DISINTEGRATION-OF-MEASURE TECHNIQUES FOR
COMMUTING MULTIVARIABLE WEIGHTED SHIFTS

RAUL E. CURTO AND JASANG YOON

ABSTRACT. We employ techniques from the theory of disintegration of measures
to study the Lifting Problem for commuting n-tuples of subnormal weighted shifts.
We obtain a new necessary condition for the existence of a lifting, and generate new
pathology associated with bringing together the Berger measures associated to each
individual weighted shift. For subnormal 2-variable weighted shifts, we then find
the precise relation between the Berger measure of the pair and the Berger measures
of the shifts associated to horizontal rows and vertical columns of weights.

1. INTRODUCTION

In this paper, we consider an old problem in operator theory, the so-called Lifting
Problem for Commuting Subnormals: given a commuting pair of subnormal operators
on a Hilbert space H, one asks whether the pair is the restriction of a commuting
normal pair acting on a larger Hilbert space K. One instance of the problem is to
consider multivariable weighted shifts; in this case, the existence of a lifting to a larger
space is equivalent to the existence of a positive regular Borel probability measure on
R? (the so-called Berger measure for the pair), interpolating the moments generated
by the weight sequences. In turn, each of the subnormal components of the pair
comes equipped with a countable family of canonical probability measures supported
in the nonnegative real axis R, obtained as the solution of power moment problems
with data directly linked to the actual weights. From this perspective, the Lifting
Problem consists of “compatibly gluing together” the individual measures on R, to
produce a measure g on Ri such that p satisfies the required properties to be the
Berger measure of the pair.

Using techniques from the theory of disintegration of measures, we generate inter-
esting pathology associated with bringing together the Berger measures associated to
each individual weighted shift. Our study reveals some significant obstructions to
the Lifting Problem for Commuting Subnormals, while at the same time producing
new necessary conditions for the existence of the lifting.
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We now briefly discuss our main results. In Theorem 3.1 we give a complete and
concrete description of the Berger measure of each horizontal and vertical slice of
a subnormal 2-variable weighted shift; in Theorem 3.3, we use this representation
to show that the Berger measures of horizontal and vertical slices are linearly order
with respect to absolute continuity. The presence of this linear order is essential for
joint subnormality, as we show in Proposition 4.7 that it is possible for a 2-variable
weighted shift to have 1-atomic Berger measures in all horizontal and vertical slices
without being even hyponormal.

We then look at 2-variable weighted shifts with 2-atomic Berger measures in all
horizontal and vertical slices, and exhibit a family where hyponormality and sub-
normality differ (Proposition 4.9). Next, we prove that allowing flexibility in the
support of the Berger measures of the horizontal slices does not generally help (The-
orem 4.15). Finally, we produce a striking example of a commuting, hyponormal,
2-variable weighted shift T = (T3, T5), such that T} and T5 are subnormal, with mu-
tually absolutely continuous Berger measures for the horizontal and vertical slices,
and such that T does not admit a lifting (Proposition 4.18).

Let 'H be a complex Hilbert space and let B(H) denote the algebra of bounded
linear operators on H. For S.T € B(H), let [S,T] := ST —TS. We say that an
n-tuple T = (T1,...,T,) of operators on H is (jointly) hyponormal if the operator
matrix

T [13.T - (10T
T [T - [T

[T, T = : : :
T (15T - (10T

is positive on the direct sum of n copies of H (cf. [3], [16]). The n-tuple T is said
to be normal if T is commuting and each T} is normal, and T is subnormal if T is
the restriction of a normal n-tuple to a common invariant subspace. Clearly, normal
= subnormal = hyponormal. The Bram-Halmos criterion states that an operator
T € B(H) is subnormal if and only the k-tuple (T,72,...,T%) is hyponormal for all
k> 1.

For a = {a,}32, a bounded sequence of positive real numbers (called weights),
let W, : (*(Zy) — (*(Zy) be the associated unilateral weighted shift, defined by
Waen = anens1 (all n > 0), where {e,}32, is the canonical orthonormal basis in
(*(Z). The moments of « are given by

) = 1 if k=0
T =) g ..cai_y ifk>0 [

It is easy to see that W, is never normal, and that it is hyponormal if and only

if g < ay < ... Similarly, consider double-indexed positive bounded sequences

o, B € L°(Z%) , k = (ki, ko) € Z2 = Z, X Zy and let (*(Z%) be the Hilbert

space of square-summable complex sequences indexed by Zi. (Recall that ¢2 (Zi) is
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canonically isometrically isomorphic to ¢*(Z,) @ (*(Z,).) We define the 2-variable
weighted shift T = (T1,T3) by

Tieyx == axeyie,

Trex = PrCires,
where €1 := (1,0) and e := (0,1). Clearly,

(11) T1T2 = T2T1 < BkJrglOék = C(kJrEQBk (all k)

In an entirely similar way one can define multivariable (i.e., n-variable) weighted
shifts. Many of the results in this paper (formulated for n = 2) have straightforward
generalizations to the case n > 2. We do not devote any effort to pursue those
generalizations, since we believe the substance is in the analysis of the case n = 2.

