JOINTLY HYPONORMAL PAIRS OF COMMUTING SUBNORMAL
OPERATORS NEED NOT BE JOINTLY SUBNORMAL

RAUL E. CURTO AND JASANG YOON

ABSTRACT. We construct three different families of commuting pairs of subnormal operators, jointly
hyponormal but not admitting commuting normal extensions. Each such family can be used to
answer in the negative a 1988 conjecture of R. Curto, P. Muhly and J. Xia. ~We also obtain a
sufficient condition under which joint hyponormality does imply joint subnormality.

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) denote the algebra of bounded linear operators on
H. For S,T € B(H) let [S,T]:= ST —TS. We say that an n-tuple T = (T1,---,T},) of operators
on H is (jointly) hyponormal if the operator matrix

[T1*7 Tl] [TQ*v Tl] o [Trfa Tl]

[T1*7 TQ] [TQ*v TQ] o [Trfa TQ]
[T, T] = : L :

5T T3] o (T8 T

is positive on the direct sum of n copies of H (cf. [Ath], [CMX]). The n-tuple T is said to be
normal if T is commuting and each T; is normal, and T is subnormal if T is the restriction of a
normal n-tuple to a common invariant subspace. Clearly, normal = subnormal = hyponormal.
The Bram-Halmos criterion states that an operator 7' € B(H) is subnormal if and only if the k-tuple
(T, T?,--- ,T%) is hyponormal for all k > 1.

For a = {a,,}°%, a bounded sequence of positive real numbers (called weights), let Wy, : £2(Z) —
?%(Z) be the associated unilateral weighted shift, defined by Wye, := ane,i1 (all n > 0), where
{en}22, is the canonical orthonormal basis in ¢2(Zy). The moments of a are given as

= i (a) = 1 if k=0
Tk = TR = ad-..-ai_ | ifk>0.

It is easy to see that W, is never normal, and that it is hyponormal if and only if ap < a1 < ---.
Similarly, consider double-indexed positive bounded sequences oy, Ok € €°°(Zi) , k = (k1,ko) €
Zi =7, x Z, and let £? (Zi) be the Hilbert space of square-summable complex sequences indexed
by ZZ%. (Recall that ¢2(Z2) is canonically isometrically isomorphic to ¢2(Zy) @ (*(Z).) We define
the 2-variable weighted shift T = (T1,T5) by

Tlek = OkCkteyg

T2€k = ﬂkek-f—éga
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where 1 := (1,0) and &9 := (0,1). Clearly,
T1T2 = T2T1 < ﬂk+€1ak = Ozk+€2ﬂk (all k) (1.1)

In an entirely similar way one can define multivariable weighted shifts. Trivially, a pair of unilateral
weighted shifts W, and Wy gives rise to a 2-variable weighted shift T = (T1,73), if we let a, 1,) =
g, and By, ko) = Br, (all k1, ko € Zy). In this case, T is subnormal (resp. hyponormal) if and
only if so are T} and Tb; in fact, under the canonical identification of ¢*(Z2) and (*(Z+) @ (*(Z4),
T1 =2 Wo@Q1I and T = I Q W3, and T is also doubly commuting. For this reason, we do not focus
attention on shifts of this type, and use them only when the above mentioned triviality is desirable
or needed.

We now recall a well known characterization of subnormality for single variable weighted shifts, due
to C. Berger (cf. [Con, II1.8.16]): W, is subnormal if and only if there exists a probability measure
¢ supported in [0, |[Wa|?] (called the Berger measure of W,) such that y(a) := a2 - ...-a}_, =
[tk de(t) (k> 1). If W, is subnormal, and if for h > 1 we let My, := \/{e, : n > h} denote the
invariant subspace obtained by removing the first A vectors in the canonical orthonormal basis of
(%(Z.), then the Berger measure of Wu|uq, is %hthdf(t).

An important class of subnormal weighted shifts is obtained by considering measures g with
exactly two atoms tg and ¢;. These shifts arise naturally in the Subnormal Completion Problem
[CuFi3] and in the theory of truncated moment problems (cf. [CuFil], [CuFi4]). For to,t1 € Ry
with tg < t1, and pg,p1 > 0 with pg + p1 = 1, the moments of the 2-atomic probability measure
€ = pody, + p10y, (here 6, denotes the point-mass probability measure with support the singleton
{p}) satisfy the 2-step recursive relation v,4+2 = ©ovn + P1¥n+1 (n > 0); at the weight level, this
can be written as o2 4= Z—g + ¢1 (n > 0). More generally, any finitely atomic Berger measure
corresponds to a recursively generated weighted shift (i.e., one whose moments satisfy an r-step
recursive relation); in fact, » = card supp £. In the special case of r = 2, the theory of recursively
generated weighted shifts makes contact with the work of J. Stampfli in [Sta], in which he proved
that given three positive numbers ag < a1 < ag, it is always possible to find a subnormal weighted
shift, denoted W4 a;,a,)"» Whose first three weights are ap, a1 and az. In this case, the coefficients
of recursion (cf. [CuFi2, Example 3.12], [CuFi3, Section 3], [Cu3, Section 1, p. 81]) are given by

