PROPAGATION PHENOMENA
FOR HYPONORMAL 2-VARIABLE WEIGHTED SHIFTS

RAUL E. CURTO AND JASANG YOON

ABSTRACT. We study the class of hyponormal 2-variable weighted shifts with two consecutive equal
weights in the weight sequence of one of the coordinate operators. We show that under natural
assumptions on the coordinate operators, the presence of consecutive equal weights leads to horizontal
or vertical flatness, in a way that resembles the situation for 1-variable weighted shifts. In 1-
variable, it is well known that flat weighted shifts are necessarily subnormal (with finitely atomic
Berger measures). By contrast, we exhibit a large collection of flat (i.e., horizontally and vertically
flat) 2-variable weighted shifts which are hyponormal but not subnormal. Moreover we completely
characterize the hyponormality and subnormality of symmetrically flat contractive 2-variable weighted
shifts.

1. INTRODUCTION

The Lifting Problem for Commuting Subnormals (LPCS) asks for necessary and sufficient condi-
tions on a pair of commuting subnormal operators on Hilbert space to admit a joint normal extension.
In previous work we have proved that the (joint) hyponormality of the pair, while being a necessary
condition, is by no means sufficient ([CuYol], [CuYo2]). We have also established that in a very
special situation, hyponormality is indeed sufficient [CuYol, Theorem 5.2 and Remark 5.3]. This
involves 2-variable weighted shifts with weight sequences which are constant except for the 0-th row
in the index set Zi. One is then tempted to claim that a similar result might be true for weight
sequences which are constant in a slightly smaller domain of indices, e.g., those indices k € Zi with
ki1,k2 > 1. However, in this paper we show that such is not the case, that is, hyponormality and
subnormality are quite different even in those cases.

For oo = {a }32, a bounded sequence of positive real numbers (called weights), let W, : (*(Zy) —
(%(Z.) be the associated unilateral weighted shift, defined by Wyey, = agepyr (all k > 0), where
{ex}22, is the canonical orthonormal basis in ¢2(Z;). A quadratically hyponormal weighted shift
Wy with agy1 = oy for some k > 1 must necessarily be (i) flat (i.e., a1 = ag = a3 = ---), and (ii)
subnormal. For 2-variable weighted shifts associated with weight sequences {ouc}, {8k} € €>°(Z2),
we first establish the correct analogue of (i) (Theorem 3.3), and we then show that there is a rich
family of sequences {ax},{fk} giving rise to flat, non-subnormal, hyponormal 2-variable weighted
shifts; this is in sharp contrast with the 1-variable situation. The optimality of Theorem 3.3 is
established through an elaborate construction which uses Bergman-like weighted shifts (Theorem
3.14).  Finally, in Section 5 we completely characterize the hyponormality and subnormality of
symmetrically flat contractive 2-variable weighted shifts, which sheds new light on the relationship
between flatness and subnormality.
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Recall that a bounded linear operator T' € B(H) on a complex Hilbert space H is normal if T*T =
TT*, subnormal if T' = N |y, where N is normal and N(H) C H, and hyponormal if T*T > TT*. For
k>1and T € B(H), T is k-hyponormal if (I, T,--- ,T*) is (jointly) hyponormal. Additionally, T is
weakly k-hyponormal if p(T') is hyponormal for every polynomial p of degree at most k. Thus, if 7" is
k-hyponormal then 7' is weakly k-hyponormal, and “hyponormality” “l1-hyponormality” and “weak
1-hyponormality” are all identical notions ([Ath]). On the other hand, results in ([CMX]), ([Cu2])
and ([McCP]) show that if T" is weakly 2-hyponormal (also called quadratically hyponormal), then T
need not be 2-hyponormal. The Bram-Halmos characterization of subnormality ([Con, II1.1.9]) can
be paraphrased as follow: T is subnormal if and only if 7" is k-hyponormal for every k > 1 (J[CMX,
Proposition 1.9]). In particular, each subnormal operator is polynomially hyponormal (i.e., weakly
k-hyponormal for every k > 1). The converse implication, whether T' polynomially hyponormal
= T subnormal, was settled in the negative in ([CuPu]); indeed, it was shown that there exists
a polynomially hyponormal operator which is not 2-hyponormal. Previously, S. McCullough and
V. Paulsen had established ([McCP]) that one can find a non-subnormal polynomially hyponormal
operator if and only if one can find a unilateral weighted shift with the same property. Thus,
although the existence proof in ([CuPu]) is abstract, by combining the results in ([CuPu]) and
([McCP]) we now know that there exists a polynomially hyponormal unilateral weighted shift which
is not subnormal.

For S,T € B(H) we let [S,T] := ST —TS. We say that a commuting n-tuple T = (T1,--- ,T},)
of operators on H is (jointly) hyponormal if the operator matrix

[T1*7 Tl] [T2*7 Tl] T [Trfa Tl]
[T*, T] — [T1*7:T2] [T2*7:T2] : [T;::TQ]
[Tl*v Tn] [T2*7 Tn] T [T;;, Tn]

is positive on the direct sum of n copies of H (cf. [Ath], [CMX]). The n-tuple T is said to be normal
if T is commuting and each 7; is normal, and T is subnormal if T is the restriction of a normal
n-tuple to a common invariant subspace. Clearly, normal = subnormal = hyponormal.

For o = {ap}32, € £>°(Z4) and W, the associated unilateral weighted shift, the moments of a
are given as

= (@) = 1 ifk=20
Tk =Tk T a%-...-azfl ifk>0 "
It is easy to see that W, is never normal, and that it is hyponormal if and only if ag < g < ---. If

apy1 = ag for all & > 1, W, is called flat. On occasion, we will write shift(ag, a1, a9, -+ ) to denote
the weighted shift with weight sequence {ay}72,. We also denote by Uy := shift(1,1,1,---) the
(unweighted) unilateral shift, and for 0 < a < 1 we let S, := shift(a,1,1,---); the shift S, is the
prototypical flat weighted shift, and it is subnormal.

