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ABSTRACT. We construct three different families of commuting pairs of subnormal operators, jointly
hyponormal but not admitting commuting normal extensions. Each such family can be used to an-
swer in the negative a 1988 conjecture of RC, P. Muhly and J. Xia. We also obtain a sufficient
condition under which joint hyponormality does imply joint subnormality.

Our tools include the use of 2-variable weighted shifts, the six-point test for joint hyponormality,
disintegration of measures techniques, the theory of multivariable moment problems, and matrix pos-
itivity. We obtain new necessary conditions for the existence of a lifting, and generate new pathology
associated with bringing together the Berger measures associated to each individual weighted shift.
For subnormal 2-variable weighted shifts, we then find the precise relationship between the Berger
measure of the pair and the Berger measures of the shifts associated to horizontal rows and vertical
columns of weights.

Finally, we consider the (multivariable) spectral theory of these hyponormal pairs, and discover some

unexpected new phenomena, not present in the single variable theory.
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1. PRELIMINARIES

From P.R. Halmos, A Hilbert Space Problem Book, Second Edition, Springer-Verlag, 1982:

Problem 203. Give an example of a hyponormal operator that is not subnormal.

This is not easy. The techniques used are almost sufficient to yield...

Halmos eventually gives o, 3,1,1,1,... as a counterexample.

Problem 209. Give an example of a hyponormal operator whose square is not hyponormal.

This is not easy. It is, in fact, bound to be at least as difficult as the construction of a hyponormal
operator that is not subnormal (Problem 203), since any solution of Problem 209 is automatically a
solution of Problem 203.

One of the things we’ll do today is show a collection of examples of hyponormal pairs of commuting

subnormals that are not jointly subnormal.
1.1. Positivity of Block Matrices.

Theorem 1.1. (Smul’jan, 1959)

A>0
A B
>0 B =AW
B* C
C>W*AW

A B
C)—mnkA@C—W*AW

*

Moreover, rank (

A B A B
Corollary 1.2. A >0, rank = rank A = > 0.
B* C B* C

1.2. Subnormality and Hyponormality. £(H): algebra of bounded operators on a Hilbert space
H
T e L(H)is
e normal if T*T =TT*
e subnormal if 7= N|y, where N is normal and NH C H
e hyponormal if T*T > TT*



For S,T € B(H), [S,T]:= ST - TS.
An n-tuple T' = (T1, ..., T},) is jointly hyponormal if

[T7, 1] (15,1 - [15,Th]
T* Ty [T5Ty| --- [T*T
[T*,T]:: [1'2] [2.2] [nQ] > 0.
[Tl*v Tn] [T2*7 TTL] e [T;;v Tn]
e For k > 1, T is k-hyponormal if (T, ...,T%) is (jointly) hyponormal, i.e.,
[T*v T] U [T*kv T]
: . : >0

T is normal if T is commuting and each 7; is normal

T is subnormal if T is the restriction of a normal n-tuple to a common invariant subspace

normal = subnormal = hyponormal.

(Bram-Halmos, n = 1)

T subnormal <« 7T is k-hyponormal for all k£ > 1

s (T,77, ...,Tk) is hyponormal for all k£ > 1.

subnormal = --- = k-hyponormal = - -- = 2-hyponormal

polynomially hyponormal

(p(T") hyponormal for all p € C[z])

1.3. Weighted Shifts and Berger’s Theorem. Given a sequence of positive numbers (weights)

o = ag, a1, Qs, ..., the unilateral weighted shift on £2(Z,) associated with « is
Waek = OL€E4q (k Z 0)

The moments of « are given as

() 1 ifk=0
= () == .
ek o ..cai | ifk>0

e W, is never normal

e W, is hyponormal < aiﬂ — ai >0 (all £ >0)
3



e (Berger’s Theorem) W, is subnormal iff there exists £ > 0 on [0, |[Wa]||%] such that
= /tk de(t) (all k > 0).
Definition 1.3. W, is flat (or briefly, a is flat) if oy =g =az =--- . .

Theorem 1.4. (Propagation)

(i) (Stampfli, 66) Let W, be subnormal. If oy, = cuuy1 for some n > 0, then « is flat, i.e.,
a1 =g =ag=---. In this case, the Berger measure is & = (1 — a3)dy + agéa%, where 6, denotes
the point-mass probability measure with support the singleton {p}.

(ii) (RC, 88) Let W, be 2-hyponormal. If a, = aupy1 for some n >0, then « is flat.

(iii) (Choi, 2000) Let W, be quadratically hyponormal. If ay, = cuyy1 for some n > 1, then « is flat.

Application 1.5. Recall
Problem 203. Give an example of a hyponormal operator that is not subnormal.

Problem 209. Give an example of a hyponormal operator whose square is not hyponormal.

(i) Wo : 0<ay <ag <1=1=1= ..is hyponormal but not subnormal. —The square of
W, however, is unitarily equivalent to (o < 1 =1=.)P (a1 <1 =1 = ..), and therefore
subnormal.

(ii) T := U} 42U is hyponormal, but T? is not hyponormal.
1.4. Multivariable Weighted Shifts.
ok, B € 0°(Z3), k= (ki,ko) € 73 :=Z4 x Z
C(Z23) = (Z1) QL (Zy).
We define the 2-variable weighted shift 7' = (17,71%) by
Tiex := axexie,

Trex := Prlre,
where ¢; := (1,0) and €2 := (0,1). Clearly,

T1T2 = T2T1 <~ /BkJrElak = ak+62/8k (all k) (11)
ALy ko+1
(k1, k2 +1) - (k1 + 1,k +1)
kl»kZ k1+1,k2
ALy ko

(K1, k2) (k1 41, k2)



e Trivially, a pair of unilateral weighted shifts W, and Wj gives rise to a 2-variable weighted
shift T' = (T1,Tz), if we let ag, py) = i, and B, ky) = B, (all k1, k2 € Z%). In this
case, T' is subnormal (resp. hyponormal) if and only if so are T} and T5; in fact, under the
canonical identification of ¢2(Z%) and (*(Z4) @ (*(Z4),

T =W, I

and

Ty = 1 (X)W,

and T is also doubly commuting. For this reason, we do not focus attention on shifts of
this type, and use them only when the above mentioned triviality is desirable or needed.
e (Jewell-Lubin)

ki—1 ko—1
: 2 2
W, is subnormal <& = H a0 H ﬂ(lﬁ—l,j)
i=0 §j=0

_ /t’flt§2 duts, t2) (all k > 0).
Thus, the study of subnormality for multivariable weighted shifts is intimately connected to mul-
tivariable real moment problems.
2. THE LIFTING PROBLEM FOR COMMUTING SUBNORMALS
e If W, is subnormal, and if for h > 1 we let
My, = \/{en :n > h},

then the Berger measure of Wy|y, is ,Yihthdé(t).

e T = (T1,Ty) subnormal = T; subnormal for i = 1,2. For instance,

[e.e]
T, =P W0,
=0

()

where o 1= ay; jy, so that W ;) has associated Berger measure

1 .
dv;(t) = / HdDy, (t),
’Y(OJ) [0,(12}

where
d,u(tl, tg) = dq)tl (tg)dn(tl)

is the canonical disintegration of p by vertical slices.

Problem 2.1. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient condi-

tions on 11 and T to guarantee the subnormality of T'.
5



It is well known that the above mentioned necessary conditions do not suffice. In terms of the
marginal measures {v; };?‘;0 and {w;}3°, , the problem can be phrased as a reconstruction-of-measure
problem, that is, under what conditions on the measures {v;}7, and {w;};2, does there exist a

2-variable measure p correctly interpolating all the powers tlfltSQ (k1,ko > 0).

2.1. The Six-Point Test for Joint Hyponormality.
Theorem 2.2. (RC, 1988) Let T = (T1,T>) be a 2-variable weighted shift, with weight sequences «
and 3. Then

T, 1] 20 & (75, Tlercs exe))2 1 2 0 (all k € 22)

2

2 2
o ey, — O Qktey Pter — kk >0 (all k € 72 )
- J’» .
Ok teyBkte; — 0P B e, — B

(k‘l, ko + 2).
ﬁkl,szrl
Qkq,ko+1
(k)l,kg—Fl) (k,‘l +1,k2+1)
ﬁkl,kz k1+1,ko
Qky ko Qky41,ko

@
(K1, k2) (k1 41, k2) (k1 + 2, k2)

Application. (Propagation) (RC - Yoon, 2003) If axi., = ax for some k, then ayxi., = ax.