Trivially, a pair of unilateral weighted shifts W, and Wj gives rise to a 2-variable
weighted shift T = (T, T»), if we let oy, 5y) 1= g, and By ky) = O, (all k1, ko € Z3).
In this case, T is subnormal (resp. hyponormal) if and only if so are 7} and T3; in
fact, under the canonical identification of ¢*(Z2) and (*(Z4) @ (*(Z+), i =W, Q I
and Tp = I @ W;p, and T is also doubly commuting. For this reason, we do not
focus attention on shifts of this type, and use them only when the above mentioned
triviality is desirable or needed.

We now recall a well known characterization of subnormality for single variable
weighted shifts, due to C. Berger (cf. [7, I11.8.16)):

W, is subnormal <> there exists a regular Borel probability measure &
with suppé C [0, |[Wa|’] and such that y(a) == a2 - ... a?_, = /tk dé(t) (k>1).

As a consequence, if W, is subnormal, and if for h > 1 we let M, := \/{e, : n > h}
denote the invariant subspace obtained by removing the first A vectors in the canonical
orthonormal basis of ¢*(Z, ), then the Berger measure of W, |, is %thdé‘ (t). For
h =1, one has the following result.

Proposition 1.1. (Subnormal backward extension of a 1-variable weighted shift) (cf
9, Proposition 8], [19, Proposition 1.5]) Let W, be a weighted shift whose restriction
Walm to M = V{ey,eq, -} is subnormal, with associated measure pa. Then W,
is subnormal (with associated measure 1) if and only if

(i) § €L (1)

(i) of < (H%HU(HM))_I'

In this case, du(t) = angMM(t) +(1—af H%HLl(HM))d(SO(t), where &y denotes Dirac
measure at 0. In particular, W, is never subnormal when pa({0}) > 0.

To state Berger’s Theorem in the 2-variable case we need to recall the notion of
moment of order k for a pair (o, 3) satisfying (1.1). Given k € Z7, the moment of
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(c, B) of order k is

1 ifk=0
2 2 .
_ . X00) " Xy —1,0) ifk; >1and ke =0
e = el B) = Y if k=0 and ky > 1
O‘%o,o) S 04(2,{:1_170) 'ﬁ(2k:1,0) - 'B(le,kz—l) ifky >1and ke > 1

We remark that, due to the commutativity condition (1.1), v, can be computed using
any nondecreasing path from (0,0) to (kq, k2).

Theorem 1.2. (Berger’s Theorem, 2-variable case) ([26]) A 2-variable weighted shift
T = (T1,T,) admits a commuting normal extension if and only if there is a regular
Borel probability measure pv defined on the 2-dimensional rectangle R = [0, a1] x [0, as]

(a; == ||T||?) such that v = [ftRdu(t) == [[ 7 t52 du(ti, ts) (all k €Z2).

Clearly, each component 7T; of a subnormal 2-variable weighted shift T = (7}, 73)

must be subnormal. For instance, T} = EB;’;O W), where 045] )= a(;,j) and each

W, has associated Berger measure d¢;(t;) := {% f[o,ag} t), ddy, (t2)} d&(t1), where
du(ty, ta) = dPy, (t2)dE(t1) is the canonical disintegration of p by vertical slices.
On the other hand, if we only know that each of 77 and T is subnormal, and that

T1 and T, commute, the following problem is natural.

Problem 1.3. (Lifting Problem for Commuting Subnormals) Find necessary and
sufficient conditions on Ty and Ty to guarantee the subnormality of T = (T, Ts).

It is well known that the above mentioned necessary conditions do not suffice
(cf. [10]). In terms of the marginal measures, the problem can be phrased as
a reconstruction-of-measure problem, that is, under what conditions on the single
variable measures {£;}52, and {1;}32, associated with T} and T, respectively, does

there exist a 2-variable measure p correctly interpolating all the powers tlfltSQ (k1, ko >
0)?

To detect hyponormality for 2-variable weighted shifts, there is a simple criterion
involving a base point k in Z%r and its five neighboring points in k + Zi at path
distance at most 2 (cf. Figure 1).

Theorem 1.4. ([10]) (Siz-point Test) Let T = (11,T5) be a 2-variable weighted
shift, with weight sequences o and 3. Then

[T*7 T] >0 < (([rfj*v rfi]ek-i-ejv 6k+6i))2

i.j=1

>0 (allk € Z2)

aZ,  —a? Qte, B — o
& H(k) = feber = Tk Koo hter = SR ) >0 (allk € Z2).
(k) ( Oetey Piete; — O ﬁﬁJrEQ - ﬁﬁ 20 (a +)

Unlike the single variable case, in which there is a clear separation between hy-

ponormality and subnormality (cf. [12], [11], [14]), much less is known about the
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(/fl,kg +2).

5k1;k2+1
Ay ko+1
(k1,k2 + 1) i (k1 4+1,ka+1)
Brey ke By +1,ka
Aky ko Aoy +1,ko

[ g
(K1, k2) (k14 1,ko) (k1 +2,k2)

FiGURE 1. Weight diagram used in the Six-point Test

multivariable case. In [19] we constructed three conceptually different families of
counterexamples to the following conjecture.

Conjecture 1.5. ([16]) Let T = (T1,Tz) be a pair of commuting subnormal operators
on H. Then T is subnormal if and only if T is hyponormal.

