kF-HYPONORMALITY OF MULTIVARIABLE WEIGHTED SHIFTS

RAUL E. CURTO, SANG HOON LEE, AND JASANG YOON

ABSTRACT. We characterize joint k-hyponormality for 2-variable weighted shifts. Using this char-
acterization we construct a family of examples which establishes and illustrates the gap between
k-hyponormality and (k+ 1)-hyponormality for each k > 1. As a consequence, we obtain an abstract
solution to the Lifting Problem for Commuting Subnormals.

1. NOTATION AND PRELIMINARIES

The Lifting Problem for Commuting Subnormals asks for necessary and sufficient conditions for
a pair of subnormal operators on Hilbert space to admit commuting normal extensions. It is well
known that the commutativity of the pair is necessary but not sufficient ([Abr], [Lul], [Lu2], [Lu3]),
and it has recently been shown that the joint hyponormality of the pair is necessary but not sufficient
[CuYol]. In this paper we provide an abstract answer to the Lifting Problem, by stating and proving
a multivariable analogue of the Bram-Halmos criterion for subnormality, and then showing concretely
that no matter how k-hyponormal a pair might be, it may still fail to be subnormal. To do this,
we obtain a matricial characterization of k-hyponormality for multivariable weighted shifts, which
extends that found in [Cul] for joint hyponormality.

Let H be a complex Hilbert space and let B(H) denote the algebra of bounded linear operators on
H. For S,T € B(H) let [S,T]:= ST —TS. We say that an n -tuple T = (T1,---,T},) of operators
on H is (jointly) hyponormal if the operator matrix

[Tl*le] [T2*7T1] T [T;:le]
[T, T := & ’:TQ] : ’ZTQ] ' [T”’:TQ] (1.1)
[Tl*v Tn] [T2*7 Tn] T [T;;v Tn]

is positive on the direct sum of n copies of H (cf. [Ath] , [CMX]). The n-tuple T is said to be
normal if T is commuting and each 7; is normal, and T is subnormal if T is the restriction of
a normal n-tuple to a common invariant subspace. Clearly, normal = subnormal = hyponormal.
Moreover, the restriction of a hyponormal n-tuple to an invariant subspace is again hyponormal.
The Bram-Halmos criterion states that an operator 7' € B(H) is subnormal if and only if the &k
-tuple (T,T2,---,T*) is hyponormal for all k > 1.

For a = {a,,}5%, a bounded sequence of positive real numbers (called weights), let Wy, : £2(Z) —
?%(Z) be the associated unilateral weighted shift, defined by Wye, := ane,i1 (all n > 0), where
{en}22, is the canonical orthonormal basis in ¢2(Z). The moments of o are given as

_ la) = 1 if k=0
=TT 202 ifk>0 [
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It is easy to see that W, is never normal, and that it is hyponormal if and only if ap < a1 < ---.
Similarly, consider double-indexed positive bounded sequences ay, Ok € €°°(Zi), k = (ki,ko) €
Zi =7, x Z, and let £? (Zi) be the Hilbert space of square-summable complex sequences indexed
by Zi. We define the 2-variable weighted shift T = (T1,T>) by

Tiex := axekyie,

Thex := Pxekte,
where 1 := (1,0) and &9 := (0,1). Clearly,

Ti'Ty = ToTh <= Bite; 0k = ke, Ok (all k). (1.2)

In an entirely similar way one can define multivariable weighted shifts. Trivially, a pair of unilateral
weighted shifts W, and Wy gives rise to a 2-variable weighted shift T = (71, T»), if we let o, 1,) =
ag, and B, gy = Bk, (all k1,ko € Z1). In this case, T is subnormal (resp. hyponormal) if and
only if so are Ty and T»; in fact, under the canonical identification of ¢*(Z%) with ¢*(Zy) @ (*(Z4.),
we have T =2 IQ W, and Ty = W@ I, so T is also doubly commuting. For this reason, we do
not focus attention on shifts of this type, and use them only when the above mentioned triviality is
desirable or needed.

