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Abstract. We construct three different families of commuting pairs of subnormal operators, jointly

hyponormal but not admitting commuting normal extensions. Each such family can be used to an-

swer in the negative a 1988 conjecture of RC, P. Muhly and J. Xia. We also obtain a sufficient

condition under which joint hyponormality does imply joint subnormality.

Our tools include the use of 2-variable weighted shifts, the six-point test for joint hyponormality,

disintegration of measures techniques, the theory of multivariable moment problems, and matrix pos-

itivity. We obtain new necessary conditions for the existence of a lifting, and generate new pathology

associated with bringing together the Berger measures associated to each individual weighted shift.

For subnormal 2-variable weighted shifts, we then find the precise relationship between the Berger

measure of the pair and the Berger measures of the shifts associated to horizontal rows and vertical

columns of weights.

Finally, we consider the (multivariable) spectral theory of these hyponormal pairs, and discover some

unexpected new phenomena, not present in the single variable theory.
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1. Preliminaries

From P.R. Halmos, A Hilbert Space Problem Book, Second Edition, Springer-Verlag, 1982:

Problem 203. Give an example of a hyponormal operator that is not subnormal.

This is not easy. The techniques used are almost sufficient to yield...

Halmos eventually gives α, β, 1, 1, 1, ... as a counterexample.

Problem 209. Give an example of a hyponormal operator whose square is not hyponormal.

This is not easy. It is, in fact, bound to be at least as difficult as the construction of a hyponormal

operator that is not subnormal (Problem 203), since any solution of Problem 209 is automatically a

solution of Problem 203.

One of the things we’ll do today is show a collection of examples of hyponormal pairs of commuting

subnormals that are not jointly subnormal.

1.1. Positivity of Block Matrices.

Theorem 1.1. (Smul’jan, 1959)

(
A B

B∗ C

)
≥ 0 ⇔

⎧⎪⎨⎪⎩
A ≥ 0

B = AW

C ≥W ∗AW

.

Moreover, rank

(
A B

B∗ C

)
= rank A⇔ C = W ∗AW.

Corollary 1.2. A ≥ 0, rank

(
A B

B∗ C

)
= rank A⇒

(
A B

B∗ C

)
≥ 0.

1.2. Subnormality and Hyponormality. L(H): algebra of bounded operators on a Hilbert space

H
T ∈ L(H) is

• normal if T ∗T = TT ∗

• subnormal if T = N |H, where N is normal and NH ⊆ H
• hyponormal if T ∗T ≥ TT ∗
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• For S, T ∈ B(H), [S, T ] := ST − TS.

• An n-tuple T ≡ (T1, ..., Tn) is jointly hyponormal if

[T∗,T] :=

⎛⎜⎜⎜⎜⎜⎝
[T ∗

1 , T1] [T ∗
2 , T1] · · · [T ∗

n , T1]

[T ∗
1 , T2] [T ∗

2 , T2] · · · [T ∗
n , T2]

...
... · · · ...

[T ∗
1 , Tn] [T ∗

2 , Tn] · · · [T ∗
n , Tn]

⎞⎟⎟⎟⎟⎟⎠ ≥ 0.

• For k ≥ 1, T is k-hyponormal if (T, ..., T k) is (jointly) hyponormal, i.e.,⎛⎜⎜⎝
[T ∗, T ] · · · [T ∗k, T ]

...
. . .

...

[T ∗, T k] · · · [T ∗k, T k]

⎞⎟⎟⎠ ≥ 0

• T is normal if T is commuting and each Ti is normal

• T is subnormal if T is the restriction of a normal n-tuple to a common invariant subspace

• normal ⇒ subnormal ⇒ hyponormal.

• (Bram-Halmos, n = 1)

T subnormal ⇔ T is k-hyponormal for all k ≥ 1

⇔ (T, T 2, ..., T k) is hyponormal for all k ≥ 1.

subnormal ⇒ · · · ⇒ k-hyponormal ⇒ · · · ⇒ 2-hyponormal

polynomially hyponormal

(p(T ) hyponormal for all p ∈ C[z])

1.3. Weighted Shifts and Berger’s Theorem. Given a sequence of positive numbers (weights)

α ≡ α0, α1, α2, ..., the unilateral weighted shift on �2(Z+) associated with α is

Wαek := αkek+1 (k ≥ 0)

The moments of α are given as

γk ≡ γk(α) :=

{
1 if k = 0

α2
0 · ... · α2

k−1 if k > 0

}
.

• Wα is never normal

• Wα is hyponormal ⇔ α2
k+1 − α2

k ≥ 0 (all k ≥ 0)
3



• (Berger’s Theorem) Wα is subnormal iff there exists ξ ≥ 0 on [0, ‖Wα‖2] such that

γk =
∫
tk dξ(t) (all k ≥ 0).

Definition 1.3. Wα is flat (or briefly, α is flat) if α1 = α2 = α3 = · · · . .

Theorem 1.4. (Propagation)

(i) (Stampfli, 66) Let Wα be subnormal. If αn = αn+1 for some n ≥ 0, then α is flat, i.e.,

α1 = α2 = α3 = · · · . In this case, the Berger measure is ξ ≡ (1 − a2
0)δ0 + a2

0δa2
1
, where δp denotes

the point-mass probability measure with support the singleton {p}.
(ii) (RC, 88) Let Wα be 2-hyponormal. If αn = αn+1 for some n ≥ 0, then α is flat.

(iii) (Choi, 2000) Let Wα be quadratically hyponormal. If αn = αn+1 for some n ≥ 1, then α is flat.

Application 1.5. Recall

Problem 203. Give an example of a hyponormal operator that is not subnormal.