Similarly, consider double-indexed positive bounded sequences {ax}, {Bk} € (®(Z%) , k = (k1, k2) €
Zi =7, x Z, and let £? (Zi) be the Hilbert space of square-summable complex sequences indexed
by Z%. (Recall that £%(Z%) is canonically isometrically isomorphic to ¢*(Z4) @ ¢*(Z+).) We define
the 2-variable weighted shift T by

Tiex := axekye,

Trex = Prlrte,,
where 1 := (1,0) and &9 := (0,1). Clearly,

T, =151 <= ﬂk+€1ak = Oék+€2ﬂk (all k) (1.1)
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In an entirely similar way one can define multivariable weighted shifts. Trivially, a pair of unilateral
weighted shifts W, and Wy gives rise to a 2-variable weighted shift T = (71, T»), if we let o, 1,) =
g, and By, k) = Br, (all k1, ko € Zi) In this case, T is subnormal (resp. hyponormal) if and
only if so are T} and Tb; in fact, under the canonical identification of ¢*(Z2) and (*(Z+) @ (*(Z4),
T1 =ZWo@Q1I and Tr = I Q W3, and T is also doubly commuting. For this reason, we do not focus
attention on shifts of this type, and use them only when the above mentioned triviality is desirable
or needed.

We now recall a well known characterization of subnormality for single variable weighted shifts, due
to C. Berger (cf. [Con, I11.8.16]): W, is subnormal if and only if there exists a probability measure &
supported in [0, || W, ||?] (called the Berger measure of W) such that v () == a3-...-aj_, = [t*d(t)
(k > 1). For instance, the Berger measures of U, and S, are §; and (1 — a?)dy + a?d;, respectively,
where 0, denotes the point-mass probability measure with support the singleton {z}.

If W, is subnormal, and if for h > 1 we let M}, := \/{ey : k > h} denote the invariant subspace
obtained by removing the first h vectors in the canonical orthonormal basis of ¢?(Z.), then the
Berger measure of Wy |y, is %thdé’ (t). For h =2, one can use this to prove the following result.

Lemma 1.1. Let T = shift(By, /1, ) be a subnormal weighted shift, with Berger measure 1, and

let Ta be its restriction to M := V{ez,es,--}. Then 33 = (H%HLl(nM))_l
Proof. We have
1 1.1 1 Mmool
I3 = ey = [ =2 =,
LY () gp V2 Y2 B
as desired. ]

Corollary 1.2. Let T = (T1,Ts) be a commuting 2-variable weighted shift, assume that Ty is sub-
normal, and assume that there exists ky > 0 such that (g, ry) = (k) ko)+e, fOr all kg > 2. Then

Bkr,1) = Blker 1) 4es -

Proof. Consider S := shift(Bu, 2), Br,,3), -+ ) and S := shi ft(B(r, 1 .2)s Bki+1,3), ). Since Ty is
subnormal, we know that both S and S’ are subnormal, with Berger measures 7 and 7/, respectively.
Since (g, ky) = Q(ky ka)4es> the commuting property (1.1) readily implies that B, k) = Bk, ko)+er
for all ko > 2, that is S = §’, that is, n = 7'. By Lemma 1.1, we must have

1 1
2 _ -1 _ -1 _ 22
Bk 1) = (‘ n Ll(n)) = (H; Ll(n/)) = By 1) 4er

as desired. O

Acknowledgments. The authors are grateful to the referee for several suggestions which helped
improved the presentation. Example 5.13 and some of the proofs of the results in this paper were
obtained using calculations with the software tool Mathematica [Wol].

2. PROPAGATION PHENOMENA FOR 1-VARIABLE WEIGHTED SHIFTS

In this section, we review some basic propagation phenomena for 1-variable weighted shifts, and
we then develop the results for the 2-variable case in Sections 3 and 4. J. Stampfli showed in [Sta]
that for a subnormal weighted shift W, a propagation phenomenon occurs which forces the flatness
of W, whenever two equal weights are present.

Proposition 2.1. (Subnormality, One-variable Case) ([Sta]) Let Wy, be a subnormal weighted shift
with weight sequence {ag}72 . If ar = ag1 for some k>0, then W, is flat.
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The first named author showed that in the presence of 2-hyponormality (resp. quadratic hyponor-
mality) of weighted shifts, a propagation phenomenon also occurs which forces the flatness of W,
whenever two equal weights (resp. three equal weights) are present.

Proposition 2.2. (2-hyponormality, One-variable Case) ([Cu2]) Let W, be a 2-hyponormal weighted
shift with weight sequence {ap}3 . If ap = agq1 for some k >0, then W, is flat.

Proposition 2.3. (Quadratic Hyponormality, One-variable Case) ([Cu2]) Let W, be a unilateral
weighted shift with weight sequence {ay}p2 . and assume that W, is quadratically hyponormal. If
Q= Qgt1 = Qgao for some k >0, then W, is flat.

Y. Choi later improved Proposition 2.3, as follows.

Proposition 2.4. (Quadratic Hyponormality, One-variable Case, Improved Version) ([Choi|) Let
We be a unilateral weighted shift with weight sequence {ax}32, and assume that Wy, is quadratically
hyponormal. If o, = agy1 for some k > 1, then Wy, is flat.

Moreover, Y. Choi showed that, in the presence of polynomially hyponormality, two consecutive
equal weights again force flatness.

Proposition 2.5. (Polynomially hyponormality) ([Choi]) Let W, be a unilateral weighted shift with
weight sequence {ag}72 ), and assume that Wy, is polynomially hyponormal. If ay, = oy for some

k >0, then W, s flat.

3. PROPAGATION IN THE 2-VARIABLE HYPONORMAL CASE

In this section, we show that if a commuting, (jointly) hyponormal pair T =(T1,75) with T}
quadratically hyponormal satisfies vk, 1 k,) = Q(k; ko) for some Ky, ky > 1, then (11, To(I ® Uf*l))
is horizontally flat (see Definition 3.1 below); this is the content of Theorem 3.3. We also prove
that Theorem 3.3 is optimal in the following sense: the propagation does not extend either to the
left (0-th column) or down (below ka-th level).

We begin with:

Definition 3.1. A 2-variable weighted shift T = (T1,T%) is horizontally flat (resp. vertically flat) if
Qky ko) = 1,1y for all ki, ko > 1 (resp. B, k) = By for all ki, ke > 1). We say that T is flat if
T is horizontally and vertically flat (cf. Figure 1), and we say that T is symmetrically flat if T is
ﬂat and 1] — ﬂll-

Lemma 3.2. ([Cul])(Siz-point Test) Let T = (T1,T3) be a 2-variable weighted shift, with weight
sequences o and (3. Then

[T, T] 20 & (1T} Tletcre, eiere))2; 2 0 (all k € Z2)

2 2
PN ozk+€1 — O Oék+522/8k+51 - QOékﬁk >0 (all k € ZQ )
Okten Pite; — Pk Bire, — Pic - +

Theorem 3.3. Let T = (T1,13) be a commuting, hyponormal 2-variable weighted shift.

(i) If Th is quadratically hyponormal and oy, ky)4+e; = Q(ky ky) fOr some ki, ke > 1, then (T1,To(I ®
U_IT_Q_I)) is horizontally flat.