2 9/ 9 2 2/ 2 2
arad(as — o aj(as — «

Yo = 02 U 1§ 2 5 ) and 1 = 71(22 20), (1.2)
aj —og aj —of

the atoms tg and ¢; are the roots of the equation

t* — (o + ¢1t) =0, (1.3)
and the densities pg and p; uniquely solve the 2 x 2 system of equations
po+pr = 1
1.4
{ poto + pit1 = o, (14)

We also recall the notion of moment of order k for a pair («,3) satisfying (1.1). Given k € Z2,
the moment of («, 3) of order k is

1 ifk=0
2 2 .
_ - Xo0) " Ak —1,0) if ky >1and ko =0
e = el B) o= B%O,O) e 52(507,@_1) if k=0 and ky > 1

O‘%O,O) S Q) 5(k:1,0) o /8(2k‘1,k2—1) if k4 > 1 and k9 > 1.
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We remark that, due to the commutativity condition (1.1), vy, can be computed using any nonde-
creasing path from (0,0) to (k1, k2).

Theorem 1.1. (Berger’s Theorem, 2-variable case) ([JeLu]) A 2-variable weighted shift T = (11,T5)
admits a commuting normal extension if and only if there is a probability measure p defined on
the 2-dimensional rectangle R = [0,a1] x [0,ag] (a; = |T;||>) such that v = [fp tRdu(t) =
[[pti th? du(ti,ta) (all k €Z2).

Clearly, each component 7; of a subnormal 2-variable weighted shift T = (73,72) must be sub-
normal. For instance, T} = @?io W), where 0%(‘] ) = a(; ), so that W, has associated Berger
measure dvj(ti) = ﬁ f[o 03] t%dq)tl (t2), where du(ti,to) = d®, (t2)dn(t1) is the canonical disin-

3] ’
tegration of p by horizontal slices. On the other hand, if we only know that each of Ty, T5 is
subnormal, and that they commute, the following problem is natural.

Problem 1.2. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient condi-
tions on Ty and Ty to guarantee the subnormality of T = (T1,T5).

It is well known that the above mentioned necessary conditions do not suffice (cf. [Cul]). In terms
of the marginal measures, the problem can be phrased as a reconstruction-of-measure problem, that
is, under what conditions on the single variable measures {v;}32, and {w;}2, associated with T}
and 75, respectively, does there exist a 2-variable measure p correctly interpolating all the powers

k1 1ko

To detect hyponormality for 2-variable weighted shifts, there is a simple criterion involving a base
point k in Z?2 and its five neighboring points in k + Z?2 at path distance at most 2 (cf. Figure 1).

Theorem 1.3. ([Cul]) (Siz-point Test) Let T = (T1,Ts) be a 2-variable weighted shift, with weight
sequences a and (3. Then

[T*v T] >0 & (([T]?vai]ek-f—Ejv 6k+5i))12,j=1 >0 (allk € Z%r)

2 2

[0 — [0 —

& kter Tk k+€2§k+51 0 ik >0 (allk € Z%).
Okten Pite; — Pk Bire, — Pic

(/ﬂl, ko + 2).

ﬁk1,k2+l

Ak, ko+1
(k1, ks + 1) (ki + 1,k + 1)

ﬁkl»kZ k1+1,k2

® Qky ko k1 41,k
(K1, k2) (k1 41, k2) (k1 + 2, k2)

FIGURE 1. Weight diagram used in the Six-point Test
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Unlike the single variable case, in which there is a clear separation between hyponormality and
subnormality (cf. [CuFi3], [Cu3|, [CuLe]), much less is known about the multivariable case. In
this paper we will construct three conceptually different families of counterexamples to the following
conjecture.

Conjecture 1.4. ([CMX]) Let T = (11,12) be a pair of commuting subnormal operators on H.
Then T is subnormal if and only if T is hyponormal.

We mention that M. Dritschel and S. McCullough, working independently, have been able to
obtain a separate example ([DrMcC]). We shall see in Section 4 that their example is a special case
of a general construction that produces nonsubnormal hyponormal pairs with 77 = T5.

We now formulate an improved version of a result due to R. Curto.

Proposition 1.5. (Subnormal backward extension of a 1-variable weighted shift) (cf. [Cu2]) Let T
be a weighted shift whose restriction Tag := T|p to M := V{ey,ea,- - } is subnormal, with associated
measure pipg. Then T is subnormal (with associated measure p) if and only if

(i) § € L'(prm)

(1) o < (|51l o upe) ™

In this case, du(t) = CVng,uM(t) +(1—a3 H%HLl(HM))déo(t), where 6y denotes Dirac measure at 0.
In particular, T is never subnormal when pux({0}) > 0.