Problem 209. Give an example of a hyponormal operator whose square is not hyponormal.

(i) Wα : 0 < α0 < α1 < 1 = 1 = 1 = ... is hyponormal but not subnormal. The square of

Wα however, is unitarily equivalent to (α0α1 < 1 = 1 = ...)
⊕

(α1 < 1 = 1 = ...), and therefore

subnormal.

(ii) T := U∗
+ + 2U+ is hyponormal, but T 2 is not hyponormal.

1.4. Multivariable Weighted Shifts.

αk, βk ∈ �∞(Z2
+), k ≡ (k1, k2) ∈ Z2

+ := Z+ × Z+

�2(Z2
+) ∼= �2(Z+)

⊗
�2(Z+).

We define the 2-variable weighted shift T ≡ (T1, T2) by

T1ek := αkek+ε1

T2ek := βkek+ε2,

where ε1 := (1, 0) and ε2 := (0, 1). Clearly,

T1T2 = T2T1 ⇐⇒ βk+ε1αk = αk+ε2βk (all k). (1.1)

(k1, k2) (k1 + 1, k2)

αk1,k2

αk1,k2+1
(k1, k2 + 1) (k1 + 1, k2 + 1)

βk1,k2 βk1+1,k2

4



• Trivially, a pair of unilateral weighted shifts Wa and Wβ gives rise to a 2-variable weighted

shift T ≡ (T1, T2), if we let α(k1,k2) := αk1 and β(k1,k2) := βk2 (all k1, k2 ∈ Z2
+). In this

case, T is subnormal (resp. hyponormal) if and only if so are T1 and T2; in fact, under the

canonical identification of �2(Z2
+) and �2(Z+)

⊗
�2(Z+),

T1
∼= Wa

⊗
I

and

T2
∼= I
⊗

Wβ,

and T is also doubly commuting. For this reason, we do not focus attention on shifts of

this type, and use them only when the above mentioned triviality is desirable or needed.

• (Jewell-Lubin)

Wα is subnormal ⇔ γk :=
k1−1∏
i=0

α2
(i,0) ·

k2−1∏
j=0

β2
(k1−1,j)

=
∫
tk1
1 t

k2
2 dµ(t1, t2) (all k ≥ 0).

Thus, the study of subnormality for multivariable weighted shifts is intimately connected to mul-

tivariable real moment problems.

2. The Lifting Problem for Commuting Subnormals

• If Wα is subnormal, and if for h ≥ 1 we let

Mh :=
∨

{en : n ≥ h},

then the Berger measure of Wα|Mh
is 1

γh
thdξ(t).

• T ≡ (T1, T2) subnormal ⇒ T i subnormal for i = 1, 2. For instance,

T1
∼=

∞⊕
j=0

Wα(j) ,

where α(j)
i := α(i,j), so that Wα(j) has associated Berger measure

dνj(t1) :=
1

γ(0,j)

∫
[0,a2]

tj2dΦt1(t2),

where

dµ(t1, t2) ≡ dΦt1(t2)dη(t1)

is the canonical disintegration of µ by vertical slices.

Problem 2.1. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient condi-

tions on T1 and T2 to guarantee the subnormality of T .
5



It is well known that the above mentioned necessary conditions do not suffice. In terms of the

marginal measures {νj}∞j=0 and {ωi}∞i=0 , the problem can be phrased as a reconstruction-of-measure

problem, that is, under what conditions on the measures {νj}∞j=0 and {ωi}∞i=0 does there exist a

2-variable measure µ correctly interpolating all the powers tk1
1 t

k2
2 (k1, k2 ≥ 0).

2.1. The Six-Point Test for Joint Hyponormality.

Theorem 2.2. (RC, 1988) Let T ≡ (T1, T2) be a 2-variable weighted shift, with weight sequences α

and β. Then

[T∗,T] ≥0 ⇔ (([T ∗
j , Ti]ek+εj

, ek+εi
))2i,j=1 ≥ 0 (all k ∈ Z2

+)

⇔
(

α2
k+ε1

− α2
k αk+ε2βk+ε1 − αkβk

αk+ε2βk+ε1 − αkβk β2
k+ε2

− β2
k

)
≥ 0 (all k ∈ Z2

+).

(k1, k2) (k1 + 1, k2) (k1 + 2, k2)

αk1,k2 αk1+1,k2

αk1,k2+1
(k1, k2 + 1)

(k1, k2 + 2)

(k1 + 1, k2 + 1)

βk1,k2

βk1,k2+1

βk1+1,k2

Application. (Propagation) (RC - Yoon, 2003) If αk+ε1 = αk for some k, then αk+ε2 = αk.

a c

e

b

d

f
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(
c2 − a2 ef − ab

ef − ab d2 − b2

)
≥ 0 and c = a⇒ ef = ab

⇒ aef = aab⇒ e(af) = a2b

⇒ e(eb) = a2b

⇒ e2b = a2b⇒ e = a

Unlike the single-variable case, in which there is a clear separation between hyponormality and

subnormality, much less is known about the multivariable case.

Conjecture 2.3. (RC-Muhly-Xia, 1988) Let T ≡ (T1, T2) be a pair of commuting subnormal oper-

ators on H. Then T is subnormal if and only if T is hyponormal.

• M. Dritschel and S. McCullough, working independently, have been able to obtain a separate

example. We shall see later that their example is a special case of a general construction

that produces nonsubnormal hyponormal pairs with T1
∼= T2.