We now recall a well known characterization of subnormality for single variable weighted shifts,
due to C. Berger (cf. [Con, II1.8.16]): W, is subnormal if and only if there exists a probability
measure ¢ supported in [0, | W,|?] such that 4 (a) == a2---af_, = [tF d&(t) (k> 1). If W, is
subnormal, and if for h > 1 we let M, := \/{e,, : n > h} denote the invariant subspace obtained by
removing the first A vectors in the canonical orthonormal basis of ¢?(Z, ), then the Berger measure
of Walam, is 5-t"dg(t).

We also recall the notion of moment of order k for a pair («, ) satisfying (1.2). Given k € Z2,
the moment of («, 3) of order k is

1 ifk =0
a2 a2 if ky>1and kg =0
: ki—1, =
T = (e, B) = I if k=0 and ky > 1
, 52(0,0> €(07k2—1) ) p Al e =
0.0 "+ Ak —1,0) 'B(kl,o) B ﬁ(kth_l) if ki >1and kg > 1

We remark that, due to the commutativity condition (1.2), 7 can be computed using any nonde-
creasing path from (0,0) to (k1,k2). Moreover, T is subnormal if and only if there is a regular Borel
probability measure p defined on the 2-dimensional rectangle R = [0,a1] x [0, az] (a; := || T3|*) such
that yic = [[ t¥du(t) := [[, t7't5> du(ti,t2) (all k €Z2) [JeLu].

Acknowledgment. The authors are deeply indebted to the referee for several helpful suggestions.
Many of the examples in this paper were obtained using calculations with the software tool Mathe-
matica [Wol].

2. MAIN RESULTS

We recall some useful notation. For n > 0, let m := w For A € M,,(R), we denote
the successive rows and columns according to the following lexicographic ordering: 1,z, vy, z2, yx, y?,
vy Tl g™ [CuFi2l. For 0 < i+ j < n,0 <1+ k < n, we denote the entry of
A € M,,(R) in row 9z’ and column y*z! by A jyak)- In the notation 0 < i+ j < n it will always

be understood that 4,7 > 0. For 0 <i+j <n,0 <1+ k < n, (ag ),k o<i+i<n denotes an m x m
0<I+k<n
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matrix and (a( jy(,k))1<i+i<n denotes the associated (m — 1) x (m — 1) matrix obtained by deleting
1<04k<n

the first row and column.
For a subnormal 2-variable weighted shift T = (73,7%), it is clear that each component 7; must

~

be subnormal. For instance, T = @?’;0 W), where agj) = a4, so that W, has associated

Berger measure dv;(t;) := Wl> f[o 03] t%d@tl(tg), where du(ty,to) = d®y (t2)dn(ty) is the canonical
»J )
disintegration of the Berger measure p by vertical slices [CuYo2]. On the other hand, if we only

know that each of 11, Ts is subnormal, and that they commute, the following problem is natural.

Problem 2.1. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient condi-
tions on Ty and Ty to guarantee the subnormality of T = (T1,T5).

It is well known that the above mentioned necessary conditions do not suffice (cf.[Cul]). In
terms of the marginal measures for 17 and 75, the problem can be phrased as a reconstruction-of-
measure problem, that is, under what conditions on the single variable measures {v;}72, and {w; }{2,
associated with T and 15, respectively, does there exist a 2-variable measure p correctly interpolating
all the powers t51¢5> (ky, kg > 0) 7 We also recall that a pair S = (S, S2) of commuting subnormal
operators is called polynomially subnormal if p(S) is subnormal for all 2-variable polynomials p €
Clz1,22). In [Fra], it was shown that a polynomial subnormal tuple is a subnormal tuple. Using
this fact, we can give an abstract answer to Problem 2.1. First we need a definition.

Definition 2.2. A commuting pair T = (T}, T») is called k-hyponormal if T(k) := (T1, Ty, T?, To Ty,
T2, .. ,le,Tngkfl, -+, T¥) is hyponormal, or equivalently
((T5TPY* , T3 T 1<man<k > 0.
1<p+q<k

Clearly, subnormal = (k + 1)-hyponormal = k-hyponormal for every k£ > 1, and of course 1-
hyponormality agrees with the usual definition of joint hyponormality.

We now present our multivariable version of the Bram-Halmos criterion for subnormality. When
combined with Theorem 2.5 below, Theorem 2.3 provides an abstract answer to Problem 2.1, by
showing that no matter how k-hyponormal the pair T might be, it may still fail to be subnormal.