Proof. =) We first observe that the moments of T" and Ty are related by the equation

mﬂﬁ(jﬂ/vl)zog...oéi:72

so that

é/tk“d,u(t) = /tkduM(t) (all k£ > 0),

0
that is, tdu(t) = a3dur(t). It follows at once that

2
dp(t) = NS (t) + “djupa(s).

where A > 0. Since [du = 1, we must have % € L'Y(upm) and o H%HD(MM) < 1. Finally, it is
straightforward to verify that A = 1 — a3 H%HLl(uM)'
<) Let
ag 2
au(t) == Dappa(t) + (1 - o} )by ).
LY (ppa)

By hypotheses, 4 is a positive Borel measure on [0, | T]|*]. Moreover,

1
/du—a(%/zdu/\/l—i-(l—ag

L )/d50 _1
t L (pm)

and for k > 1,
1

1
/tkd,u(t) = ag/tkzd,u/w(t)—l—(l —a? :

) / ddo (1)
L'Y(ppm)

= a2 / P dppg(8) = a2yt (Tat) = ().

Therefore, T' is subnormal, with Berger measure p. O
4



Notation 1.6. The maximum possible value for ag in Proposition 1.5, namely (H%HLl(uM))il’ will

be denoted by aezt = qegt(pirr).  Observe that shift(aegt, a1, o, -+ ) is subnormal, with Berger
2

measure du(t) = S2dua(t). For example, if By denotes the Bergman shift on (*(Z), then By |

is subnormal, with Berger measure du(t) := 2tdt on [0,1]. Then du.(t) = dt, so in this case the

extremal measure fie;; is the Berger measure of B .

More generally, given a (1-variable) subnormal weighted shift W, with weight sequence n; <y < ---

and Berger measure v, we let
0 if + ¢ L'(v)

Next ‘= . .
(H?HLl(V))fl if + € LY(v).

Observe that when the weight sequence 7 is strictly increasing and % € L'(v), we must necessarily
have

Neat < T, (15)
by [Sta, Theorem 6]. On occasion, we will write shift(ag, a1, -+ ) to denote the weighted shift with
weight sequence {ax}32,. We also denote by Uy := shift(1,1,---) the (unweighted) unilateral
shift, and for 0 < a < 1 we let S, := shift(a,1,1,---). Observe that the Berger measures of
Uy and S, are §; and (1 — a?)dy + a®dy, respectively, where 6, denotes the point-mass probability
measure with support the singleton {p}. Finally, we let B, denote the Bergman shift, whose Berger
measure is Lebesgue measure on the interval [0,1]; the weights of B4 are given by the formula

Qy = Z—ié (n>0).

We conclude this section with a result that will be needed in Section 3.

Lemma 1.7. (c¢f. [CuFi3, Theorem 3.10]) For 0 < ap < a1 < ag, let Wig a;.a0)" be the weighted
shift described by (1.2), (1.8) and (1.4). Consider now W, := shift(ai,as,---), that is, W, is the
restriction of Wiag ay,a0)> 10 M. Then nezt = ap.

Acknowledgments. The authors are very grateful to the referee for several insightful comments
about the mathematical content and presentation of the results in this article. All the examples,
and the basic construction in Section 3 were obtained using calculations with the software tool
Mathematica [Wol].

2. THE FIRST FAMILY OF COUNTEREXAMPLES

Recall that a unilateral weighted shift W, is subnormal if and only if there exists a probability
measure £ = &, supported in [0, |W,|[*] such that y(a) := a2 - ...-a?_, = [t* d&(t) (k> 1). For
instance, when a; = ag = --- = 1 (i.e., W, = shift(ap,1,1,--+)), we have &, = (1 — a3)dy + adé1.
The proof of the following lemma is straightforward.

Lemma 2.1. Given two l-variable weight sequences o and 3, the 2-variable weighted shift
Wa @ I,1QWp) is always subnormal, with Berger measure p:= & X &3.

Definition 2.2. Let p and v be two positive measures on Ry. We say that p < v on X =Ry, if
w(E) < v(E) for all Borel subset E C R ; equivalently, p < v if and only if [ fdu < [ fdv for all
f e C(X) such that f >0 on R4.

Definition 2.3. Let u be a probability measure on X x Y =Ry x Ry, and assume that % € LY(p).
The extremal measure fie,¢ (which is also a probability measure) on X XY is given by dpiesi(s,t) =

(1 — 8o(#)) rr—du(s, ).

1
t”%HLl(u)



Definition 2.4. Given a measure u on X xY, the marginal measure i~ is given by u := u ow;(l,
where mx : X x Y — X s the canonical projection onto X. Thus, pX(E) = p(E x Y), for every
E C X. Observe that if v is a probability measure, then so is ™

Lemma 2.5. Let p be the Berger measure of a 2-variable weighted shift T and let v be the Berger
measure of shift(aoo, a0, ). Thenv = uX. Asa consequence, [[ f(s) du(s,t) = [ f(s)
for all f € C(X).