(ii) If, instead, Ty is quadratically hyponormal and Bk, ky)+eo = B(ky ko) for some ki, k2 > 1, then
(Tl(U_lf_l_l ® I),T5) is vertically flat.



Q0 ko +1 1 Ie 1o
(0, ko + 1) 2 hd L °
180,k b b b b
Q0 ky 1 1 1y
(0, k2) ° ° °
Ty
ﬁo,g ) ) > b
Q0,2 1‘ 1‘ 1‘
(0,2) © © °
80,1 bb b b b b
Q0,1 1‘ 1‘ 1_
(0,1) © © °
30,0 31,0 18k1 0 Bk +1,0
Q0,0 1,0 Ak ,0 Qlkq 41,0
(070) (170) (klvo) (kl + 170)
T

FIGURE 1. Weight diagram of a flat 2-variable weighted shift (with round dots for
horizontal flatness, triangular dots for vertical flatness)

Proof. Without loss of generality, we only prove (i). Consider the restricted weight diagram based

at (k1,k2) (see Figure 3).
Recall that, by joint hyponormality, we have

2 9
Yk ko) +er — Yk ke)

a(k1,k2)+62ﬁ(k1,k2)+51 - ﬁ(khkg)a(kl,kz) > O
2 =~ U.
a(k1,k2)+52/6(]€1,]€2)+61 - /g(kl,kz)a(kl,kz)

2
Blir k) resr ~ Bl ko)

Since Q(r, ky)+e; = Xk k), 16 follows that

a(k1,k2)+52/6(]€1,]€2)+61 = /B(kl,kg)a(khkg)' (31)
By the commuting property (1.1),
kg ka) Blker ko) ber = Ok ko) +e20(kn ko) - (3.2)
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(k‘l, ko + 2).

ﬁkl,szrl
Ok ,ko+1
(k)l,kg—Fl) (k,‘l +1,k2+1)
ﬁkl,kz k1+1,ko
Ak, ko Qky41,ko
@

(K1, k2) (k1 +1,k2) (k1 42, k2)

FIGURE 2. Weight diagram for the Six-point Test

(k1, k2 +2)

ﬁkl,szrl

Ay, ko+1 Ay 4+1,ko+1
T2 (kl, ko + 1) 1,k2 1 2

ﬁkl,kg /Bkl-‘rl,kg

Oékrl,kz ak1+1,k2 Oék:1+2,k:2
L L
(K1, k2) (k1 +1,k2) (k1 +2,k2) (k14 3,k2)
T

FIGURE 3. Weight diagram of the 2-variable weighted shift in Theorem 3.3 (the two
solid black dots represent equal weights)

Therefore

a%k1,k2)+€2ﬂ(klyk2) = Qky,k2)+e2 (a(k1,k2)+62ﬂ(k1,k2)) = Q(ky ko) +e2 (a(kl,kg)ﬁ(k1,k2)+61) (by (3.2))

= a(k1,k2)(a(k1,k2)+€2ﬂ(k1,k2)+61) = a(klka)(/B(klka)a(kth)) (by (31))

Thus, a%k1,k2)+€2ﬂ(klvk2) = O‘(kh]@)(ﬂ(kh]@)a(khb))’ which implies that Qg ko) +ea = Xk k) We now
recall Theorem 2.4, which says that flatness can be propagated to the right, that is, g, ky)1e, =
Oy ko) 42e, - 16 follows that g ry)qei4er = Qg ka)+es> and then two equal weights occurs at level
ko + 1, which then implies o (g, ry)42e0 = Ok ko) te2 = Q(ky,kz)- LU 1S NOW easy to see that for every
level £ > ko we must have o, 1) = Qg k) (all k&4 > 1). Using Theorem 2.4 to propagate these

equalities to the left, we eventually conclude that

a(kq,f) = a(l,k‘Q) (kl > ]-7€ > kQ)
6



We thus obtain that (TlvTQ)‘V{eucl,z): ki>1, (ko) 1S unitarily equivalent to (o ) Utr @ I,1 @ Wy),
where 7y, := (1 g+k,(k > 0). This can be rephrased as saying that (77, 75(I ® Uf_rl)) is horizontally
flat, as desired. O
Remark 3.4. The proof of Theorem 3.3 shows that for T = (77,7%) commuting and hyponormal,
and for k‘l, k‘Q > O,

Ak ko) +e1 — Ok k2) = ﬁ(khkz) = ﬁ(k1,k2)+51 (33)
(by (3.1) and (3.2)). Moreover, if ky > 1,

Ak ko) +e1 — Ok ko) and Ak ko) +e1—e2 — Ok ka)—ea = Q(ky ko) +e1r = Yk ko) +e1—e2-

Remark 3.5. The proof of Theorem 3.3 also reveals that asking T = (71,7%) to be jointly hy-
ponormal is significantly stronger than asking both 77 and 75 to be hyponormal. For, consider the
2-variable weighted shift whose weight diagram is given by Figure 4. In [CuYol, Theorem 5.2], we

1 1 1
1 1 1
T21 (0,2
1 1 1
1 1 1
(0,1)
Y Yy
o Tox1
xo T Z2
(0,0) (1,0) (2,0)
T

FIGURE 4. Weight diagram of the 2-variable weighted shift in Remark 3.5

established that in the case when ||W,|| < 1, T is subnormal if and only if T is hyponormal. Thus,
a necessary condition for the hyponormality of T is the subnormality of Wy := shift(ago, a9, ).
For 0 < a < 1,let zp = 1 := a and let x := 1 (k > 2). Clearly Wy is hyponormal and not
subnormal, and if we take 0 < y < a? we can guarantee that each of T} and T} is hyponormal, yet
T is not. An alternative way to see this is observe that if T were hyponormal then «g; would equal
a, since o) = Q-

We will now show that Theorem 3.3 is optimal in the following sense: the propagation does not
necessarily extend either to the left (0-th column) or down (below ka-th level). To demonstrate this
optimality, we first introduce the class of Bergman-like weighted shifts.
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Definition 3.6. For ¢ > 1, the Bergman-like weighted shift on (*(Z. ) is BS_@) = shift({\/{— k+—2 :

k> 0}); that is,
0, — fo_ L
B+ € = l— mek+1 (k Z 0)

In particular, BY = B, = shift(\/; \/g, \/g, -+ ) is the Bergman shift.

Remark 3.7. (i) By is subnormal with Berger measure dé(s) := ds on [0, 1].

(ii) ([CuYo3)) Bf) is subnormal with Berger measure d{(s) := m/% on [0, 2].

