
D FKDUDFWHUL]DWLRQ RI n0K\SRQRUPDOLW\

YLD ZHDN VXEQRUPDOLW\

UDÝO H1 FXUWR/ LO ERQJ MXQJ/ DQG VDQJ VRR SDUN

Devwudfw1 Dq rshudwru A dfwlqj rq d Kloehuw vsdfh G lv vdlg wr eh zhdno|

vxeqrupdo li wkhuh h{lvwv dq h{whqvlrq eA dfwlqj rq d * G vxfk wkdw eA W eAs 'eA eA Ws iru doo s M G1 Zkhq vxfk sduwldoo| qrupdo h{whqvlrqv h{lvw/ zh ghqrwh

e| p1s1q1h1+A , wkh plqlpdo rqh1 Rq wkh rwkhu kdqg/ iru & D �/ A lv vdlg wr

eh &0k|srqrupdo li wkh rshudwru pdwul{ EdA W� c A �
o�
&
�c�'� lv srvlwlyh1 Zh suryh

wkdw d 20k|srqrupdo rshudwru A dozd|v vdwlv�hv wkh lqhtxdolw| A W
dA Wc A oA $

8A82 dA Wc A o/ dqg dv d uhvxow A lv dxwrpdwlfdoo| zhdno| vxeqrupdo1 Wkxv/ d

k|srqrupdo rshudwru A lv 20k|srqrupdo li dqg rqo| li wkhuh h{lvwv � vxfk wkdw

��W
' �WA dqg

�
A �

f �

�
lv k|srqrupdo/ zkhuh � G' dA Wc A o

�*21 Pruh

jhqhudoo|/ zh suryh wkdw A lv +&n�,0k|srqrupdo li dqg dqg rqo| li A lv zhdno|

vxeqrupdo dqg p1s1q1h1+A , lv &0k|srqrupdo1 Dv dq dssolfdwlrq/ zh rewdlq

d pdwulfldo uhsuhvhqwdwlrq ri wkh plqlpdo qrupdo h{whqvlrq ri d vxeqrupdo

rshudwru dv d eorfn vwdlufdvh pdwul{1

41 Lqwurgxfwlrq dqg Suholplqdulhv

Ohw K eh d vhsdudeoh lq�qlwh glphqvlrqdo frpsoh{ Kloehuw vsdfhv dqg ohw O+K,
eh wkh vhw ri erxqghg olqhdu rshudwruv rq K1 Iru V> W 5 O+K,/ zh zulwh ^V> W ` =@
VW � WV iru wkh frppxwdwru ri V dqg W= Dq rshudwru W 5 O+K, lv qrupdo li

^W�> W ` @ 3/ k|srqrupdo li ^W�> W ` � 3/ dqg vxeqrupdo li W @ QmK/ zkhuh Q lv d

qrupdo rshudwru rq vrph Kloehuw vsdfh N � K1 Wkxv/ W lv vxeqrupdo li dqg rqo|

li wkhuh h{lvw D dqg E vxfk wkdw eW =@

�
W D

3 E

�
lv qrupdo/ l1h1/;?

=
^W�> W ` @ DD�>

D�W @ ED�>

^E�>E` .D�D @ 3=
+414,

Lq ^4`/ wkh qrwlrq ri zhdn vxeqrupdolw| zdv lqwurgxfhg/ dv iroorzv1 Dq rshudwru

W 5 O+K, lv vdlg wr eh zhdno| vxeqrupdo li wkhuh h{lvwv D dqg E vxfk wkdw wkh

�uvw wzr frqglwlrqv lq +414, krog/ wkdw lv/ ^W�> W ` @ DD� dqg D�W @ ED�> wkh

rshudwru eW lv vdlg wr eh d sduwldoo| qrupdo h{whqvlrq ri W 1 Fohduo|/ vxeqrupdo

, zhdno| vxeqrupdo , k|srqrupdo/ zlwk wkh frqyhuvh lpsolfdwlrqv qrw wuxh lq

jhqhudo ^4/ H{dpsohv 814 dqg 818`1 Dv suryhg lq ^4`/ W lv zhdno| vxeqrupdo li

4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu| 7:E53/ 7:D53> Vhfrqgdu| 7:E6:/ 7:D46/

7:D951

Nh| zrugv dqg skudvhv1 zhdn vxeqrupdolw|/ &0k|srqrupdolw|/ plqlpdo qrupdo h{whqvlrqv ri

vxeqrupdo rshudwruv1

Wkh uhvhdufk ri wkh �uvw qdphg dxwkru zdv sduwldoo| vxssruwhg e| QVI judqwv GPV0<;33<64

dqg GPV033<<68:1

Wkh uhvhdufk ri wkh vhfrqg dqg wklug qdphg dxwkruv zdv sduwldoo| vxssruwhg e| d Nruhd

Uhvhdufk Irxqgdwlrq Judqw +NUI0533503:30F33339,1

4
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dqg rqo| li eW� eWi @ eW eW�i iru doo i 5 K/ li dqg rqo| li K � nhu^eW�> eW `1 Zhdn

vxeqrupdolw| lv lqyduldqw xqghu xqlwdu| htxlydohqfh/ wudqvodwlrqv/ dqg uhvwulfwlrqv

wr lqyduldqw vxevsdfhv1

Ohw W eh d zhdno| vxeqrupdo rshudwru rq K dqg ohw eW eh d sduwldoo| qrupdo

h{whqvlrq ri W dfwlqj rq N1 eW lv vdlg wr eh d plqlpdo sduwldoo| qrupdo h{whqvlrq

ri W +lq v|perov/ eW @ p1s1q1h1+W ,, li N kdv qr surshu vxevsdfh O frqwdlqlqj K

vxfk wkdw eW mO lv dovr d sduwldoo| qrupdo h{whqvlrq ri W 1 Dv vkrzq lq ^4/ Ohppd