Theorem 2.3. Let T = (11,T2) be a commuting pair of operators on a Hilbert space H. The
following statements are equivalent.

(i) T is subnormal.

(ii) T(k) is subnormal for all k € Z .

(iii) T is k-hyponormal for all k € Z.

In the single variable case, there are useful criteria for k-hyponormality ([Cu2], [CLL]); for 2-
variable weighted shifts, a simple criterion for joint hyponormality was given in([Cul]). We now
present a new characterization of k-hyponormality for 2-variable weighted shifts; this generalizes a
result in ([Cul]).

Theorem 2.4. Let T = (11,T») be a 2-variable weighted shift with weight sequences o = {ay} and
B ={0x}. The following statements are equivalent.

(a) T is k-hyponormal.

(8) (TP (T3T0)* TP TST] e > 0.

1<p+q<k
(¢) (UTZTY) T3 T ews (mm)s Cutpa) ) 1gmens 2 0 for all u € ZX.
SpTax
(d) (7u7u+(m,n)+(p,q) - 7u+(m,n)7u+(p,q))Egﬁ;ﬁkk >0 for allu € Za—-
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(e) Mu(k) = (Yut(mn)+(p.q))osminzk > 0 for all u € Z3. (For a subnormal pair T, the matriz
0<p+q<k

My (k) is the truncation of the moment matrix associated to the Berger measure of T.)

As an application of Theorem 2.4, we build in Section 4 a two-parameter family of 2-variable
weighted shifts (see Figure 1 below), and we identify the precise parameter ranges that separate hy-
ponormality from 2-hyponormality, 2-hyponormality from 3-hyponormality, etc., and k-hyponormality
from subnormality. We believe these are the first examples in the literature of commuting pairs of
subnormal operators which are k-hyponormal but not (k + 1)-hyponormal. We record this in the
following result. First, we need some notation. For 0 <y <1, let x = {z,}22, where

3 ifn=0
Tn = y\(/;H)( +3)
VDD iy > 1,

(We shall see later (Proposition 4.2) that W, = shift(zg,z1,---) is subnormal.)

Theorem 2.5. For 0 < a < -, the 2-variable weighted shift T given by Figure 1 is

V2

: V/32—48a1 .

(i) hyponormal < 0 <y < \/TTZ?’
;:&1§)* ?

.. + .

(i) k-hyponormal < 0 <y < 5., G0 i (k > 2);
2 2k(k+2) 4(k+1)2

(iii) subnormal < 0 <y < ﬁ
In particular, T is hyponormal and not subnormal if and only if +/ ﬁ <y < \/:@3:3222.

Remark 2.6. (i) Even for l-variable weighted shifts, it is generally difficult to provide concrete
parameterizations that separate k-hyponormality from (k + 1)-hyponormality (cf. [CLL, Example
8]). That we can accomplish the same separation for 2-variable weighted shifts is an indication that
the condition in Theorem 2.4(e) is sharp.

(ii)) In [CMX], the authors conjectured that if T = (77,7%) is a pair of commuting subnormal
operators, then T is subnormal if and only if T is hyponormal. In [CuYol], three different families
of examples were given of such pairs T for which hyponormality does not imply subnormality. Thus,
any of those examples can be used to disprove the conjecture in [CMX]. Theorem 2.5 gives a new
family of examples, with explicit parameter values to distinguish between k-hyponormality and
(k 4+ 1)-hyponormality, and a fortiori between hyponormality and subnormality.

3. PROOFS OF THEOREMS 2.3 AND 2.4

Proof of Theorem 2.5. (i) = (it): Suppose T = (T1,T») is subnormal, that is, T admits a normal
extension N = (N1, No) acting on a Hilbert space K O H. The tuple N(k) := (N1, No, N2, NoNy, N3,
e Nf,Nng‘*l, .-+, N¥) is also normal, so its restriction to H, T(k), is subnormal.

(73) = (419): This is trivial.