Our next step is to show that Bgf) (¢ > 1) is always 2-hyponormal. To this end, we need two

preliminary results.

Lemma 3.8. (Nested Determinants Test; Special Case) If a > 0 and det ( Z i ) > 0, then
a b c a b c
b ¢ d >0«&<det| b ¢ d > 0.
c d e c d e
Proof. Straightforward from Choleski’s Algorithm ([Atk]). O

Lemma 3.9. ([Cu2])Let Wyer, = ager+1 (kK > 0) be a hyponormal weighted shift. The following
statements are equivalent:
(i) Wy is 2-hyponormal.
(ii) The matriz
(W& Waler+ €k+i))z2,j:1
1s positive semi-definite for all k > —1.
(iii) The matriz

(’Yk’Yk+z'+j - 7k+i7k+j)12,j:1
is positive semi-definite for all k > 0, where as usual yo =1, v, = ad - -+ - a2 [ (n>1).

(iv) The Hankel matriz
H(2; k) = (’Yk+z’+j—2)?,j:1
is positive semi-definite for all k > 0.

We now use symbolic manipulation to prove the following result.

Theorem 3.10. All Bergman-like weighted shifts Bgf) (all ¢ > 1) are 2-hyponormal.

Proof. By Lemma 3.8 and Lemma 3.9, to prove that Bgf) is 2-hyponormal it suffices to see that

det H(2;k) > 0 for all k > 0. Now,
1 o 0ROG 4
det H(2;k) = ~}det o oag 4 orag 0,
ARGy OROR 10y OROF 0% 20 5
_ V32(6 + 1)((k +2)0 —1)*((k+3)( — 1) =0
P (k+23(k+3)3(k +4)2(k +5) ’
as desired. 0




184 184 (B4 ; 154
(7)) 1 1 1
(0,4)
183 183 183 ; 153
(7)) 1 1 1
2 0,3
@ a n—1 @
52 2ze0 e [Tiz, 2
Xo T X2 e In
(0,2)
c . n—1 3 .
& Aot ot : [Ti-o =0
Yo Y1 Y2 cc Yn
(0,1)
: -1
O Tz 2
Z0 Z1 z2 cee Zn e
Ty

FiGURE 5. Weight diagram of the 2-variable weighted shift in Lemma 3.13

Corollary 3.11. For every ¢ > 1, the Bergman-like weighted shift Bgf) 1$ quadratically hyponormal.

Remark 3.12. In ([CPY]), we prove a much stronger result: all Bergman-like weighted shifts B(f)

(all £ > 1) are subnormal.

Theorem 3.14 below says that the amount of propagation provided by Theorem 3.3 is maximum;
briefly, we say that Theorem 3.3 is optimal. Observe that for the 2-variable weighted shift in Figure
6, we have Ak ko)+e1 — Ok ko) (all ki > 1,ky > 2), yet Qe ko) < Q(ky ka)+e1 for all k&1 > 0 and
ko = 0,1 and o k,) < (1,k,) for all k3 > 0. In other words, the trivial weight structure present in
the subspace \/{e(x, k) : k1 > 1, k2 > 2} cannot be expanded either to the left (Oth column) or down
(first row). First, we need an auxiliary result, of independent interest.

Lemma 3.13. Consider the 2-variable weighted shift T = (T1,Tz) given by Figure 5, where
shift(zo, 1,2, ) and shift(yo,y1,y2, ) are Bergman-like weighted shifts. Assume that

(Th, T2)|m is jointly hyponormal, where M is the subspace associated to indices k with ko > 1.
Then there exists a Bergman-like weighted shift shift(zo, 21,22, -+ ) and a hyponormal weighted shift
W := shift(Bo, 51,82, ) (Bn < Bn1 for all n > 0) such that T is jointly hyponormal.
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Proof. Let

shift(xg,x1, o, ) = shift({ +2 :n > 0}),
Shift(ymylay%'“) EShth({ q— n—JrQ nZO}) and

shift(zo, 21,22, ) = shift({,/r — n+L2 :n > 0}), for some integers p < ¢ <.
Since the restriction of (71,7%) to V{ew, &) : k2 > 1} is jointly hyponormal, it suffices to apply the
Six-point Test (Lemma 3.2) to k = (n,0), with n > 0.

Case 1: k= (0,0). Here

2
M(OO)::< L ygfo_ﬁo'zo>>o
Wh -z BE- 83

& 25 (21 — 28) (8T — B7) = B3 (=6 — vb)?
& (r—35)(8f - B3) = 653 (r —a)*.

If we choose [y such that Gy < (3; and 52 %ﬂo, we obtain M (0,0) > 0.
Case 2: k= (n,0) (n>1). Here

n—1
M(n 0) = 3+1 - ZT% 1 ynﬂo Hk 0 g_ Zn/BO Hki 0 z: > 0

& (220 — 2 BT Zo(2)? = B TTZ0 (%)) > B3 (ya [Tioo L — anZézp
& 22220 — ) (B TIRZ0(2)2 = B3 TR0 (22)?) = B3 TR0 (L)% (g — 22)°

B2 — B8) = B3 (v — =2)?

Yk

-1

& 2 (7 — 22) (87 TTizo!

If we choose p, ¢ and r such that % > 3, then (;4(_’;;;2()7;33) ( 12(T*2q2i<{27‘*1) Z;(l)(:vkgk 2-1) > (r—q)>
(all n > 1), which implies M(n,0) >0 (all n > 1).

By Cases 1 and 2, it follows that (71, T5) is jointly hyponormal. O

Theorem 3.14. For every ko > 1 and 0 < ag < 1 there exist

(i) a family {B % )}]€2 U of Bergman-like weighted shifts, and

(it) a subnormal weighted shift Wg := shift(Bo, 61,82, ) (with B, < Bnt1 for alln >0),

such that the commuting 2-variable weighted shift T with a weight diagram whose first ko rows are
B(fO), e ,Bfkrl), whose remaining rows are Sq,, and whose 0-th column is given by W, is (jointly)
hyponormal (see Figure 6 for the case ko = 2).

Proof. We divide the proof into three cases, according to the value of ks.