In this paper, we will first establish a new necessary condition for the existence of
a (joint) Berger measure p: for each j > 0, &1 < &; and, similarly, for each i > 0,
Nit1 < 1;, where &; (resp. ;) is the Berger measure of the j-th horizontal slice of
T, (resp. the i-th vertical slice of T5). We do this by properly identifying these
1-variable measures as the marginal components of a family of 2-variable measures
associated with u. We then obtain several families of counterexamples to Conjec-
ture 1.5, by showing that the new necessary condition is not sufficient. These new
counterexamples are structurally different from those presented in [19], in that they
emphasize the measure-theoretical aspects of Problem 1.3. (We mention here that
M. Dritschel and S. McCullough, working independently, have been able to obtain a
separate counterexample to Conjecture 1.5 [22].)

On occasion, we will write shift(ag, aq, ...) to denote the weighted shift with weight
sequence {a}52,. We also denote by Uy := shift(1,1,...) the (unweighted) unilat-
eral shift, and for 0 < a < 1 we let S, := shift{a,1,1,...). Observe that the Berger
measures of U, and S, are §; and (1 —a?)dy + a0y, respectively, where d, denotes the
point-mass probability measure with support the singleton {p}. Finally, we let B,
denote the Bergman shift, whose Berger measure is Lebesgue measure on the interval

[0,1]; the weights of B, are given by the formula o, := /%5 (n > 0).

Acknowledgment. All the examples in this paper were obtained using calculations

with the software tool Mathematica [31].
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2. A BRIEF ACCOUNT OF SOME BASIC RESULTS IN THE THEORY OF
DISINTEGRATION OF MEASURES

Recall that a unilateral weighted shift W, is subnormal if and only if there exists
a probability measure ¢ = &, supported in [0, ||[W,|°] such that y.(a) := af - ...
of_, = [tF dg(t) (k > 1). For instance, when a; = ag = ... = 1 (i.e,, W, =
shift(ag,1,1,...)), we have &, = (1 —a?)dy+ad;. The proof of the following lemma
is straightforward.

Lemma 2.1. Given two 1-variable weight sequences o and 3, the 2-variable weighted
shift (Wo @ 1,1 Q Wp) is always subnormal, with Berger measure pn:= &, X &5.

In the sequel we always assume that X and Y are compact metric spaces; in case
reference is made to weighted shifts, we assume that X, Y C R,.

Definition 2.2. Given a measure i on X x Y, the marginal measure i is given by
uX = po 75}1, where mx :+ X XY — X 1is the canonical projection onto X. Thus,
pX(E) = u(E xY), for every E C X. Observe that if p is a probability measure,

then so is pux

Lemma 2.3. (¢f. [19, Lemma 3.6]) Let p be the Berger measure of a 2-variable
weighted shift T = (T1,Ty), and let £ be the Berger measure of shi ft(ao, 010, ---)-
Then & = p™. As a consequence, [[ f(s) du(s,t) = [ f(s) s) for all f € C(X).

Corollary 2.4. (cf. [19, Corollary 3.7]) Let p be the Berger measure of a 2-variable
weighted shift T = (Th,1%). For j > 0, let du;(s,t) = %jtjd,u(s,t). Then the
Berger measure of shift(ao;, oy, ...) is § = uf. In particular, the Berger measure
of shift(agg, o, ...) is pux.

Example 2.5. Let p := £ x n be a probability product measure on X x Y. Then
X
pr =

Recall that given two positive regular Borel measures p and w, p is said to be
absolutely continuous with respect to w (in symbols, u < w) if for every Borel set E,
w(F)=0= u(E)=0. It follows at once that y < w = suppu C suppw.

Lemma 2.6. Let p and w be two measures on X XY, and assume that p < w. Then
pX < wX

Proof. Straightforward from Definition 2.2. 0

Let p be the Berger measure of a 2-variable weighted shift T = (T}, 73). Although
Corollary 2.4 indicates how to obtain the Berger measure §; of the horizontal j-th slice
of T in terms of u, the description is not completely satisfactory, in that it may not
be easy to find the marginal measures y; (j > 0). We will now employ disintegration

of measure techniques to give a precise description of §;. First, we need to review
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some basic concepts and general results about disintegration of measures; most of the
discussion in the rest of this section is is taken from [7, VIL.2, pp. 317-319].

Let X and Z be compact metric spaces and let 1 be a positive regular Borel measure
on Z. For ¢ : Z — X a Borel mapping, let v be the Borel measure j0 ¢~ on X;
that is,

(2.1) v(A) = u(¢~" (A))

for all Borel sets A contained in X. Let £'(u) := {f : f is Borel function on Z such
that [ |f]du < oo}, and let L'(u) := {[f] : f € £ ( )}, where [f] :=={g € £}(p) :
J1f = gldp=0}. The map

(2.2) ¥ — / (6 0 6) fdp

defines a bounded linear functional on L>(v). If attention is restricted to charac-
teristic functions x4 in L*>(v),

(2.3) A — /Z(XA o @) fdu = /(bl(A) fdu

is a countably additive measure defined on Borel sets in X, that is absolutely con-
tinuous with respect to v. Hence there is a unique element FE(f) in L'(v) such
that

(2.4) /Z(XA o ¢)fdu = /XXAE(f)dV

for all Borel subsets A of X. By an an approximation argument one can show that

(2.5) /Z (60 8) fau = /X GE(f)dv

for all ¢ in L*°(v). This defines a map

(2.6) E: £Yu) — L'(v)

called the expectation operator.