Proposition 2.4. (Subnormal backward extension of a 1-variable weighted shift) (cf RC, 1988)

Let T be a weighted shift whose restriction TM to M := ∨{e1, e2, · · · } is subnormal, with associated

measure µM. Then T is subnormal (with associated measure µ) if and only if

(i) 1
t ∈ L1(µM)

(ii) α2
0 ≤ (

∥∥1
t

∥∥
L1(µM)

)−1

In this case, dµ(t) = α2
0
t dµM(t) + (1 − α2

0

∥∥1
t

∥∥
L1(µM)

)dδ0(t), where δ0 denotes Dirac measure at 0.

In particular, T is never subnormal when µM({0}) > 0.

Proof. ⇒) The moments of T and TM are related by the equation

γk(TM) ≡ α2
1 · · ·α2

k =
γk+1 (T )
α2

0

so that
1
α2

0

∫
tk+1dµ(t) =

∫
tkdµM(t) (all k ≥ 0),

that is,

tdµ(t) = α2
0dµM(t).

It follows at once that

dµ(t) = λdδ0(t) +
α2

0

t
dµM(s),

where λ ≥ 0. Since
∫
dµ = 1, we must have 1

t ∈ L1(µM) and α2
0

∥∥1
t

∥∥
L1(µM)

≤ 1. Finally, it is

straightforward to verify that λ = (1 − α2
0

∥∥1
t

∥∥
L1(µM)

).

⇐) Let

dµ(t) :=
α2

0

t
dµM(t) + (1 − α2

0

∥∥∥∥1t
∥∥∥∥

L1(µM)

)dδ0(t).
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By hypotheses, µ is a positive Borel measure on [0, ‖T‖2]. Moreover,∫
dµ = α2

0

∫
1
t
dµM + (1 − α2

0

∥∥∥∥1
t

∥∥∥∥
L1(µM)

)
∫
dδ0 = 1,

and for k ≥ 1, ∫
tkdµ(t) = α2

0

∫
tk

1
t
dµM(t) + (1 − α2

0

∥∥∥∥1
t

∥∥∥∥
L1(µM)

)
∫
tkdδ0(t)

= α2
0

∫
tk−1dµM(t) = α2

0γk−1(TM) = γk(T ).

Therefore, T is subnormal, with Berger measure µ. �

• The maximum possible value for α0 in Proposition 2.4, namely (
∥∥1

t

∥∥
L1(µM)

)−1, will be

denoted by αext ≡ αext(µM). More generally, given a (1-variable) subnormal weighted shift

Wη with weight sequence η1 ≤ η2 ≤ ... and Berger measure ν, we let

ηext :=

{
0 if 1

t /∈ L1(ν)

(
∥∥1

t

∥∥
L1(ν)

)−1 if 1
t ∈ L1(ν)

.

Observe that when the weight sequence η is strictly increasing and 1
t ∈ L1(ν), we must

necessarily have ηext < η1, by a result of J. Stampfli.

• shift(α0, α1, ...) denotes the weighted shift with weight sequence {αk}∞k=0.

• U+ := shift(1, 1, ...)

• For 0 < a < 1 we let Sa := shift{a, 1, 1, ...).
• The Berger measures of U+ and Sa are δ1 and (1 − a2)δ0 + a2δ1, respectively.

• B+ denotes the Bergman shift, whose Berger measure is Lebesgue measure on the interval

[0, 1]; the weights of B+ are given by the formula αn :=
√

n+1
n+2 (n ≥ 0).

• (RC, 1990) Wα :
√

2
3 ,
√

2
3 ,
√

3
4 ,
√

4
5 , ... is quadratically hyponormal.

• An important class of one-variable subnormal weighted shifts is obtained by considering

measures ξ with exactly two atoms t0 and t1. These shifts arise naturally in the Subnormal

Completion Problem and in the theory of truncated moment problems.

For t0, t1 ∈ R+, t0 < t1, and ρ0, ρ1 > 0, the moments of the 2-atomic measure ξ:= ρ0δt0+ρ1δt1

satisfy the 2-step recursive relation

γn+2 = ϕ0γn + ϕ1γn+1 (n ≥ 0);

at the weight level, this can be written as

α2
n+1 =

ϕ0

α2
n

+ ϕ1 (n ≥ 0).

The coefficients of recursion are given by

ϕ0 = −α
2
0α

2
1(α

2
2 − α2

1)
α2

1 − α2
0

and ϕ1 =
α2

1(α
2
2 − α2

0)
α2

1 − α2
0

, (2.1)
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the atoms t0 and t1 are the roots of the equation

t2 − (ϕ0 + ϕ1t) = 0, (2.2)

and the densities ρ0 and ρ1 uniquely solve the 2 × 2 system of equations{
ρ0 + ρ1 = 1

ρ0t0 + ρ1t1 = α2
0

. (2.3)

Lemma 2.5. (RC-Fialkow, 1994) For 0 < α0 < α1 < α2, let W(α0,α1,α2)ˆ be the weighted shift

described by (2.1), (2.2) and (2.3), and let Wη := shift(α1, α2, ...), that is, Wη ≡ W(α0,α1,α2)ˆ|M.

Then

ηext = α0.

Theorem 2.6. (RC-IB Jung, 2000) Let α : 1, (1,
√

1 + h,
√

1 + h+ k)∧ with h, k > 0. Then Wα is

positively quadratically hyponormal if and only if (h, k) ∈ U1, with U1 as shown below.

k

h

U1

0.02 0.04 0.06 0.08 0.1 0.12

0.02

0.04

0.06

0.08

0.1

0.12

Figure 1. For α : 1, (1,
√

1 + h,
√

1 + h+ k)∧, Wα is
positively quadratically hyponormal ⇐⇒ (h, k) ∈ U1.
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3. The First Family of Counterexamples

Construction of the family. Let 0 < a, b < 1 and let {ξk}∞k=0 and {ηk}∞k=0 be two strictly

increasing weight sequences. Consider the 2-variable weighted shift T ≡ (T1, T2) on �2(Z2
+) given

by the double-indexed weight sequences

α(k) :=

{
ξk1 if k1 ≥ 1 or k2 ≥ 1

a if k1 = 0 and k2 = 0
(3.1)

and

β(k) :=

{
ηk2 if k1 ≥ 1 or k2 ≥ 1

b if k1 = 0 and k2 = 0
. (3.2)

where Wξ and Wη are two single-variable subnormal weighted shifts with Berger measures ν and ω,

resp., and

aη0 = bξ0 (3.3)

(to guarantee the commutativity of T1 and T2 (1.1)).