Case 1: ky =1. Forp>1let apmo =, :=1/D — mLJrQ (m > 0). Since the restriction of (71,75)

o V{e(k, ks) : k2 > 1} must be unitarily equivalent to (Sa, ® I, I ® shift(B81,52,---)), to guarantee

the hyponormality of (77, 7%) it suffices to apply the Six-point Test (Lemma 3.2) to k = (m,0), with

m > 0. O
10



3, 3, 3, : 3,
o) 1 1 1
(0,n)
Ty
182 182 182 162
ap 1 1 1
(0,2)
B @B . m—1 agf
ﬁl xol acoxll : Hk:O xkl
Zo Tl x2 cc Tm
(0,1)
o e oo : oIl 3
Yo Y1 Y2 . Ym .
Ty

FIGURE 6. Weight diagram of the 2-variable weighted shift in Theorem 3.14

Subcase 1: k= (0,0). Here we have

2 2 alfBo
M(0,0) :( 1= %o 20 _ﬁox(])

a5 8o 2 2
2—0 — Bozo BT — By

& 665(af —25)* < (87 - G5)af, (3-4)
which imposes a condition on zg and (.
Subcase 2: k = (m,0), with m > 1. Fix m > 1 and let P, := H;n:_ol xg. We then see that

2 2 a0Bo 0B
X — X — X
.= m+1 m T P m P
M(mv 0) = aofo z 00 ﬂ2 N o3B3 >0
ZmPm M P, T 3

& (@i — 2) (BT Pr = af) > agfi (1 — a,)?

11



& 22, (8P, — agBg) = (m+2)(m + 3)agf5 (1 — z7,)?

1
o PP o g 2 m 4 3) (- — ). (3.5)
g Tm
We now let p = 3, so that 272 > 2 (all k > 0) and therefore P,, > 2™ (all m > 1). Since

lim,, — o m = 00, it is clear that we can find f sufficiently small so that both (3.4) and

(3.5) hold.

Proof. From Subcases 1 and 2, it follows that T is jointly hyponormal.
Case 2: ky = 2. Here we let p := 3, ¢ := 18, By := 44 and (i := —-, so that a1 = zp =

ao’
—m—+2—\/3 m+2andam0_ym._\/q—m—+2:\/18 m—+2 (m > 0). Since the restriction

of (T1,Ts) to \V/{e(k, ky) : k2 > 2} must be unitarily equivalent to (Sa, ® I, 1 ® shift(B2, 33, )),

to guarantee the hyponormality of (T7,T») it suffices to apply the Six-point Test (Lemma 3.2) to
k = (m,n), with m >0and 0 <n <1.
Subcase 1: k = (0,0). Here

2 _ .2 300
Yi— Y% Boyo
M(0,0) = ( 2 o ) >0
oo —Boyo  xf— g

& 22532 < 25

so M(0,0) > 0 if and only if
o = 0-00216. (3.6)

Subcase 2: k = (m,0) (all m > 1). Fixm >1and let P, := [[[5 =& and Qu, := [/ vk- We
have

ygﬁﬂrl - yg@ T Bo Z::C];:Z - ymﬁog_:z
M(m,0) : = ByzmPa _ g, G0 P gfag_ﬂgi >0
TmP0y,,Q, ~ YmP0g,, Pz~ P0Qz
Biad P? p?
& Ym(Umi1 — Um)( ]1320 B3 =) = B3 (Yo, — T ) > =
QR m
2 225(m + 2)%(m + 3)
P4 fo = 18m + 35 &
2 225(m + 2)%(m + 3)
s I .
P = ( 18m + 35 )
It follows that M (m,0) >0 (all m > 1) if and only if
QQ
B < flm):= 225(m+2 3
PhCRAT + )
18m + 35 718k + Tk + 70
_ m+ 1o B2 > 1),

225m3 + 1575m? 4 3618m + 2735 h
12
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Since f is an increasing function of m, we see that M (m,0) > 0 (all m > 1) if and only if
742
2 < f(1) = —=— ~0.018. .

Subcase 3: k = (0,1). Here we have

2_ 2 a3
M(0,1) : = ( 2?1 — Ty 201 — bizo ) >0
9 * « -
i —fuxg B3 - 07

(3.8)

which certainly holds, since 0 < agp < 1.
Subcase 4: k = (m,1), with m > 1. As in Subcase 2, fix m > 1 and let P, := 2”:_01 r. We
then see that

aoBr x aof1 2
Zm P TmTP, 2~ P2

22 l_xQ aof1 maoﬁl
M(m,1) := ST PR I

& o (a2 — a2 (BPE — afB) = ofFR(1 - ad,)? (3.9)
s 22 (B3P —1) > (m+2)(m+3)(1 —22)?

m m 2
& B > g(m) = g (1 -+ M2 )

It follows that M (m,1) > 0 (all m > 1) if and only if 2 can be chosen to satisfy (3.9) for all m > 1.

Since g is a decreasing function of m, it suffices to guarantee that 33 > g(1) = %7 If we now recall

that Gy = 406; and that §; = a—lo, this condition is equivalent to a% < g—g, which always holds, since
ap < 1.

Therefore, by Subcases 1, 2, 3 and 4, which yield the condition (3.6), we see that (17,7%) is
hyponormal if and only if 35 < %. Finally, and since we clearly have Gy < 81 < (32, we can use the
construction in [Sta] to define W3, which incidentally has a 2-atomic Berger measure (cf. [CuFi]).
Case 3: ky > 3. Here we take p and ¢ as in Case 2, to ensure that the restriction of T to the
subspace associated with subindices (m,n) with n > ko — 2 is hyponormal. Once this is done, we
use Lemma 3.13 to obtain r, so that the restriction of T to the subspace associated with subindices
(m,n) with n > ko — 3 is hyponormal. Repeated application of Lemma 3.13 now completes the
proof. O

Corollary 3.15. Theorem 3.3 is optimal.

4. PROPAGATION IN THE SUBNORMAL CASE

In this section, we show that Theorem 3.3 can be improved if one of the T;’s is quadratically
hyponormal and the other is subnormal. In Theorem 4.7 and Theorem 4.12, we consider horizontal
flatness and optimality, and in Theorem 4.14, we show that a subnormal 2-variable weighted shift
with two horizontally consecutive equal weights and two vertically consecutive equal weights must
necessarily be flat. As in the previous section, we then establish that our result is optimal (see
Example 5.13 below). We begin with some definitions and preliminary results.

13



Definition 4.1. ([CuYol]) Let p and v be two positive measures on Ry. We say that p < v
on X = Ry, if w(E) < v(E) for all Borel subset E C Ry ; equivalently, p < v if and only if
[ fdu < [ fdv for all f € C(X) such that f >0 on R;.

Definition 4.2. ([CuYol]) Let pu be a probability measure on X x Y, and assume that 1+ € L*(p).
The extremal measure fieye (which is also a probability measure) on X XY is given by

ttons(5,1) = (1 Mt))Wdu(s,t).
t L ()

Definition 4.3. ([CuYol])Given a measure p on X x Y, the marginal measure u”™ is given by

pX = pormyt, where mx : X xY — X is the canonical projection onto X. Thus, ™ (E) = u(ExY),

for every E C X. Observe that if i is a probability measure, then so is px.