Notation 2.7. The space of all Borel measures on Z will be denoted by M (Z).

Definition 2.8. A disintegration of the measure p with respect to ¢ is a function
x+— O, from X to M(Z), such that

(i) for each x in X, ®, is a probability measure;

(i) if fe £ (n), E(f)(x) = [, fd®, a.e. [V].
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Remark 2.9. In equation (2.5) we can take f = x4 for any Borel subset A of Z and
1 = 1; the definition of disintegration then implies that

[ e = [ ([ xaiv)i
::Aﬂmmcéuwmm

:/) m@z/n@zM@
6-1(2) X

Thus disintegration does indeed “disintegrate” the measure into the pieces ®,.

Example 2.10. Suppose we take X and Z to be the same space, let  be any positive
measure on Z, and let ¢(x) := x for all z. Here v = u and the disintegration is
obtained by letting ®, := §,, because

Jweorsan = [ vE(w @ive <)

/X fdu = /X E(f)dv (i = 1)

f=E(f) ae [y (ifv=p)
flx) = E(f)(z) ae. [y

[ fdo. = [ rav, g e £

= 0, =9,.

A

Example 2.11. Suppose X is given, £ is any measure on X, Y is any compact metric
space, n is a probability measure on Y, and put

Z =X XY, ¢(x,y) =7nx(z,y) =2, and p:=& X 1.

Then £ = po ¢~ '. Here E(f)(x) = [ f(x,y)dn(y) and the disintegration arises by
letting

Dy (A) = n(my (AN ({z} x Y))).

Proposition 2.12. ([7, Proposition VI1.2.10]) Let z — &, be a disintegration of u
with respect to ¢. Then supp®, = ¢~ (x) a.e. [V].

We now list the main theorem on existence and uniqueness of disintegration of
measures.

Theorem 2.13. ([7, Theorem VIL.2.11]) Given a regular Borel measure i on a
compact metric space Z, and a Borel function ¢ from Z into a compact metric space
X, there is a disintegration x — ®, of u with respect to ¢. If v — @; 1s another
disintegration of p with respect to ¢, then ®, = @, a.e. [V].
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3. A NEwW NECESSARY CONDITION FOR THE EXISTENCE OF A LIFTING

Given the notation and terminology of Section 2, and given the Berger measure p
of a subnormal 2-variable weighted shift T = (T3, T»), we are now ready to calculate
explicitly the measures &; (j > 0). Fix j > 0 and observe that the moments of &; are
given by

. | . _
(3.1) / ' déi(s) = af; - ol = Yi —// s't) du(s,t) (all i > 0),
X N (VA (1Y R

where R := X x Y = [0,a1] x [0,as]. Since pu is regular and Borel, we now use
Theorem 2.13 to disintegrate p with respect to ¢ = mx and obtain

() = [ .04 di* (),

where as above u* = pony'. Now recall that supp®, = ¢~!(z) = {z} x Y, so with
a slight abuse of notation we shall regard @, as a measure on Y and write d®,(t) for
d®,(z,t). Therefore, for all i > 0 we have

/ /RS"“' duls1) = /X< / /R s't! Dy (s, 1)) dy* ()
= /X(//{x}xyxitj dd,(z,t)) dp™ (x)

(3.2) = [ ([ s a0 du (o)

Combining (3.1) and (3.2) we obtain

[ 55 - i [ [ dutsit
- —// W 40, (1)) d (s
— /s{ /tJdCD ) dpX(s) (all i > 0).
Thus,
a&(s) = {vi [ ¥ dv.0 (o),

L tjd,u(s,t), S0

We now observe that &; is indeed . First recall that dpu;(s,t) :=
= Ltﬂdcb S(O)du™(s).

the above disintegration of y with respect to 7 yields du;(s, t)
9



For a Borel set £ C X, it follows that

i) = wExv) == [ [0 ma)

= [t [ ¢ avane)
- /E d&;(s) = &(E).

We summarize this in the following

Theorem 3.1. Let p be the Berger measure of a subnormal 2-variable weighted
shift, and for j > 0 let & be the Berger measure of the associated j-th horizon-
tal 1-variable weighted shift Wou.  Then § = p (cf. Definition 2.2), where

duj(s,t) = %jtjdu(s,t); more precisely,

g (s) = {,yi / P dd, (1)} dy(s),

where dyu(s,t) = d®,(t) du”(s) is the disintegration of p by vertical slices. A similar
result holds for the Berger measure 1; of the associated i-th vertical 1-variable weighted

shifts Wﬂ(i) (Z > O).
We next need an elementary result.

Lemma 3.2. Let p and v be two reqular Borel measures on R, and assume that
p<v. Then p* < v and ¥ < vY.

Proof. Let E be a Borel subset of X, and assume that v~ (E) = 0, i.e., v(E xY) = 0.
It follows that u(E x Y) = 0, that is, uX(E) = 0. Thus, p* < v¥. O

We are finally ready to establish our new necessary condition for the existence of a
lifting for two commuting subnormal weighted shifts, that is, the sequences of Berger
measures of horizontal and vertical slices form non-increasing families relative to the
order given by absolute continuity.