(73i) = (i): Suppose T(k) is hyponormal for all k € Z,, and let p € Clz1,22]. It follows that
p(T1,T») (as a single operator on H) is k-hyponormal for every k > 1. By the Bram-Halmos criterion
for single operators we then see that p(71,75) is subnormal. Finally, the main result in [Fra] implies
that T is subnormal. O

We now give the proof of Theorem 2.4, which we restate for the reader’s convenience.
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a 1 1 1
(0,n+1)
1 1 1 1 1
a 1 1 1
(0,n)
Ty
1 1 1 1 1
a 1 1 1
(0,2)
1 1 1 1 1
a 1 1 1
(0,1)
ay ay ay ay
z0 o1 ToT1T2 T Ty 1
o T To . T .
T

FIGURE 1. Weight diagram of the 2-variable weighted shift in Theorem 2.5

Theorem 3.1. Let T = (11,T») be a 2-variable weighted shift with weight sequences o = {ay} and
B ={0x}. The following statements are equivalent.
(a) T is k-hyponormal.
(b) (T3 1) [(T3T0)", T3 T (T 1Y) )1 <msnsi 2 0.

1<p+q<k
(c) (<[(T2qTf)*, T2”T1m]eu+(m,n), €u+(p,q)>)§m++72§kk >0 forallue Zi.

SpPT9>

(4) (YaYut-(mn)+(pa) — Yut-(mmn) Yut(pig))1<m+nsi > 0 for allu € Z7..

1<p+q<k

(e) Mu(k) := (Yut(mn)+(p.q) osm+nzk > 0 for all u € Z7 .

0<p+q<k
Proof. (a) & (b) : Let
A = ([(TQqTiD)*7 TQnT{n])lgm+n§k

1<p+q<k
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and
B = (T3T") (T5T7)", T3 T (T3 Y ) )1gmen<h.

1<p+q<k
Note that
Ty Ty
T3 b

(@) 74
Thus it is easily seen that (a) = (b). For the converse implication, let

M=T(H)eTMeTi(H) e BN(H) eTFH) & e T (H) & & T} (H)
where H := (*(Z2). For

z:=T1(ha0) & To(ho1)) ® TE(he0) & ToTi (b)) @ T3 (ho) & -
& TY (o) © - @ Ty (b))
in M (here h := hg ) ® h(1) @+ ® b)), we have

<A.le, .CI?> = Z <[(T2(1T1p)*7 TgT?](Tng)h(p,q)v T2nT1mh(m,n)> = <Bhv h> .

1<m+n<k
1<p+g<k

Thus, (Bh, h) > 0 implies that the compression of A to M is positive. Since T} and T, are weighted
shifts, we have [(T5T7)*, To T (T4 TT)(H) C THT{"(H), and it follows that M is invariant for A;
since A is selfadjoint, it then follows that M reduces A. Therefore, the proof will be completed
once we show that the compression of A to M is also positive. Let {€(p.q) tp.qez, be the canonical
orthonormal basis of H. Note that

Mt = L0y ® L) @D Lgo) D+ D Lo,k

where L(; ;) is the span of {e(, 4 o<p<i-1) and {e(, g }rez; . Let
q€Zy 0<s<(j—1)

J gt
Clam) =000® - B0Be, BOD - S0 H™

J
where m = (i, 7). (The notation 0&06---®0&" v ®0®---®0 indicates that the vector v appears

in the iji-th summand.) Observe that {€(p7q)(r7s)}§;i?§f1 U {€(p7q)(r7s)}§;i?5§f1) is an orthonormal

)
qELy PpELy

basis for ML. Now, for 1 < i+ j < k, we define the subspace K. ) of M+ as follows:

VAC(n). 1)) E(Lm). (1)) 5 €k (i) ) (k=g b 1 T > ]
Kijy =1 V{000,600 €(n), (541 > €k~ (i), ki) o I 1 <
X{e((o,n),(i,i))ae((n,O),(i,i))a L €((k=2i,m), (k—iri)) €((nk—20),(ik—i)) }5 1 T = ]
It is easily seen that K(; ;y L K, for (4,7) # (s,t) and Mt = K,00K0,1)®- - - &K (5,0)DK0,x)- Note

that KC(; ;) is invariant for A and hence K; ;) reduces A. We must then show that the compression
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of A to KC(; ;) is also positive. Note that each vector h in K; j)(i > j) has the form

Yzt

DO® (i, f)en ©OD -

0@ ---

yIak—i

® ek —j. )T e € e)@OEB'-'

for some scalars (i, j),c(i + 1, j),

Z<p<k J, q=j
=Y i<m<k—j (D, ]

i<p<k—j

== Zz<m<k jC p,

i<p<k—j
c(i, J)e(oe)
(’L-i—l j) €(0,0)

M

c(k — 4, J)e(o 0

where

<

md)

j
(T (i)

(BT (1T

e
(T ) (T Ty )

TY

®0

k—3j,j) and £ € Z.