Lemma 4.4. ([CuYol])(Subnormal backward extension of a 1-variable weighted shift) (cf [Cu2]) Let
T = shift(Bo, b1, ) be a unilateral weighted shift whose restriction Ty to M = V{ey,ea,---} is
subnormal, with Berger measure naq. Then T is subnormal (with measure n) if and only if

(i) § € L' (nm);

(i) 5 < (3] 1 )™

In this case, dn(t) = ﬂngnM (t)+(1—p3 H%HLl(nM))ddo(t), where 8y denotes the Dirac measure at 0.
In particular, T is never subnormal when na({0}) > 0.

Lemma 4.5. ([CuYol])(Subnormal backward extension of a 2-variable weighted shift) Consider the
following 2-variable weighted shift (see Figure 7), and let M be the subspace associated to indices k
with ky > 1. Assume that T|,, is subnormal with measure pr and that Wy := shi ft(ogo, o0, - - )
1s subnormal with measure £. Then T is subnormal if and only if

(i) § €L (nm);
(i) B0 < ([¢]l srgupey) "

(iii) 5(2)0 H%HU(MM) (HM)gg:t <¢.

Moreover, if 5(2]0 H%HU(HM) =1, then (MM)ggt = £. In the case when T s subnormal, the Berger
measure u of T is given by

1
t

1

S X)) dso(e).

L (ppm)

d(:u/\/l)eact(sa t) + (dé’(s) - 580
LY (pm)

d:u(sa t) = 530

Lemma 4.6. Let T = (11,13), let M be as in Lemma 4.5, and assume that T|,, is subnormal
with Berger measure uy = 01 X 1. Assume further that (3, = (H%HLI(,U,M))_I and that W) =
shift(aoo, @10, a0, -+ ) is subnormal. Then T is subnormal if and only if a0 =1 (all i > 0), that
is, W) must necessarily be the (unweighted) unilateral shift Uy .

Proof. Assume first that T is subnormal. Since dup(s,t) = 01(s)dn(t), we must have

)%, = <<1—5o<t>>WduM<s,t>>X
LY (ua)
= ddi(s) = d€, o (s) (by Lemma 4.5),

where ) denotes the Berger measure of W o). It follows that W ) = Us..
14
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FIGURE 7. Weight diagram of the 2-variable weighted shift in Lemma 4.5

Conversely, assume that W, ) = U;. By Lemma 4.4, shift(5oo, Bo1,---) is subnormal, and we
let 77 denote its Berger measure. If we now let p := 1 X 7, it easily follows that T is subnormal with
Berger measure pu. g

Theorem 4.7. Let T = (T1,T3) be commuting and hyponormal.

(i) If Ty is quadratically hyponormal, if Ty is subnormal, and if ok, ky)+e, = iy ky) for some
ki,ko > 0, then T is horizontally flat.

(ii) If, instead, Ty is subnormal, Ty is quadratically hyponormal, and if By, ko)+es = Bk ks) fOT
some ky,ko > 0, then T s vertically flat.

Proof. Without loss of generality, we only consider the horizontally flat case, and we further assume

ko = 2, that is, ag, 2 = ag, 41,2 for some k; > 0. By Theorem 3.3 and Proposition 2.4, two equal

weights occur at level 3, i.e., oy, 3 = ag,+1,3. Moreover, for every £ > 2 we have ay, 2 = ag, ¢ (all

k1 > 1). We now apply Corollary 1.2 to obtain By, 1) = Bk, 1)+, (all k1 > 1). By the commuting
15



property (1.1), it follows that
Q2 = 1 = g1 (all By > 1), (4.1)
as desired. ]

Corollary 4.8. Let T =(T1,T%) be a subnormal 2-variable weighted shift.
(i) If (o) ko) ter = Q(y ko) fOT SOmMeE k1, ko > 0, then T is horizontally flat.
(i) If, instead, Bk, ko)tes = Bk ko) for some ki, ko >0, then T is vertically flat.

Proof. Straightforward from Theorem 4.7. O

Remark 4.9. Corollary 4.8 can also be obtained as a direct consequence of Lemma 4.5 and Lemma
4.6.

Theorem 4.7 is optimal in the following sense: propagation does not necessarily extend either to
the left (0-th column) or down (0-th level). We will actually establish a stronger result, that is, the
optimality of Corollary 4.8. We first review some basic facts.

Proposition 4.10. ([CuYo2]) Let

Q= 1 (4.2)
[264+5 .
2,6—_’_%, ’l,fk? 2 1.
1

Proposition 4.11. ([CuYo2]) Let

V2, ifk=0
ag = k .
F QQkiéy ifk>1

then [0k = V3 . (Observe that ay, = i, for ay, given by (4.2).)

Theorem 4.12. Consider the weighted shift T = (11,T) with weight diagram given by Figure 8,
where y < % Let Wy := shift(ag, a1, ag,- -+ ), with oy given by (4.2). Then T is subnormal.
Proof. To check subnormality, we use Lemma 4.5. Since

1
&= 3(00+ 01 + 1)

3

and

dpian(s,t) = (dbo(s) + do (s))dt,
we get

1 1 1

B n () dos = 92(550 + 551)-
L (pm)

Thus, yQ(%éo + %51) < %(50 +91) <&. Lemma 4.5 now implies that T is subnormal. O

Corollary 4.13. Theorem 4.7 is optimal.
Proof. Straightforward from Theorem 4.12. O

Theorem 4.14. Let T = (11,13) be a subnormal 2-variable weighted shift, and assume that

a(k:1,k:2)+€1 = a(kq,k:z) and ﬂ(h,ég)-i—ez = ﬁ(h,fg) fOT’ some kl? k?u Ela 62 2 0. Then T is ﬂ(lt
16



(0,n+1)

(0,n)

Ty

(0,1)

FIGURE 8. Weight diagram of the 2-variable weighted shift in Theorem 4.12

but not subnormal.

[NIE

1 1 1
ntl ntl ntl ntl
n+2 n+2 n+2 n+2
3 1 1 1
3 3 3 3
1 1 1 1
1
2 1 1 1
2 2 2 2
3 3 3 3
1
2 1 1 1
Y y
\/§ VAR S —
1 5 9 N i
2 6 10 2m 1
(1,0) (2,0) (m,0) (m

Proof. Straightforward from Theorem 4.7.

Corollary 4.15. Theorem 4.14 is optimal.