Proof. Observe that [ s* dv(s) = vio = [[s' du(s,t) for all i > 0. It follows that [ f(s) dv(s) =
[ f(s) du(s,t) for all f C( ). Then, for any Borel set £ C X, we have

v(E) = /XE dv = //XEXY dp=p(ExY) = puX(E),
as desired. The second assertion follows immediately from what we have established. O

Corollary 2.6. Let p be the Berger measure of a 2-variable weighted shift T.  For j > 1, let
dupj(s,t) := %jtjd,u(s,t). Then the Berger measure of shift(ogj, aij,---) is vj = H]X'

Example 2.7. Let p := £ x 1 be a probability product measure on X x Y. Then p* = €.
Lemma 2.8. Let i1 and w be two measures on X x Y, and assume that n < w. Then p* < w™
Proof. Straightforward from Definition 2.4. O

Proposition 2.9. (Subnormal backward extension of a 2-variable weighted shift) Consider the
following 2-variable weighted shift (see Figure 2), and let M be the subspace associated to indices
k with ky > 1.  Assume that T := T|,, is subnormal with associated measure jupe and that
Wy = shift(aoo, 10, -+ ) is subnormal with associated measure v. Then T is subnormal if and
only if

(i) €L (pm):

(i) B0 < (7l 1) "

(iii) 500 HtHLl uM MM)gg:t <v.

Moreover, if ﬁoo H : HLl(NM) =1, then (MM)g;t = v. In the case when T is subnormal, the Berger
measure u of T is given by

du(s,t) = Bio d(pr) 2 (5))ddo (t).

L (um)

Z d(:U'M)ext(Sut) + (dV(S) - 530 ;
LY (pp)

Proof. (=) First, observe that the moments of T and T are related as follows:
eres(T) = Bione(Tan) (all k € Z7), (2.1)

so under the assumption that T is subnormal we must have

// s (tdp) (s, t) = // s dp(s,t) = vi41(T) = Bovij = // st dpp(s, ).

Thus tdu(s,t) = B3ydpam(s,t) and pp(E x {0}) =0 for all E C X. Tt follows at once that

it = [l s3] e

1 1
= —u((t>0)) < —,
00 00
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ﬁO,n+1
Q0,n+1 Q1,n+1 Q2. n+1 U Qn n+tl
(0,n+1)
Yi,n+1 Y2,n+1
B0,n (VAR \V 2
Qo,n 1n a2 n
(0,n)
To
71,3 72,3 In,3
ﬁo 2 71,2 72,2 Yn,2
0,2 1.2 22 Qn,2
(0,2)
71,2 V2,2 Yn,2
0,1 Y1,1 Y2,1 Yn,1
0,1 a1,1 21 Qn,1
(0,1)
1,1 Y21 TYn,1
ﬁo 0 1,0 2,0 Tn,0
Q0,0 1,0 2,0 Qn,0 Qnt1,0

T

FIGURE 2. Weight diagram of the 2-variable weighted shift in Proposition 2.9

which establishes parts (i) and (ii). As for part (iii), let £ C X and F' C Y be two arbitrary Borel
sets. Then

530 (Mm)ext (B X F) = 500

t L (ppm)

// 50 Tin d,UM(S,t)
LY (um) J 7/ EXF H HLl(u)

N //w@\{o})?ﬁmduM@ 0= pm(Ex (FALO})

< w(ExF), (2.2)

and by Lemmas 2.8 and 2.5, 33, HlH LY (pn) (prm); < p*X = v.  Finally, observe that when
B3 H 1 H LY (pn) = 1, the inequality in (2.2) becomes an equality, and therefore (px()X.; = v.
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(<) Assume that (i), (ii) and (iii) hold, and let
1
t

N e+ = B (1)) .

L (ppnm) L (pm)

Of course, if 33, H%HLl(uM) =1, then p := (fta1)ext, since the total mass of the second summand is

M= 5(2)0

zero. We now compute the moments of p and verify that they agree with the moments of T. If

j >0, then
// st A(pp)ext(s,t)
L (pm)

[t auts.ny = %,
// st (1 — 50(t))+d,u/\4(s,t)
LY (pp) tH?HLl(u)

= 5(2)0
= B // s dppa(s,t) = Biovii—1) (Tam) = v (T),

as desired. When j = 0, we have

1
t

1
t

. 1 .
S du(s,t) = BR||2 5 d(jip)eat(s, )
// it Ll(uM)// et
. 1
+ / o v — 82 || X (r) %) (s)
L'(pupm)

1

_ 2
_ﬂOOt

[ dnanets)

L (pnm)
. 1 A
[ =g 1| [ )
L ()
(using Lemma 2.5 for the first term)
=[5 dvs) = 50 (D)

as desired. It follows that T is subnormal, with Berger measure p. g

We are now ready to exhibit our first family of counterexamples to Conjecture 1.4. Consider the
2-variable weighted shift given by Figure 3, where max{a,z,y, 2} < 1.

Proposition 2.10. The 2-variable weighted shift T given by Figure 3 is hyponormal if and only if
y < o) g

Proof. By the Six-point Test (Theorem 1.3), to show the joint hyponormality of T it is enough to
check that ,
_ g2 ay
H=( 27" = ¥ >0
- —yr 1l-y

Since x < 1, the positivity of H is equivalent to det H > 0, i.e.,

(1= a)1 ) > (LY gy

which in turn is equivalent to y < z % (observe that 22 — 2a%2% + a* = 2%(1 — 2%) + (2% —
a?)? > 0). O



a 1 1 1
(O,n+1)
1 1 1 1 1
a 1 1 1
(0,n)
To
1 1 1 1 1
a 1 1 1
(0,2)
1 1 1 1 1
a 1 1 1
(0,1)
ay ay ay ay
T 1 1 e 1 e
Ty

FIGURE 3. Weight diagram of the 2-variable weighted shift in Propositions 2.10 and 2.11

Proposition 2.11. The 2-variable weighted shift T given by Figure 3 is subnormal if and only if
1—a2
Y=<

1—a?"