<§;:fb ZJ;:Z§> > Oandc=a=ef =ab
= aef = aab = e(af) = a’b
= e(eb) = a’b
= eb=ad’b=e=a

Unlike the single-variable case, in which there is a clear separation between hyponormality and

subnormality, much less is known about the multivariable case.

Conjecture 2.3. (RC-Muhly-Xia, 1988) Let T = (T1,T») be a pair of commuting subnormal oper-

ators on H. Then T is subnormal if and only if T is hyponormal.

e M. Dritschel and S. McCullough, working independently, have been able to obtain a separate
example. We shall see later that their example is a special case of a general construction

that produces nonsubnormal hyponormal pairs with 77 = T5.

Proposition 2.4. (Subnormal backward extension of a l-variable weighted shift) (c¢f RC, 1988)
Let T be a weighted shift whose restriction Ty to M := V{e1,ea,---} is subnormal, with associated

measure pipg. Then T is subnormal (with associated measure p) if and only if
(i) 1€ L' (um)

(i) of < (£l 1gup) ™
In this case, du(t) = anguM(t) + (1 — o H%HLl(MM))déo(t), where 0y denotes Dirac measure at 0.

In particular, T is never subnormal when pux({0}) > 0.

Proof. =) The moments of T and T\ are related by the equation

_ V41 (T)
(Tm) =2 - af = e
Qg
so that .
L / P () = / () (all k> 0),
Qg
that is,

tdu(t) = a3duaa(t).
It follows at once that

2
Q
Ap(t) = AdBo(t) + “Ldjuna(s),
where A > 0. Since [dp = 1, we must have %

€ L'Y(upm) and of H%HD(MM) < 1. Finally, it is
straightforward to verify that A = (1 — a3 H%HLl(uM))'

<) Let
2

(6%
dp(t) == —Pdpp(t) + (1 = of
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By hypotheses, 1 is a positive Borel measure on [0, |T]|*]. Moreover,

1 1
Jan=ci [Ganmra-ai|g| ) [an=1,
t EllL g
and for k > 1,
1 1
/t’“d,u(t) _ a%/tk—d,uM(t) +(-a2|t )/tkdéo(t)
t Pl L1 ()
=} [ ¢ du(®) = afes (The) = (D),
Therefore, T' is subnormal, with Berger measure p. O

e The maximum possible value for oy in Proposition 2.4, namely (H%H I (MM))_I, will be
denoted by eyt = qert(iag). More generally, given a (1-variable) subnormal weighted shift

W, with weight sequence 171 < 72 < ... and Berger measure v, we let

S
(ellp)) ™ i € Liw)
Observe that when the weight sequence 7 is strictly increasing and % € L'(v), we must
necessarily have 7., < 11, by a result of J. Stampfli.
e shift(ag, o, ...) denotes the weighted shift with weight sequence {ay }32.
o Uy :=shift(1,1,...)
e For 0 < a <1 welet S, :=shift{a,1,1,...).
e The Berger measures of Uy and S, are 6; and (1 — a?)dy + a?d1, respectively.
e B, denotes the Bergman shift, whose Berger measure is Lebesgue measure on the interval
ntl

[0,1]; the weights of B are given by the formula ay,, := /=5 (n > 0).

o (RC, 1990) W, : \/g \/g \/3 , \/g ... is quadratically hyponormal.

e An important class of one-variable subnormal weighted shifts is obtained by considering
measures £ with exactly two atoms tg and t;. These shifts arise naturally in the Subnormal
Completion Problem and in the theory of truncated moment problems.

For tg,t1 € R4, tg < t1, and pg, p1 > 0, the moments of the 2-atomic measure £:= pody, +p16¢,

satisfy the 2-step recursive relation

Ynt2 = P0Vn + P1Vnt1 (1 > 0);

at the weight level, this can be written as

40
04721+1 =2 + @1 (n > 0).

n

The coefficients of recursion are given by

2.2(.2 2 20,2 _ 2
agad(as — af) of (a5 — af)

g = ——2 12 2 5 L2 and ¢y = 22 20 , (2.1)
ai —og aj —of



the atoms ty and t; are the roots of the equation

and the densities pg and p; uniquely solve the 2 x 2 system of equations

Lemma 2.5. (RC-Fialkow, 1994) For 0 < ag < a1 < ag, let Wigg a1.a0) be the weighted shift
described by (2.1), (2.2) and (2.3), and let Wy, = shift(aq, g, ...), that is, Wy = Wiag a1 a0)" M-

Then

Theorem 2.6. (RC-IB Jung, 2000) Let o :1,(1,v/1+ h,/1+ h+ k)" with h,k > 0. Then W, is
positively quadratically hyponormal if and only if (h, k) € Uy, with Uy as shown below.

k

t2 - (900 + Solt) = 07

p+p = 1
poto +pit1 = od

Next = Q-

Uy

0.02 0.04 0.06 0.08 0.1 0.12 h

FIGURE 1. For a: 1,(1,vV1+ h,vV1+h+ k)", W, is
positively quadratically hyponormal <= (h, k) € U;.



3. THE FIrRST FAMILY OF COUNTEREXAMPLES

Construction of the family. Let 0 < a,b < 1 and let {{}732, and {nx}32, be two strictly
increasing weight sequences. Consider the 2-variable weighted shift T = (77, T») on (%(Z2%) given
by the double-indexed weight sequences

if k1 >1 ko >1
a(k) = { S Rz Llork 2 (3.1)
a ifk:1:0andk:2:O
and
if ki1 >1 ko >1
R S (3.2)
b if ki =0and ks =0

where W¢ and W, are two single-variable subnormal weighted shifts with Berger measures v and w,
resp., and
ano = b&o (3.3)
(to guarantee the commutativity of 77 and T (1.1)).
e T} and Ty are subnormal provided a < &1 (vaq) and b < 1ezi(wag); in particular, a < & and
b<m.

5051 771
51 770+§0771 50770

Proposition 3.2. T is hyponormal if and only if a < h, where h := £y, / %
01 170 0’0

Thus, to ascertain the existence of a nonsubnormal, hyponormal 2-variable weighted shift T (with

Proposition 3.1. T is subnormal only if a < s, where s :=

Ty and T subnormal), it suffices to show that for appropriate choices of &y, &1, o and 7y, it is possible

to obtain s < h, while keeping a < &p¢(vp) and b = ZL < ey (wrg). Now,

h2 _ g2 — 50770(51 50)(77% "7(2))
(58771 + 51"70 - 250"70)(51"70 + 5(2)771 50770)

Therefore, it suffices to prove the existence of strictly increasing weight sequences {;} and {n;} such
that

> 0.

(i) a < h (hyponormality of T)
(ii) a > s (nonsubnormality of T)
(iil) a < &ext(vam) (subnormality of T7)
(iv) a < s9: 50 Next(Waq) (subnormality of T5).

We now seek to determine the relative positions of h, s, sa, &o, ext(¥A1) and &; in the positive real
axis.
Claim 1: & < &ext(vaq), because shift{&y, &1, ...) is subnormal.
Claim 2: &y < s. For,

&&nt o §(& — &)t —m)

§ng + &ni — 65 &g + &5nt — &0
10

> 0.

2 2
s =& =



Ont1) &o &1 &2 e én
0.n) &o &1 &2 - &n
T

12 12 12 M2 2
0.2) &o & &2 - &n

A A U s N
©.1) &o & &2 - &n

"o no 0 0

a 51 &'2 gn e
Ty

Claim 3: s < &;. For,

O 2o g¢nt __amE@-9
e+ &8t — &t S+t - 8nd

Claim 4: h < &.
. 2,22
Claim 5: s < s9 whenever 19 < u := Wéﬁééng’ where ¢ = Next(Wnm).

G2 +283n2 —/ (3 —n2) (€L (7 —n2)+AEn2 (2 —€2))
- 32 )

Claim 6: h < s9 whenever 79 < v :
11



We now summarize what we have so far. For 79 < min{u,v} we have

(§0<8<h§82 ( s<a<h
(Have) h < & (Need) a < ext(Vr)
gext(VM) < 51' a < so.

