A CHARACTERIZATION OF k-HYPONORMALITY
VIA WEAK SUBNORMALITY
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ABSTRACT. An operator T acting on a Hilbert space H is said to be weakly
subnormal if there exists an extension T acting on K O H such that T*Tf =
TT*f for all f € H. When such partially normal extensions exist, we denote
by m.p.n.e.(T) the minimal one. On the other hand, for £ > 1, T is said to
be k-hyponormal if the operator matrix ([T"J‘,Ti])f’j:1 is positive. We prove
that a 2-hyponormal operator T always satisfies the inequality T[T, T|T <
HTH2 [T*,T], and as a result T is automatically weakly subnormal. Thus, a
hyponormal operator T is 2-hyponormal if and only if there exists B such that
T A

BA* = A*T and ( o B > is hyponormal, where A :— [T*,T]I/Q. More
generally, we prove that T is (k+ 1)-hyponormal if and and only if T is weakly
subnormal and m.p.n.e.(T) is k-hyponormal. As an application, we obtain
a matricial representation of the minimal normal extension of a subnormal
operator as a block staircase matrix.

1. INTRODUCTION AND PRELIMINARIES

Let H be a separable infinite dimensional complex Hilbert spaces and let £(H)
be the set of bounded linear operators on H. For S,T € L(H), we write [S,T] :=
ST — TS for the commutator of S and 7. An operator T € L(H)is normal if
[T*,T] =0, hyponormal if [T*,T] > 0, and subnormal if T' = Nz, where N is a
normal operator on some Hilbert space KL O H. Thus, T is subnormal if and only

if there exist A and B such that T := < g B ) is normal, i.e.,
[, 7] = A4,
(1.1) A*T = BA*,

[B*,B] + A*A = 0.

In [1], the notion of weak subnormality was introduced, as follows. An operator
T € L(H) is said to be weakly subnormal if there exists A and B such that the
first two conditions in (1.1) hold, that is, [T*,7] = AA* and A*T = BA*; the
operator T is said to be a partially normal extension of T. Clearly, subnormal
= weakly subnormal = hyponormal, with the converse implications not true in
general [1, Examples 5.1 and 5.5]. As proved in [1], T is weakly subnormal if
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and only if T*Tf = TT*f for all f € H, if and only if H C ker[f*,f]. Weak
subnormality is invariant under unitary equivalence, translations, and restrictions
to invariant subspaces.

Let T be a weakly subnormal operator on H and let T be a partially normal
extension of T" acting on K. T is said to be a minimal partially normal extension
of T (in symbols, T = m.p.n.e.(T)) if K has no proper subspace £ containing H
such that f|£ is also a partially normal extension of 7. As shown in [1, Lemma

o~

2.5], T := m.p.n.e.(T) if and only if
(1.2) K=V{T""h:heH, n=0,1}

Recall that an n-tuple T = (T},---,T},) of operators in L(H) is hyponormal
if the operator matrix ([T}, T;])7';—, is positive on the direct sum H® --- ® H
(n copies). For a natural number & > 1 and T € L(H), T is k-hyponormal if
(T, T%,--- ,T*) is hyponormal. The k-tuple T = (1%, -- ,T}) is weakly hyponormal
if ATy + -+ - + AT} is hyponormal for every \; € C, ¢ = 1,---  k, where C is the
set of complex numbers. An operator T is weakly k-hyponormal if (T, T2, --- ,T*)
is weakly hyponormal. (For information and basic results about these notions, the
reader is referred to [2].)

Tt was shown in [1] that every 2-hyponormal weighted shift is weakly subnormal,
but whether the same implication holds for arbitrary operators was left open. In this
article we settle this, by establishing that every 2-hyponormal operator is indeed
weakly subnormal (Theorem 2.7). This is special case of a more general result, in
which we show that an operator 7" is (k + 1)-hyponormal if and only if T is weakly
subnormal and m.p.n.e.(T") is k-hyponormal (Theorem 3.2). Along the way we
show that a 2-hyponormal operator always satisfies the inequality T*[T*,T|T <
||T||2 [T*,T] (Corollary 2.5). As an application of our results, we find a concrete
matricial construction of the minimal normal extension of an arbitrary subnormal
operator (cf. (4.3)); our model is especially simple when the operator is quasinormal
(Corollary 4.4), and it is partially motivated by J. Stampfli’s construction of the
minimal normal extension of a subnormal weighted shift [3, pp. 368-373].