• T1 and T2 are subnormal provided a ≤ ξext(νM) and b ≤ ηext(ωM); in particular, a < ξ1 and

b < η1.

Proposition 3.1. T is subnormal only if a ≤ s, where s :=
√

ξ2
0ξ2

1η2
1

ξ2
1η2

0+ξ2
0η2

1−ξ2
0η2

0
.

Proposition 3.2. T is hyponormal if and only if a ≤ h, where h := ξ0

√
ξ2
1η2

1−ξ2
0η2

0

ξ2
0η2

1+ξ2
1η2

0−2ξ2
0η2

0
.

Thus, to ascertain the existence of a nonsubnormal, hyponormal 2-variable weighted shift T (with

T1 and T2 subnormal), it suffices to show that for appropriate choices of ξ0, ξ1, η0 and η1, it is possible

to obtain s < h, while keeping a ≤ ξext(νM) and b ≡ aη0

ξ0
≤ ηext(ωM). Now,

h2 − s2 =
ξ40η

2
0(ξ

2
1 − ξ20)(η2

1 − η2
0)

(ξ20η
2
1 + ξ21η

2
0 − 2ξ20η

2
0)(ξ

2
1η

2
0 + ξ20η

2
1 − ξ20η

2
0)
> 0.

Therefore, it suffices to prove the existence of strictly increasing weight sequences {ξi} and {ηj} such

that

(i) a ≤ h (hyponormality of T)

(ii) a > s (nonsubnormality of T)

(iii) a ≤ ξext(νM) (subnormality of T1)

(iv) a ≤ s2 := ξ0
η0
ηext(ωM) (subnormality of T2).

We now seek to determine the relative positions of h, s, s2, ξ0, ξext(νM) and ξ1 in the positive real

axis.

Claim 1: ξ0 ≤ ξext(νM), because shift{ξ0, ξ1, ...) is subnormal.

Claim 2: ξ0 < s. For,

s2 − ξ20 =
ξ20ξ

2
1η

2
1

ξ21η
2
0 + ξ20η

2
1 − ξ20η

2
0

− ξ20 =
ξ20(ξ

2
1 − ξ20)(η

2
1 − η2

0)
ξ21η

2
0 + ξ20η

2
1 − ξ20η

2
0

> 0.
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

a ξ1 ξ2 · · · ξn · · ·

ξ0 ξ1 ξ2 · · · ξn · · ·

ξ0 ξ1 ξ2 · · · ξn · · ·

· · · · · · · · · · · · · · · · · ·

ξ0 ξ1 ξ2 · · · ξn · · ·

ξ0 ξ1 ξ2 · · · ξn · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

b

η1

η2

...

ηn

...

η0

η1

η2

...

ηn

...

η0

η1

η2

...

ηn

...

η0

η1

η2

...

ηn

...

η0

η1

η2

...

ηn

...

...

...

...

...

...

...

Claim 3: s < ξ1. For,

ξ21 − s2 = ξ21 − ξ20ξ
2
1η

2
1

ξ21η
2
0 + ξ20η

2
1 − ξ20η

2
0

=
ξ21η

2
0(ξ

2
1 − ξ20)

ξ21η
2
0 + ξ20η

2
1 − ξ20η

2
0

> 0.

Claim 4: h < ξ1.

Claim 5: s < s2 whenever η0 < u := ξ2
0η2

eη2
1

ξ2
1(η2

1−η2
e)+ξ2

0η2
e
, where ηe ≡ ηext(ωM).

Claim 6: h ≤ s2 whenever η0 ≤ v := ξ2
1(η2

1−η2
e)+2ξ2

0η2
e−

√
(η2

1−η2
e)(ξ4

1(η2
1−η2

e )+4ξ2
0η2

e (ξ2
1−ξ2

0))

2ξ2
0

.
11



We now summarize what we have so far. For η0 < min{u, v} we have

(Have)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ξ0 < s < h ≤ s2

h < ξ1

ξext(νM) < ξ1.

(Need)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

s < a ≤ h

a ≤ ξext(νM)

a ≤ s2.

Thus, if we can ensure that h ≤ ξext(νM), the construction of the example will be complete by taking

a such that s < a ≤ h.

Since h ≤ s2, it suffices to build shift(ξ0, ξ1, ...) in such a way that ξext(νM) = s2. Recall

Lemma 3.3. (RC-Fialkow, 1994) For 0 < α0 < α1 < α2, let W(α0,α1,α2)ˆ be the weighted shift

described by (2.1), (2.2) and (2.3), and let Wη := shift(α1, α2, ...), that is, Wη ≡ W(α0,α1,α2)ˆ|M.

Then ηext = α0.

We first build a 2-step recursively generated weighted shift whose first three weights are s2, ξ1 and

ξ2, and we then consider the shift Wξ0(ξ1,ξ2,ξ3)ˆ, where ξ3 is given by ξ3 := ϕ0

ξ2
2

+ϕ1 obtained from the

equation γ4 = ϕ0γ2 + ϕ1γ3.