518`/ eW =@ p1s1q1h1+W , li dqg rqo| li

N @ bieW �qk = k 5 K> q @ 3>4j=+415,

Uhfdoo wkdw dq q0wxsoh W @ +W4> � � � > Wq, ri rshudwruv lq O+K, lv k|srqrupdo

li wkh rshudwru pdwul{ +^W�
m
> Wl`,ql>m@4 lv srvlwlyh rq wkh gluhfw vxp K � � � � � K

+q frslhv,1 Iru d qdwxudo qxpehu n � 4 dqg W 5 O+K,/ W lv n0k|srqrupdo li

+W>W 5> � � � > Wn, lv k|srqrupdo1 Wkh n0wxsohW @ +W4> � � � > Wn, lv zhdno| k|srqrupdo

li �4W4 . � � �. �nWn lv k|srqrupdo iru hyhu| �l 5 F> l @ 4> � � � > n/ zkhuh F lv wkh

vhw ri frpsoh{ qxpehuv1 Dq rshudwru W lv zhdno| n0k|srqrupdo li +W> W 5> � � � > Wn,
lv zhdno| k|srqrupdo1 +Iru lqirupdwlrq dqg edvlf uhvxowv derxw wkhvh qrwlrqv/ wkh

uhdghu lv uhihuuhg wr ^5`1,

Lw zdv vkrzq lq ^4` wkdw hyhu| 50k|srqrupdo zhljkwhg vkliw lv zhdno| vxeqrupdo/

exw zkhwkhu wkh vdph lpsolfdwlrq krogv iru duelwudu| rshudwruv zdv ohiw rshq1 Lq wklv

duwlfoh zh vhwwoh wklv/ e| hvwdeolvklqj wkdw hyhu| 50k|srqrupdo rshudwru lv lqghhg

zhdno| vxeqrupdo +Wkhruhp 51:,1 Wklv lv vshfldo fdvh ri d pruh jhqhudo uhvxow/ lq

zklfk zh vkrz wkdw dq rshudwru W lv +n.4,0k|srqrupdo li dqg rqo| li W lv zhdno|

vxeqrupdo dqg p1s1q1h1+W , lv n0k|srqrupdo +Wkhruhp 615,1 Dorqj wkh zd| zh

vkrz wkdw d 50k|srqrupdo rshudwru dozd|v vdwlv�hv wkh lqhtxdolw| W�^W�> W `W �

nWn
5 ^W�> W ` +Fruroodu| 518,1 Dv dq dssolfdwlrq ri rxu uhvxowv/ zh �qg d frqfuhwh

pdwulfldo frqvwuxfwlrq ri wkh plqlpdo qrupdo h{whqvlrq ri dq duelwudu| vxeqrupdo

rshudwru +fi1 +716,,> rxu prgho lv hvshfldoo| vlpsoh zkhq wkh rshudwru lv txdvlqrupdo

+Fruroodu| 717,/ dqg lw lv sduwldoo| prwlydwhg e| M1 Vwdps l*v frqvwuxfwlrq ri wkh

plqlpdo qrupdo h{whqvlrq ri d vxeqrupdo zhljkwhg vkliw ^6/ ss1 69;06:6`1

51 Wkh Uhodwlrq ri Zhdn Vxeqrupdolw| wr 50k|srqrupdolw|

Uhfdoo iurp ^4/ Fru1 516` wkdw li W lv zhdno| vxeqrupdo/ wkhq W +nhu^W�> W `, �
nhu^W�> W `= Iru W 5 O+K, zh ohw

�5 =@

�
L W�

W W�W

�
dqg �6 =@

3
C L W� W�5

W W�W W�5W

W 5 W�W 5 W�5W 5

4
D =

Ohppd 5141 Ohw W eh d k|srqrupdo rshudwru rq K zlwk nWn ? 4= Dvvxph wkdw

+l, W +nhu^W�> W `, � nhu^W�> W `>
+ll, iru | @5 nhu^W�> W ` dqg { 5 K/�

�5

�
W{

W|

�
>

�
W{

W|

��
�

�
�5

�
{

|

�
>

�
{

|

��
=+514,

Wkhq

+W�^W�> W `W|> |, � +^W�> W `|> |, +doo | 5 K,=+515,



n0K\SRQRUPDOLW\ YLD ZHDN VXEQRUPDOLW\ 6

Surri1 Iru | 5 nhu^W�> W `/ frqglwlrq +l, uhdglo| lpsolhv wkdw W| 5 nhu^W�> W `/ vr
+515, fohduo| krogv1 Dvvxph qrz wkdw | @5 nhu^W�> W `/ dqg uhfdoo wkh lghqwlwlhv�

�5

�
{

|

�
>

�
{

|

��
@ n{. W�|n5 . +^W�> W `|> |,+516,

dqg �
�5

�
W{

W|

�
>

�
W{

W|

��
@ nW{. W�W|n5 . +W�^W�> W `W|> |,=+517,

Vxevwlwxwlqj { e| �W�| lq +516, dqg +517,/ wkh uljkw0kdqg vlghv ehfrph +^W�> W `|> |,

dqg n^W�> W `|n5 . +W�^W�> W `W|> |,/ uhvshfwlyho|1 Iurp +514, lw iroorzv dw rqfh wkdw

