z c
�+{, lv vxeqrupdo li dqg rqo| li { � +mm4

w
mmO4+�,,

�4@5
1 Lq sduwlfxodu/

li � @ 3/ Z c
�+{, lv vxeqrupdo li dqg rqo| li Z�+{, lv vxeqrupdo1

Surri1 Lw vx!fhv wr frqvlghu Z�+{,+c=3,1 Revhuyh wkdw Z�+{,+c=3, lv d edfn0vwhs

h{whqvlrq ri Z�+c=c�4,1 E| Ohppd 614/ Z�+{,+c=3, lv vxeqrupdo li dqg rqo| li

{5�c�4 � +mm4
w
mmO4+�c�4,,

�4 @ �c�4+mmm 4w mmO4+�,,
�41 Wkhuhiruh Z�+{,+c=3, lv vxeqru0

pdo li dqg rqo| li { � +mm 4
w
mmO4+�,,

�4@5/ dv ghvluhg1

Uhpdun 6171 Dowkrxjk iru dq rshudwru W wkh vxeqrupdolw| ri W c grhv qrw lpso|

wkh vxeqrupdolw| ri W / Wkhruhp 616 vkrzv wkdw wklv lv wkh fdvh iru edfn0vwhs h{0

whqvlrqv ri vxeqrupdo zhljkwhg vkliwv zlwk Ehujhu phdvxuhv kdylqj qr pdvv dw wkh

ruljlq1
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Wkhruhp 6181 Ohw Z� eh d vxeqrupdo zhljkwhg vkliw/ zlwk Ehujhu phdvxuh �1

Wkhq Z�+{q>{q�4 >��� >{4, lv vxeqrupdo li dqg rqo| li

+d,
4
wm
5 O4+�, iru doo 4 � m � q/

+e, {4 � � �{m @ +mm 4
wm
mmO4+�,,

�4@5
iru 4 � m � q� 4 dqg {4 � � �{q � +mm 4

wq
mmO4+�,,

�4@5
1

Surri1 Wkh fdvh q @ 4 zdv hvwdeolvkhg lq ^Fx4/ Sursrvlwlrq ;`1 Khuh/ dqg zlwkrxw

orvv ri jhqhudolw|/ zh zloo rqo| frqvlghu wkh fdvh q @ 51
+,, Dvvxph wkdw Z�+{5>{4, lv vxeqrupdo1 Vlqfh Z�+{4, lv d vxeqrupdo zhljkwhg

vkliw srvvhvvlqj d vxeqrupdo h{whqvlrq +qdpho| Z�+{5>{4,,/ Ohppd 614 lpsolhv

wkdw {4 @ +mm4
w
mmO4+�,,

�4@51 Pruhryhu/ vlqfh Z�+{5>{4, lv vxeqrupdo/ zh pxvw kdyh

Z 5
�+{5>{4,

vxeqrupdo/ vr Ohppd 615 lpsolhv wkdw Z�+{5>{4,+5=3, � Z�+5=3,+{5{4, lv

vxeqrupdo dqg {4{5 � +mm 4
w
mm
O4+�+w

4
5 ,,

,�4@5 @ +mm 4
w5
mmO4+�,,

�4@51

++, Dvvxph wkdw +d, dqg +e, krog1 Vlqfh 4
w
5 O4+�, dqg {54 @ +mm 4

w
mmO4+�,,/ zh

nqrz wkdw Z�+{4, lv vxeqrupdo zlwk phdvxuh � vxfk wkdw �+i3j, @ 31 Wr fkhfn

wkh vxeqrupdolw| ri Z�+{5>{4, @ Z�+{4,+{5,/ e| Wkhruhp 616 lw vx!fhv wr fkhfn wkh

vxeqrupdolw| ri Z 5
�+{5>{4,

/ dqg e| Ohppd 615/ wklv uhgxfhv wr yhuli|lqj wkh vxeqru0

pdolw| riZ�+{5>{4,+5=3, @ Z�+5=3,+{5{4,1 Li �4 ghqrwhv wkh Ehujhu phdvxuh riZ�+5=3,/