Theorem 3.3. Let p1, & and n; be as in Theorem 3.1. For every i,j > 0 we have

(3.3) S <&

and

(34) Niv1 < ;-

Proof. Straightforward from Theorem 3.1 and Lemma 3.2. OJ
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4. THE NEW NECESSARY CONDITION IS NOT SUFFICIENT

We shall now construct examples of commuting pairs of subnormal weighted shifts,
satisfying conditions (3.3) and (3.4), but without admitting a lifting to a commut-
ing pair of normal operators. We begin with a review of the theory of subnormal
backward extensions.

Definition 4.1. Let o and v be two positive measures on R.. We say that up < v
if W(E) < v(E) for all Borel subset E C R, ; equivalently, u < v if and only if
[ fdp < [ fdv for all f € C(Ry) such that f >0 on R.

Definition 4.2. Let o be a probability measure on R, x R, and assume that % €
L'(u). The extremal measure e, (which is also a probability measure) on Ry x R
is given by dpieg(s,t) == (1 — 50(15))Wdu(s,t).
LY ()

Example 4.3. ([19, Example 3.4]) Let B, be the Bergman shift on ¢*(Z,) and let
M = M, = \/{ey,ea,...}.  The shift By|y is subnormal, with Berger measure
du(t) = 2tdt on [0,1]. Then du..(t) = dt, so the extremal measure fi,; is the
Berger measure of Bj.

Lemma 4.4. ([19, Lemma 3.9]) Let ;o and w be two measures on X x Y =Ry xRy,
and assume that p < w. Then pX < w™.

Proposition 4.5. ([19, Proposition 3.10]) (Subnormal backward extension of a 2-
variable weighted shift) Consider the following 2-variable weighted shift (see Figure
2), and let M be the subspace associated to indices k with ke > 1. Assume that Ty is
subnormal with Berger measure pa and that Wy := shi ft(ago, oo, - -+ ) s subnormal
with associated measure &. Then T is subnormal if and only if
(i) + e L (un):

)22 1 ~1.
(”) ﬁ0(2) SI(HEHLI(HM)) )7(
(Z”) ﬁOO H?HLI(HM) (/’LM>ext < 50'

Moreover, if 33, H%HD( X

n) = L then (m)oy = Eo- In the case when T is subnormal,

the Berger measure p of T is given by

1
d,LL(S,t) = BSO Z d(,UM)e:tt(S:t)
L (ppa)
HG(s) ~ B 1| Aol
LY (ppm)

An important consequence of Proposition 4.5 is that, under certain rigidity condi-
tions, the existence of a lifting follows from commutativity and the subnormality of
Ty and T5, without necessarily appealing to the joint hyponormality of T. The next

result generalizes [19, Theorem 5.2].
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60,7»-{-1
Q0 n+1 1 n+1 042,n+1 ct Oy n41
(0,n+1)
Jntt J2mt1
0,n Y1,n Y2
Q0.n 1.n Q2.n
(0,n)
Ty
71,3 72,3 . In.3
50’2 V1,2 V2,2 ' Yn,2
Qp,2 1,2 2.2 . Ap 2
(0,2)
1,2 V2,2 Yn,2
50’1 V1,1 Y2,1 Yn,1
&0.1 1.1 2.1 An 1
(0,1)
1,1 2,1 On,1
0,0 71,0 Y2,0 In,0
Q0,0 1,0 Q2.0 c Qn.0 Q41,0
(an) (170) (270) (71,0) (TL—I— ]-aO)

Ty

FiGURrRE 2. Weight diagram of the 2-variable weighted shift in Propo-
sition 4.5

Corollary 4.6. Let T = (11,T3) and M be as in Proposition 4.5, and assume that
T is subnormal with Berger measure 61 X n (cf. Figure 3 below). Assume further
that Ty and Ty are contractions, that Wy := shift(cago, ano, - -+ ) is subnormal with
associated measure &, and that Ty is subnormal. Then T is subnormal.

Proof. For n > 0, let v, = 7,,(&) be the n-th moment of &, i.e., v, = [ s d&(s).
First observe that 177y = 13T} and the fact that a,,; = 1 (all n > 0) imply that 5,0 =

% (n>0) and 3,,; = Bo; (all j > 1). Since T3 is subnormal, each of the vertical
12



1 1 1 1
(0,n+1)
On On On 6071,
1 1 1 1
(0,n)
Ty
502 502 502 502
1 1 1 1
(0,2)
Bo1 Bo1 B01 501
1 1 1 1
(0,1)
Boo Boo Boo
00 Qo Qpo10 o
[0 730] [0510] Q20 co Qng co
(an) (170) (270) (71,0) (TL—I— ]-aO)
Ty

FiGURE 3. Weight diagram of the 2-variable weighted shift in Corollary 4.6.

shifts B,0, Oni, ... must be subnormal, that is, for each n, shift(g%,ﬁm,ﬁog, ..) is

subnormal. By Proposition 1.1, we must have (@)2 H%HLl(n) < 1, where 7 is the

Vm
Berger measure of shift(5o1, Bo2,...). Thus,
(4.1) Boo

1
" <, (all n > 0).