+W�^W�> W `W|> |, � +^W�> W `|> |,=

Wr surri lv qrz frpsohwh1

Ohppd 5151 Ohw W eh d k|srqrupdo rshudwru rq K1 Dvvxph wkdw

+l, W +nhu^W�> W `, � nhu^W�> W `>
+ll, Iru | @5 nhu^W�> W ` dqg { 5 K/ dqg doo � A 3/

4

+nWn. �,5

�
�5

�
W{

W|

�
>

�
W{

W|

��
�

�
�5

�
{

|

�
>

�
{

|

��
=

Wkhq/

+W�^W�> W `W|> |, � nWn5 +^W�> W `|> |, iru doo | 5 K=

Surri1 Vhw W� =@ 4
nWn.�

W 1 Vlqfh W� vdwlv�hv surshuwlhv +l, dqg +ll, lq Ohppd 514/

zh kdyh

+W�
�
^W�

�
> W�`W�|> |, � +^W�

�
> W�`|> |,>

zklfk lpsolhv

+W �^W�> W `W|> |, � +nWn. �,5+^W�> W `|> |,=

Vlqfh � A 3 lv duelwudu|/ zh rewdlq

+W�^W�> W `W|> |, � nWn5 +^W�> W `|> |,

iru doo | 5 K/ dv ghvluhg1

Lw iroorzv iurp ^7/ Ohppd 519` wkdw li �>� � 3 dqg 3 9@ � 5 F/ wkhq

m}m5�. � .5Uh+}�, � 3 +doo } 5 F,/m�m5 � ��=+518,

Ohppd 5161 Ohw W eh d 50k|srqrupdo rshudwru rq K/ dqg ohw {4> {5> |4> |5 5 K1

Wkhq

����
�
�5

�
|4
|5

�
>

�
W{4
W{5

������5 �
�
�5

�
{4
{5

�
>

�
{4
{5

���
�5

�
W|4
W|5

�
>

�
W|4
W|5

��
=

+519,

Surri1 Vlqfh W lv 50k|srqrupdo/ zh kdyh �6 � 3= Iru } 5 F/ zh pxvw wkhq kdyh

3 �

3
C�6

5
7 {4

{5 . }|4
}|5

6
8 >
5
7 {4

{5 . }|4
}|5

6
8
4
D
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@

�
�5

�
{4
{5

�
>

�
{4
{5

��
. }

�
�5

�
|4
|5

�
>

�
W{4
W{5

��

. �}

�
�5

�
W{4
W{5

�
>

�
|4
|5

��
. m}m5

�
�5

�
W|4
W|5

�
>

�
W|4
W|5

��
=

Wkh uhvxow qrz iroorzv iurp +518,1

Sursrvlwlrq 5171 Ohw W eh d 50k|srqrupdo rshudwru rq K1 Wkhq

+l, W +nhu^W�> W `, � nhu^W�> W `>
+ll, Iru | @5 nhu^W�> W ` dqg { 5 K/ dqg doo � A 3/

4

+nWn. �,5

�
�5

�
W{

W|

�
>

�
W{

W|

��
�

�
�5

�
{

|

�
>

�
{

|

��
=

Surri1 +l, lv ^4/ Ohppd 515`/ vr lw lv vx!flhqw wr hvwdeolvk +ll,1 Vxssrvh wkhuh h{lvw

| @5 nhu^W�> W `/ { 5 K dqg � A 3 vxfk wkdw�
�5

�
{

|

�
>

�
{

|

��
?

4

+nWn. �,5

�
�5

�
W{

W|

�
>

�
W{

W|

��
=+51:,

E| Ohppd 516/�
�5

�
W{

W|

�
>

�
W{

W|

��5

�

�
�5

�
{

|

�
>

�
{

|

���
�5

�
W 5{

W 5|

�
>

�
W 5{

W 5|

��

?
4

+nWn. �,5

�
�5

�
W{

W|

�
>

�
W{

W|

���
�5

�
W 5{

W 5|

�
>

�
W 5{

W 5|

��
=

Wkxv/ �
�5

�
W{

W|

�
>

�
W{

W|

��
?

4

+nWn. �,5

�
�5

�
W 5{

W 5|

�
>

�
W 5{

W 5|

��
>

zklfk lpsolhv wkdw�
�5

�
{

|

�
>

�
{

|

��
?

4

+nWn. �,7

�
�5

�
W 5{

W 5|

�
>

�
W 5{

W 5|

��
=+51;,

Uhshdwlqj wklv dujxphqw lqgxfwlyho|/ xvlqj +51;, lqvwhdg ri +51:,/ zh rewdlq�
�5

�
{

|

�
>

�
{

|

��
?