Thus, if we can ensure that h < £.,+(vr), the construction of the example will be complete by taking
a such that s < a < h.
Since h < s9, it suffices to build shift(&p, &1, ...) in such a way that () = s2. Recall

Lemma 3.3. (RC-Fialkow, 1994) For 0 < ag < a1 < ag, let Wigg a1.a0) be the weighted shift
described by (2.1), (2.2) and (2.3), and let W, := shift(a1, az,...), that is, Wy = Wigg a1 a0)" M-
Then Negr = -

We first build a 2-step recursively generated weighted shift whose first three weights are s, &1 and
&2, and we then consider the shift We (¢, ¢, ¢;)°, Where &3 is given by &3 := % + 1 obtained from the
2
equation y4 = oy2 + @173
The extremal value of W, ¢, ¢,)- 18 s2, and §p < s2, so the subnormality of We (¢, ¢,.¢5)- 18 guar-

anteed. This completes the construction of the example.

Theorem 3.4. Let T = (1T1,13) be the 2-variable weighted shift defined by (3.1) and (3.2), let

b= oy | sl =S8
gy —2£8m5”
g = et
' £ +€mt €65

89 1= 2—87’]67 where Ne = neact(w/\/l)7

&nZn?
U= el and
(i —n2)+E3n27

i) +282n2—\/ (3 —n2) (E] (7 —n2)+AE3N2(E3—€2))
— 52 )

Assume further that, as above, sy = Eezt(Vm) and o < min{u,v}. Finally, choose a such that

s<a<h. Then
(i) Ty = ToTh;

v

(ii) 11 is subnormal;
(iii) Ty is subnormal;

12



(iv) T is hyponormal; and
(v) T is not subnormal.
Example 3.5. For a concrete numerical example, let
1
dwp(t) := 2dt on [5, 1],
1 _
so that H?HLl(wM) =2In2. It follows that

1
V2In2
NE

and 71 = %5°. Now take §y := % and & :=1, and 1y := %

Tle = next(w/\/l) =

o 1 V2 £n
(0,n+1)
(07 n) 50 51 52 gn
T
1 1 1 1 1
3 1 V2 £n
(0,2)
V3 V3 V3 V3 V3
2 2 2 2 2
72) 1 V2 £,
(0,1)
0.72 1 1 : o
0.72 1 V2 €n .
(0,0) (1,0) (2,0) (n,0) (n+1,0)




and
1

s pry pry
2= = Ane

We can then take a € (s, h], for instance a := 0.72.
To build the weighted shift W, we start with so, & and & = V2 to obtain ¢y = Tlan and

p1 = tg{ﬁg It follows that the measure associated to shift(&p,&1,&2,...) is

AU (t) = - (podésy () + prdbi (£)) + (1 — + Hl

=~ (0.849.

)ddo(t).
Ll(vpm)

4. THE SECOND FAMILY OF COUNTEREXAMPLES

4t 4|t

Recall that W, is subnormal if and only if there exists a probability measure £ = &, supported in
[0, |W4]|?] such that

wa) = af by = [ de) (k2 )
Example 4.1. If W, = shift(ap,1,1,...), we have &, = (1 — a3)do + a3di.

Lemma 4.2. Given two 1-variable weight sequences o and 3, the 2-variable weighted shift

(Wa Q) 1,1QR)W;)
1 always subnormal, with Berger measure
pi=a X £p.
Definition 4.3. Let p and v be two positive measures on Ry. We say that p < v on X := Ry, if

w(E) < v(E) for all Borel subset E C Ry ; equivalently, p < v if and only if [ fdu < [ fdv for all
f e C(X) such that f >0 on R4.

Definition 4.4. p probability measure on X XY, with % € LY(u). The extremal measure pieq; (also
a probability measure) on X XY is given by

Aptegt(s,t) == (1 — do(t)) L

t LY ()
Example 4.5. B, : Bergman shift on (2(Z,), M = M; := \/{e1, ez, ...}.
By |m is subnormal, with Berger measure dpu(t) := tdt on [0, 1].

Then dpieqt(t) = dt, SO fieqt is the Berger measure of By.

Definition 4.6. For p on X x Y, the marginal measure X is given by

X . -1
pt o= oy,

where mx : X XY — X is the canonical projection onto X. Thus,
WX (B) = w(E x V),

for every E C X. If uis a probability measure, then so is .
14



Lemma 4.7. u: Berger measure of 2-variable weighted shift T
v : Berger measure of shift(agg, a1, -..)-

Then v = pX. As a consequence,

[ 16 duts. = [ 56) ¥ (s) (g € cx))

Corollary 4.8. u: Berger measure of 2-variable weighted shift T'.
For j > 1, let du;(s,t) := %jtjdu(s,t).

Then the Berger measure of shift(og;, o, ...) is vj = HJX'
Example 4.9. (¢ x n)¥ =¢.
Lemma 4.10. Let i and w be two measures on X x Y, and assume that p < w. Then pX < wX.

Proposition 4.11. (Subnormal backward extension of a 2-variable weighted shift)

M : subspace of BQ(Zi) associated to indices k with ko > 1.

Assume Ty subnormal with measure ppg and Wy := shift(og, @10, - -+ ) subnormal with measure v.
Then T is subnormal if and only if

(i) L e L (um);

(i) g < (H%HLl(uM))_lf

(i) 530 14| 1 oy (M)t < v

Moreover, if 53 || ]| .1 =1, then (up)iee = v

()
When T s subnormal, its Berger measure s
1 1
du(s,t) = o n d(pm)eat(s, 1) + (dv(s) — 5 n A1) (5))ddo (2).
L' (prm) L (pm)

Key Ideas.
Yiteo (T) = ﬂgo’Yk(TM) (all k € Zi),
SO
tdpu(s, t) = Boodpm(s,t)
and

um(E x {0}) =0 (forall E C X).

It follows at once that

[l st = Jf vt =gg ff, e

1
= (> 0) <
00 00

15



ﬁO,n-&-l
Q0,n+1 Q1,n+1 Q2. n+1 U Qn n+tl
(0,n+1)
Yi,n+1 Y2,n+1 Yn,n41
o,n (VAR \V 2 V mn
Qo,n Q1,n Q2.n Qn,n
(0,n)
Ty
ﬁ 71,3 2,3 Tn,3
0,2 71,2 72,2 Yn,2
Q.2 a1 2 a2 2 2
(0,2)
71,2 72,2 Tn,2
ﬁo 1 71,1 72,1 Tn,1
0,1 a1,1 21 Qn,1
(0,1)
71,1 72,1 Tn,1
ﬁo 0 1,0 2,0 Tn,0
Q0,0 Q1,0 a2 0 Qn 0 Q41,0
Ty
FIGURE 2

Consider now the 2-variable weighted shift given by Figure 3,

where max{y,z, 2} < L.

Proposition 4.12. T is hyponormal if and only if y < min{Z,z %}

Proof. By the Six-point Test, it is enough to check that
2
1—22 2Y_yx
H = a2y z Z Z 0.
= —yr 1l-y
Since x < 1, the positivity of H is equivalent to det H > 0, i.e.,

1) > (Y ey
(1-a?)(1 -y = (2L -y,
16



a 1 1
0,n+1)
1 1 1 1 1
a 1 1
(0,n)
T
1 1 1 1 1
a 1 1
(0,2)
1 1 1 1 1
a 1 1
(0,1)
ay ay ay ay
T 1 1
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty
FIGURE 3

which in turn is equivalent to

= \/ -
x
y= 22 —2a%222 4+ a4

(observe that 22 — 2a?2? + a* = 22(1 — 22) + (22 — a?)? > 0).

oy . . . 1—x2
Proposition 4.13. T is subnormal if and only if y < /=0

Proof.
To = (Sa®1,100,)

(where S, := shift(a,1,1,...) and Uy := shift(1,1,1,...).
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T is subnormal, with Berger measure p := [(1 — a?)dp + a21] x 6;. Then

T is subnormal

Theorem 4.14. T is hyponormal and not subnormal if and only if x > a and

(1—22)

T\ 27 aT—2a722

1

2
ﬁﬁoot

L (ppm)

& (1 — a?)dy + a®6y] < (1 — 2o + 220,

(:U'/Vl)g;(rt <v

e Pl-d)<1-2?anday <z

o < {x 1— 22
min{=, {/ ——
y= a’ V1—a?