Proof. From Figure 3, it is obvious that T = (S, ® I,I ® U;) (recall that S, := shift(a,1,1,---)
and Uy is the (unweighted) unilateral shift). By Lemma 2.1, T o4 is subnormal, with Berger measure
9



pr = [(1 — a?®)dp + a%81] x 6;. By Proposition 2.9,

T is subnormal

=

4
4

1
ﬂgo n (:U’M)g:(vt <v

Ell Ly up)
y*[(1 = a*)do + a?81] < (1 - 2®)dy + 2?61

(1 —a®)<1—2?and ay <z

y < min{®, /12
- a’' V' 1-—a?

y < ki (since max{a,z,y %} <1)
— 1_0/2 ) ) ) €T *

We summarize the results in Propositions 2.10 and 2.11 as follows.

Theorem 2.12. The 2-variable weighted shift T given by Figure 3 is hyponormal and not subnormal

if and only if 122 y<z

1—a?

(1-a?) (see Figure /).

z2+a?—2a222

_ 11—z
Yy ¥y = 1—a =
Y=
0,/ =)o j
(0,1) - T is hyponormal but not subnormal in this region
. yp g
(0,) e T is subnormal in this region
/Il - 1—x2
— VTN PR
//
III
¢ x
(0,0) (a,0) (1,0

FIGURE 4. Regions of hyponormality and subnormality for the 2-variable weighted

shift in Theorem 2.12

Remark 2.13. As exemplified in Figure 4, observe that for = > a, 4/ %:2; < x4/ Mﬁ <%

for, if a <  we have

ot < a?2? = a? fat - 2% < (1 - aP)x

2

1— 22 22(1 — 22)

1—a?2 = 224 a% — 24222’
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and
a?(1—-d%) < 2°1-ad*)=>ad®+d%r?* <2’ +a'
= a?(1 —2?) < 2® + a* — 20222
2(1 — 2?) x?

2 4+ at —2a222  a?’

as desired.

3. THE SECOND FAMILY OF COUNTEREXAMPLES

Construction of the family. Let 0 < a,b < 1 and let {£,}72, and {nx}32, be two strictly
increasing weight sequences. Consider the 2-variable weighted shift T = (7}, 75) on 62(21) given by
the double-indexed weight sequences

) &k itk >1lorky>1
alk) := { a ifkp=0and ky =0 (3.1)

and

o 77k2 if114:12].01' kQZl
B&y_{b itk = 0 and kg = 0, (3.2)

where W, and W), are two single-variable subnormal weighted shifts with Berger measures v and w,
resp., and

aro = bfo (33)
(to guarantee the commutativity of 77 and T5, cf. (1.1)). T can be represented by the following

weight diagram (Figure 5). It is then clear that T} and T, are subnormal provided a < &epi(vam)
and b < negt(waq), where, as usual, M := V{ey, ez ---}; in particular, a < & and b < ;.

Proposition 3.1. The 2-variable weighted shift T defined by (3.1) and (3.2) is subnormal only if

60517)1

a <s, where s := | 75555
- 51770"‘50771 50770

Proof. Suppose that T above is subnormal, and let p be the associated Berger measure. Then
the following partial moment matrix M, corresponding to the moments of p associated with the
monomials 1, s,¢ and ts, must be positive semi-definite:

Looe, ¥, o,
M= a2 a2§5 a2778 a2778 b
b a=Ty h a=nopmy

a*ng aPnpét atmgni aPng€ing
Now, using Mathematica we obtain
det(M) > 0
& any(&f — &) —np)(a 2&%3 - a%%n% — a*&5t + &30Y) =
& d*ong — a&ing — a’&ini + & >

2
< 5051771 _——
51770 50771 &My

11
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&o &1 &2 e én
0,n+1)
0.n) &o &1 &2 - &n
Ty
12 12 12 M2 2
0.2) &o & &2 - &n
A A U s N
0.1) &o & &2 - &n
"o no 0 0
a & & En -
T
FIGURE 5

Proposition 3.2. The 2-variable weighted shift T defined by (3.1) and (3.2) is hyponormal if and

W it a < where b e g | GG
only if a < h, where h := & Eni+&ing—2¢2n2 "

Proof. From the definition of T and the Six-point Test (Theorem 1.3), it is clear that all we need is
for the following matrix to be positive semi-definite:

b (o, )
' Como—ab  m3 —b* )°
12



Observe that
detL > 0 el — €% — &0 — a + 2abéomo > 0
2,2
bt — %“520 — &g — a®nf + 2a%nF > 0 (using by = ano; cf. (3.3))
0
2 &3 (&dnt — €6mg) _ 32
= &t + €ing — 268m5
(observe that &3nF + &2n3 — 26303 = &3 (3 —n3) + (£ — €3)ng > 0, because the weight sequences are

strictly increasing by hypothesis). Thus, a < h is clearly a necessary condition for the hyponormality
of T. Now, a straightforward calculation shows that h < &;; for,