The extremal value of W(ξ1,ξ2,ξ3)ˆ is s2, and ξ0 < s2, so the subnormality of Wξ0(ξ1,ξ2,ξ3)ˆ is guar-

anteed. This completes the construction of the example.

Theorem 3.4. Let T ≡ (T1, T2) be the 2-variable weighted shift defined by (3.1) and (3.2), let⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h := ξ0

√
ξ2
1η2

1−ξ2
0η2

0

ξ2
0η2

1+ξ2
1η2

0−2ξ2
0η2

0
,

s :=
√

ξ2
0ξ2

1η2
1

ξ2
1η2

0+ξ2
0η2

1−ξ2
0η2

0
,

s2 := ξ0
η0
ηe, where ηe ≡ ηext(ωM),

u := ξ2
0η2

eη2
1

ξ2
1(η2

1−η2
e )+ξ2

0η2
e
, and

v := ξ2
1(η2

1−η2
e)+2ξ2

0η2
e−

√
(η2

1−η2
e)(ξ4

1(η2
1−η2

e)+4ξ2
0η2

e(ξ2
1−ξ2

0))

2ξ2
0

.

Assume further that, as above, s2 = ξext(νM) and η0 ≤ min{u, v}. Finally, choose a such that

s < a ≤ h. Then

(i) T1T2 = T2T1;

(ii) T1 is subnormal;

(iii) T2 is subnormal;

12



(iv) T is hyponormal; and

(v) T is not subnormal.

Example 3.5. For a concrete numerical example, let

dωM(t) := 2dt on [
1
2
, 1],

so that
∥∥1

t

∥∥
L1(ωM)

= 2 ln 2. It follows that

ηe ≡ ηext(ωM) =
1√

2 ln 2

and η1 =
√

3
2 . Now take ξ0 := 1

2 and ξ1 := 1, and η0 := 1
2 .

(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

0.72 1
√

2 · · · ξn · · ·

1
(
2) 1

√
2 · · · ξn · · ·

1
2

1
√

2 · · · ξn · · ·

· · · · · · · · · · · · · · · · · ·

ξ0 ξ1 ξ2 · · · ξn · · ·

1
2

1
√

2 · · · ξn · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

0.72

√
3

2

1

...

ηn

...

1
2

√
3

2

1

...

ηn

...

1
2

√
3

2

1

...

ηn

...

1
2

√
3

2

1

...

ηn

...

1
2

√
3

2

1

...

ηn

...

...

...

...

...

...

...

With this choice of η0 we obtain

s =
√

2
2

∼= 0.707, h =
1
2

√
11
5

∼= 0.742
13



and

s2 = ηe =
1√

2 ln 2
∼= 0.849.

We can then take a ∈ (s, h], for instance a := 0.72.

To build the weighted shift Wξ we start with s2, ξ1 and ξ2 :=
√

2 to obtain ϕ0 = 1
1−2 ln 2 and

ϕ1 = 1−4 ln 2
1−2 ln 2 . It follows that the measure associated to shift(ξ0, ξ1, ξ2, ...) is

dν(t) =
1
4t

(ρ0dδt0(t) + ρ1dδt1(t)) + (1 − 1
4

∥∥∥∥1t
∥∥∥∥

L1(νM)

)dδ0(t).

4. The Second Family of Counterexamples

Recall that Wα is subnormal if and only if there exists a probability measure ξ ≡ ξα supported in

[0, ‖Wα‖2] such that

γk(α) := α2
0 · ... · α2

k−1 =
∫
tk dξ(t) (k ≥ 1).

Example 4.1. If Wα ≡ shift(α0, 1, 1, ...), we have ξα = (1 − α2
0)δ0 + α2

0δ1.

Lemma 4.2. Given two 1-variable weight sequences α and β, the 2-variable weighted shift

(Wα

⊗
I, I
⊗

Wβ)

is always subnormal, with Berger measure

µ := ξα × ξβ.

Definition 4.3. Let µ and ν be two positive measures on R+. We say that µ ≤ ν on X := R+, if

µ(E) ≤ ν(E) for all Borel subset E ⊆ R+; equivalently, µ ≤ ν if and only if
∫
fdµ ≤ ∫ fdν for all

f ∈ C(X) such that f ≥ 0 on R+.

Definition 4.4. µ probability measure on X × Y , with 1
t ∈ L1(µ). The extremal measure µext (also

a probability measure) on X × Y is given by

dµext(s, t) := (1 − δ0(t))
1

t
∥∥ 1

t

∥∥
L1(µ)

dµ(s, t).

Example 4.5. B+ : Bergman shift on �2(Z+), M ≡M1 :=
∨{e1, e2, ...}.

B+|M is subnormal, with Berger measure dµ(t) := tdt on [0, 1].

Then dµext(t) = dt, so µext is the Berger measure of B+.

Definition 4.6. For µ on X × Y , the marginal measure µX is given by

µX := µ ◦ π−1
X ,

where πX : X × Y → X is the canonical projection onto X. Thus,

µX(E) = µ(E × Y ),

for every E ⊆ X. If µ is a probability measure, then so is µX .
14



Lemma 4.7. µ : Berger measure of 2-variable weighted shift T

ν : Berger measure of shift(α00, α10, ...).

Then ν = µX . As a consequence,∫∫
f(s) dµ(s, t) =

∫
f(s) dµX(s) (all f ∈ C(X)).

Corollary 4.8. µ : Berger measure of 2-variable weighted shift T .

For j ≥ 1, let dµj(s, t) := 1
γ0j
tjdµ(s, t).

Then the Berger measure of shift(α0j , α1j , ...) is νj ≡ µX
j .