2. THE RELATION OF WEAK SUBNORMALITY TO 2-HYPONORMALITY

Recall from [1, Cor. 2.3] that if 7" is weakly subnormal, then T'(ker[T™*,T]) C
ker[T*,T]. For T € L(H) we let
% *2
Ag = T T and Ag:= [ T T*T T*T
T2 T*TQ T*2T2

Lemma 2.1. Let T be a hyponormal operator on H with ||T|| < 1. Assume that

(i) T(ker[T*,T]) C ker[T*, T];
)<= (>[5 ]-[5]):

(1) for y & ker[T*,T] and © € H,
Tx Tz
(2.1) <A2 [ o } [ .
(2.2) (T[T, TTy,y) < (T Tly,y) (ally € H).

Then
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Proof. For y € ker[T*,T], condition (i) readily implies that Ty € ker[T™,T], so
(2.2) clearly holds. Assume now that y ¢ ker[T™, T, and recall the identities

(23) (2 5[5 ]) = e 7ol - 7

Y )

and

Tz Tx
(2.4) <A2 [ " } , [ "
Substituting x by —7*y in (2.3) and (2.4), the right-hand sides become ([T, Ty, y)

and ||[T™, T]'y||2 + (T[T, T)Ty,y), respectively. From (2.1) it follows at once that
(T[T, T Ty,y) < ([T, Ty, y)-

) — \[Tx + T Ty|? + (T*[T° 7Ty, v).

To proof is now complete. O

Lemma 2.2. Let T be a hyponormal operator on H. Assume that
(¢) T(ker[T*,T]) C ker[T™*,T];
(¢1) Fory & ker[T*,T] and z € H, and all § > 0,

aese ([ [ [ )= ([0 0])

(T[T, T\Ty,y) < |T° ([T*, T)y,y) for ally € H.

Then,

Proof. Set Ty = WT. Since T5 satisfies properties (i) and (i) in Lemma 2.1,
we have

(T35, Ts]Tsy,y) < (15, Tsly,y),
which implies
(71, 11Ty, y) < (171 + ([T, Ty ).
Since § > 0 is arbitrary, we obtain
(T[T, T1Ty.y) < | T\ (T, Tly.v)
for all y € 'H, as desired. O
Tt follows from [4, Lemma 2.6] that if a, 3 > 0 and 0 # v € C, then
(2.5) |2]2a 4+ B+ 2Re(27y) > 0 (all 2 € C) 2|y < apb.

Lemma 2.3. Let T be a 2-hyponormal operator on H, and let x1, x2, y1, Y2 € H.

s(e[n D Em] )

(2.6)
Proof. Since T is 2-hyponormal, we have Az > 0. For 2z € C, we must then have

([0 ][ ])

1 1
0L | Ag | ma+2y1 |, | 22+ 201
Y2 Y2
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. xr1 1 Txy
~(am [ ]) (e n ] [ ])
_ T Y1 2 Y1 Ty,
A A .
we (o 7o o[ ]) o (o i | [

The result now follows from (2.5). O
Proposition 2.4. Let T be a 2-hyponormal operator on H. Then

(¢) T(ker[T*,T]) C ker[T™*,T];

(¢1) Fory & ker[T*,T] and x € H, and all § > 0,

e SRR AR CIH R

Proof. (i) is [1, Lemma 2.2], so it is suflicient to establish (ii). Suppose there exist
y ¢ ker[T*,T], x € H and § > 0 such that

S N Sl AR A )

By Lemma 2.3,

Thus,

’ﬂ’ﬂ

1
Yy
Tz T%x
(Az[w e
Tx Tx 2x T2,

A A

<2[TyHTy ><<||T||+6 ([ : HTyD
which implies that

e (sG] < (5[] [ 5])

Repeating this argument inductively, using (2.8) instead of (2.7), we obtain

(=13 [ [0) < e (o[ 7 L[ 0 )

Ag n n
< gz (Il + 1)

2n
(TN o (a1
= HT” T H 2” Hxll + Hyll ,

for allm > 1. Since the right-hand side converges to 0 as n — o0, and since Ay > 0,

we see that

Y
Tt follows that y € ker[T*,T], a contradiction. This completes the proof. O

la + Tyl + ([T, Ty, y) = <A2 [ ; } [ v D =0.