wkdw lv/ g�4+w, � g�+w
4
5 ,/ zh nqrz wkdw {5{4 � +mm 4

w5
mmO4+�,,

�4@5 @ +mm4
w
mmO4+�4,,

�4@51
Wkhuhiruh/ zh vhh wkdw Z�+5=3,+{5{4, lv vxeqrupdo/ xvlqj Ohppd 6141 Wkxv/

Z�+{5>{4,+5=3, lv vxeqrupdo/ dv ghvluhg1

71 Vrph Uhyhdolqj H{dpsohv

Ohw � = �3> �4> �5> � � � > �q> � � � eh d vhtxhqfh ri zhljkwv dqg ohw �q eh wkh fruuh0

vsrqglqj prphqwv1 Iru { A 3 ohw �+{, = {> �3> �4> � � � eh wkh dvvrfldwhg edfn0vwhs

h{whqvlrq ri � dqg dvvxph wkdw Z� lv vxeqrupdo1 Lw iroorzv iurp ^Fx4/ Wkhruhp

7` wkdw Z�+{, lv n0k|srqrupdo li dqg rqo| li

Gn =@

3
EEEEEC

4
{5

�3 �4 � � � �n�4

�3 �4 �5 � � � �n
�4 �5 �6 � � � �n.4

111
111

111
1 1 1

111

�n�4 �n �n.4 � � � �5n�4

4
FFFFFD � 3=

Wkhruhp 7141 Iru c � 4/ Z c
�+{,

lv n0k|srqrupdo li dqg rqo| li

Gn>c =@

3
EEEEEC

4
{5

�c�4 �5c�4 � � � �nc�4

�c�4 �5c�4 �6c�4 � � � �+n.4,c�4

�5c�4 �6c�4 �7c�4 � � � �+n.5,c�4

1
1
1

1
1
1

1
1
1

1 1 1
1
1
1

�nc�4 �+n.4,c�4 �+n.5,c�4 � � � �5nc�4

4
FFFFFD � 3=

Surri1 Lw vx!fhv wr fkhfn wkdw Z�+{,+c=3, lv n0k|srqrupdo1 Qrz/ wkh pdwul{ ghwhfw0