1—x2
1—a? y = %
K T is hypon. but not subn
T is subnormal here
_ 1-g?
— y=x x2+a4—x2a2x2
@

(a,0) (1,0)

FIGURE 4
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5. THE THIRD FAMILY OF COUNTEREXAMPLES

Construction of the family. Let us consider the following 2-variable weighted shift (see Figure
5), where

(i) 0<& <&<..<&G A L

(i) We:=shift(&, &, ..) is subnormal with Berger measure v;

(iii) S% € L'(v) (this implies that 1 € L!(v), by Jensen’s inequality);
(iv) &e = Eear:= ([ Ldv(s)) %

(v) @< L(f Ldu(s) 2

(vi) b < €2 (this implies the condition b < &.); and

L (vii) a? < _bQ;gg'

(Recall that & is the maximum possible value for & in Proposition 2.4.)

o 17 =275 and that 11T, = T5T7.

e T} (and therefore Tb) is subnormal. For, the choice of & immediately implies that
shift(&e,&1,&2,...) is subnormal, with Berger measure dv,(s) := %du(s).

e shift(a,&, &1, ...) is subnormal if and only if % € LY(v.) (ie., S% € L'(v)

. Tl\v {e(i.0yi>0} is subnormal. Moreover, the subnormality of T} when restricted to \/{e(m-) :
i > 0} (j > 0) requires that b < &.

For a concrete numerical example, consider the probability measure dv(s) := 3s%ds on the interval

[0,1]. The measure v corresponds to a subnormal weighted shift with weights & = %, & = \/g ,

&3 = \/g, ... ; indeed, in this case W is the restriction of the Bergman shift B, to the invariant
subspace M, obtained by removing the first two basis vectors in the canonical orthonormal basis of
(*(Zy). Clearly & € L'(v), and [ %dv(s) = 3; moreover, [ 1dv(s) = 3, so in this case & = /3.
Choosing a = \/g and b = \/g we see that conditions (i) - (vii) are satisfied.
Proposition 5.1. T is hyponormal.
Proposition 5.2. T is not subnormal if p < 0, where

pi= 261+ 40226} — 1] — o222 — %! — 2%,

Proof. Assume that T is subnormal, and consider the moment matrix associated to the monomials

1, x, y and yx, that is,
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§n—1b
©O.n+1) [ &1 &2 e &n
N
fnfl En fn fn fn
(0,n)
T %f‘b 51 52 gn
€1 2 2 2 €2
o ¢ ¢ ¢
[ 1 2 ce n
(0,2)
56 51 51 fl 51
€10 £20 En—1b
3 e e
a e 51 En_1 .
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty
1 a? a? a’b?

(12 CL2§§ (12 b2 CL2 b2§%
(12 (12 b2 (1252 CL2 b2§%

a2b2 (12 b2§% a2b2§% a2b2§f

M =

In the presence of a representing measure, it is well known that M must be positive semi-definite,

so in particular det M > 0. Now, a straightforward calculation shows that
det M = afb? (€2 — b?) (€2¢ — 2ab* — 2a2¢] — b€} + 4a*DE; — bra?) = afb? (€2 — b?) p.
It follows that p > 0. Therefore, T is not subnormal whenever p < 0, as desired. O

Theorem 5.3. Let a > 0 be such that % <a <4/ % and a < é(f sigdl/(s))*l/Q, and define b :=
V2a? — 2. Then T = (Th,T3) satisfies conditions (i)-(vii), is hyponormal, and is not subnormal.
20



Corollary 5.4. (Dritschel-McCullough) Let dv(s) := 3t?ds on [0,1] and choose a = \/g and

b= \/g Then T is commuting, has subnormal components, is hyponormal, but is not subnormal.

6. AN INSTANCE WHEN HYPONORMALITY SUFFICES

Lemma 6.1. Let v be a probab. measure on [0,1], and v, =y, (v) := [ s"dv(s)
(n>0) . The sequence {vn}22, is bounded below iff v has an atom at {1}.

1 1 1 1
(0,n+1)
1 1 1 1
1 1 1 1
(0,n)
T
1 1 1 1
1 1 1 1
(0,2)
1 1 1 1
1 1 1 1
(0,1)
& % Eoy€1 \/H/_n
o &1 &2 én
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty
shift(&p,&1, - -+ ) subnormal contraction with Berger measure v, y < 1
o 'L =1T5T

e 77 is subnormal

e Ty subn. @\/% <1(alln>0)<y? <y, (aln>0)=v({1}) >0.
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Theorem 6.2. T s hyponormal < T s subnormal.

7. A MEASURE-THEORETIC PERSPECTIVE

For 2-variable weighted shifts, the existence of a normal lifting is equivalent to the existence of
a positive regular Borel probability measure on Ri (the so-called Berger measure for the pair),
interpolating the moments generated by the weight sequences. In turn, each of the subnormal
components of the pair comes equipped with a countable family of canonical probability measures
supported in the nonnegative real axis R, obtained as the solution of power moment problems with
data directly linked to the actual weights. From this perspective, the Lifting Problem consists of
“compatibly gluing together” the individual measures on R, to produce a measure p on Ri such
that p satisfies the required properties to be the Berger measure of the pair.

Using techniques from the theory of disintegration of measures, we have generated interesting
pathology associated with bringing together the Berger measures associated to each individual
weighted shift. Our study reveals some significant obstructions to the Lifting Problem for Commut-
ing Subnormals, while at the same time producing new necessary conditions for the existence of the
lifting.

We will first establish a new necessary condition for the existence of a (joint) Berger measure
p: for each j > 0, {541 < & and, similarly, for each ¢ > 0, n;41 < 1;, where & (resp. ;) is the
Berger measure of the j-th horizontal slice of 77 (resp. the i-th vertical slice of 7). We do this by
properly identifying these 1-variable measures as the marginal components of a family of 2-variable
measures associated with u. We then obtain several families of counterexamples to Conjecture
2.3, by showing that the new necessary condition is not sufficient. These new counterexamples are
structurally different from those presented before, in that they emphasize the measure-theoretical

aspects of the Lifting Problem.

8. A BRIEF ACCOUNT OF SOME BASic RESULTS IN THE THEORY OF DISINTEGRATION OF
MEASURES

Lemma 8.1. Given two 1-variable weight sequences o and 3, the 2-variable weighted shift

WoaQI,1QWp) is always subnormal, with Berger measure p:= &, X &3.

Definition 8.2. Given a measure i on X x Y, the marginal measure X is given by u~ := u 077;(1,
where mx : X x Y — X s the canonical projection onto X. Thus, pX(E) = p(E x Y), for every
E C X. Observe that if p is a probability measure, then so is .

Lemma 8.3. Let o be the Berger measure of a 2-variable weighted shift T = (Th,T5), and let & be
the Berger measure of shift(ago, a10,...). Then & = pX. As a consequence, [[ f(s) du(s,t) =

[ f(s) duX(s) for all f € C(X).
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Corollary 8.4. Let ju be the Berger measure of a 2-variable weighted shift T = (Ty,Ty). For
Jj >0, let duj(s,t) := %jtjd,u(s,t). Then the Berger measure of shift(aogj,oqj,...) is & = ,uf. In

particular, the Berger measure of shift(aqg, i, ...) is uX.
Example 8.5. Let 1 := £ x 1 be a probability product measure on X x Y. Then pu* = €.
Lemma 8.6. Let 1 and w be two measures on X x Y, and assume that i < w. Then p* < w™.

Let u be the Berger measure of a 2-variable weighted shift 7' = (73,7%). Although Corollary 8.4
indicates how to obtain the Berger measure {; of the horizontal j-th slice of 77 in terms of yu, the
description is not completely satisfactory, in that it may not be easy to find the marginal measures
pi (j > 0). We will now employ disintegration of measure techniques to give a precise description
of {. First, we need to review some basic concepts and general results about disintegration of
measures; most of the discussion is taken from Conway’s book.