By combining Lemma 2.2 and Proposition 2.4, we obtain at once

Corollary 2.5. Let T be 2-hyponormal. Then T*[T*,T|T < ||T||2 [T%,T].
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The theorem below is the main result of this section. Before we give its proof, we
need one more ingredient. Assume 7' € L(H) is hyponormal, that is, [T*,7] > 0.
Then

(2.9) ker[T™, T| = ker[T*,T]? = ker[T™, T2
and
(2.10) (ran[T*,T))” = (ran[T*,T]%f = (ran[T*,T]?)".

We write R = Ry = (ran[T™*,T])~ and define A = Ap : R — H by Az := [T, T]2x
(x € R). The proof of following lemma is straightforward.

Lemma 2.6. Let T € L(H) be hyponormal, and let A € L(R, H) as above. Then
(i) A*z = [T*,T)2z (all x € H);

(i1) AA*x = [T, T]v (all © € H);

(i) A*Ax = [T*,T)z (all v € R);

(tv) R = (ranA*A)” = (rand)” = (ranA*)".

Theorem 2.7. Let T be 2-hyponormal. Then T is weakly subnormal.

Proof. In the notation of Lemma 2.6, recall that Az = [T*,T]%x forallz € R. Let
g € ranA*, say g = A*f for some f € ‘H. Define a linear map B : ranA* — ranA*
by Bg = A*Tf (g € ranA*). To see that B is well-defined, suppose A*f = 0,
ie., [T*,T]3f =0, by Lemma 2.6. Then f € ker[T"*, T (by (2.9), so Proposition
2.4(i) implies that Tf € ker[T™*,T], so [T*,T|3Tf = 0, again by (2.9). Then
A'Tf = [T*,T]%Tf = 0, showing that B is well-defined. Next we claim that
|1Bgll < |17l |lgl| for all g € ranA* A C ranA*. Let g = A*Af, with f € R. Then
I1Bg|l” = | BAT (AN = | A'TAf|* = (A'TAf, A'TA[)

= ([T TP T 113 £, 11 TR T, 113 )

= ([, 7137 [, 7|11, T3, f)

< ||\ ([, 71, [T, T1S) (by Corollary 2.5)

= || (A" Af, A" Af)

2

= 171" (9, 9)-
Since (ranA*)” = R =(ranA*A)~, B can be extended to all of R. Hence B is
a bounded operator on R with ||B|| < ||T]| such that BA* = A*T. If we let

T .= < ro4 ) relative to the decomposition K .= H @& R, then Tisa partially

0 B
normal extension of T. Since H ® R = H®(ran[T*,T])”, an application of Lemma
2.6 and (1.2) shows that T'= m.p.n.e.(T'). O

be the minimal

Corollary 2.8. Let T be 2-hyponormal, and lel T = g g

partially normal extension of T. Then ||B|| < ||T].

Proof. Straightforward from the proof of Theorem 2.7. O
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3. k-HYPONORMALITY AND WEAK SUBNORMALITY

Let T be weakly subnormal on H, and let 7' = m.p.n.e.(T). Given z € H, we
know that T"Tx = TT*x. More generally, since 7"z € H forall k € N, k > 1, we
have

T Tre =T TT" Yo =TT'T" ‘o= ... =T"*x.
A straightforward computation then leads to
(3.1) (T T g y) = (TTYTT 2, y) (all 2,y € H and all 4, j € N).
The following result is of independent interest.