Example 4.9. (ξ × η)X = ξ.

Lemma 4.10. Let µ and ω be two measures on X × Y , and assume that µ ≤ ω. Then µX ≤ ωX .

Proposition 4.11. (Subnormal backward extension of a 2-variable weighted shift)

M : subspace of �2(Z2
+) associated to indices k with k2 ≥ 1.

Assume TM subnormal with measure µM and W0 := shift(α00, α10, · · · ) subnormal with measure ν.

Then T is subnormal if and only if

(i) 1
t ∈ L1(µM);

(ii) β2
00 ≤ (

∥∥1
t

∥∥
L1(µM)

)−1;

(iii) β2
00

∥∥1
t

∥∥
L1(µM)

(µM)Xext ≤ ν.

Moreover, if β2
00

∥∥1
t

∥∥
L1(µM)

= 1, then (µM)Xext = ν.

When T is subnormal, its Berger measure is

dµ(s, t) = β2
00

∥∥∥∥1t
∥∥∥∥

L1(µM)

d(µM)ext(s, t) + (dν(s) − β2
00

∥∥∥∥1
t

∥∥∥∥
L1(µM)

d(µM)Xext(s))dδ0(t).

Key Ideas.

γk+ε2(T) = β2
00γk(TM) (all k ∈ Z2

+),

so

tdµ(s, t) = β2
00dµM(s, t)

and

µM(E × {0}) = 0 (for all E ⊆ X).

It follows at once that∫∫
1
t
dµM(s, t) =

∫∫
(t>0)

1
t
dµM(s, t) =

1
β2

00

∫∫
(t>0)

1
t
tdµ(s, t)

=
1
β2

00

µ((t > 0)) ≤ 1
β2

00

.

�
15



(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

α0,0 α1,0 α2,0 · · · αn,0 αn+1,0

α0,1 α1,1 α2,1 · · · αn,1 · · ·

α0,2 α1,2 α2,2 · · · αn,2 · · ·

· · · · · · · · · · · · · · · · · ·

α0,n α1,n α2,n · · · αn,n · · ·

α0,n+1 α1,n+1 α2,n+1 · · · αn,n+1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

β0,0

β0,1

β0,2

...

β0,n

β0,n+1

√
γ1,1
γ1,0

√
γ1,2
γ1,1

√
γ1,3
γ1,2

...

√
γ1,n+1

γ1,n

...

√
γ2,1
γ2,0

√
γ2,2
γ2,1

√
γ2,3
γ2,2

...

√
γ2,n+1

γ2,n

...

...

...

...

...

...

√
γn,1
γn,0

√
γn,2
γn,1

√
γn,3
γn,2

...

√
γn,n+1

γn,n

...

...

...

...

...

...

Figure 2

Consider now the 2-variable weighted shift given by Figure 3,

where max{y, x, ay
x } < 1.

Proposition 4.12. T is hyponormal if and only if y ≤ min{x
a , x
√

1−x2

x2−2a2x2+a4 }.

Proof. By the Six-point Test, it is enough to check that

H :=

(
1 − x2 a2y

x − yx
a2y
x − yx 1 − y2

)
≥ 0.

Since x < 1, the positivity of H is equivalent to detH ≥ 0, i.e.,

(1 − x2)(1 − y2) ≥ (
a2y

x
− yx)2,

16



(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

x 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

· · · · · · · · · · · · · · · · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

y

1

1

...

1

...

ay
x

1

1

...

1

...

ay
x

1

1

...

1

...

ay
x

1

1

...

1

...

ay
x

1

1

...

1

...

...

...

...

...

...

...

Figure 3

which in turn is equivalent to

y ≤ x

√
1 − x2

x2 − 2a2x2 + a4

(observe that x2 − 2a2x2 + a4 = x2(1 − x2) + (x2 − a2)2 > 0). �

Proposition 4.13. T is subnormal if and only if y ≤
√

1−x2

1−a2 .

Proof.

TM ∼= (Sa ⊗ I, I ⊗ U+)

(where Sa := shift(a, 1, 1, ...) and U+ := shift(1, 1, 1, ...).
17



TM is subnormal, with Berger measure µM := [(1 − a2)δ0 + a2δ1] × δ1. Then

T is subnormal ⇔ β2
00

∥∥∥∥1t
∥∥∥∥

L1(µM)

(µM)Xext ≤ ν

⇔ y2[(1 − a2)δ0 + a2δ1] ≤ (1 − x2)δ0 + x2δ1

⇔ y2(1 − a2) ≤ 1 − x2 and ay ≤ x

⇔ y ≤ min{x
a
,

√
1 − x2

1 − a2
}.

�

Theorem 4.14. T is hyponormal and not subnormal if and only if x > a and
√

1−x2

1−a2 < y ≤
x
√

(1−x2)
x2+a4−2a2x2

T is hypon. but not subn. here

T is subnormal here

y =
√

1−x2

1−a2

y = x
√

1−x2

x2+a4−2a2x2

(0, 0) (a, 0)

(0, a)

(1, 0)

y = x
a

y

(0, 1)

(0,
√

1
1−a2 )

x

Figure 4

18



5. The Third Family of Counterexamples

Construction of the family. Let us consider the following 2-variable weighted shift (see Figure

5), where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(i) 0 < ξ1 < ξ2 < ... < ξn ↗ 1;

(ii) Wξ := shift(ξ1, ξ2, ...) is subnormal with Berger measure ν;

(iii) 1
s2 ∈ L1(ν) (this implies that 1

s ∈ L1(ν), by Jensen’s inequality);

(iv) ξe ≡ ξext := (
∫

1
sdν(s))

−1/2;

(v) a ≤ 1
ξe

(
∫

1
s2dν(s))−1/2;

(vi) b ≤ ξ2e (this implies the condition b < ξe); and

(vii) a2 ≤ b2+ξ2
e

2 .