Let X and Z be compact metric spaces and let 1 be a positive regular Borel measure on Z. For

¢ : Z — X a Borel mapping, let v be the Borel measure 10 ¢~ on X; that is,

v(A) = u(¢™(A)) (8.1)

for all Borel sets A contained in X. Let £'(u) := {f : f is Borel function on Z such that [ |f|du <
oo}, and let L' (u) := {[f]: f € £'(n)}, where [f]:={g € £L1(u) : [|f — gl dpu = 0}. The map

¥ - /Z (6 0 6) fdp (3.2)

defines a bounded linear functional on L% (v). If attention is restricted to characteristic functions

XA in L (V)7
A — ¢} (b d‘l = d‘l 83

is a countably additive measure defined on Borel sets in X, that is absolutely continuous with respect

to v. Hence there is a unique element E(f) in L!(v) such that

[ woorsdn= [ xabsav (84)
z X
for all Borel subsets A of X. By an an approximation argument one can show that
Jwoorrin= [ v (8.5)
z X
for all ¢ in L*°(v). This defines a map
E: £Yu) — L'(v) (8.6)
called the expectation operator.

Notation 8.7. The space of all Borel measures on Z will be denoted by M (Z).
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Definition 8.8. A disintegration of the measure p with respect to ¢ is a function x — ®, from X
to M(Z), such that
(i) for each x in X, ®, is a probability measure;

(i) if f € £(0), B(f)(@) = [, fd®, a.e. V.

Remark 8.9. In equation (8.5) we can take f = y4 for any Borel subset A of Z and ¢ = 1; the

definition of disintegration then implies that

| eaava) = [ ([ xaawive
= [ Becdr = [ (o ¢)xadn

= / xadp = / xadp = p(A)
¢=1(2) X

Thus disintegration does indeed “disintegrate” the measure into the pieces ®,.

Example 8.10. Suppose X is given, £ is any measure on X, Y is any compact metric space, 7 is a

probability measure on Y, and put
Z =X XY, ¢(x,y) =rx(z,y) =z, and p:=& X n.
Then € = po ¢t Here E(f)(x) = [ f(z,y)dn(y) and the disintegration arises by letting
P, (A) :=n(my (AN ({z} xY))).
Proposition 8.11. Let x — ®, be a disintegration of i with respect to ¢. Then supp®, = ¢~ (x)
a.e. [v].
We now list the main theorem on existence and uniqueness of disintegration of measures.

Theorem 8.12. Given a reqular Borel measure p on a compact metric space Z, and a Borel function
¢ from Z into a compact metric space X, there is a disintegration x — @, of u with respect to ¢. If

x — @ is another disintegration of u with respect to ¢, then ®, = & a.e. [V].

9. A NEW NECESSARY CONDITION FOR THE EXISTENCE OF A LIFTING

We are now ready to calculate explicitly the measures &; (j > 0). Fix j > 0 and observe that the
moments of {; are given by
‘ . 1 L
/ S dej(s) = ady 0y =0 = L // $it9 du(s, 1) (all i > 0), (9.1)
X Yo;  Yos R
where R := X x Y = [0,a1] x [0,az2]. Since p is regular and Borel, we now use Theorem 8.12 to

disintegrate p with respect to ¢ = mx and obtain

p(A) = [ @a(d) i (o),
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where as above u¥X = pory'. Now recall that supp®, = ¢~'(z) = {z} x Y, so with a slight abuse

of notation we shall regard ®, as a measure on Y and write d®,(t) for d®,(x,t). Therefore, for all

//Rsitj du(s,t) = /X(//Rsitj A, (s,1)) dp* (z)
- /x(/ /{x}xyxitj A, (w,1)) dp™ (x)

= Sij XS. .
- /X</Y ¥ dd, (1)) du* (s) 9.2)

7 > 0 we have

Combining (9.1) and (9.2) we obtain

/X s dgj(s) = T; / /R sitd dp(s, t)

_ 1 Si J X s

= (/Y t7 d®4(t)) dp” (s)

= 5" 1 J s) (all 2

= / {’YOj/Yt d®,(t)} dpX(s) (all i > 0).

Thus,
dg (s) = {%j /Y 1 4D, (6)} du* (s).

We now observe that ¢; is indeed M]X . First recall that du;(s,t) := %jtjd,u(s,t), so the above
disintegration of o with respect to % yields dpu;(s,t) = %jtjdq)s(t)duX(s). For a Borel set £ C X,
it follows that

Xy 1 ; X,
HEE) = B xY) = [ [ dwman

- /E (— /Y o d (1)) ydp* (s)

704
= / dg;(s) = &(E).
E
We summarize this in the following result, but first recall

Definition 9.1. For p on X x Y, the marginal measure X is given by

X . —1
pt = pomy,

where mx : X XY — X is the canonical projection onto X. Thus,
N (B) = u(B x Y),

for every E C X. If u is a probability measure, then so is .
25



Theorem 9.2. Let i be the Berger measure of a subnormal 2-variable weighted shift, and for 7 > 0
let &; be the Berger measure of the associated j-th horizontal 1-variable weighted shift W,;y. Then
& = ,uf (cf. Definition 4.6), where du;(s,t) := %jtjd,u(s,t); more precisely,

dg;(s) = {,Yi /Y ¥ (1)) di* (s),

where du(s,t) = d®4(t) du™(s). A similar result holds for the Berger measure n; of the associated
i-th vertical 1-variable weighted shifts W (1 >0).

We next need an elementary result.

Lemma 9.3. Let p and v be two regular Borel measures on R, and assume that p < v. Then

pX < vX and ¥ < Y.

Theorem 9.4. Let pi, § and n; be as in Theorem 9.2. For every i,j > 0 we have

§im1 <& (9.3)
and

Nit1 <K 7. (9-4)
Proof. Straightforward from Theorem 9.2 and Lemma 9.3. 0

10. THE NEw NECESSARY CONDITION IS NOT SUFFICIENT

Definition 10.1. Let p and v be two positive measures on Ry. We say that p < v on X := Ry, if
w(E) < v(E) for all Borel subset E C Ry ; equivalently, p < v if and only if [ fdu < [ fdv for all
f e C(X) such that f >0 on Ry.

Definition 10.2. Let p be a probability measure on X XY = R%_ and assume that % € L' (p).

The extremal measure peze (which is also a probability measure) on X XY is given by dpiesi(s,t) =
(1 = do(t))rrr—du(s. ).

1
t”%HLl(u)
Example 10.3. Let B, be the Bergman shift on ¢*(Z,) and let M = M; := \/{e1,e2,...}. The
shift B4|aq is subnormal, with Berger measure du(t) := tdt on [0,1]. Then due.(t) = dt, so the

extremal measure fie;; is the Berger measure of B .
Lemma 10.4. Let p and w be two measures on X x Y, and assume that p < w. Then pX < wX.

Proposition 10.5. (Subnormal backward extension of a 2-variable weighted shift) For a 2-variable
weighted shift T, consider T|,, , where M s the subspace associated to indices k with ky > 1.
Assume that Ty is subnormal with associated measure paq and that Wy = shift(ogg, a1, -+ ) is
subnormal with associated measure &y. Then T is subnormal if and only if

(i) 3 €L (m);
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(i1) B0 < (|l 1une) "
(iii} 5(2)0 H%HLl(HM) (MM)g(xt < fO-
Moreover, if 5(2)0 H%HLl(uM) =1, then (pam); = &.  In the case when T is subnormal, the Berger

measure @ of T is given by

duls,t) = GRol3|  dlamedentls )
L (pp)
Hgols) ~ B3| Al )dso(o).
L (ua)

Corollary 10.6. Let T = (11,T3) and M be as in Proposition 4.11, and assume that Ty is
subnormal with Berger measure 01 x n.  Assume further that T1 and T are contractions, that
Wo = shift(ago, @10, -+ ) is subnormal with associated measure &y, and that Ty is subnormal. Then

T is subnormal.

One might wonder what happens if one insists on having all measures §; and 7; 1-atomic. The
next result shows that the lifting is not guaranteed in that case either; as a matter of fact, it is even

possible for the pair to fail to be hyponormal.

Proposition 10.7. Consider the 2-variable weighted shift given by the weight diagram in Figure 5,
where o < 1. Then T = (T1,T%) is commuting, each of Ty and Ty is subnormal, and all horizontal

and vertical marginal measures & and n; (i,7 > 0) are 1-atomic, but T is not hyponormal.

Proposition 10.8. Let T = (11,T») be the 2-variable weighted shift in Figure 6. Then

(i) T is hyponormal < 1 —22% + 4% > 0

(ii) T is subnormal < 1 — 222 + 2%y? > 0.