Lemma 3.1. Let T € L(H) be weakly subnormal, let {xj};té C H, and define
20 1= Xo —I—f*xl and z; = f*xﬂ_l, 1 <3<k, Then

k+1 o koo
Z (T*JTZLUJ‘,LUZ') = Z (T*JTZZJ‘,ZZ').
i,j=0 i,j=0
Proof. We first observe that
B+l o 1 o B+l 4
Z (IT9T'x;,x;) = Z (T T, 2) + Z{(T*J:ch,xo)
4,§=0 i,j=0 j=2
] k+1 . .
+ (T Txj,z1} + Z{(Tlxo,xi) + (T, ;) }
=2
k+1 o
+ Z (T T xj, x;)
i,j=2

=114+ Te4+T354+T1y.
We now express these four sums in terms of the variables z;, as follows:
Iy = [lwo + T2 |* = 20,

k+1
Ty =Y {(T%a;,20) + (TT;,21)}
=2

k k
=Y A(TT w0 20) + (19T 2500, T0 1)} = Y (T 25, 20),
j=1 j=1
k+1

Uy =Y {(T'wo,w:) + (T T w1, 2)}
=2

k k
=Y (TP, T wipa) + (1T a1, T wicn)} = Y (T720,2),
i=1

1=1

k k
Iy = Z (ff*jfif*xj+l7$i+l) = Z (f*'jfiZj,Zi) (using (3.1)).

=1 i.j=1
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If we now combine the new expressions for the I';’s, we obtain

k1 o ko
> (T g 20) = [l20l® + (T2, 20)
4,§=0 j=1
+Y (Tha0,2) + D (T9T2, )
B 1,j=1

:Mw £

(THT 2, ),
0

s
)
Il

as desired. [

Recall now that T' € L(H) is k-hyponormal if and only if ZZ e _o(Tix;, Tiz;) >0
for all z;,z; € H,0<1,j <k [2]; this is the analog, for k-hyponormality, of the
Bram-Halmos condition for subnormality [5].

Theorem 3.2. Let T € L(H) and let k > 1. The following statements are equiva-
lent.

(¢) T is (k + 1)-hyponormal;

(ii) T is weakly subnormal and T = m.p.n.e.(T) is k-hyponormal.

Proof. (ii) = (i): Straightforward from Lemma 3.1.
(i) = (ii): Since T is 2-hyponormal, we know by Theorem 2.7 that 7" is weakly
subnormal. Let 7" := m.p.n.e.(T), acting on

K=Vv{T*"h:heH, n=0,1},

by (1. 2) Let b 2 = + T y; € K, where z;,y;, € H,0<14,j < k. We shall prove
that Z (T*JT 2;,%;) > 0, and this will establish the &-hyponormality of T.
Set w; :—yj 14+2;,0<j <k+1withy_; =249 =0. Then we have

k

Z (f*jfizj s Zi) =

1,7=0

(T9T (x; + T y;), (xi +Tys))

0

.

J

(T T, ) + (THT Ty, )

[
R

0
jfixj s f*yl) + (f*jfif*yj s f*yl)}

»J

/@> <

{(f*jfixj, Lli'i) + (f*j+1fiyj s .’,Ui)

[
]

4,j=0
+ (f*jfi+1$j7yi) + (f*ﬁlf”lyﬁyi)}
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k k

=Y (TT'wja) + Yy (T Ty, )
1,§=0 4,j=0

+ Z (TYT  ay,y) + Z (T Ty )
1,§=0 4,j=0
k+1 o k1 o

= Y @)+ Y (T 1)
1,§=0 4,j=0
k+1 o k+1 o

b YT ) + 3 (T )
1,§=0 1,5=0

(the final equality using the convention y_; = 2341 = 0). Hence

k k+1
DTy, 2) = Y (TYT (i1 +25) i1 + )
1,5=0 1,5=0
k+1
> (9T wj,wi) = 0
1,5=0

(because T is (k + 1)-hyponormal), as desired. O

We conclude this section with an extension of [1, Theorem 1.2(iii)]; for related
results, see [6, Section 2]. For T' € L(H), we write o(T) for the spectrum of T" and
r(T') for the spectral radius of T'.