&t + &g — 28808
It follows that a < h implies a < &, and therefore L > 0 by the Nested Determinant Test [Atk].
Thus, the condition a < h is also sufficient for the hyponormality of T, and the proof is complete. [

=

> 0. (3.4)

It follows from Propositions 3.1 and 3.2 that to ascertain the existence of a nonsubnormal, hy-
ponormal 2-variable weighted shift T (with 77 and 75 subnormal), it suffices to show that for ap-
propriate choices of &y, &1, m9 and 71, it is possible to obtain s < h, while keeping a < &..+(vrq) and
b= % < Neat(waq). Now,

n2 2 o3 (&3 — €)1t — ) ~o.
(&ni + &ing — 265m3) (€1 + &5t — &5ng)
Therefore, it suffices to prove the existence of strictly increasing weight sequences {;} and {n;} such
that
(i) a < h (hyponormality of T)
(ii) a > s (nonsubnormality of T)
(iil) a < &eqxt(vam) (subnormality of T7)

(iv) a < s9:= %cht(wM) (subnormality of T5).

We now seek to determine the relative positions of h, s, sa, o, &ext(VA) and & in the positive real
axis.
Claim 1: & < &ept(vam). This is straightforward from the fact that shift(£o, &1, -+ ) is subnormal.
Claim 2: ¢ < s. For,

- G-t —m _

g+ &3 — &t

{15 + &t — &mg
Claim 3: h < & . This was established in the proof of Proposition 3.2, cf. (3.4).

Claim 4: h < s, whenever 10 < u := 5?(n?*773,)+2£3n§*\/(n?*n§2(£i‘(n%7772)+4£8772(£f*§8))
th < <u: % .

EEp &850 — (€2 (nf — n2) + 2680213 + &nini}
o (§5mi + &g — 2€55) ’

it follows that h < so if and only if the quadratic form

qt) = A +Bt+C

= &7 — (G} —n2) + 265n2)t + Enint
13

Since




is nonnegative. Since A and C are positive, and B is negative, we need to study the discriminant,
A := B? —4AC. Now,

A = (& —n2)+285m2)? — Agmini
= (771 —77@)[51771 _77e(2§o —51) ]7

50 A >0 &fnf —n2(265 — €7)° > 0. Since &7 — nZ (265 — &1) = &1 (nF —n2) +4&Z (€T — &), w
see that A is always positive. We conclude that ¢ > 0 on the interval [0,¢1], where t; := %%f is
the leftmost zero of ¢q. Finally, a straightforward calculation shows that ¢t; = w.

We now summarize what we have so far. For g < u we have

l>

So<s< h<sy
h<51

Eeat(Vm) < &1 (by (1.5)).

Thus, if we can ensure that h < &i(vaq), the construction of the example will be complete by
taking a such that s < a < h. Now, since h < s9, an easy way to accomplish this is to build
shift(&p, &1, -+ ) in such a way that e, (vaq) = s2. To do this, we appeal to Lemma 1.7, that is, we
first build a 2-step recursively generated weighted shift whose first three weights are so, &1 and &o,
and we then consider the shift We (¢, ¢, ¢;), where &3 is given by &3 = “"0 + 1 obtained from the

equation v4 = @oy2 + 17v3. Observe that the extremal value of W(&,Ez,&s)A is s9, and that &y < so,
so the subnormality of We (¢, ¢,¢,) is guaranteed. This completes the construction of the example.

Theorem 3.3. Let T = (11, T5) be the 2-variable weighted shift defined by (3.1) and (3.2), let

p
h = &xni —&3n3
S0\ B R 2w

foffnl
51770 5(2)77% 5(2)77(2)’

Sg 1= f]—gne, where Ne = Next (W),
— éon—em
v T mi-n2)+Egn2’ and
y o S =nd) 2650z —y/ (nf—n2) (€1 (i —m)+43n2 (€ —€5)

250

Assume further that, as above, sy = Eezt(Vm) and o < min{u,v}. Finally, choose a such that
s<a<h. Then

(i) ThT5 = ToTy;

(ii) Ty is subnormal;

18 hyponormal; and

)
(iii) Ty is subnormal;
(v) T

) T

18 not subnormal.

(v

14



Example 3.4. For a concrete numerical example, let dway(t) := 2dt on [%, 1], so that H%HD(WM) =

2In2. It follows that e = Negt(waq) = \/ﬁ and n; = @ Now take & := % and & := 1. Then

61n2—2—+v/21/(31n2-2)4/(6In2—1)
In2

= 0.523, so we can take 79 := %

1 ~ 1
U= qamey = 0647 and v =

With this choice of 1y we obtain s = @ = 0.707, h = %\ / 1—51 =~ (0.742 and sg = n. = ﬁ = (.849.