4

+nWn. �,5q

�
�5

�
Wq{

Wq|

�
>

�
Wq{

Wq|

��

�
n�5n

+nWn. �,5q

�
nWq{n

5 . nWq|n
5
�

�

�
nWn

nWn. �

�5q

n�5n
�
n{n

5 . n|n5
�
>

iru doo q � 41 Vlqfh wkh uljkw0kdqg vlgh frqyhujhv wr 3 dv q$4/ dqg vlqfh�5 � 3/
zh vhh wkdw

n{. W�|n5 . +^W�> W `|> |, @

�
�5

�
{

|

�
>

�
{

|

��
@ 3=

Lw iroorzv wkdw | 5 nhu^W�> W `/ d frqwudglfwlrq1 Wklv frpsohwhv wkh surri1

E| frpelqlqj Ohppd 515 dqg Sursrvlwlrq 517/ zh rewdlq dw rqfh

Fruroodu| 5181 Ohw W eh 50k|srqrupdo1 Wkhq W�^W�> W `W � nWn5 ^W�> W `1
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Wkh wkhruhp ehorz lv wkh pdlq uhvxow ri wklv vhfwlrq1 Ehiruh zh jlyh lwv surri/ zh

qhhg rqh pruh lqjuhglhqw1 Dvvxph W 5 O+K, lv k|srqrupdo/ wkdw lv/ ^W�> W ` � 31
Wkhq

nhu^W�> W ` @ nhu^W�> W `
4
5 @ nhu^W�> W `5+51<,

dqg

+udq^W�> W `,� @ +udq^W�> W `
4
5 ,� @ +udq^W�> W `5,�=+5143,

Zh zulwhU �UW @ +udq^W�> W `,� dqg gh�qh D � DW = U$K e| D{ =@ ^W�> W `
4
5{

+{ 5 U,1 Wkh surri ri iroorzlqj ohppd lv vwudljkwiruzdug1

Ohppd 5191 Ohw W 5 O+K, eh k|srqrupdo/ dqg ohw D 5 O+U>K, dv deryh1 Wkhq

+l, D�{ @ ^W�> W `
4
5{ +doo { 5 K,>

+ll, DD�{ @ ^W �> W `{ +doo { 5 K,>
+lll, D�D{ @ ^W�> W `{ +doo { 5 U,>
+ly, U @ +udqD�D,� @ +udqD,� @ +udqD�,�=

Wkhruhp 51:1 Ohw W eh 50k|srqrupdo1 Wkhq W lv zhdno| vxeqrupdo1

Surri1 Lq wkh qrwdwlrq ri Ohppd 519/ uhfdoo wkdw D{ @ ^W�> W `
4
5{ iru doo { 5 U1 Ohw

j 5 udqD�> vd| j @ D�i iru vrph i 5 K1 Gh�qh d olqhdu pds E = udqD� $ udqD�

e| Ej @ D�Wi +j 5 udqD�,= Wr vhh wkdw E lv zhoo0gh�qhg/ vxssrvh D�i @ 3/

l1h1/ ^W�> W `
4
5 i @ 3> e| Ohppd 5191 Wkhq i 5 nhu^W�> W ` +e| +51<,/ vr Sursrvlwlrq

517+l, lpsolhv wkdw Wi 5 nhu^W�> W `/ vr ^W�> W `
4
5Wi @ 3/ djdlq e| +51<,1 Wkhq

D�Wi @ ^W�> W `
4
5Wi @ 3/ vkrzlqj wkdw E lv zhoo0gh�qhg1 Qh{w zh fodlp wkdw

nEjn � nWn njn iru doo j 5 udqD�D � udqD�= Ohw j @ D�Di / zlwk i 5 U1 Wkhq

nEjn
5 @ nED�+Di,n5 @ nD�WDin5 @ +D�WDi>D�WDi,

@ +^W�> W `
4
5W ^W�> W `

4
5 i> ^W�> W `

4
5W ^W�> W `

4
5 i,

@ +^W�> W `
4
5W�^W�> W `W ^W�> W `

4
5 i> i,

� nWn
5 +^W�> W `i> ^W�> W `i, +e| Fruroodu| 518,

@ nWn
5 +D�Di>D�Di,

@ nWn
5 +j> j,=

Vlqfh +udqD�,� @ U @+udqD�D,�/ E fdq eh h{whqghg wr doo ri U1 Khqfh E lv

d erxqghg rshudwru rq U zlwk nEn � nWn vxfk wkdw ED� @ D�W= Li zh ohw

eW =@

�
W D

3 E

�
uhodwlyh wr wkh ghfrpsrvlwlrq N =@ K�U> wkhq eW lv d sduwldoo|

qrupdo h{whqvlrq ri W= Vlqfh K�U @ K�+udq^W �> W `,�/ dq dssolfdwlrq ri Ohppd

519 dqg +415, vkrzv wkdw eW @ p1s1q1h1+W ,1

Fruroodu| 51;1 Ohw W eh 50k|srqrupdo/ dqg ohw eW @

�
W D

3 E

�
eh wkh plqlpdo

sduwldoo| qrupdo h{whqvlrq ri W 1 Wkhq nEn � nWn1

Surri1 Vwudljkwiruzdug iurp wkh surri ri Wkhruhp 51:1
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61 n0k|srqrupdolw| dqg zhdn vxeqrupdolw|

Ohw W eh zhdno| vxeqrupdo rq K/ dqg ohw eW @ p1s1q1h1+W ,1 Jlyhq { 5 K/ zh

nqrz wkdw eW� eW{ @ eW eW�{1 Pruh jhqhudoo|/ vlqfh eWn{ 5 K iru doo n 5 Q/ n � 4/ zh
kdyh

eW� eWn{ @ eW� eW eWn�4{ @ eW eW� eWn�4{ @ === @ eWn eW�{=
D vwudljkwiruzdug frpsxwdwlrq wkhq ohdgv wr

+ eW�m.4 eW l.4{> |, @ + eW eW�m eW l eW�{> |, +doo {> | 5 K dqg doo l> m 5 Q,=+614,