Corollary 3.3. Let T € L(H) be 2-hyponormal and let T := m.p.n.e.(T). Then
170 = 1171 -

Proof. By Theorem 3.2, T = g B is hyponormal, so T(f) = ||f|| Since
U(f) C o(T)Uo(B) and r(B) < ||B|| < ||IT]| (by Corollary 2.8), we see that
|1 = (1) < max{r(T),r(B)} < ||T]. O

4. CONSTRUCTION OF THE MINIMAL NORMAL EXTENSION
OF A SUBNORMAL OPERATOR

Let & > 2 and assume that 7' € L(H) is (k + 1)-hyponormal. By Theorem 2.7,

T is weakly subnormal. Let
~ (T A
(o &)

be the m.p.n.e. of T on Hy := H® Ry, where Ry = (ran[T*,T])", A =
[T, T)%|r, and By : Ry — Ry is given by Bi(Ajf) = AITf. Since T is 2-
hyponormal, it is also weakly subnormal, and we can repeat the process to obtain

2 (T A
(5 w)
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on Hy := (H ® R1) ® Ra, where Ay = [f*,f]%hgz, Ro = (ran[f*,f])’ and
Bg : Ry — Ry satisfies Ba(Asf) = A;ff For n > 2 we then write T(®) .= T(n-1),

We thus have
~ (=1 4
m— (7L n <n<
T < 0 B, ) (1<n<k)

relative to the decomposition H, .= (HO®R1 @ --- ® Rp_1) ® Ry, where A, :=
[T T-D]3)p R, = (ran[T™ V* T D))~ and B, : R, — R, satisfies
Bn(A:f) = AT D f. For notational convenience we set Ho := H.

Lemma 4.1. Let k > 2 and assume that T € L(H) is (k + 1)-hyponormal. Then
TEYH, o CHy .

Proof. Since PHk,lf(k”erHk,l = Ay, and PHkiz[f(k’l)*,f(k’l)]% =0, we have
Pro ;TP cr0,, = Pry_y A = Py, [TF- D7 THD]E =,

Let f € Hr oand g € Hp ©Hi_1. Then
(T 1,9) = (1,TWg) = (P, o[ TMg) = (. P, ,T®g) =0,

which shows that f(k)*f € Hy_1, as desired. [ O

Recall that if T is a subnormal operator on H and N is a normal extension of T’
on K, then N is a minimal normal extension of T' if and only if

(4.1) K=V{N*h:hcH, k>0} ([7, Proposition 2.4]).

For subnormal weighted shifts, J. Stampfli gave in [3] an explicit construction of the
minimal normal extension. Motivated in part by that construction, we will now
describe a block staircase operator matrix model for the minimal normal extension
of an arbitrary subnormal operator. Let T be subnormal on H, and recall that
T is (k + 1)-hyponormal for all & > 0, so successive partially normal extensions
exist. We recursively define 7(™ as T .= T and T(™+1 = m.p.n.e.(f(m)).
Let Hoo = HORI ®--- ® R, ®--- with the ¢2 inner product, that is, if ¥ :=
oD@ DTy -+ and § = Yo @Y1 D+ - DYy @+ -, then (F,9),, = > (24, 9:).
Forz=ao® - @, POPOD--- =7, DODOD- - -, we define NT := T Z,,.
For notational convenience, we will identify H,, with the subspace of H,, of all
vectors T = 20 @ - P Ty, PODOP -- -, and we shall write Z,,, = Py, 2. Also,
we shall regard H,, as a subspace of H,,+1 Clearly N is linear on a dense linear
submanifold of H,,. Moreover, by Corollary 3.3,

(4.2) INZ|| = | T || < T Dl = - = T 17|

whenever T = Z,, ®0P0PH--- . Therefore, N can be extended to a bounded linear
operator on He., which we will also denote by N. By (4.2), |N]|| = |7

Lemma 4.2. N*Z =T %, for all 7 =T ®OD 0D - - - € Hoo.