lqj n0k|srqrupdolw| iru Z�+{,+c=3, lv

Gn @ {5

3
EEEEEC

4
{5

�c�4 �5c�4 � � � �nc�4

�c�4 �5c�4 �6c�4 � � � �+n.4,c�4

�5c�4 �6c�4 �7c�4 � � � �+n.5,c�4

111
111

111
1 1 1

111

�nc�4 �+n.4,c�4 �+n.5,c�4 � � � �5nc�4

4
FFFFFD @ {5Gn>c>
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vr wkh uhvxow iroorzv1

Sursrvlwlrq 7151 Iru c � 4/ ohw � =
t

5
6
>

t
6
7
>

t
7
8
> � � � 1

+4, Z c
�+
s
{,

lv k|srqrupdo / { � +c.4,5

5+5c.4,

+5, Z c
�+
s
{,

lv 50k|srqrupdo / { � +c.4,5+5c.4,5

5+6c.4,+7c5.6c.4,
=

+6, Z c
�+
s
{,

lv vxeqrupdo / { � 4
5
=

Surri1 Revhuyh wkdw �nc�4 @ 5
nc.4

1 Qrz frqvlghu

G5 @

3
C

4
{

5
c.4

5
5c.4

5
c.4

5
5c.4

5
6c.4

5
5c.4

5
6c.4

5
7c.4

4
D =

E| gluhfw fdofxodwlrq zh rewdlq

G5 � 3 +, { � +c. 4,5+5c. 4,5

5+6c.4,+7c5 . 6c.4,
=

Pruhryhu/ vlqfh Z� lv vxeqrupdo/ zlwk phdvxuh 5wgw +lq sduwlfxodu/ zlwk qr pdvv

dw wkh ruljlq,/ zh vhh wkdw Z c
�+
s
{,

lv vxeqrupdo +, Z�+
s
{, lv vxeqrupdo1

Fruroodu| 7161 +^Fx4/ Sursrvlwlrq :`, Ohw � =
t

5
6
>

t
6
7
>

t
7
8
> � � � 1

+4, Z�+
s
{, lv k|srqrupdo / { � 5

6
=

+5, Z�+
s
{, lv 50k|srqrupdo / { � <

49
=

+6, Z�+
s
{, lv vxeqrupdo / { � 4

5
1

81 Txdgudwlf k|srqrupdolw|

Zh uhfdoo vrph whuplqrorj| dqg qrwdwlrq iurp ^Fx4`/ ^FI5` dqg ^FI6`1 Dq

rshudwru W lv vdlg wr eh txdgudwlfdoo| k|srqrupdo li W . vW 5 lv k|srqrupdo iru

hyhu| v 5 F1 Ohw Z� eh d k|srqrupdo zhljkwhg vkliw1 Iru v 5 F/ ohw G+v, =@
^+Z�.vZ 5

�,
�>Z�. vZ 5

�`/ ohw Sq eh wkh ruwkrjrqdo surmhfwlrq rqwr
Zq

l@3ihlj/ dqg
ohw

Gq � Gq+v, =@ Sq^+Z� . vZ 5
�,
�>Z� . vZ 5

�`Sq

@

3
EEEEEEEC

t3 �u3 3 � � � 3 3
u3 t4 �u4 � � � 3 3
3 u4 t5 � � � 3 3
111

111
111

1 1 1
111

111

3 3 3 � � � tq�4 �uq�4

3 3 3 � � � uq�4 tq

4
FFFFFFFD
>

zkhuh tn =@ xn . mvm5yn> un =@ v
s
zn> xn =@ �5

n � �5
n�4> yn =@ �5

n�
5
n.4 � �5

n�4�
5
n�5>

zn =@ �5
n+�

5
n.4��5

n�4,
5 +n � 3, dqg ��4 @ ��5 =@ 3= Fohduo|/ Z� lv txdgudwlfdoo|

k|srqrupdo li dqg rqo| li Gq+v, � 3 iru hyhu| v 5 F dqg hyhu| q � 31 Ohw gq+�, =@
ghw+Gq+�,,1 Wkhq lw iroorzv iurp ^Fx4`/ ^FI6` wkdw g3 @ t3/ g4 @ t3t4 � mu3m5/ dqg

gq.5 @ tq.5gq.4 � muq.4m5gq +q � 3,>
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dqg wkdw gq lv dfwxdoo| d sro|qrpldo lq w =@ mvm5 ri ghjuhh q . 4/ zlwk Pdfodxulq

h{sdqvlrq gq+w, �
q.4S
l@3

f+q> l,wl1 Wklv jlyhv dw rqfh wkh uhodwlrqv

f+3> 3, @ x3 f+3>4, @ y3
f+4> 3, @ x4x3 f+4>4, @ x4y3 . x3y4 �z3 f+4> 5, @ y4y3

>

dqg

f+q .5> l, @ xq.5f+q.4> l, . yq.5f+q .4> l � 4,� zq.4f+q> l� 4,

+q � 3> 3 � l � q.4,=

Wr ghwhfw wkh srvlwlylw| ri gq/ wkh iroorzlqj qrwlrq zdv lqwurgxfhg lq ^FI6`1

Gh�qlwlrq 8141 Zh vd| wkdwZ� lv srvlwlyho| txdgudwlfdoo| k|srqrupdo li f +q> l, �
3 iru doo q> l � 3 zlwk 3 � l � q. 4=