Proof. Straightforward from Example 5.13 below.
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5. SYMMETRICALLY FLAT 2-VARIABLE WEIGHTED SHIFTS

Recall that a 2-variable weighted shift T is flat if T is horizontally and vertically flat, and sym-
metrically flat if T is flat and ay; = P11 (cf. Definition 3.1).
produced an example of a symmetrically flat, contractive, 2-variable weighted shift T =(7},75) (that
is, 11 = P11 = 1, and ||T1]| < 1 and ||T3]| < 1) with 77,75 subnormal, such that T is hyponormal
In this section, we study the class SFC of symmetrically flat, contractive,
2-variable weighted shifts, with 77 and 75 subnormal, and we give a complete characterization of

In ([CuYol, Theorem 2.12]), we




hyponormality and subnormality in SFC; our main result is Corollary 5.6, with a concrete criterion
for hyponormality and subnormality.

Symmetrically flat 2-variable weighted shifts are determined by three main parts: (i) a subnormal
shift in the 0-th row (shift(xg,z1, s+ ), with Berger measure £); (ii) a subnormal shift in the 0-th
column (shift(yo,y1,y2, - ), with Berger measure 7); and (iii) a positive number a (the ag; weight)
(cf. Figure 9). By [CuYo2, Theorem 3.3], the measures £ and 1 can be written as

§=pdo+qgor+[1—(+qlp

n = udy +vo + [1 — (u+v)]o, (5.1)

where 0 < p,q,u,v < 1,p+¢q <1, u+v <1, and p,o are probability measures with p({0} U{1}) =
o({0}U{1}) =0. The following lemma is essential to detect joint hyponormality in the presence of
flatness.

Lemma 5.1. ([CuYol, Theorem 5.2]) Let T = (T1,T%), let M be the subspace associated to indices
k with ko > 1, and assume that T]M is subnormal with Berger measure 61 X d1. Assume further
that Th and Ty are contractions, that Wy := shift(ago, g, -+ ) is subnormal with Berger measure
&, and that Ty is subnormal. Then T is subnormal.

Remark 5.2. Lemma 5.1 (together with its proof [CuYol, Theorem 5.2]) reveals that for the 2-
variable weighted shift given by Figure 4, the hyponormality of T5 is equivalent to the subnormality
of T, which in turn is equivalent to the hyponormality of T.

Theorem 5.3. Let T = (T1,T) € SFC be given by Figure 9. Then T is hyponormal if and only if

x2y2(:1:2 _ $2)
ymgw_¢# T = . (5.2)

o1 —2f) + (a® — )

Proof. By Lemma 5.1 and Remark 5.2, the subnormality of 7} (resp. T%) implies the subnormality
of T|, (resp. T|,,), where N (resp. M) is the subspace associated to indices k with k; > 1 (resp.
indices k with k2 > 1). Thus, to verify the hyponormality of T it suffices to apply the Six-point
Test (Lemma 3.2) to k = (0,0). We have

2 2 a®yo
( Ty — T o —$0y0>>0

2
a“yo __ 2 .2
o ZoYo Y1 — Yo

& ad(y? — v3) (2} — 2d) > yd(a® — 2})? (5.3)
22y? (x2—x2) .
S Yo = \/x%(x%oig)i(aQOxg)Q = h.

It follows that T is hyponormal if and only if yg < h, as desired. O

We next consider joint subnormality for 2-variable weighted shifts in SFC. We recall Berger’s
Theorem in the 2-variable case and the notion of moment of order k for a pair («, 3) satisfying (1.1).
Given k € Z2, the moment of (a, 8) of order k is

. ifk=0
Y =Y (a 5) - Oézo,o) SPE a;kl_m)a %f ki >1and ky =0
k =kl 0) : By 5(207,{:2_1), if ki =0and ky > 1

0.0y " Yk —1,0) 'ﬁ(le,O) e ﬁ(2k1,k2—1)’ if k1 > 1 and k9 > 1.

18



vV n(n1) 1 1 cee 1
(0,n+1)
Y 1 1 : 1
vV n—1(n1) 1 1 1
(0,n)
Ty
2 1 1 1
V1 (1) 1 1 1
(0,2)
1 1 1 1
a 1 1 1
(0,1)
o ayo ayo ayo
z zow1 V(€
o T T2 In
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty

FIGURE 9. Weight diagram of a general symmetrically flat, contractive, 2-variable
weighted shift; 7; denotes the Berger measure of shift(y1,ya,: - ).

We remark that, due to the commutativity condition (1.1), 7% can be computed using any nonde-
creasing path from (0,0) to (k1, k2).

Lemma 5.4. (Berger’s Theorem, 2-variable case) ([JeLu]) A 2-variable weighted shift T = (11,T»)
admits a commuting normal extension if and only if there is a regular Borel probability measure p
defined on the 2-dimensional rectangle R = [0, a1]x[0, as] (a; := ||T;||*) such that yc = [fp thdu(t) ==
[fp s*1tk2dp(s, t) (all k €Z2).

Theorem 5.5. Let T = (11,T>) € SFC be given by Figure 9. Then T is subnormal if and only if

Yo < 8 :=min \/22, 1#2 .
a H?HLl(m) —a
19



Proof. Consider the subspaces M := {k eZi tky > 1} and P = {k € Zi : k1 > 1 and ko > 1},
let T|,, and T|; denote the restrictions of T to M and P, and let 7; denote the Berger measure of
shift(yi,ye2,---). Since T is subnormal, and since T| is the restriction of T|,, to the subspace P,
we can apply Lemma 4.5 to T|,, and the subspace P (therefore using as initial data the measures
81 x 81 and 71) to show that the subnormality of 75 implies a?d; < 71, which in turn gives the
subnormality of T|,,. The Berger measure of T|,,, a1, is then given by

UM = a251 X 01 + 0g X (771 — a251). (5.4)
Once we know this, we apply Lemma 4.5 again, this time to the 2-variable weighted shift T and the
: 1 L
subspace M. First, observe that H;HD(HM) = HfHLl(m) and from (5.4) we have
d(HM)ext(Syt) = d(a261 X 01 + 0p % (771 - a251))6xt(57t)
1 2
= (1- &ﬂt))W{a doy(s)doq(t)
E LY (ua)

+ddo(s) (dm (t) — a®ddy (1))}

o {a%iéﬂs)@ + ddo(s)(

11 21y
_a2}
L(m)

2 2
(o ()
(res 11121

If we now apply Lemma 4.5 and recall (5.1), we see that the necessary and sufficient condition for T
to be subnormal is

1
t

in) _ a0\
t t

and therefore

# {CLQ(Sl + 50(

111210y

1

t

(MM)gEt

CL2

CL2
g =)0+ 7
L) el Mellagn

Y2 51) < pdo +qo1 + [1— (p+q)lp,

or equivalently,

2 (|1 2
{ v (H;Hu(m) —a ) < p
ypa? < q
It follows at once that T is subnormal if and only if yg < s, as desired. O

We summarize Theorems 5.3 and 5.5 as follows.