Proof. Since f(“k)hu =T® for all k > 1, TO* = PHéf(“k)*me. By Lemma
4.1, T2 %, € Hppiq, SO

(f(m—t—l)*%m7 g’) — (PHm+1f(m+2)*fm7 gf)
— (f(m+2)*§m7PHm+1g)
— (f(m+2)*%m7g)
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for any ¥ € Ho, which implies that f(”“'l)*fm = f(m+2)*fm for all %, € Hpn.
Also, since H,, € Hypop for any & > 1, we can continue this process to obtain
f(”“'l)*fm = f(m+1+k)*§m for all z,, € Hm. Given Z,, € H,, and 3y € Hy, and if
we let n := max{m + 1,{}, we obtain

(N* s §e) = (Fns NGo) = (Fn, T™5)
= (T T, ) = (T Fon, i)
which readily implies that N*Z = N*z,, = f(m+1)*§m, as desired. O

We are now ready to present the staircase model for the minimal normal exten-
sion of a subnormal operator.

Theorem 4.3. Let T be a subnormal operator on H and let N be the operator on
Hoo = HOR1PRo®--- defined as NI := f(m)fm, for T =2, PODOD- - - € Heo.
Then N is a minimal normal extension of T with ||N|| = ||T)|. In particular, N
has the following block staircase operator matriz form:

T A, 0
0 B, Cy 0
0 By C3 0
(4.3) N = 0 By C, 7

where

A_ T Al A(k+1)_ f(k) Ak _
T_<0 Bl>’ T =1 4 B L k=1,2,..,

Ry = (ran[f(k’l)*,f(k’l)])’, Ay = [f(k’l)*,f(k’l)]%hgk regarded as an opera-
tor from Ry, to Hy—1, and Cy := (Aflre )" : Rk — Ri—1.

Proof. We first establish that IV is normal. Let T =%, POP0®--- € Ho. Then
INF|[* = || T% || = (T T Ey, Fo)
— (TPt F Y = (T DT sz )
= (NN'Z, %) = |[N*Z)|)°.

Hence N is a normal operator on Hy,. Now we turn to the proof of the minimality
of N. By (1.2) and Lemma 4.2,

(o + N'zycai €M, i=0,1})" = {mo+ 1"y 2 €H, i =0,1})" = H,.

To use mathematical induction, we assume that

(DN €M, i=0,..,n})" =Hy.

=0
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Then

Hpt1 = ({ZNHM +f(”+1)*(ZN*jCIj) ipi,gg €M, 0< 4,5 <n})”
i=0 =0
={D_N"pi+N* (D _NYgq;) :pi,q; €H, 0< 4,5 <n})” (by Lemma 4.2)
i=0 7=0

= ({Z N + N*" oy iz eH, 0<i< n})”
i=0
n+1
={)_ N"ziimeH, i=0,...,n+1})".
i=0
Thus V{N**h : h € H, k > 0} = Heo. By (4.1), N is a minimal normal extension
of T. Finally, the block staircase matrix form in (4.3) follows easily from the
construction of 7(" and [1, Lemma 2.8]. Thus, the proof is complete. O

We conclude this section with a special but important case of Theorem 4.3.
Recall that an operator T is said to be quasinormal if T commutes with T*T or,
equivalently, if [T, T)T = 0.

Corollary 4.4. LetT be a weakly subnormal operator onH, and let T .= m.p.n.e.(T).
Then

(¢) T is quasinormal if and only if T = < g 641
(¢1) if T is quasinormal, then T is quasinormal:
(¢40) if T is quasinormal, then the minimal normal extension N of T is unitarily
equivalent to the following operator matriz

> (Ay as in Theorem 4.3);

T A1 O
0 0 Cy 0
0 0 C3 O
0 O

Proof. (i) (=) Since A;T = By A}, we see that
0=[T"T|T = AJATT = A1 B1 A].
Also, since (ranAj)” = Ry, 4181 = 0, so BjfA} = 0, and a fortiori B} = 0, or
B; =0.
(<) Since A;T = 0, we have A; AT = [T*,T|T = 0, which shows that T is
quasinormal.
(ii) By a simple computation, [I™*,T]T = 0. Hence 7' is quasinormal.
(iii) This follows easily from Theorem 4.3. O
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