Lw lv reylrxv wkdw srvlwlyh txdgudwlf k|srqrupdolw| lpsolhv txdgudwlf k|srqru0

pdolw|> pruhryhu/ txdgudwlf k|srqrupdolw| grhv qrw qhfhvvdulo| lpso| srvlwlyh txd0

gudwlf k|srqrupdolw| ^MS4`1

Sursrvlwlrq 8151 Zlwk wkh deryh qrwdwlrq/ dvvxph wkdw xq.4yq � zq +q � 6,1
Wkhq Z� lv srvlwlyho| txdgudwlfdoo| k|srqrupdo li dqg rqo| li f+6> 5, � 3 dqg

f+7>6, � 31

Surri1 Lpphgldwh iurp ^EHM/ Fruroodu| 616 dqg Wkhruhp 61<`1

Ohppd 8161 Dvvxph wkdw Z� lv vxeqrupdo dqg ohw c � 4/ n � 41 Wkh iroorzlqj

vwdwhphqwv duh htxlydohqw1

+4, Z c
�+{, lv zhdno| n0k|srqrupdo1

+5, Z�+{,+c=3, lv zhdno| n0k|srqrupdo1

Surri1 Lplwdwh wkh surri ri Ohppd 6151

Wkhruhp 8171 Ohw �q =@
t

q.5
q.6

+q � 3,/ ohw � � i�qj4q@3/ dqg ohw c � 41 Wkhq

Z�+
s
{,+c=3, lv srvlwlyho| txdgudwlfdoo| k|srqrupdo li dqg rqo| li+

{ � +c.4,5

5+5c.4,
c @ 4>5

{ � +c.4,5+4.:c.67c5.77c6,

5+4.<c.78c5.<<c6.<7c7,
c � 6

=+814,

Surri1 Ohw �3 =@
t

5{
c.4

dqg �q =@
t

qc.4
+q.4,c.4

+q � 4,1 Wkhq Z�+
s
{,+c=3, @ Z� 1

E| gluhfw fdofxodwlrq zh vhh wkdw

xq @ �5q � �5
q�4 @

c5

++q.4,c.4,+qc.4,
+q � 5,>

yq @ �5
q�

5
q.4 � �5

q�4�
5
q�5 @

7c5

++q. 5,c. 4,+qc. 4,
+q � 6,

dqg

zq @ �5
q+�

5
q.4 � �5

q�4,
5 @

7c5

+qc. 4,++q. 4,c. 4,++q.5,c.4,5
+q � 5,=
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Vlqfh Z� kdv wkh surshuw| xq.4yq � zq +q � 6,/ e| Sursrvlwlrq 815 lw vx!fhv wr