(Ah,h) = Sicmsr—i, nmj ((TETEY TET e, )TE 0.1, clm, M T eqo )

x(m—1)

TJTIH-m z TJTP+ 6(07g),€(07g)>

oe)
Z+1j €(0,0)

—JJ)( 0

(T3T{ )y ()
(T T{2) (13T} )

©0Dc(i+1,5)Trepy 0D ---

(TYTP)*, TYTTY e

yi il

®0

Thus,

3\

0,0)> €(o,e)>

gt ),
(LT ) (1317 7T)

)i i (k)i
(TR =0y (g 2

In (3.1) above, the third equality (from line 2 to line 3) follows from the fact that

<T§TF(Tng)*Tf_i€(o,z)76(0,@)> = 0.

Now,
(TITH* 0 0
M = 0 . '0 M’
0 0 (TYyTH*
where
I 17T
e Ty (1217

(le—(z‘-l—j))*le—(i-i-j) (le—(z‘+j)+1)*le—(i+j)+1

Now, by Smul’jan’s Theorem [Smu], M’ = (M’ )5~ +)

where

Quo 1= (TP T+ =

uv/u,v=0

7

TITE 0 0
0 .0
0 0 TIT}

T
(T

(T12(k—(z‘+j)))*Tf(k—(i-i—j))

= (Qu) 1) > 0

u,v=1

> 0 if and only if @

(1) (T7) T -

(3.1)

)



Now, observe that Q., = (T1")*[(T7)*, T{*]TY, so that

T T;, Ty S (VAN 4 Ty
Q= : : :
k‘ * % _ Z . _ ’L . N _ Z . k}
RNV (i BT (I H

It is now easy to see that @ is a submatrix of B. Thus, if B > 0, then M’ > 0 and hence (Ah, h) > 0
for all h € K; jy with ¢ > j. On the other hand, if ¢ < j, then each vector h in K(; ;) has the form

iji yj+1xi
0D ®0®c(i,jlewo @0 - D0@ c(i,j+ 1)T2eqp ©@0D -
yk—ixi

0@ c(i,k— )Ty eyp@0@--- @0,

for some scalars c(i,j),c(i,j + 1), - ,c(i,k — i) and ¢ € Z;. An analogous argument shows that
(Ah,h) >0 for all h € K(; jy with ¢ < j. Finally, if i = j, then each vector h in K(; ;) has the form

yizt yizitl
0@ - ®OD®c(i,i)ey) ©0D - @0 (i + 1,9)Tie

yitlgt yigh—i '
B0® - B0 c(i,i+ 1)Then ®0S - B0B c(k —4,1)TF e

ykfixi

B0& - B0 cli,k— )Ty Pen@0@ - ®0

for some scalars ¢(i,1),c(i + 1,4),c(i, + 1) -+ ,c(i,k — i) and s,t € Z4 with st = 0. Define

1 ifp>gq

and let M(p,q) := max{p,q}. We then have

— M(p,q)—i M (m,n)—i
(Ah,h) = Yelp,a)elmn)  ([(TETY TETEIT 0 e . Taim ™ e )
2i<m+n<k, n=i or m=i
2i<p+q<k, p=i or g=t
_ DY TM(m,n)fi *[(TIdTPY* Tmm TM(p,q)*i
= Z c(p,q)e(m,n) ( O (m,n) )*[( 2 1) ydo L ] T (p,q) €(s,t)1C(st) / -
2i<m+n<k, n=i or m=i
2i<p+q<k, p=i or q=i

Since (Tng)*ng\g’(ﬁ)’Q)_ie(&w = 0, we have

9(p,q)

Ao M m,n -1 * XN m M ) -1
(Anh) = Yelp,q)elmn) (oo~ (T3 TR T %0 e oy ey )
2i<m+n<k, n=i or m=i
2i<p+q<k, p=i or g=i
C(iv i)e(s,t) C(’i, i)e(s,t)
<M c(i+ 1,4)eqs c(i+ 1,1)e(s