Wkh iroorzlqj uhvxow lv ri lqghshqghqw lqwhuhvw1

Ohppd 6141 Ohw W 5 O+K, eh zhdno| vxeqrupdo/ ohw i{mj
n.4

m@3
� K/ dqg gh�qh

}3 =@ {3 . eW�{4 dqg }m =@ eW�{m.4> 4 � m � n1 Wkhq

n.4[
l>m@3

+W�mW l{m > {l, @
n[

l>m@3

+ eW�m eW l}m > }l,=

Surri1 Zh �uvw revhuyh wkdw

n.4[
l>m@3

+W�mW l{m > {l, @
4[

l>m@3

+W�mW l{m > {l, .
n.4[
m@5

i+W�m{m > {3,

. +W�mW{m> {4j.
n.4[
l@5

i+W l{3> {l, . +W�W l{4> {l,j

.
n.4[
l>m@5

+W�mW l{m> {l,

@= �4 . �5 .�6 .�7=

Zh qrz h{suhvv wkhvh irxu vxpv lq whupv ri wkh yduldeohv }m/ dv iroorzv=

�4 @ n{3 . eW�{4n5 @ n}3n
5>

�5 @
n.4[
m@5

i+ eW�m{m > {3, . + eW�m eW{m > {4,j
@

n[
m@4

i+ eW�m eW�{m.4> {3, . + eW �m eW�{m.4> eW�{4,j @ n[
m@4

+ eW�m}m > }3,>

�6 @
n.4[
l@5

i+ eW l{3> {l, . + eW� eW l{4> {l,j

@
n[

l@4

i+ eW l{3> eW�{l.4, . + eW l eW�{4> eW�{l.4,j @
n[

l@4

+ eW l}3> }l,>

�7 @
n[

l>m@4

+ eW eW�m eW l eW�{m.4> {l.4, @ n[
l>m@4

+ eW�m eW l}m > }l, +xvlqj +614,,1
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Li zh qrz frpelqh wkh qhz h{suhvvlrqv iru wkh �l*v/ zh rewdlq

n.4[
l>m@3

+W�mW l{m > {l, @ n}3n
5 .

n[
m@4

+ eW�m}m> }3,
.

n[
l@4

+ eW l}3> }l, .
n[

l>m@4

+ eW�m eW l}m> }l,

@
n[

l>m@3

+ eW�m eW l}m > }l,>

dv ghvluhg1

Uhfdoo qrz wkdw W 5 O+K, lv n0k|srqrupdo li dqg rqo| li
S

n

l>m@3+W
l{m> W

m{l, � 3
iru doo {l> {m 5 K/ 3 � l> m � n ^5`> wklv lv wkh dqdorj/ iru n0k|srqrupdolw|/ ri wkh

Eudp0Kdoprv frqglwlrq iru vxeqrupdolw| ^8`1

Wkhruhp 6151 Ohw W 5 O+K, dqg ohw n � 41 Wkh iroorzlqj vwdwhphqwv duh htxlyd0

ohqw1

+l, W lv +n .4,0k|srqrupdo>

+ll, W lv zhdno| vxeqrupdo dqg eW =@ p=s=q=h=+W , lv n0k|srqrupdo1

Surri1 +ll, , +l,= Vwudljkwiruzdug iurp Ohppd 6141

+l, , +ll,= Vlqfh W lv 50k|srqrupdo/ zh nqrz e| Wkhruhp 51: wkdw W lv zhdno|

vxeqrupdo1 Ohw eW =@ p1s1q1h1+W ,/ dfwlqj rq

N @ bieW �qk = k 5 K> q @ 3>4j>

e| +415,1 Ohw }m =@ {m . eW �|m 5 N/ zkhuh {m> |m 5 K/ 3 � l> m � n1 Zh vkdoo suryh

wkdw
S

n

l>m@3
+ eW�m eW l}m > }l, � 3/ dqg wklv zloo hvwdeolvk wkh n0k|srqrupdolw| ri eW 1

Vhw zm =@ |m�4 . {m > 3 � m � n . 4 zlwk |�4 @ {n.4 @ 31 Wkhq zh kdyh

n[
l>m@3

+ eW�m eW l}m > }l, @
n[

l>m@3

+ eW�m eW l+{m . eW�|m,> +{l . eW�|l,,
@

n[
l>m@3

i+ eW�m eW l{m> {l, . + eW�m eW l eW�|m > {l,
. + eW�m eW l{m > eW�|l, . + eW�m eW l eW�|m > eW�|l,j
@

n[
l>m@3

i+ eW�m eW l{m> {l, . + eW�m.4 eW l|m > {l,

. + eW�m eW l.4{m > |l, . + eW�m.4 eW l.4|m > |l,j
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@
n[

l>m@3

+W�mW l{m > {l, .
n[

l>m@3

+W�m.4W l|m> {l,

.
n[

l>m@3

+W�mW l.4{m> |l, .
n[

l>m@3

+W�m.4W l.4|m> |l,

@
n.4[
l>m@3

+W�mW l{m > {l, .
n.4[
l>m@3

+W�mW l|m�4> {l,

.
n.4[
l>m@3

+W�mW l{m> |l�4, .
n.4[
l>m@3

+W�mW l|m�4> |l�4,

+wkh �qdo htxdolw| xvlqj wkh frqyhqwlrq |�4 @ {n.4 @ 3,1 Khqfh

n[
l>m@3

+ eW�m eW l}m > }l, @
n.4[
l>m@3

+W�mW l +|m�4 . {m, > |l�4 . {l,

@
n.4[
l>m@3

+W�mW lzm >zl, � 3

+ehfdxvh W lv +n . 4,0k|srqrupdo,/ dv ghvluhg1

Zh frqfoxgh wklv vhfwlrq zlwk dq h{whqvlrq ri ^4/ Wkhruhp 415+lll,`> iru uhodwhg

uhvxowv/ vhh ^9/ Vhfwlrq 5`1 Iru W 5 O+K,/ zh zulwh �+W , iru wkh vshfwuxp ri W dqg