We can then take a € (s, h], for instance a := 0.72. To build the weighted shift W, we start with so,

€& and & := /2 to obtain ¢y = Tlm and ¢ = tgiﬁg This gives &3 = %1 / 12611;‘22:15 = 1.985. The

2-atomic measure v for Wie, ¢2,65) has atoms tp = 0.659 and ¢ = 3.93 and densities pg = 0.981

and p; = 0.019. With these values we can compute H%HLl(VM) & 1.494; observe that & = % <

Eext(VM) = /W = 0.818. By Proposition 1.5, the measure associated to shift(&o, 1,82, )
L g

is dv(t) = 4 (podéy, (t) + p1dde, (1)) + (1 — 1 H%HLl(W))déo(t).

4. THE THIRD FAMILY OF COUNTEREXAMPLES

Construction of the family. Let us consider the following 2-variable weighted shift (see Figure
6), where

() 0<& <& < <& L

(i) We := shift(&1,&2, -+ ) is subnormal with Berger measure v;

(iii) S% € LY(v) (this implies that % € L'(v), by Jensen’s inequality);

(iv) &o = Eear = ([ Ldv(s)) V% (4.1)
() a< L(f Bdu(s)) 2

(vi) b < &2 (this implies the condition b < &.); and

G g2 < DA
(vii) a® < —p=.

(Recall that & is the maximum possible value for & in Proposition 1.5.)

Observe that 77 = Ty and that T1Ty = ToT;. We claim that 77 (and therefore T5) is subnor-
mal. For, the choice of & immediately implies that shift(&e,&1,&2, ) is subnormal, with Berger
measure dve(s) = é—fdy(s) (cf. Proposition 1.5). Another application of Proposition 1.5 shows
that shift(a,&,&1,--+) is subnormal if and only if % € Li(ve) (ie., S% € L'(v), which is true
by (4.1)(iii)) and a¢? [ %dv(s) < 1, which holds by (4.1)(v)). This implies that the restriction
of T to \/{eq,0) : @ = 0} is subnormal. ~Moreover, the subnormality of 7} when restricted to
Ve, i >0} (j > 0) requires that b < £, which holds by (4.1)(vi).

For a concrete numerical example, consider the probability measure dv(s) := 3s%ds on the interval

[0,1]. The measure v corresponds to a subnormal weighted shift with weights & = \/g , €0 = \/g ,

&3 = \/g , -+ ; indeed, in this case W¢ is the restriction of the Bergman shift B, to the invariant

subspace My obtained by removing the first two basis vectors in the canonical orthonormal basis of
15



§n—1b
& & & &n
(0,n+1)
fnfl En fn fn fn
(0,n)
&2b
To| - Ee &1 &o &n
€1 2 2 2 €2
(07 2) e 1 2 n
56 51 51 fl 51
b n
0,1) = = <
£1b £2b En—1b
3 e e
a e & . En—1 e
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty

FIGURE 6. Weight diagram of the 2-variable weighted shift in Example 19

(*(Z4). Clearly - € L'(v), and [ zdv(s) = 3; moreover, [ 1duv(s) = 3, so in this case & = /2.

Choosing a = \/g and b = \/g we see that all conditions in (4.1) are satisfied (cf. Corollary 4.4).

Proposition 4.1. The 2-variable weighted shift T given by Figure 6 is hyponormal.

Proof. Since the restriction of T to \/{e(; ;) : 4,7 > 1} is clearly subnormal (being unitarily equivalent
to We @ 1,1 @Q We), and since the weight diagram of T is symmetric with respect to the diagonal
j =1, it suffices to apply the Six-point Test (Theorem 1.3) to k = (7,0), with ¢ > 0.

Case 1: k= (0,0). Here we have

22 B2 g2
<§§_a2 §Q—a2> > 0& (€ -a*)?> (b —a?)?

& 53—a22|b2—a2‘.
16



When b < a, the last condition is equivalent to 2a? < b* + £2, which holds by (4.1)(vii). When
b > a, the condition is equivalent to & > b, which is guaranteed by (4.1)(vi).
Case 2: k= (1,0). Here

G - e 2
< %}_bée ég%—bQ = 0@(55_5‘3)@%_172)Z(é—b{e)Z

<~ 5%_b22(§1 fe)

2<:>b<§67

&2

which again is guaranteed by (4.1)(vi).
Case 3: k= (n+1,0) (n >1). Here
52 E?H—lb o @
n+1 Ee e
n+1b _ @ 52 E?LbQ
1

Vv
o

& & T e
2?2 2ob &2
o (G- - ) > (- Ay
o G &) (g&?— ni1b’) >0
o b< ke (all n > 1). (4.2)

n+1

Since the sequence {,} increases to 1, the last inequality in (4.2) is equivalent to b < &€, which
holds by (4.1)(vi).

The proof is now complete. O

Proposition 4.2. The 2-variable weighted shift T given by Figure 6 is not subnormal if p < 0, where
pi= €261 + 4a20%€} — bPE] — a?b2€2 — o' — 2a%¢].
Proof. Assume that T is subnormal, and consider the moment matrix associated to the monomials
1, z, y and yzx (cf. [CuFi4], [CuFi5]), that is,
1 a? a? a’b?
Mo a2 a2 a®h? a2
= CL2 2b2 0253 a2 b2f%

a2b2 CL2 b2§% a2b2§% a2b2§f

In the presence of a representing measure, it is well known that M must be positive semi-definite,
so in particular det M > 0. Now, a straightforward calculation shows that

det M = afb? (€2 — b?) (€2¢ — 2ab* — 2a2¢} — b€} + 4a®0E — bra?) = afb® (€2 — b?) p.
It follows that p > 0. Therefore, T is not subnormal whenever p < 0, as desired. g

Theorem 4.3. Let a > 0 be such that 4/ % <a<y/ % anda < é(f s%dl/(s))_lﬂ, and define b :=

V2a? — €2, Then the 2-variable weighted shift T = (T1,Ts) satisfies (4.1)(i)-(vii), is hyponormal,
and is not subnormal.