9

c(i, k —i)egsy c(i,k —i)eqsy
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where

(TH (T (LT - (T T (1 'T)
| @I (TRt e (T (T T
(T3 T (T "T}) . e (TN (T )
However,
(TiTH)* 0 0 TiTi 0 0
M = o . o M| o . 0o |
0 0 (TT))* 0 0 TiT}
where
I Ty - (TR
o LT (TR - (D)
(Téc—Qi)*Téc—Qi o o (T;(kf%))*TQQ(kai)

If B> 0, then M’ > 0 and hence (Ah,h) > 0 for all h € K-
(b) & (c) : Note that (T9Ty")*[(T4TY)*, TR T (T4TY) is a diagonal operator. Thus, B > 0 if and
only if (Bey, ey) > 0 for all u € Z2 if and only if (c) holds.
(b) & (d) : Since (T5"TP)*(TSTP)*, TP TP (T TT) is a diagonal operator whose u-th diagonal
entry is
Tut(p,@)+(mn)  Tut(p,g) Tut(mn)
Tu V2

)

we easily see that (b) < (d).
(d) & (e) : This is a straightforward application of Choleski’s algorithm [Atk]. O

4. APPLICATIONS

Unlike the single variable case, in which there is a clear separation between hyponormality and
subnormality (cf. [CuFil], [Cu3], [CuLe],[CLL]), much less is known about the multivariable case.
We will now construct an example which exhibits the gap between k-hyponormality and (k + 1)-
hyponormality for each k > 1, and gives another counterexample to the following conjecture, recently
answered in the negative ([CuYol]).

Conjecture 4.1. ([CMX]) Let T = (T3, T3) be a pair of commuting subnormal operators on H. Then
T is subnormal if and only if T is hyponormal.

We begin with:
Proposition 4.2. For 0 <y <1, let x = {x,}°°, where

A ifn="0
n \/(n+1)(;z+3) ifn> 1.

(n+2 ’

Then W, = shift(xo,x1,---) is subnormal.



Proof. We need to find a regular Borel probability measure p, such that v, = [ s"duz(s) (n > 0).
On the interval [0, 1], consider du, := (1 —y?)ddo(s) + %ds + %dél(s). Then 79 = 1 and for n > 1,

Yo = ToaTTS - 2p
23 2-4 3-5 n(n +2)
Vi g (n+1)2

(n+2)y* y* 1 /n
— = = . —_— = d .
2ntl) 2 nill 2 $"dpia(s)

It follows that W, is subnormal, with Berger measure u,. ]
Q0 ,n+1 A1 n41 Q2 n41 e Qn nt1
(0,n+1)
ﬁO,n ﬁl,n ﬁQ,n Bn,n
Q0.n A1n Qa2 n Qn,n
(0,n)
Ty
30,2 31,2 32,2 ; 3.2
Q0,2 Q1,2 Q2.2 Qn, 2
(0,2)
30,1 311 32,1 ; 3.1
Qo,1 1,1 a2 1 Qn 1
(0,1)
60 0 61,0 62 0 Bn 0
Q0,0 1,0 2,0 R Q0 Qn+1,0
T

FIGURE 2. Weight diagram of the 2-variable weighted shift in Lemma 4.3

To recall the following result, we need some notation and terminology from [CuYol]. Given a

probability measure pon X xY = R4 xR, and assuming that % € L'(u), the extremal measure pleg:
10



(which is also a probability measure) on R xR is given by dpeyi(s,t) :== (1—Jp (t))Wd,u(s, t).
L (p)

On the other hand, the marginal measure pX is given by puX := po 75}1, where mx : X XY — X is
the canonical projection onto X. Thus, u~ (E) = u(E x Y), for every E C X. We observe that if
 is a probability measure, then so is u¥.

Lemma 4.3. [CuYol, Proposition 3.10] (Subnormal backward extension of a 2-variable weighted
shift) Consider the 2-variable weighted shift T whose weight sequence is given by Figure 2, and let
M be the subspace associated with indices k with ko > 1.  Assume that T|,, is subnormal with
Berger measure paq and that the weighted shift Wy with weight sequence (ao, cip, - -+ ) i subnormal
with Berger measure v. Then T is subnormal if and only if

(i) €L (ppm);

(i) B0 < (|7 11 (upe)) "

(iii} 5(2)0 H%HLl(HM) (MM)g(xt <v.