Li(n)

It follows that {~,} is bounded below, and since T} is a contraction, [19, Lemma 5.1]
implies that £, must have an atom at 1. Thus, { = (1 — p)v + pdy, where p > 0. If

we now recompute the moments -, and apply the Lebesgue Dominated Convergence
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Theorem to the sequence of functions {s"}2,, we see that p = lim,, v,. It follows
that (4.1) is equivalent to

1
(4.2) Boo ||+ < lim~y, = p.
L "
We conclude that the subnormality of 75 implies
5 |11
(4.3) Boo n <p.
L (n)

Let us consider now the conditions in Proposition 4.5. Since pupr = 07 X 1, % €
L'(pn) if and only if 1 € L*(n), and it follows that conditions (i) and (ii) are already
satisfied. Moreover, it is straightforward to verify that ()X, = 6;. Thus, condition
(iii) becomes 33, H%HD(U) 81 < (1 —p)v+ pd; or, equivalently, 33, H%HLl(n) < p. Since
this is precisely the condition (4.3) above (implied by the subnormality of T3), we
have shown that T is subnormal. 0

One might wonder what happens if one insists on having all measures &; and 7;
1-atomic. The next result shows that the lifting is not guaranteed in that case either;
as a matter of fact, it is even possible for the pair to fail to be hyponormal.

Proposition 4.7. Consider the 2-variable weighted shift given by the weight diagram
in Figure 4, where a < 1. Then T = (T1,T3) is commuting, each of Ty and Ty is
subnormal, and all horizontal and vertical marginal measures &; and n; (1,7 > 0) are
1-atomic, but T is not hyponormal.

Proof. By Theorem 1.4, a necessary condition for (joint) hyponormality is

a2, —a? o110 — Qo3
H 0 = 10 00 01M10 00~00
( ) ( 01510 — 0000 5(2)1 - ﬁgo
0 a?—1
o ( a?—1 0 ) 20,
which cannot occur with 0 < a < 1. Therefore T is not hyponormal. OJ

Remark 4.8. (i) We first observe that for arbitrary j > 0, ;11 & &;; in fact,
suppéj1 () suppé; = @. Thus, Theorem 3.3 says that T could never be subnormal.
Proposition 4.7 says that T can’t even be hyponormal.

(ii) The 2-variable weighted shift given by Figure 4 has a peculiar spectral picture,
unlike that found for single variable unilateral weighted shifts [28], or for subnormal
2-variable weighted shifts [18]. In fact, the Taylor spectrum of T is

or(T) = (|l < 1) x {0} | J {0} x (|22] < 1)]
14



an+1 an+1 anJrl . an+1
(0,n+1)
1 oy 02 ™
o™ o™ a™ o™
(0,n)
T,
1 lov 02 o™
a? a? a? a?
(0,2)
1 lov 02 o™
« « « «
(0,1)
1 oy 0 o™
1 1 1 1 1
(0,0) (1,0) (2,0) (n,0) (n+1,0)
T

FiGURE 4. Weight diagram the of 2-variable weighted shift in Propo-
sition 4.7

and the Taylor essential spectrum of T is

ore(T) = {(0,0)} I (I=1] = ") > {03 {0} x [ (2] = o)1}

Quite surprisingly, the Taylor essential spectrum of T is disconnected. We study this
example and, more generally, the spectral properties of 2-variable weighted shifts in
[20].

For T = (T}, Ts) a 2-variable weighted shift, and if M denotes the subspace associ-

ated to indices k with ky > 1, we now consider the case when T’y = (S, @ I, I Q U, ),
15



Y 1 1
T21(0,2)
1 1 1
Y 1 1
(0,1)
)
T 1 1
(0,0) (1,0) (2,0)
T,

FiGURE 5. Weight diagram of 2-variable weighted shift in Proposition 4.9

where as usual S, = shift(a,1,1,...). For such shifts, we study hyponormality and
subnormality. Notice that g = &, x 01, where &, = (1 — a?)dy + a?; is the Berger
measure of S,.

We first consider the case when all marginal measures are 2-atomic.

Proposition 4.9. Let T = (T1,T3) be the 2-variable weighted shift in Figure 5. Then
(1) T is hyponormal < 1 —22* + y*> > 0

(11) T is subnormal < 1 — 22?4+ 2%y > 0.

As a consequence, for (z,y) € R% such that 1 —22* + 2%y <0< 1—2z*+y* T is
hyponormal but not subnormal (cf. Figure 6 below).

Proof. The statement in (i) is a straightforward application of Theorem 1.4, while (ii)

follows from Proposition 4.5, once we observe that (uap)X, = (1 —y?)do +y?6. O

ext —

We now allow the 0-th horizontal Berger measure &, to be 3-atomic. The following

example shows that it is still possible for 7T} and T, to be commuting subnormals,
16



T is hyponormal but not subnormal for (x,y) in this region

FIGURE 6. Graph of the regions of hyponormality and subnormality
in Proposition 4.9

for the pair T = (7T, T3) to be hyponormal, for the marginal measures to satisfy the
conditions

o & Py K oy K g
and
e L gy K g K gy,
and for T not to be subnormal. We first need some preliminary facts.