u+W , iru wkh vshfwudo udglxv ri W 1

Fruroodu| 6161 Ohw W 5 O+K, eh 50k|srqrupdo dqg ohw eW =@ p=s=q=h=+W ,1 Wkhq

neWn @ nWn =

Surri1 E| Wkhruhp 615/ eW �

�
W D

3 E

�
lv k|srqrupdo/ vr u+ eW , @ n eWn= Vlqfh

�+ eW , � �+W , ^ �+E, dqg u+E, � nEn � nWn +e| Fruroodu| 51;,/ zh vhh wkdw

neWn @ u+ eW , � pd{iu+W ,> u+E,j � nWn1

71 Frqvwuxfwlrq ri wkh plqlpdo qrupdo h{whqvlrq

ri d vxeqrupdo rshudwru

Ohw n � 5 dqg dvvxph wkdw W 5 O+K, lv +n . 4,0k|srqrupdo1 E| Wkhruhp 51:/

W lv zhdno| vxeqrupdo1 Ohw

eW @

�
W D4

3 E4

�

eh wkh p1s1q1h1 ri W rq K4 =@ K�U4/ zkhuh U4 =@ +udq^W�> W `,�> D4 =@

^W�> W `
4
5 mU4

dqg E4 = U4 $ U4 lv jlyhq e| E4+D�4i, =@ D�4Wi= Vlqfh
eW lv 50

k|srqrupdo/ lw lv dovr zhdno| vxeqrupdo/ dqg zh fdq uhshdw wkh surfhvv wr rewdlq

eeW @

� eW D5

3 E5

�
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rq K5 =@ +K � U4, � U5> zkhuh D5 =@ ^eW�> eW `45 mU5
/ U5 =@ +udq^eW�> eW `,� dqg

E5 = U5 $U5 vdwlv�hv E5+D�5i, @ D�5
eWi= Iru q � 5 zh wkhq zulwh eW +q, =@

_eW +q�4,1

Zh wkxv kdyh

eW +q, @

� eW +q�4, Dq

3 Eq

�
+4 � q � n,

uhodwlyh wr wkh ghfrpsrvlwlrq Kq =@ +K �U4 � � � � � Uq�4, �Uq> zkhuh Dq =@

^eW +q�4,�> eW +q�4,`
4
5 mUq

/ Uq =@ +udq^ eW +q�4,�> eW +q�4,`,� dqg Eq = Uq $ Uq vdwlv�hv

Eq+D�qi, @ D�
q
eW +q�4,i 1 Iru qrwdwlrqdo frqyhqlhqfh zh vhw K3 =@ K1

Ohppd 7141 Ohw n � 5 dqg dvvxph wkdw W 5 O+K, lv +n . 4,0k|srqrupdo1 WkhqeW +n,�Kn�5 � Kn�4=

Surri1 Vlqfh SKn�4
eW +n,mKn�Kn�4 @ Dn dqg SKn�5 ^ eW +n�4,�> eW +n�4,`

4
5 @ 3/ zh kdyh

SKn�5
eW +n,mKn�Kn�4

@ SKn�5Dn @ SKn�5 ^eW +n�4,�> eW +n�4,`
4
5 @ 3=

Ohw i 5 Kn�5 dqg j 5 Kn �Kn�41 Wkhq

+ eW +n,�i> j, @ +i> eW +n,j, @ +SKn�5
i> eW +n,j, @ +i> SKn�5

eW +n,j, @ 3>

zklfk vkrzv wkdw eW +n,�i 5 Kn�4/ dv ghvluhg1 �

Uhfdoo wkdw li W lv d vxeqrupdo rshudwru rq K dqg Q lv d qrupdo h{whqvlrq ri W

rq N/ wkhq Q lv d plqlpdo qrupdo h{whqvlrq ri W li dqg rqo| li

N @ b iQ�nk = k 5 K> n � 3j +^:/ Sursrvlwlrq 517`,1+714,

Iru vxeqrupdo zhljkwhg vkliwv/ M1 Vwdps l jdyh lq ^6` dq h{solflw frqvwuxfwlrq ri wkh

plqlpdo qrupdo h{whqvlrq1 Prwlydwhg lq sduw e| wkdw frqvwuxfwlrq/ zh zloo qrz

ghvfuleh d eorfn vwdlufdvh rshudwru pdwul{ prgho iru wkh plqlpdo qrupdo h{whqvlrq

ri dq duelwudu| vxeqrupdo rshudwru1 Ohw W eh vxeqrupdo rq K/ dqg uhfdoo wkdw

W lv +n . 4,0k|srqrupdo iru doo n � 3/ vr vxffhvvlyh sduwldoo| qrupdo h{whqvlrqv

h{lvw1 Zh uhfxuvlyho| gh�qh eW +p, dv eW +3, =@ W dqg eW +p.4, =@ p=s=q=h=+ eW +p,,1
Ohw K4 =@ K �U4 � � � � � Uq � � � � zlwk wkh c5 lqqhu surgxfw/ wkdw lv/ li h{ =@
{3�{4�� � ��{p�� � � dqg h| =@ |3�|4�� � ��|p�� � � / wkhq kh{> h|lK