(Recall that ξe is the maximum possible value for ξ0 in Proposition 2.4.)

• T1
∼= T2 and that T1T2 = T2T1.

• T1 (and therefore T2) is subnormal. For, the choice of ξe immediately implies that

shift(ξe, ξ1, ξ2, ...) is subnormal, with Berger measure dνe(s) := ξ2
e
s dν(s).

• shift(a, ξe, ξ1, ...) is subnormal if and only if 1
s ∈ L1(νe) (i.e., 1

s2 ∈ L1(ν)

• T1|∨{e(i,0):i≥0} is subnormal. Moreover, the subnormality of T1 when restricted to
∨{e(i,j) :

i ≥ 0} (j > 0) requires that b ≤ ξe.

For a concrete numerical example, consider the probability measure dν(s) := 3s2ds on the interval

[0, 1]. The measure ν corresponds to a subnormal weighted shift with weights ξ1 =
√

3
4 , ξ2 =

√
4
5 ,

ξ3 =
√

5
6 , ... ; indeed, in this case Wξ is the restriction of the Bergman shift B+ to the invariant

subspace M2 obtained by removing the first two basis vectors in the canonical orthonormal basis of

�2(Z+). Clearly 1
s2 ∈ L1(ν), and

∫
1
s2dν(s) = 3; moreover,

∫
1
sdν(s) = 3

2 , so in this case ξe =
√

2
3 .

Choosing a =
√

1
2 and b =

√
1
3 we see that conditions (i) - (vii) are satisfied.

Proposition 5.1. T is hyponormal.

Proposition 5.2. T is not subnormal if p < 0, where

p := ξ2eξ
4
1 + 4a2b2ξ21 − b2ξ41 − a2b2ξ2e − a2b4 − 2a2ξ41 .

Proof. Assume that T is subnormal, and consider the moment matrix associated to the monomials

1, x, y and yx, that is,
19



(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

a ξe ξ1 · · · ξn−1 · · ·

b ξ1 ξ2 · · · ξn · · ·

ξ1b
ξe ξ1 ξ2 · · · ξn · · ·

ξ2b
ξe ξ1 ξ2 · · · ξn · · ·

· · · · · · · · · · · · · · · · · ·

ξn−1b

ξe ξ1 ξ2 · · · ξn · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

a

ξe

ξ1

...

ξn−1

...

b

ξ1

ξ2

...

ξn

...

ξ1b
ξe

ξ1

ξ2

...

ξn

...

ξ2b
ξe

ξ1

ξ2

...

ξn

...

ξn−1b

ξe

ξ1

ξ2

...

ξn

...

...

...

...

...

...

...

M :=

⎛⎜⎜⎜⎜⎝
1 a2 a2 a2b2

a2 a2ξ2e a2b2 a2b2ξ21

a2 a2b2 a2ξ2e a2b2ξ21

a2b2 a2b2ξ21 a2b2ξ21 a2b2ξ41

⎞⎟⎟⎟⎟⎠ .

In the presence of a representing measure, it is well known that M must be positive semi-definite,

so in particular detM ≥ 0. Now, a straightforward calculation shows that

detM = a6b2
(
ξ2e − b2

) (
ξ2eξ

4
1 − ξ2ea

2b2 − 2a2ξ41 − b2ξ41 + 4a2b2ξ21 − b4a2
)

= a6b2
(
ξ2e − b2

)
p.

It follows that p ≥ 0. Therefore, T is not subnormal whenever p < 0, as desired. �

Theorem 5.3. Let a > 0 be such that
√

ξ2
e
2 < a ≤

√
ξ2
e+ξ4

e
2 and a ≤ 1

ξe
(
∫

1
s2dν(s))−1/2, and define b :=√

2a2 − ξ2e . Then T ≡ (T1, T2) satisfies conditions (i)-(vii), is hyponormal, and is not subnormal.
20



Corollary 5.4. (Dritschel-McCullough) Let dv(s) := 3t2ds on [0, 1] and choose a =
√

1
2 and

b =
√

1
3 . Then T is commuting, has subnormal components, is hyponormal, but is not subnormal.

6. An Instance When Hyponormality Suffices

Lemma 6.1. Let ν be a probab. measure on [0, 1], and γn ≡ γn(ν) :=
∫
sndν(s)

(n ≥ 0) . The sequence {γn}∞n=0 is bounded below iff ν has an atom at {1}.

(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

ξ0 ξ1 ξ2 · · · ξn · · ·

1 1 1 · · · 1 · · ·

1 1 1 · · · 1 · · ·

· · · · · · · · · · · · · · · · · ·

1 1 1 · · · 1 · · ·

1 1 1 · · · 1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

y

1

1

...

1

...

y
ξ0

1

1

...

1

...

y
ξ0ξ1

1

1

...

1

...

y√
γn

1

1

...

1

...

...

...

...

...

...

...

shift(ξ0, ξ1, · · · ) subnormal contraction with Berger measure ν, y ≤ 1

• T1T2 = T2T1

• T1 is subnormal

• T2 subn. ⇔ y√
γn

≤ 1 (all n ≥ 0) ⇔ y2 ≤ γn (all n ≥ 0) ⇒ ν({1}) > 0.
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Theorem 6.2. T is hyponormal ⇔ T is subnormal.