Proposition 4.10. Let

(4.4) - Vi yn=0

Then W, is subnormal.
17



Proof. Consider the 3-atomic measure £ := %(50 + %(5% + %51. For n > 1,

2 .2 2 2

Tn = GOl - 204n 1
n— 1 n— 1
_l 24 2hg 27045 24
2 241 2241 2n=2 41 2n-1 4]
1 2241 2341 on—l4g 2" 41
P— R 22 . 23 ----- 2n_1 . 2"
o9 241 2241 an—241 2n-14]
2 22 on—2 on—1
1 2 1 1 1 1
4.5 = — . —-(14+2M"M==2"+1)==-(=)"+ == d
(4. Soa (42 =@ ) =g () g = [ sndels)

which shows that £ is the Berger measure of W,. Therefore, W, is subnormal. [

Lemma 4.11. Let
e V2, ifn=0
R BVEE TS I
then [[52, & = V3 . (Observe that &, = é, for o, given by (4.4).)

Proof. Observe that
k

NG ﬁ @'+ 3
41 2 417

n=0 n=1

which converges to 3 as kK — oo. 0J

Proposition 4.12. Consider the weighted shift T = (T1,T3) in Figure 7,
where y < 1 and ay < % Let W, := shift(ag, aq, o, ), with «,, as in (4.4),

1.€.,
1 VI
\/;, ifn=20
Q= .
anpl
\ s ifn>1

Then T is subnormal if and only if y < mln{\/3(1— \/_a}

Proof. Observe that the subnormality of 75 requires y < 1 and \;% < 1, that is,

a*y* < v, =3(27"+1) (all n > 1) (by (4.5)), which leads to the condition ay < =

%.
We now refer to Proposition 4.5. First observe that
1
d(pp)eat(s,t) = (1 —=00(t)) —rr—dp(s,t)
t2,
1
= I [(1 — &2)d(50(8) + &2d(51 (S)]d&l(t)
t+,
1
= HlH [(1 — a®)déo(s) + a*dd,(s)]do(t),
tlip

18



a 1 1 1
(0,n+1)
1 1 1 1 1
a 1 1 1
(0,n)
Ty
1 1 1 1 1
a 1 1 1
(0,2)
1 1 1 1 1
a 1 1 1
(0,1)
ay ay ay ay
1 5 9 \/ﬁ
2 6 10 - P
(an) (170> (270> (71,0) (TL—I— ]-aO)

Ty

F1GURE 7. Weight diagram of 2-variable weighted shift in Proposition 4.12

Since &y(s) = 300(s) + %5%(5) + 301 (s), Proposition 4.5 then shows that

(T3, T) is subnormal - & 2 |[4]] (), (s.1) < déols)
& (1 a?)da(s) + o, >>s§ ols) +

(s 5%(3)—%%51(5)
sy < min{\/?)(l—a2 T}

4+ 1
3

For the next result, we will need the following lemma.

19



Lemma 4.13. ([19, Theorem 5.2 and Remark 5.3]) Let T be a commuting 2-variable
weighted shift such that

(i) T|\/{e(i7j):i20,j21} =(U+ Q1 IQU,); and

(1) T‘v{e(i,o):izo} is subnormal.

Then T is subnormal < T is hyponormal < Ty is subnormal.

Proposition 4.14. The 2-variable weighted shift T = (Ty,Ts) defined in Proposition

4.12 is hyponormal if and only if y < min{, /m, ﬁ}

Proof. Since the restriction of T to V{eu;y : ¢ > 0,5 > 1} is clearly subnormal
(being unitarily equivalent to (S, ® I, I ®U™)), it suffices to apply the Six-point Test
(Theorem 1.4) to k = (n,0) (n > 0). Moreover, the restriction of T to V{eq ;) :i >
1,7 > 0} satisfies the hypothesis in Lemma 4.13. Thus, to verify the Six-point Test
we need to check the case k = (0,0) and verify that 3,0 < 1 (all n > 1), that is,
;% <1,o0r v, >ady?* (all n > 1).

Case 1: k= (0,0). Here we have

=3 ﬂaQy—\ﬁy
H(0) = 6 2 2 >0

V2a?y — /3y 1—y?

9
o oy < .
y= \/5 ~ 1242 + 1242

Case 2: We require that y* < &, (all n > 1). Since 7, = 3(27" + 1) (by (4.5)),

we must have y? < 2 (all n > 1), that is y < ﬁ

Therefore, T is hyponormal if and only if y < min{ 2

1 .
51242+ 12a% @}, as desired.

O

Theorem 4.15. The 2-variable weighted shift T = (T1,Ts) defined in Proposition
4.12 is hyponormal and not subnormal if and only if
(4.6)

() = min{—— ) <y<mi {\/ ; ) (@)
Msup(@) := min ) < min : = Mpyp(a).
' 30— v3a b—12a> + 124" /34 "

Remark 4.16. Observe that for 0 < a < 1, the left-hand side of (4.6) in Theorem

4.15 is strictly less than the right-hand side, so there is indeed a nonempty range of
values for y that guarantees that T is hyponormal but not subnormal. For, if we let

1 2 —— and h(a) := ﬁ, we can analyze the relative

fla) = V302’ g(a) == \/ 5-12a%2+12a%

20



sizes of f, g and h to detect the set of points

{a € (0,1} : mgup(a) = min{ f(a), h(a)} < min{g(a), h(a)} = muy,(a)}
(cf. Figure 8 below).

T is hyponormal but not subnormal for (a,y) in this region

0.5 al as as 0.85 a

FIGURE 8. Graphs of f, g and h on the interval [0.5,0.85], showing

V2

ar,ay = %= and as.