4

=@
S

l
+{l> |l,1

Iru h{ � {3 � � � � � {p � 3� 3� � � � � h{p � 3� 3 � � � � / zh gh�qh Qh{ =@ eW +p,h{p1
Iru qrwdwlrqdo frqyhqlhqfh/ zh zloo lghqwli| Kp zlwk wkh vxevsdfh ri K4 ri doo

yhfwruv h{ � {3 � � � � � {p � 3 � 3 � � � � / dqg zh vkdoo zulwh h{p � SK
p
h{1 Dovr/

zh vkdoo uhjdug Kp dv d vxevsdfh ri Kp.4 Fohduo| Q lv olqhdu rq d ghqvh olqhdu

vxepdqlirog ri K41 Pruhryhu/ e| Fruroodu| 616/

nQh{n @ n eW +p,h{pn � n eW +p�4,nnh{pn @ � � � @ nWnnh{n+715,

zkhqhyhu h{ � h{p�3�3�� � � 1 Wkhuhiruh/ Q fdq eh h{whqghg wr d erxqghg olqhdu

rshudwru rq K4/ zklfk zh zloo dovr ghqrwh e| Q 1 E| +715,/ nQn @ nWn =

Ohppd 7151 Q�h{ @ eW +p.4,�h{p/ iru doo h{ � h{p � 3� 3� � � � 5 K41

Surri1 Vlqfh eW +c.n,mKc @ eW +c, iru doo n � 4/ eW +c,� @ SKc
eW +c.n,�mKc 1 E| Ohppd

714/ eW +p.5,�h{p 5 Kp.4/ vr

+ eW +p.4,�h{p> h|, @ +SKp.4
eW +p.5,�h{p> h|,

@ + eW +p.5,�h{p> SKp.4
h|,

@ + eW +p.5,�h{p> h|,
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iru dq| h| 5 K4/ zklfk lpsolhv wkdw eW +p.4,�h{p @ eW +p.5,�h{p iru doo h{p 5 Kp=

Dovr/ vlqfh Kp � Kp.n iru dq| n � 4/ zh fdq frqwlqxh wklv surfhvv wr rewdlqeW +p.4,�h{p @ eW +p.4.n,�h{p iru doo h{p 5 Kp= Jlyhq h{p 5 Kp dqg h|c 5 Kc/ dqg li

zh ohw q =@ pd{ip. 4> cj/ zh rewdlq

+Q�h{p> h|c, @ +h{p>Qh|c, @ +h{p> eW +q,h|c,
@ + eW +q,�h{p> h|c, @ + eW +p.4,�h{p> h|c,>

zklfk uhdglo| lpsolhv wkdw Q�h{ � Q�h{p @ eW +p.4,�h{p/ dv ghvluhg1
Zh duh qrz uhdg| wr suhvhqw wkh vwdlufdvh prgho iru wkh plqlpdo qrupdo h{whq0

vlrq ri d vxeqrupdo rshudwru1

Wkhruhp 7161 Ohw W eh d vxeqrupdo rshudwru rq K dqg ohw Q eh wkh rshudwru rq

K4 =@ K�U4�U5�� � � gh�qhg dv Qh{ =@ eW +p,h{p> iru h{ � h{p�3�3�� � � 5 K41

Wkhq Q lv d plqlpdo qrupdo h{whqvlrq ri W zlwk nQn @ nWn1 Lq sduwlfxodu/ Q

kdv wkh iroorzlqj eorfn vwdlufdvh rshudwru pdwul{ irup=

Q @

3
EEEEEEEEEC

W D4 3
3 E4 F5 3

3 E5 F6 3

3 E6 F7

1 1 1

3 E7

1 1 1

1 1 1
1 1 1

4
FFFFFFFFFD
>+716,

zkhuh

eW @

�
W D4

3 E4

�
> eW +n.4, @

� eW +n, Dn

3 En

�
> n @ 4>5> ===>

Un =@ +udq^eW +n�4,�> eW +n�4,`,�/ Dn =@ ^eW +n�4,�> eW +n�4,`
4
5 mU

n
uhjdughg dv dq rshud0

wru iurp Un wr Kn�4/ dqg Fn =@ +D�
n
mUn�4,

� = Un $Un�41

Surri1 Zh �uvw hvwdeolvk wkdw Q lv qrupdo1 Ohw h{ � h{p �3�3�� � � 5 K41 Wkhq

nQh{n5 @ mm eW +p,h{pmm5 @ + eW +p,� eW +p,h{p> h{p,

@ + eW +p.4,� eW +p.4,h{p> h{p, @ + eW +p.4, eW +p.4,�h{p> h{p,
@ +QQ�h{> h{, @ nQ�h{n5 =

Khqfh Q lv d qrupdo rshudwru rq K41 Qrz zh wxuq wr wkh surri ri wkh plqlpdolw|

ri Q 1 E| +415, dqg Ohppd 715/

+i{3 .Q�{4 = {l 5 K> l @ 3>4j,� @ +i{3 . eW�{4 = {l 5 K> l @ 3>4j,� @ K4=

Wr xvh pdwkhpdwlfdo lqgxfwlrq/ zh dvvxph wkdw

+i
q[
l@3

Q�l{l = {l 5 K> l @ 3> ===> qj,� @ Kq=
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Wkhq