Moreover, if 530 H%HLl(uM) =1, then (MM)g;t = v. In the case when T is subnormal, the Berger

measure u of T is given by
1 2 |1 X
" d(pr)eat (s, ) + [dv(s) — Boo ||+ d(pr) et (8)]dbo (2).-
L (pp) LY (pam)

We are now ready to present our example of a nonsubnormal, hyponormal commuting pair of sub-
normal weighted shifts. At the same time we will exhibit concretely the gap between k-hyponormality
and (k + 1)-hyponormality for each k > 1. For 0 < a < %, consider the 2-variable weighted shift

given by Figure 1, where = {z,,}’2 is as in Proposition 4.2.

d,u(s, t) - ﬁ(Q]O

Proposition 4.4. The 2-variable weighted shift T given by Figure 1 is subnormal if and only if

[ 1
0<y<\/5=z-

Proof. Let M be the subspace of £*(Z2 ) spanned by the canonical orthonormal basis of £2(Z2 ) except
for €(0,0y; €(1,0:*** » €(n,0), - - Then from Figure 1, it is obvious that T|,, = (I®S5,, U4 ®1I). (Recall
that S, is the subnormal weighted shift which has weight sequence (a,1,1,---) and Berger measure
(1 —a*)8y + a6y, and Uy = Sy is the (unweighted) unilateral shift.) Thus, T|,, is subnormal with
Berger measure

pag = [(1 — a?)dy + a®6y] x 0y.
By Lemma 4.3,

(NM)ggct < fa
LY (pm)

T is subnormal < 3>

2 2
& y7[(1— a)do + a?1] < (1= y?)do + A+ L0,

(here A denotes Lebesgue measure on [0, 1])

Sy < and a < —

1
—V2-a? V2

1
Sy < (recall that @ < —= is being assumed).

V2

2 —a?

11



Proposition 4.5. The 2-variable weighted shift T given by Figure 1 is hyponormal if and only if
0 < < \/32-48@4
Y= o242

Proof. By Theorem 2.4(d), to show the joint hyponormality of T it is enough to check that

Hy — Tk Vk+(2,0) — %2(“1,0) Yo Vk+(1,1) — Vk+(1,0) Vk+(0,1) >0
k ‘= =
YeVe+(1,1) — Yk+(1,0)Vk4(0,1) TkVk4(0,2) — 712(+(071)

for all k € Z%. Since T|,, is subnormal (as noted in Proposition 4.4), it is also hyponormal, so it
remains to show that Hy > 0 for k = (0,0), (1,0),(2,0),--- ,(n,0),---. A straightforward calculation
shows that

H _ Y(n,0)Y(n+2,0) — 7(2n+1,o) Yn,0)Y(n+1,1) — V(n+1,0)V(n,1)
(n,0) V(n,0)V(n+1,1) — V(n+1,0)V(n,1) V(n,0)V(n,2) — V(Qn,l)

T(n,1)

Y(n+2,0) — $$ﬁ(n+1,0) Y(n+1,1) — CU%L’Y(nJ)
= Y(n,0
(.0) Y(n+1,1) — x?ﬂ(m) Y(n,2) — Yn0)

2 9 2 2 9 2,9 (a?y?)?
ay” —xp,aty a’y” — (won_1)2

(20 )2 — 22(ao - wa)?  aZy? — alaly?
= Y(n,0) 2

2n+43 _ 2n+32 ) (n+1)(n42r:3) a2(1 . (n+1)(n42r3))
= QQ’Y(n,o) < (n+3) (n+2) (n+2) (n+2) >

n+1)(n+3 n+2
a2(1 o ( (nJ)r(2)2 )) CL2(1 o 2((n+1)) a2)
e ( D (TS <n+12()2+“22) )
- n, 1 n 9
(n+2)2 a®  a?(l- 2(n+1)a2)

which is positive because 0 < a < % for all n # 0. For k = (0,0), we have

g (o) —(28)* a?y? — gy’
(0,0) a2y? — o2y? 2 — gt .