yhuli| wkh qrqqhjdwlylw| ri f+6> 5, dqg f+7> 6,1 E| gluhfw fdofxodwlrq/

f+6>5, � 3 +, +c.4,5+: . 44c,

7+6 . 43c.44c5,

dqg

f+7> 6, � 3 +, +c. 4,5+4 . :c. 67c5 . 77c6,

5+4 . <c.78c5 .<<c6 .<7c7,
=

Rq wkh rwkhu kdqg/ wkh k|srqrupdolw| frqglwlrq iru Z� lv { � +c.4,5

5+5c.4,
1 Ilqdoo|/

revhuyh wkdw

+c.4,5+: . 44c,

7+6 . 43c.44c5,
� +c. 4,5

5+5c. 4,
+doo c � 4,>

+c. 4,5+4 . :c.67c5 . 77c6,

5+4 . <c. 78c5 .<<c6 .<7c7,
� +c. 4,5

5+5c. 4,
+li c @ 4> 5,>

dqg

+c.4,5+4 . :c.67c5 .77c6,

5+4 . <c. 78c5 . <<c6 . <7c7,
� +c.4,5

5+5c.4,
+li c � 6,=

Wklv suryhv +814,1

Fruroodu| 8181 Ohw �q =@
t

q.5
q.6

+q � 3, dqg � � i�qj4q@31

+d, Z 5
�+
s
{,

lv txdgudwlfdoo| k|srqrupdo +, { � <
43
=

+e, Li c � 6 dqg { � +c.4,5+4.:c.67c5.77c6,

5+4.<c.78c5.<<c6.<7c7,
/ wkhq Z c

�+
s
{,

lv txdgudwlfdoo| k|srqru0

pdo1

Uhpdun 8191 Ohw � eh dv lq Fruroodu| 8181 Wkhq Z5
�+
s
{,

lv srvlwlyho| txdgudwl0

fdoo| k|srqrupdo li dqg rqo| li Z 5
�+
s
{,

lv txdgudwlfdoo| k|srqrupdo li dqg rqo| li

{ � <
43
1 Pruhryhu/ iru { @ <

43
/ Z 5

�+
s
{,

kdv wkh �uvw wzr zhljkwv htxdo/ qdpho|

�3 @ �4 @
t

6
8
> wklv h{dpsoh uhvhpeohv ^Fx4/ Sursrvlwlrq :`/ zkhuh wkh �uvw qrqwuly0

ldo txdgudwlfdoo| k|srqrupdo zhljkwhg vkliw zlwk wzr htxdo zhljkwv dsshduv1 +Iru

dgglwlrqdo uhvxowv dorqj wkhvh olqhv/ vhh ^FM`1, Khuh zh qrwlfh wkdw iru { @ <
43
/ qrw

rqo| Z�+
s
{, lv txdgudwlfdoo| k|srqrupdo zlwk wzr htxdo zhljkwv exw dovr Z 5

�+
s
{,

lv txdgudwlfdoo| k|srqrupdo$

Dfnqrzohgjphqw1 Wkh dxwkruv duh lqghewhg wr wkh uhihuhh iru vhyhudo khosixo

vxjjhvwlrqv1

Uhihuhqfhv

^Dwk` D1 Dwkdydoh/ Rq mrlqw k|srqrupdolw| ri rshudwruv/ Surf1 Dphu1 Pdwk1 Vrf 436+4<;;,/

74:0751

^EHM` M1 Edh/ J1 H{qhu dqg L1E1 Mxqj/ Fulwhuld iru srvlwlyho| txdgudwlfdo o| k|srqrupdo zhljkwhg

vkliwv/ Surf1 Dphu1 Pdwk1 Vrf1/ wr dsshdu1

^Eud` M1 Eudp/ Vxeqrupdo rshudwruv/ Gxnh Pdwk1 M 55+4<88,/ :80<71

^Frq` M1E1 Frqzd|/ Vxeqrupdo Rshudwruv/ Uhvhdufk Qrwhv lq Pdwkhpdwlfv/ yro1 84/ Slwpdq

Sxeo1 Fr1/ Orqgrq/ 4<;41

^Fx4` U1 Fxuwr/ Txdgudwlfdo o| k|srqrupdo zhljkwhg vkliwv/ Lqwhjudo Htxdwlrqv Rshudwru Wkhru|

46+4<<3,/ 7<0991
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^Fx5` U1 Fxuwr/ Mrlqw k|srqrupdolw|= D eulgjh ehwzhhq k|srqrupdolw| dqg vxeqrupdolw|/ Surf1

V|psrvld Sxuh Pdwk1 84+4<<3,/ 9<0<41

^FI4` U1 Fxuwr dqg O1 Ildonrz/ Uhfxuvlyhqhvv/ srvlwlylw|/ dqg wuxqfdwhg prphqw sureohpv/

Krxvwrq M1 Pdwk1 4:+4<<4,/ 93609681

^FI5` U1 Fxuwr dqg O1 Ildonrz/ Uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv dqg wkh vxeqrupdo frp0

sohwlrq sureohp/ Lqwhjudo Htxdwlrqv Rshudwru Wkhru| 4:+4<<6,/ 53505791

^FI6` U1 Fxuwr dqg O1 Ildonrz/ Uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv dqg wkh vxeqrupdo frp0

sohwlrq sureohp/ LL/ Lqwhjudo Htxdwlrqv Rshudwru Wkhru| 4;+4<<7,/ 69<07591

^FM` U1 Fxuwr dqg L1E1 Mxqj/ Txdgudwlfdo o| k|srqrupdo zhljkwhg vkliwv zlwk wzr htxdo zhljkwv/