As a consequence, for (x,y) € Ri such that 1 — 22 + 22y? < 0 < 1—22% +y2, T is hyponormal but

not subnormal (cf. Figure 7 below).

We now allow the 0-th horizontal Berger measure & to be 3-atomic. The following example shows
that it is still possible for 77 and T, to be commuting subnormals, for the pair 7' = (T3,T%) to be

hyponormal, for the marginal measures to satisfy the conditions
K hay K fay K Hag

and
e L g, K pg K gy,

and for T not to be subnormal. We first need some preliminary facts.

Proposition 10.9. Let

1 ifn=20
o, = \/gmrl , (10.1)
Vgt fn=1
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an+1 an+1 an+1 an+1
(0,n+1)
1 lov o2 ™
a” a” a” a”
(0,n)
Ty
1 lov o o™
o? o? o? o?
(0,2)
1 lov o o™
o o « o
(0,1)
1 lov 02 ™
1 1 1 1 1
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty

FiGURE 5. Weight diagram the of 2-variable weighted shift in Proposition 10.7

Then W, is subnormal.

Lemma 10.10. Let

e \/5, ifn=0
Qp 1= o] . ;
2n+%! 1f”21

then [[52,am = V3 . (Observe that &, = i, for ay, given by (10.1).)

Proposition 10.11. Consider the weighted shift T = (11,13) in Figure 8,
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T2 0.2) 1 1
1 1 1
T 1 1
(0,1)
x 1 1
(0,0) (1,0) (2,0)
Ty

FIGURE 6. Weight diagram of 2-variable weighted shift in Proposition 10.8

where y < 1 and ay < ==. Let W, := shift(ag, a1, az,---), with oy, as in (10.1), i.e.,

\/g, ifn=20
ay = -
[4 D
wr Yn=>1

Then T is subnormal if and only if y < min{\/ﬁ, ﬁ}

Sl

For the next result, we will need the following lemma.

Lemma 10.12. Let T be a commuting 2-variable weighted shift such that

(i) Tlvieq 0513 = (U @ LIQUL); and
(ii) T‘\/{e(i’o):iZO} is subnormal.

Then T s subnormal < T is hyponormal < T, is subnormal.

Proposition 10.13. The 2-variable weighted shift T = (T1,T3) defined in Proposition 10.11 is

hyponormal if and only if y < min{ m, ﬁ}
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T is hyponormal but not subnormal for (z,y) in this region

0.7 0.8 0.9 1.0 T

FIGURE 7. Graph of the regions of hyponormality and subnormality in Proposition 10.8

Theorem 10.14. The 2-variable weighted shift T = (11,T») defined in Proposition 10.11 is hy-
ponormal and not subnormal if and only if
. 1 1
Meuwp(a) : = min , <
sub( ) { 3(1 — CL2) SCL} Y
2 1

< i =: .

= mm{\/5 T2z 1 1201 g ) Man(@)
Remark 10.15. Observe that for 0 < a < 1, the left-hand side of (10.2) in Theorem 10.14 is strictly
less than the right-hand side, so there is indeed a nonempty range of values for y that guarantees

that 7' is hyponormal but not subnormal. For, if we let f(a) := \/ﬁ, g(a) == ,/m
—a

(10.2)

and h(a) := ﬁ, we can analyze the relative sizes of f, g and h to detect the set of points
{a € (0,1} : mgyp(a) = min{f(a), h(a)}
< min{g(a), h(a)} = mhyp(a)}

(cf. Figure 9 below).

=~ (0.795 are the a-coordinates of

D
2 2
the points of intersection between the graphs of g and h, f and h, and f and g, respectively. Thus,
fla) if0<a<as
msub(a) =

h(a) ifas <a<1
30
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Here a; = \/ Vi > 0.607, ag = %2 = 0.707 and a3 =



a 1 1 1
(0,n+1)
i i i : 1 i
a 1 1 1
(0,n)
Ty
1 1 1 1 1
a 1 1 1
(0,2)
i 1 1 : i 1
a 1 1 1
(0,1)
_ay_ ay . _ay_ ay
T VIVE : Ve NerEss
g 1
3 s 10 Vs | .
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty
FiGURE 8. Weight diagram of 2-variable weighted shift in Proposition 10.11
and
gla) if0<a<a
Mpyp(a) = . .
hia) ifa; <a<1
For this a-interval one can

It easily follows that mgyy(a) < mpuyp(a) precisely when 0 < a < as.
always build a 2-hyponormal weighted shift T' = T'(a,y) with the required properties.
In the following result, we strengthen considerably the necessary conditions (9.3) and (9.4), that

is, we require that the Berger measures of all horizontal and vertical slices be mutually absolutely

continuous, but that still does not suffice to yield (joint) subnormality.

Proposition 10.16. Consider the following 2-variable weighted shift (see Figure 10).
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T is hyponormal but not subnormal for (a,y) in this region

0.5 a1 as as  0.85 a

S

2

FIGURE 9. Graphs of f, g and h on the interval [0.5,0.85], showing a1, az = %5~ and as.

Then T = (T1,T5) is commuting, hyponormal, with each of T\ and Ty subnormal, and &1 ~
& (j >0) and suppn; = {0,1} (¢ > 0), but T is not subnormal.

Definition 10.17. Let B_(f) = {shift(y/l — %_,_2) : 0 > 1,n > 0}; in particular, B_(:) = B} =
shift(\/g, \/g, \/g, -++). This is the class of Bergman-like weighted shifts.

Theorem 10.18. (RC, Y.T. Poon and J. Yoon, 2004) All Bergman-like weighted shifts Bgf) (£>1)

are subnormal.

Proof of Proposition 10.16. The Berger measure of shift(agg, a0, ...) is d&p(s) = ~ 55752 on [0, 2],
and of course d§;(s) = ds for all j > 1. Thus, ;41 ~ &; for all j > 0. Moreover, n; = 0; for all
1 > 0. Thus, T1 and T5 are subnormal. We will show later that the spectral picture of T fails to
fulfill the description in (RC-K. Yan, JFA, 1995) of the spectral picture corresponding to a subnormal
2-variable weighted shift. It then follows that T cannot be subnormal.

We now use the Six-point Test to show that T is hyponormal. In this case



1 2 3 nil
2 3 1 ni2
(0,n+1)
1 1 1 1 1
1 2 3 ntl
2 3 1 nt2
(0,n)
Ty
1 1 1 : 1 1
1 2 3 [t
2 3 1 ni2
(0,2)
1 1 1 1 1
1 2 3 L
3 3 1 Vi
(0,1)
. 7”‘ n H
% i % : V 2(n+1)(2n-—1)l 2(n+(2)J(r2173,l--1)1!
3 5 2n+1
1 3 3 e V= e
(070) (170) (270) T (’I’L,O) (’I’L+ 170)

Ty
FicURE 10. Weight diagram of the 2-variable weighted shift in Proposition 10.16

C

b
and for n > 1, H((n,0)) = < Z >, where

2n+3 2n+1
a : = —
n—+2 n—+1

o n+1 (n+1)!
b= n+2\/2(n—|—2)(2n—|—1)!!
2n+1 n!
Voauxr\2m+n@e—10
n!

c : =1-—

2(n+ 1)(2n — D)II°
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After simplification, we have

det H((n,0)) =
2(2+ 51+ 2n?)(2n — D' — (3 + 8n + 5n? + n?)n!
2(n+1)(n +2)%(2n + !
It follow that T is hyponormal. O

> 0 (alln>1).

11. THE SPECTRAL PICTURE OF SUBNORMAL 2-VARIABLE WEIGHTED SHIFTS

The 1-variable case. Recall that the spectrum of a unilateral weighted shift W, is always a
closed disk centered at the origin, of radius r(W,). When W, is hyponormal, the essential spectrum
is the circle centered at the origin, of radius r(Wy) = ||[W,||.

The 2-variable case. For subnormal 2-variable weighted shifts, RC-K. Yan gave in 1995 a complete
description of the spectral picture, by exploiting the groupoid machinery in Muhly-Renault and RC-
Muhly, and the presence of a Berger measure, which they use to analyze the asymptotic behavior of

sequences of weights.