Proof. Observe that the condition 4/ 3 £ <gq guarantees that 2a® > &2 (so b is well defined), and

that the condition a < 4/ §2+§5 is equivalent to 2a? — &2 < &2 (so b satisfies (4.1)(vi)). Moreover,
17



a’? = % trivially, so (4.1)(vii) also holds. It follows that T is hyponormal, by Proposition 4.1.
To break subnormality, by Proposition 4.2 it suffices to show that p is negative. Since b? = 2a® — €2,
we have

p = & —&aP(2a® — &) — 2a°¢] — (2a® — )&} + 4a*(2a® — )€ — (2a® — &)%a’
= 2(&-a?)’ (24 - €2) <0,

as desired. The proof is now complete. O

Corollary 4.4. [DrMcC]Let dv(s) := 3s%ds on [0,1] and choose a = \/g and b = \/g Then the 2-

variable weighted shift T given by Figure 6 is commuting, has subnormal components, is hyponormal,
but is not subnormal.

Proof. By Theorem 4.3 and the comments preceding Proposition 4.1, it suffices to verify that % <

a < % Since &, = \/g and a = %, the result follows by a straightforward calculation. O

5. AN INSTANCE WHEN HYPONORMALITY SUFFICES

In this section we will prove that under a suitable condition hyponormality does imply subnormal-
ity for commuting pairs of subnormal operators. We begin with an elementary result of independent
interest.

Lemma 5.1. Let v be a probability measure on [0,1], and let v, = v, (v) := [ s"dv(s) (n > 0) be
the moments of v. The sequence {y,}52 is bounded below if and only if v has an atom at {1}.

Proof. (<) Let p := v({1}) > 0 and write v = (1 — p)n + pd1, where 7 is a probability measure
on [0,1] with n({1}) = 0. It follows that v,(v) > p [ s™ dé1(s) = p (all n > 0), so {7} is bounded
below by p.

(=) Suppose v({1}) = 0, let fu(s) :== s" (0 < s < 1, n > 0), and consider the sequence of
nonnegative functions {f,}n>0. Clearly f, \, x{1} pointwise, and [f,| < 1 (all n > 0). By the
Lebesgue Dominated Convergence Theorem, lim,, oo ¥y = limy oo [ s™dr(s) = limy,_ oo s"dr(s) =
v({1}) = 0. Therefore, {,} is not bounded below. O

We now consider the 2-variable weighted shift T given by Figure 7), where W¢ := shift(£o, &1, )
is a subnormal contraction with associated measure v, and y < 1.

It is clear that 717% = 1T, and that T is subnormal (being the orthogonal direct sum of W¢

and copies of U;). To ensure the subnormality of 75, we must impose the condition \/% <1 (all

n >0), ie., y?> <, (all n > 0), where 7, = 7,(v). Notice that this condition also guarantees the
boundedness of T.

Theorem 5.2. Let T be the 2-variable weighted shift given by Figure 7, and assume that T is
hyponormal. Then T is subnormal.

Proof. We apply the Six-point Test (Theorem 1.3) to an arbitrary lattice point of the form (n,0).

. . . 2 n
Since T is hyponormal by hypothesis, we must have ( 721+1 — §§)(1 2— i/—n) > (\/ﬂﬁ — %)2’ or
equivalently (€2, — &2)(1 — Zw/_i) > g—i(é —&,)?, that is, y? < (éf"i%)'yn Since ¢2 + f% -2>0
n+1 5% n

£..-% &nii—6n
i = i
5721+1+g*2 (§i+1*§%)+§%+g*2’

2 2
§n+17§n

it foll that
it follows tha §%+1+é72

< 1,50 < y? <5, (all n > 0).

and
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1 1 1 1
(0,n+1)
1 1 1 1
1 1 1 1
(0,n)
Ty
1 1 1 1
1 1 1 1
(0,2)
1 1 1 1
1 1 1 1
(0,1)
v v y
&o &oé1 VI
o &1 &o &n
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty

FIGURE 7. Weight diagram of the 2-variable weighted shift in Theorem 5.2

Thus, {v,} is bounded below, and by Lemma 5.1 we can write v = (1 — p)n + pd1, with p :=v({1})
and n({1}) = 0. Tt follows that y* < p. Thus, y?>§; < v. By Proposition 2.9, T is subnormal.  [J

Remark 5.3. Theorem 5.2 (and its proof) reveals that for the 2-variable weighted shift given by
Figure 7, the subnormality of 75 is equivalent to the subnormality of T, which in turn is equivalent
to the hyponormality of T.
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