Lqwhjudo Htxdwlrqv Rshudwru Wkhru| 6:+5333,/ 53;05641

^FMO` U1 Fxuwr/ L1E1 Mxqj dqg Z1\1 Ohh/ H{whqvlrq dqg h{wuhpdolw| ri uhfxuvlyho| jhqhudwhg

zhljkwhg vkliwv/ Surf1 Dphu1 Pdwk1 Vrf1/ wr dsshdu1

^FS4` U1 Fxuwr dqg P1 Sxwlqdu/ H{lvwhqfh ri qrq0vxeqrupdo sro|qrpldoo| k|srqrupdo rshud0

wruv/ Exoo1 Dphu1 Pdwk1 Vrf1 58+4<<4,/ 6:606:;1

^FS5` U1 Fxuwr dqg P1 Sxwlqdu/ Qhduo| vxeqrupdo rshudwruv dqg prphqw sureohpv/ M1 Ixqf0

wlrqdo Dqdo|vlv 448+4<<6,/ 7;307<:1

^FP[` U1 Fxuwr/ S1V1 Pxko| dqg M1 [ld/ K|srqrupdo sdluv ri frppxwlqj rshudwruv/ Rshudwru

Wkhru|= Dgy1 Dsso1 68+4<;;,/ 40551

^MO` L1E1 Mxqj dqg F1 Ol/ D irupxod iru &0k|srqrupdolw| ri edfnvwhs h{whqvlrqv ri vxeqrupdo

zhljkwhg vkliwv/ Surf1 Dphu1 Pdwk1 Vrf1/ wr dsshdu1

^MS4` L1E1 Mxqj dqg V1 Sdun/ Txdgudwlfdo o| k|srqrupdo zhljkwhg vkliwv dqg wkhlu h{dpsohv/

Lqwhjudo Htxdwlrqv dqg Rshudwru Wkhru| 69+5333,/ 7;307<;1

^MS5` L1E1 Mxqj dqg V1 Sdun/ Fxelfdo o| k|srqrupdo zhljkwhg vkliwv dqg wkhlu h{dpsohv/ M1 Pdwk1

Dqdo1 Dsso1 57:+5333,/ 88:089<1

^PfFS` V1 PfFxoorxjk dqg Y1 Sdxovhq/ D qrwh rq mrlqw k|srqrupdolw|/ Surf1 Dphu1 Pdwk1 Vrf1

43:+4<;<,/ 4;:04<81

^Sdx` Y1 Sdxovhq/ Frpsohwho| erxqghg pdsv dqg glodwlrqv/ Slwpdq Uhvhdufk Qrwhv lq Pdwkh0

pdwlfv Vhulhv/ yro1 479/ Orqjpdq Vfl1 Whfk1/ Qhz \run/ 4<;91

^Vwd` M1 Vwdps l/ Zklfk zhljkwhg vkliwv duh vxeqrupdo/ Sdfl�f M1 Pdwk1 4:+4<<9,/ 69:06:<1

^Vkl` D1 Vklhogv/ Zhljkhg vkliw rshudwruv dqg dqdo|wlf ixqfwlrq wkhru|/ Surf1 Dphu1 Pdwk1 Vrf1

43:+4<;<,/ 4;:04<81

^Zro` Zroiudp Uhvhdufk Lqf1/ Pdwkhpdwlfd Yhuvlrq 613/ Zroiudp Uhvhdufk Lqf1/ Fkdpsdljq/

LO/ 4<<91

Ghsduwphqw ri Pdwkhpdwlfv/ Wkh Xqlyhuvlw| ri Lrzd/ Lrzd Flw|/ Lrzd 85575/ XVD

H0pdlo dgguhvv = fxuwrCpdwk1xlrzd1hgx

Ghsduwphqw ri Pdwkhpdwlfv/ N|xqjsrrn Qdwlrqdo Xqlyhuvlw|/ Ghdjx/ Nruhd

H0pdlo dgguhvv = svv7;88Ckdqpdlo1qhw