Notation 11.1. u : compactly supported finite positive Borel measure on C" (n > 1)
P2(p) : norm closure in L%(p) of Clzq,- -+ , 2]
M, = MW = (Mz(f), e ,Mz(ff)) : multiplication operators acting on P? ()

M., on P?(y) is the universal model for cyclic subnormal n-tuples of operators

Definition 11.2. (i) E C C" is Reinhardt if for every z € E and every § € R", ¢z :=
(€912, €efz,) € E.
(i4) w is Reinhardt if u(e E) = u(E) for every Borel subset E C C" and every 6 € R"
(suppp is always a Reinhardt set)
(iii) For u Reinhardt,
bpe(n) = {AeC":p—p(A), peCl,

extends to a bounded point evaluation from P*(u) to C.}

(iv) The kernel function associated with u is

K(z,w) = KW(z,w):= Zﬂ

ol E2 [
a = (ar,az,-,0p) €ZY, 2z and z € C",
(v) The set of convergence of K is
C(K)={AeC": K(\\) <oo}
(1) is

(vi) The (joint) point spectrum of M;

op(MW*) = g, (M) := {\ € C" : M} — X has a joint eigenvector}.
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Proposition 11.3. (RC-K. Yan)o, (M )* = b.p.e(u) = C(K).

Corollary 11.4. (RC-K. Yan) Let pu be a Reinhardt measure. Then Up(Mz(M)*) is polynomially

CONVET.

Theorem 11.5. (RC-K. Yan) Let p be a Reinhardt measure on C™ and let K := suppu. Then
int. K C b.p.e.(u).

Lemma 11.6.

Theorem 11.7. (RC-K. Yan, 1995) Let ju be a Reinhardt measure on C%, and let C := log ‘IA(‘

Then

(i) O 2 0o(M., P*(1)) = o0, (M., P()) 2 (exp(8°C x T%))"

(i’) If, in addition, p is well-behaved, then oy, (M,,, P*(1)) = (exp(0°C x T?))~.

(1) or(M., P2(n) = 0y (Mo, P*(1)) = K

(iii) ore(M., P2(11)) = ov, (M., P2(1)) = 0K

(iv) int.K C op(M,, P2(1)) = bp.e.(u) C K
1 if X € int.(K)

0 if A ¢ int.(K)

(vi) kerDy, _\ =ranD}, _, for all X € int.(K).

(v) index(M, — \) =

| 22|

(0,1)

. |21
(0,0) (a,0) (1,0)

FIGURE 11. Graph of the Taylor spectrum of a typical subnormal 2-variable weighted shift
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|22

(0,1)

: |21
(0,0) (a,0) (1,0)

FIGURE 12. Graph of the Taylor essential spectrum of a typical subnormal 2-variable
weighted shift

12. THE SPECTRAL PICTURE OF THE SHIFT IN PROPOSITION 10.16

Theorem 12.1. Consider the following 2-variable weighted shift (see Figure 10). Then

C(K) = (D x D) U (D x {0}),

where C(K) means closure of C(K).

Corollary 12.2. C(K) C o,(T1,T3).

Theorem 12.3. o7 (T1,T3) = 0,(T1, T3) = o (T1,T) = (D x D) U (vV2-D x {0}) # C(K)
Lemma 12.4. (0,y) € o4(T1,T3), for 0 <y < 1.

Theorem 12.5.

o, (T1,T) = ({1} x D) U (V2 - T x {0})

and

0 (T1,Ty) = (Dx{1}) U (V2 - T x {0}).

Corollary 12.6. oy(T1,T) = o4, (T1,T5).
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|22

(0,0) (1,0) (v2,0)

|21]

FIGURE 13. Graph of C(K) for the 2-variable weighted shift of Example 10.16

|22
(0,1) ®
\ 4 L 4 |Zl|
(0,0) (1,0) (v2,0)

F1GURE 14. Graph of the left essential spectrum of the 2-variable weighted shift of
Example 10.16

Theorem 12.7. o7.(T1,T3) = oge(T1, Ty) = (vV2T,0) U ((T x D) U (D x T)).

Theorem 12.8. Let K = ( x D) U (D x {0}). Then K = K, where K means polynomially

convex hull of set K.

=
1D
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|22

L 4 ‘Zl‘

(0,0) (1,0) (v2,0)

F1GURE 15. Graph of the right essential spectrum of the 2-variable weighted shift of
Example 10.16

|22
(0,1) ®
\ 4 L 4 ‘Zl‘
(0,0) (1,0) (v2,0)

F1GURE 16. Graph of the Taylor essential spectrum of the 2-variable weighted shift
of Example 10.16

Corollary 12.9. (exp(8°log ‘IA(‘ x T?)) = %T x T

Corollary 12.10. (B x D) U (v2-Dx{0}) = (B x D) U (v2-B x {0}).
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an+1 an+1 an+1 an+1
(0,n+1)
1 lov o ™
a” a” a” a”
(0,n)
Ty
1 lov lov o™
o? o? o? o?
(0,2)
1 lov lov o™
o o « o
(0,1)
1 o lov ™
1 1 1 1 1
(0,0) (1,0) (2,0) (n,0) (n+1,0)

FIGURE 17. Weight diagram the of 2-variable weighted shift in Proposition 10.7

13. THE SPECTRAL PICTURE OF THE SHIFT IN PROPOSITION 10.7

Proposition 13.1. Consider the 2-variable weighted shift given by the weight diagram in Figure 17,

where a < 1. Then T = (11,T%) is commuting, each of Ty and Ty is subnormal, and all horizontal

and vertical marginal measures & and n; (i,7 > 0) are 1-atomic, but T is not hyponormal.

Theorem 13.2.

or(T) = 0(T1, Tp) = C(K) = [(|1] < 1) x {0}][J[{0} x (22| < 5o)]
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and

ore(T) = oy(Th,T2) = op (Th, T2) = 00, (11, T5)

o0

= {00} (U (=l= ] x {033 {0} x [ (I22] = Boa" )]}
k=0

=0

*~—so ® ® o> ||
(0,0) a” a®aB2 a®> afo a o 1

FI1GURE 18. Graph of the Taylor spectrum of the 2-variable weighted shift in Theorem 13.2

14. JOINT k-HYPONORMALITY

Problem 14.1. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient con-

ditions on Ty and Ty to guarantee the subnormality of T = (T1,T5).

We recall that a pair S = (S51,52) of commuting subnormal operators is called polynomially

subnormal if p(S) is subnormal for all 2-variable polynomials p € Clzq, 23].
e (Franks, 1994) If p(S) is subnormal for all p with degp <5, then S is subnormal.

Using Franks’ result, we can give an abstract answer to Problem 14.1.

Definition 14.2. A commuting pair T = (T1,T3) is called k-hyponormal if T (k) := (T1, Ty, T?, T Ty,
T2, - ,T{“,TQT{“_I, “ee ,TQI‘”‘) 1s hyponormal, or equivalently

((TETY)", T3 T )1<mansk = 0.

1<p+q<k
40



E2
Bo @

aﬁo ®

aB? @
a®
aBs @

a1’
a" By T

—o——@ —e———> ||
(0,0) a” aaBs a®> afo a PBo 1
Proposition 13.3.

F1GURE 19. Graph of the Taylor essential spectrum of the 2-variable weighted shift
in Theorem 13.2

Clearly, subnormal = (k + 1)-hyponormal = k-hyponormal for every k > 1.
We now present our multivariable version of the Bram-Halmos criterion for subnormality. When
combined with Theorem 14.5 below, Theorem 14.3 provides an abstract answer to Problem 14.1, by

showing that no matter how k-hyponormal the pair T might be, it may still fail to be subnormal.

Theorem 14.3. (Multivariable Version of the Bram-Halmos Criterion) Let T = (T1,T3) be a

commuting pair of operators on a Hilbert space H. The following statements are equivalent.

(i) T is subnormal.
(ii) T(k) is subnormal for all k € Z .
(iii) T is k-hyponormal for all k € Z.

In the single variable case, there are useful criteria for k-hyponormality, and for 2-variable weighted
shifts, we have the Six-point Test for joint hyponormality. We now present a characterization of

k-hyponormality for 2-variable weighted shifts.

Theorem 14.4. Let T = (T1,T5) be a 2-variable weighted shift with weight sequences o = {ax} and
B ={Px}. The following statements are equivalent.

(a) T is k-hyponormal.

(b) (3T (T 1Y), T3 T (T5TY) )ismansn 2 0.