)T 7
Here a; = \/3 2\/; = 0.607, ay = ? =~ 0.707 and a3 = % =~ (0.795 are the
a-coordinates of the points of intersection between the graphs of g and h, f and h,

and f and g, respectively. Thus,

f fla) f0<a<ay
mS“b(a)_{ h(a) ifas<a<1

and
Jogla) f0<a<a
Magp (@) = { h(a) ifa; <a<1

It easily follows that mgyu(a) < mpyy(a) precisely when 0 < a < as. For this a-
interval one can always build a 2-hyponormal weighted shift T = T(a,y) with the
required properties.

21



Recall now that in Proposition 4.7 we showed that hyponormality may be absent
even if all horizontal and vertical marginal measures are 1-atomic. We now show
that allowing the support of the horizontal marginal measures to grow from one level
to the one immediately below does not guarantee a 2-variable measure either.

Proposition 4.17. For n > 3, there exists a 2-variable weighted shift T = (11, T3)
such that

(Z) TlTQ = TQTl,'

(ii) each of Ty and Ty is subnormal;

(7ii) the i-th row of weights corresponds to a subnormal weighted shift with (n — )-
atomic Berger measure (0 <1i <n);

(tv) the marginal measures &; and n; satisfy the conditions (3.3) and (3.4) in Theorem
(v) T is not subnormal.

Proof. Without loss of generality, let us assume that n = 3, and consider a 2-variable
weight diagram such that
(i) Wg := shift(B, i, - -+ ) is subnormal with Berger measure n; (all i > 0);

(ii) a(o) := shi ft(ao, a0, - - - ) is subnormal with 3-atomic Berger measure &p;
(ili) W,a) := shift(aor, oy, - - -) is subnormal with 2-atomic Berger measure &;
(iv) W, = shift(agj, aqj, - - -) is subnormal with 1-atomic Berger measure ; (all
J=2);

(v) the marginal measures &; and 7; satisfy (3.3) and (3.4).

Assume now that T is indeed subnormal, with Berger measure p. Since ... < {4 <
&3 < &, and & is l-atomic, we must have suppg; = suppés (all j > 3) (by the
comment right before the statement of Lemma 2.6). Without loss of generality, we
can thus assume that o;; =1, for all i > 0,5 > 2. Let My := V{ey,: k> 0,0 > 2}
and M3 := V{eg,: ¢ >2}. It follows that

(47) fiats = 81 X (o) aey-
By Proposition 1.1, we must have 33, H%HLl((m) = 1 (otherwise shift(5oo, Bo1, ---)
M;
would not be subnormal). Since
1 1
H; = H; (by (4.7)),
L (ppay) LH((m0) )

we must have G, [|3| Liung,) = 1» S0 Proposition 4.5 now implies that ()X, = &1

Ms)
On the other hand, (4. 7) Clearly implies that (pp, )X, = d;. Thus, & is l-atomic, a

contradiction. O

In the following result, we strengthen considerably the necessary conditions (3.3)

and (3.4), that is, we require that the Berger measures of all horizontal and vertical
22



1 2 3 n+1
2 3 4 n+2
(0,n+1)
1 1 1 1 1
1 2 3 n+1
) 3 1 n+-2
(0,n)
Ty
1 1 1 1 1
1 2 3 n+1
2 3 4 n+2
(0,2) \[ f
1 1 1 1 1
1 2 3 n+1
2 \/; \/; s —
(0,1)
n! n !
% % % \/ 2(n+1)(2n—1)1! \/%
3 5 2n
! /2 J3 » i1 »
(an) (170) (270) (71,0) (n+ ]-aO)

Ty

FiGURE 9. Weight diagram of the 2-variable weighted shift in Propo-
sition 4.18

slices be mutually absolutely continuous, but that still does not suffice to yield (joint)
subnormality.

Proposition 4.18. Consider the following 2-variable weighted shift (see Figure 9).
Then T = (11,T,) is commuting, hyponormal, with each of Ty and Ty subnormal,
and €41 =~ & (> 0) and suppn; = {0,1} (i > 0), but T is not subnormal.

Proof. We show in [20] that the Berger measure of shift(aog, oo, ...) is dép(s) =

m/‘;d;?, and of course d;(s) = ds for all 7 > 1. Thus, {41 ~ & for all j > 0.

Moreover, n; = ¢; for all ¢ > 0. Thus, 77 and T3 are subnormal. We also show in
23




[20] that the spectral picture of T fails to fulfill the description in [18] of the spectral
picture corresponding to a subnormal 2-variable weighted shift. It then follows that
T cannot be subnormal.

We now use the Six-point Test (Theorem 1.4) to show that T is hyponormal. In
this case

and for n > 1, H((n,0)) = ( * l; ), where

b
. _2n4+3 2n+1
n+2 n+1
\/m\/ (n+1)! _\/m\/ n!
n+2\ 2(n+2)2n+ 1)! n+1\ 2(n+1)2n—1)!
c _

 2n+ 1)(2n — I
After simplification, we have
2(2 4+ 5n + 2n%)(2n — )N — (3 + 8n + 5n? + n?)n!
2(n+1)(n+2)%(2n + 1)!!
It follow that T is hyponormal. O

det H((n,0)) = >0 (alln>1).
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