Kq.4 @ +i
q[
l@3

Q�lsl . eW +q.4,�+
q[

m@3

Q�mtm, = sl> tm 5 K> 3 � l> m � qj,�

@ +i
q[
l@3

Q�lsl .Q�+
q[

m@3

Q�mtm, = sl> tm 5 K> 3 � l> m � qj,� +e| Ohppd 715,

@ +i
q[
l@3

Q�l}l .Q�q.4}q.4 = }l 5 K> 3 � l � qj,�

@ +i
q.4[
l@3

Q�l{l = {l 5 K> l @ 3> ===> q. 4j,�=

Wkxv biQ�nk = k 5 K> n � 3j @ K41 E| +714,/ Q lv d plqlpdo qrupdo h{whqvlrq

ri W 1 Ilqdoo|/ wkh eorfn vwdlufdvh pdwul{ irup lq +716, iroorzv hdvlo| iurp wkh

frqvwuxfwlrq ri eW +q, dqg ^4/ Ohppd 51;`1 Wkxv/ wkh surri lv frpsohwh1

Zh frqfoxgh wklv vhfwlrq zlwk d vshfldo exw lpsruwdqw fdvh ri Wkhruhp 7161

Uhfdoo wkdw dq rshudwru W lv vdlg wr eh txdvlqrupdo li W frppxwhv zlwk W�W ru/

htxlydohqwo|/ li ^W�> W `W @ 31

Fruroodu| 7171 Ohw W eh d zhdno| vxeqrupdo rshudwru rqK/ dqg ohw eW =@p=s=q=h=+W ,1
Wkhq

+l, W lv txdvlqrupdo li dqg rqo| li eW @

�
W D4

3 3

�
+D4 dv lq Wkhruhp 716,>

+ll, li W lv txdvlqrupdo/ wkhq eW lv txdvlqrupdo>
+lll, li W lv txdvlqrupdo/ wkhq wkh plqlpdo qrupdo h{whqvlrq Q ri W lv xqlwdulo|

htxlydohqw wr wkh iroorzlqj rshudwru pdwul{3
EEEEEEEEEC

W D4 3
3 3 F5 3

3 3 F6 3

3 3
1 1 1

1 1 1

1 1 1
1 1 1

1 1 1

1 1 1
1 1 1

4
FFFFFFFFFD
=

Surri1 +l, +,, Vlqfh D�4W @ E4D
�

4> zh vhh wkdw

3 @ ^W�> W `W @ D4D
�

4W @ D4E4D
�

4=

Dovr/ vlqfh +udqD�4,
� @ U4/ D4E4 @ 3/ vr E�4D

�

4 @ 3/ dqg d iruwlrul E�4 @ 3/ ru
E4 @ 31
++, Vlqfh D�4W @ 3/ zh kdyh D4D

�

4W @ ^W�> W `W @ 3/ zklfk vkrzv wkdw W lv

txdvlqrupdo1

+ll, E| d vlpsoh frpsxwdwlrq/ ^eW�> eW `eW @ 31 Khqfh eW lv txdvlqrupdo1

+lll, Wklv iroorzv hdvlo| iurp Wkhruhp 7161

Uhihuhqfhv

^4` U1H1 Fxuwr dqg Z1\1 Ohh/ Wrzdugv d prgho wkhru| iru 20k|srqrupdo rshudwruv/ Lqwhjudo

Htxdwlrqv Rshudwru Wkhru|/ wr dsshdu1

^5` U1 Fxuwr/ Mrlqw k|srqrupdolw|= D eulgjh ehwzhhq k|srqrupdolw| dqg vxeqrupdolw|/ Surf1

V|psrvld Sxuh Pdwk1 84 +4<<3,/ 9<0<41
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^6` M1 Vwdps l/ Zklfk zhljkwhg vkliwv duh vxeqrupdo/ Sdfl�f M1 Pdwk1 4: +4<99,/ 69:06:<1

^7` M1E1 Frqzd| dqg Z1 V}|pdqvnl/ Olqhdu frpelqdwlrq ri k|srqrupdo rshudwruv/ Urfn| Prxq0

wdlq M1 4; +4<;;,/ 9<80:381

^8` M1 Eudp/ Vxeqrupdo rshudwruv/ Gxnh Pdwk1 M1 55 +4<88,/ :80<71

^9` U1 Fxuwr/ L1V1 Kzdqj dqg Z1\1 Ohh/ Zhdn vxeqrupdolw| ri rshudwruv/ Dufkly ghu Pdwk1/ wr

dsshdu1

^:` M1E1 Frqzd|/ Wkh Wkhru| ri Vxeqrupdo Rshudwruv/ Pdwkhpdwlfdo Vxuyh|v dqg Prqrjudskv/

yro1 69/ Dphu1 Pdwk1 Vrf1/ Surylghqfh/ 4<<41

Ghsduwphqw ri Pdwkhpdwlfv/ Wkh Xqlyhuvlw| ri Lrzd/ Froohjh ri Olehudo Duwv dqg

Vflhqfhv/ Lrzd Flw|/ Lrzd 85575/ XVD

H0pdlo dgguhvv = fxuwrCpdwk1xlrzd1hgx

Ghsduwphqw ri Pdwkhpdwlfv/ Froohjh ri Qdwxudo Vflhqfhv/ N|xqjsrrn Qdwlrqdo Xql0

yhuvlw|/ Wdhjx :350:34/ Nruhd

H0pdlo dgguhvv = lemxqjCnqx1df1nu

Ghsduwphqw ri Pdwkhpdwlfv/ Froohjh ri Qdwxudo Vflhqfhv/ N|xqjsrrn Qdwlrqdo Xql0

yhuvlw|/ Wdhjx :350:34/ Nruhd

H0pdlo dgguhvv = svv7;88Ckdqpdlo1qhw