Corollary 5.6. The commuting subnormal pair T = (Th,Ts) in Figure 9 is jointly hyponormal and
not subnormal if and only if
s <yo < h.

Of course we know that s < h, but a priori we cannot tell whether the inequality can be strict. We
will now exhibit a large collection of 2-variable weighted shifts T € SFC such that T is hyponormal
but not subnormal; we will do this by describing a collection of values for xg, x1, yo and a for which

s < h. To avoid a trivial case, we shall assume y; < 1. We begin with
20



Lemma 5.7. For £ = pdy + qé1 + (1 —p — q)p as above, we have
(i) [sd&(s)>q

and

(i) [(1—s)de(s) > p.
In each case, strict inequality holds if and only if p+q < 1.

Proof. Straightforward from the form of €.

2
1—x]

2
1—z§

Proposition 5.8. Let xg <a<xyg. Then s <h.

Proof. We first observe that a straightforward calculation reveals that

P = a32? +a® — a*x} — 23 >0

1—22 .
whenever z 1 w; < a. Now consider
—ro0
R? 11— a3 x3(z? — 23) 1— 23
2 7_.2 — 20,2 2 2 22 1 _ 2
yi l-a zy(z —x5) + (@ —25)* 1-a
2 2
x§ —a®)P
= (@ —a) > 0.

(1= a?) [z§(a} — 23) + (a? — 23)?]
Next, we calculate

1—ai= /(1 —s)dé(s) > p (by Lemma 5.7(ii)).

U= (fan@p < [tam) [ i

(using Cauchy-Schwartz in L?(n;))

Thirdly, we recall that

2|1 1
= U T < 7 .
Li(m) L (1)
Finally, we have
P P . 1
< (since ||—
_+2)]|L
(H%HLl(m) _a2) (1—a )HtHLl(m) Ellzr
We then have
1— 2
s < . < ; < 0 (by (5.7) and (5.9))

1l —a®  @=a) el = A =a®) [Hl,

1— 2\,,2
< % < h% (by (5.8) and (5.6)),
as desired.

Proposition 5.9. Let g = a, and assume that p+q < 1. Then s < h.
21
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Proof. First, observe that h = y; when z¢ = a; cf. (5.2). Then

82 = mln{%,%}
" [|3ll 1y —@

1-— x%
(1—-a?) H%HLl(m)
= K
as desired. O

=y? (by Lemma 5.7, (5.7) and (5.8)) (5.10)

We summarize the above facts in the following result.

2
l—x%
1—z§

Theorem 5.10. Let xg

< a < xg, assume that p+ q < 1, and choose yo in the (nonempty!)

interval (s,h]. Then the 2-variable weighted shift T = T(xg,x1,Y0,a) is hyponormal but not sub-
normal.

We conclude this section by describing a class of numerical examples that illustrates Theorem
5.10. Consider the 2-variable weighted shift whose weight diagram is given by Figure 10).
To analyze this shift, we will need the following auxiliary results, of independent interest.

Lemma 5.11. (¢f. [CLY]) For0<r <1 let
§r, ifn=20
ﬁn(r) = \/; / (5'11)

CT, ifnz 1

Then Wg( is subnormal.
Proof. On [0, 1], consider the probability measure

2 2
dn(t) == (1 — r2)dbo () + %dt + %dél (t). (5.12)
For n > 1 we have
3 2.4 3.5 n(n + 2)
_ 20 . o
’Yn(ﬁ(r)) =T 22 " 32 42 (n+1)2

2 2 2 1 2
_ (42 7 +L:/tndn(t>.
2(n+1) 2 n+1 2

Thus, 7 is the Berger measure of W), so Wy, is subnormal (all 7 € (0, 1]). O
Lemma 5.12. Let
=y >1).
b= amrn "2
Then HZOZIB; = /3. (Observe that B = ,8% (alln > 1), if By is given by (5.11).)

Proof. Observe that
E o\ 17k (n+2)2  _ 3(k+2)
HnZI(ﬂn)2 - Hn:l (n+3)(n+1) — 2(k+3)

which converge to % as k — oo. O
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FIGURE 10. Weight diagram of the 2-variable weighted shift in Example 5.13

Example 5.13. (Illustration of Theorem 5.10) We first recall the three assembly parts needed for a
2-variable weighted shift 7" to be in SFC: (i) a subnormal shift in the 0-th row (shift(zg, x1, 22 "),
with Berger measure ¢); (ii) a subnormal shift in the 0-th column (shift(yo,y1,y2, ), with Berger
measure 7); and (iii) a positive number a (the ag; weight). Toward (ii) we shall use the shift in
Lemma 5.11, with Berger measure given by (5.12); toward (i) we shall use the measure

1

on [0,1], so that p = ¢ = %; finally, toward (iii) we will keep a as a parameter. The resulting
2-variable weighted shift will be denoted T(a;r). We will now specify the values of a and r that
make T'(a;r) contractive, hyponormal, and not subnormal. To guarantee that T(a;r) is a pair of

contractions, and using Lemma 5.12, it is easy to see that we need a < \/g . Next, we observe

that xg = \/g, x1 = \/g, and dny (t) = 2[tdt + doy(t)] (t € [0,1]), so H%HLl(m) =3 and y; = \/g
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Moreover, x4/ iii = \/%. By Theorem 5.10, we need to keep a € (\/I, \/g] Thus, for
0

a€ (\/g , \/g] we calculate

and

1 1 — /3. ; 1 2V2
Thus, for a € (\/;, \/;] we can then choose yy = \/;r in the interval (2\/1_(12, 3\/1

h =

2 2)

2,2
LY (zf — Lo

2v2

2
Lo

(x

2 2
1~ %y

ERCErIo

3

1+ 6(a — 32

$ = min <z P = min{ ! !
= \/ 22’ - ok — 3.2
“ \/(H%HLl(m) _a2> 3a% ¥ 4-3a

ensure that T(a;r) is hyponormal and not subnormal (cf. Figure 11).

3
ZT

et

+6(a2—3)2

T is hyponormal but not subnormal for (a, \/gr) in this region

FIGURE 11. Graphs of h and s on the interval [\/%, \/g]
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