Since (zoz1)? — (22)? > 0 and

2 9 3 y4
H :4__ 21_2_ 2__22: 22_ 2 9 _ 4 4
det Hip) = y(5 = 359 ) (L =) — (@ — 797)" = 2 {(72a” = 59)y” + 32 — 4847},
we obtain the desired result. O

In the following theorem, we summarize the results in Propositions 4.4 and 4.5, and provide a new
family of examples to settle Conjecture 4.1 in the negative.

Theorem 4.6. If ,/ # <y < \/:ngjgz;l, then the 2-variable weighted shift T given by Figure 1 is

hyponormal but not subnormal.
12



For k > 2 we let

2 3 2 4 5 k42
2 2 2 2a 3 1 k1
A .
2 2a®> 2 2a® 2a% 24° 2a
1 2a®> 2a% 2a® 2a® 2d% 24 2a?
H == 4 5 2 2 6 7 k44
k(Y) 9 g % 2a2 2a2 ? g ﬁ_ﬁ’
i 5 200 2% § 7 =
k42 k43 9.2 9,2 k+d k45 2k42

k+1  k+2 k+3  k+4 2k+1 (k+3) x (k+3)

We then have:
Theorem 4.7. The 2-variable weighted shift T given by Figure 1 is k-hyponormal (k > 2) if and

(k12 o

only if 0 <y < D(k) :== \/ —— T yTrd

29T ok T ath )2

Remark 4.8. Since D(k + 1) < D(k) for every k > 2, it follows that for D(k + 1) < y < D(k), the
associated 2-variable weighted shift T is k-hyponormal but not (k + 1)-hyponormal.

Proof. By Theorem 2.4(e), T is k-hyponormal if and only if

My (k) = ('Yk—i—(m n)+(p, q))0<"+m<k >0,

0<p+q<k

for all k € Z2. By [CuYol, Theorem 5.2 and Remark 5.3] we need to verify that My(k) > 0 for
k = (0,0). A direct computation shows that this is equivalent to Hi(y) > 0 and, in turn, equivalent
to det Hi(y) > 0 and the fact that T is (k — 1)-hyponormal. Now let

4 2 2 5 6 . k3
3 207 2a 1 5 k+2
2¢> 2 2a® 2ad® 2a% - 2d°
2a%2 2a%2 24?2 24® 242 2a2
1 5 2 2 6 7 k+4
Ap=g |4 2  s g
5 207 27§ 3 T
k43 9,2 942 ktd  k+5  2k+2
k+2 k+3  k+4 2k+1 (k+2) % (k+2)

Note that we can easily calculate det Ay and det Hi(1). Indeed, observe that

det Ay, = ay, - a®(1 — a2)(2(:(:2;) a?)
det Hy(1) = a5, - *(a® — 1){(1 — a®)(5 — a®) + 4(kzi1)2} (4.1)
2

(U2l (k=1)N22!31 - (k+1)!
= STk (R T+ 2)-

ay
On the other hand, by the cofactor expansion along the first row or the first column, we have

1
detHk.( ) detAk. + det Hk( ) det A, = (—2 — 1) det A + det Hk(l)
y? Y

Since det Ay > 0,
det Ak

det H > .
et Hy(y) O(:)y_detAk—detHk(l)

13



Thus,

(k412 o
2% (k+2)
> 2 < :
detHk(y) 0=y < a4_§a2+ (k+1)2 _|_2k2+4k+3
2 W(k+2) T A(kt1)?
(kD2 o
Therefore, we see that T is k-hyponormal (k > 2) if and only if 0 < y < T ij((::f)é pETEEeTeEY
GV Tk (k2) T a(k1)2

as desired.

Corollary 4.9. Let T be the 2-variable weighted shift given by Figure 1, and assume that T is
k-hyponormal for every k > 2. Then 0 <y < \/2_%.

a

Proof. We know that 0 < y < D(k) for every k > 2, so

< lim D(k) = =
V=l ) at — a2 +1 (a2 — L)(a? -

as desired. ]

N[
|
Q
no
N[
[N}
|
S
no
[\
SN—
I
[\)
I~
IS}
[N}

Remark 4.10. The results in Proposition 4.4 and Corollary 4.9 illustrate Theorem 2.3 (the multivari-
able Bram-Halmos criterion); that is, the pair T is subnormal if and only if it is k-hyponormal for
every k > 1.
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