1<p+q<k
(c) (<[(T2(1Tf)*, TQ”Tlm]equ(m,n), €u+(p,q)>)}§m++72§kk >0 forallue Zi.
<p+q<
(d) (7u7u+(m,n)+(p,q) - 7u+(m,n)7u+(p,q))Egﬁ;ﬁkk >0 for allu € Za—-
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(e) Mu(k) = (Yut(mn)+(p.q))osminzk > 0 for all u € Z3. (For a subnormal pair T, the matriz
0<p+q<k

My (k) is the truncation of the moment matriz associated to the Berger measure of T.)

As an application of Theorem 14.4, we build a two-parameter family of 2-variable weighted shifts
(see Figure 20 below), and we identify the precise parameter ranges that separate hyponormality
from 2-hyponormality, 2-hyponormality from 3-hyponormality, etc., and k-hyponormality from sub-
normality. We believe these are the first examples in the literature of commuting pairs of subnormal
operators which are k-hyponormal but not (k + 1)-hyponormal.

For 0 <y <1, let x ={z,}>2, where

y\/g, ifn=0
(n+1)(n+3)

GRS if n>1.

It can be shown that W, = shift(xg,z1,---) is subnormal.

Theorem 14.5. For 0 < a < %, the 2-variable weighted shift T given by Figure 20 is

: V/32—48a% .
(i) hyponormal < 0 <y < \/TTZ?’

(k+1)2 _ o
. 2k(k+2) ¢ .
(i) k-hyponormal < 0 <y < e (7 i (k > 2);
2 2k(k+2) T a(k+1)2
(iii) subnormal < 0 <y < 2_1a2 )
In particular, T is hyponormal and not subnormal if and only if 4/ ﬁ <y < \/:@3:‘;222.

Remark 14.6. (i) Even for 1-variable weighted shifts, it is generally difficult to provide concrete
parameterizations that separate k-hyponormality from (k + 1)-hyponormality. That we can accom-
plish the same separation for 2-variable weighted shifts is an indication that the condition in Theorem
14.4(e) is sharp.

(i) Theorem 14.5 gives a new family of examples, with explicit parameter values to distinguish
between k-hyponormality and (k + 1)-hyponormality, and a fortiori between hyponormality and

subnormality.
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(0,n+1)

(0,n)

Ty

(0,1)

FIGURE

a 1 1 1
1 1 1 1 1
a 1 1 1
1 1 1 1 1
a 1 1 1
1 1 1 1 1
a 1 1 1
2 oY _ ay __ay
z0 ToT1 TOT1T2 T Ty —1
o T T2 In
(1,0) (2,0) (n,0) (n+1,0)
Ty
20. Weight diagram of the 2-variable weighted shift in Theorem 14.5

e (15-point Test) Let T = (71,T3) be a 2-variable weighted shift, with weight sequences «
and 8. Then

Vk1,ka
Vk1+1,k2
Vk1,k2+1
VE142,ko

Vi1 +1,ko+1
Yk, ko+2

T is 2 — hyponormal

Yk1+1,ko
Yk1+2,ko
VE14+1,ko+1
Vi1 +3,k2
V1 42,ko+1
VE141,ko+2

0<p+q<2

Vk1,k2+1
Vk141,ko+1
VE1,ka+2
VEk142,ko+1
Vi1 +1,ko+2
Vk1,ka+3

& My (2) := ('Yk+(n’m)+(p7q))0§n+m§2 >0 (all k € Zi)

Vk1+2,ko
Yk1+3,ko
VE142,ka+1
V144, ko
Vh1+3,ko+1
Vi1 +2%3+2

Vk141,ka+1
Vk142,ka+1
VEk141,ko+2
Vik1+3,k2+1
Vk1+2,ko+2
Vk1+41,ko+3

Yk1,ko+2
VE141,ko+2
Yk1,ka+3
Vi1 +2,ko+2
Vik1+1,k2+3
Vi1 ,ko+4

>0 (all k € Z2).



(k‘l, ko + 4).

ﬁk1,k2+3
Akq,ko+3
(K1, k2 +3)
ﬁk1,k2+2 ﬁk1+1,k2+2
Ak ka2 ki +1,ko+2
(/ﬂl, ko + 2)‘ @
B1,ka+1 Bri+1k0+1  [Bri+2,k041
Ak k41 ki +1,ko+1 ki +2,ko+1
(ki, k2 +1)@ ! !
k1 ks Bk +1,ks k1 +2,ks o143, ko
® ALy, ko k1 +1,ka Ay 42,ko Al +3,ky
(1, k2) (kv + 1, k2) (k1 +2,k2)  (k1+3,k2) (k1 +4,k2)

FIGURE 21. Weight diagram used in the 15-point Test

15. PROPAGATION IN THE 2-VARIABLE HYPONORMAL CASE

We show that if a commuting, hyponormal pair T = (71,75) with 77 quadratically hyponormal
satisfies (g, 41,ky) = Qi ko) fOr some kq, ko > 1, then (T7,T2(1 ® Ufrl)) is horizontally flat. We
also prove that this result is optimal in the following sense: the propagation does not extend either
to the left (0-th column) or down (below ka2-th level).

Definition 15.1. A 2-variable weighted shift T is horizontally flat (resp. vertically flat) if a(, g,y =
a1y for all ki, ka > 1 (resp. By, k) = Ba,yy for all ki, ke > 1). We say that T is flat if T is
horizontally and vertically flat (cf. Figure 22), and we say that T is symmetrically flat if T is flat
and a1 = P11-

Theorem 15.2. Let T = (T1,T3) be a commuting, hyponormal 2-variable weighted shift.

(i) If Th is quadratically hyponormal and oy, ky)4+e; = Q(ky ky) fOr some ki, ke > 1, then (T1,To(I ®
U_]f_rl)) is horizontally flat.

(ii) 1f, instead, Ty is quadratically hyponormal and Bk, ky)+e, = By ko) for some ki, k2 > 1, then
(Tl(UJ]flf1 ® I),T5) is vertically flat.
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Q0 ko +1 1 Ie 1o
(0, ko + 1) 2 hd L °
180,k b b b b
Q0 ky 1 1 1y
(0, k2) ° ° °
To
ﬁo,z ) ) > b
Q0,2 1‘ 1‘ 1‘
(0,2) © © °
80,1 > b 2 b b
Q0,1 1‘ 1‘ 1_
0.1 . . .
30,0 31,0 18k1 0 Bk +1,0
Q0,0 1,0 Ak ,0 Qlkq 41,0
(070) (170) (klvo) (kl + 170)
Ty

FIGURE 22. Weight diagram of a flat 2-variable weighted shift (with round dots for

horizontal flatness, triangular dots for vertical flatness)

Remark 15.3. The proof of Theorem 15.2 shows that for T = (77, T5) commuting and hyponormal,
and for kl, kQ > 0,

Qe ko) er = Ok ko) = Bk ko) = Bk ko) +er (15.1)

Moreover, if ko > 1,

Ak, ko) +e1 = Yk k) and Qky ko) +e1—e2 = X(ki,k2)—e2 = ki ka)+er — X(ki,k2)+e1—e2

To demonstrate optimality, we recall the class of Bergman-like weighted shifts.
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Definition 15.4. For { > 1, the Bergman-like weighted shift acting on (2(Zy) is

BY = shift({,/t — g+5) : k = 0}); that is,

1
k+2

Bf)ek = {— €k+1 (k‘ > 0).

In particular, BS:) =B, = shift(\/g, \/g, \/é, -+ ) is the Bergman shift.

Remark 15.5. (i) B is subnormal with Berger measure d¢(s) := ds.

(i) (RC, Y.T. Poon and J. Yoon) Bf) is subnormal with Berger measure d{(s) := m/%.

Theorem 15.6. For every ko > 1 there exist

(i) a family {Bgi)}fial of Bergman-like weighted shifts,

(it) a hyponormal weighted shift Wy := shift(Bo, B1, B2, -+ ) (with By < Bpy1 for alln > 0), and
(71i) a constant oy < 1,

such that the commuting 2-variable weighted shift with a weight diagram whose first ko rows are
BS_KO), e ,Bfkrl), whose remaining rows are Sy, and whose 0th column is given by Wy is hyponor-
mal (see Figure 23 for the case ky = 2).
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