7. A Measure-Theoretic Perspective

For 2-variable weighted shifts, the existence of a normal lifting is equivalent to the existence of

a positive regular Borel probability measure on R2
+ (the so-called Berger measure for the pair),

interpolating the moments generated by the weight sequences. In turn, each of the subnormal

components of the pair comes equipped with a countable family of canonical probability measures

supported in the nonnegative real axis R+, obtained as the solution of power moment problems with

data directly linked to the actual weights. From this perspective, the Lifting Problem consists of

“compatibly gluing together” the individual measures on R+ to produce a measure µ on R2
+ such

that µ satisfies the required properties to be the Berger measure of the pair.

Using techniques from the theory of disintegration of measures, we have generated interesting

pathology associated with bringing together the Berger measures associated to each individual

weighted shift. Our study reveals some significant obstructions to the Lifting Problem for Commut-

ing Subnormals, while at the same time producing new necessary conditions for the existence of the

lifting.

We will first establish a new necessary condition for the existence of a (joint) Berger measure

µ: for each j ≥ 0, ξj+1 � ξj and, similarly, for each i ≥ 0, ηi+1 � ηi, where ξj (resp. ηi) is the

Berger measure of the j-th horizontal slice of T1 (resp. the i-th vertical slice of T2). We do this by

properly identifying these 1-variable measures as the marginal components of a family of 2-variable

measures associated with µ. We then obtain several families of counterexamples to Conjecture

2.3, by showing that the new necessary condition is not sufficient. These new counterexamples are

structurally different from those presented before, in that they emphasize the measure-theoretical

aspects of the Lifting Problem.

8. A Brief Account of Some Basic Results in the Theory of Disintegration of

Measures

Lemma 8.1. Given two 1-variable weight sequences α and β, the 2-variable weighted shift

(Wα
⊗
I, I
⊗
Wβ) is always subnormal, with Berger measure µ := ξα × ξβ.

Definition 8.2. Given a measure µ on X ×Y , the marginal measure µX is given by µX := µ ◦π−1
X ,

where πX : X × Y → X is the canonical projection onto X. Thus, µX(E) = µ(E × Y ), for every

E ⊆ X. Observe that if µ is a probability measure, then so is µX .

Lemma 8.3. Let µ be the Berger measure of a 2-variable weighted shift T ≡ (T1, T2), and let ξ be

the Berger measure of shift(α00, α10, ...). Then ξ = µX . As a consequence,
∫∫

f(s) dµ(s, t) =∫
f(s) dµX(s) for all f ∈ C(X).
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Corollary 8.4. Let µ be the Berger measure of a 2-variable weighted shift T ≡ (T1, T2). For

j ≥ 0, let dµj(s, t) := 1
γ0j
tjdµ(s, t). Then the Berger measure of shift(α0j , α1j , ...) is ξj ≡ µX

j . In

particular, the Berger measure of shift(α00, α10, ...) is µX .

Example 8.5. Let µ := ξ × η be a probability product measure on X × Y . Then µX = ξ.

Lemma 8.6. Let µ and ω be two measures on X × Y , and assume that µ� ω. Then µX � ωX .

Let µ be the Berger measure of a 2-variable weighted shift T ≡ (T1, T2). Although Corollary 8.4

indicates how to obtain the Berger measure ξj of the horizontal j-th slice of T1 in terms of µ, the

description is not completely satisfactory, in that it may not be easy to find the marginal measures

µj (j ≥ 0). We will now employ disintegration of measure techniques to give a precise description

of ξj. First, we need to review some basic concepts and general results about disintegration of

measures; most of the discussion is taken from Conway’s book.

Let X and Z be compact metric spaces and let µ be a positive regular Borel measure on Z. For

φ : Z → X a Borel mapping, let ν be the Borel measure µ ◦ φ−1 on X; that is,

ν(A) := µ(φ−1(A)) (8.1)

for all Borel sets A contained in X. Let £1(µ) := {f : f is Borel function on Z such that
∫ |f | dµ <

∞}, and let L1(µ) := {[f ] : f ∈ £1(µ)}, where [f ] := {g ∈ £1(µ) :
∫ |f − g| dµ = 0}. The map

ψ →
∫

Z
(ψ ◦ φ)fdµ (8.2)

defines a bounded linear functional on L∞(ν). If attention is restricted to characteristic functions

χA in L∞(ν),

A→
∫

Z
(χA ◦ φ)fdµ =

∫
φ−1(A)

fdµ (8.3)

is a countably additive measure defined on Borel sets in X, that is absolutely continuous with respect

to ν. Hence there is a unique element E(f) in L1(ν) such that∫
Z
(χA ◦ φ)fdµ =

∫
X
χAE(f)dν (8.4)

for all Borel subsets A of X. By an an approximation argument one can show that∫
Z
(ψ ◦ φ)fdµ =

∫
X
ψE(f)dν (8.5)

for all ψ in L∞(ν). This defines a map

E : £1(µ) → L1(ν) (8.6)

called the expectation operator.

Notation 8.7. The space of all Borel measures on Z will be denoted by M(Z).
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Definition 8.8. A disintegration of the measure µ with respect to φ is a function x �→ Φx from X

to M(Z), such that

(i) for each x in X, Φx is a probability measure;

(ii) if f ∈ £1(µ), E(f)(x) =
∫
Z fdΦx a.e. [ν].

Remark 8.9. In equation (8.5) we can take f ≡ χA for any Borel subset A of Z and ψ ≡ 1; the

definition of disintegration then implies that∫
X

Φx(A)dν(x) =
∫

X
(
∫

Z
χAdΦx)dν(x)

=
∫

X
E(χA)dν =

∫
Z
(1 ◦ φ)χAdµ

=
∫

φ−1(Z)
χAdµ =

∫
X
χAdµ = µ(A)

Thus disintegration does indeed “disintegrate” the measure into the pieces Φx.

Example 8.10. Suppose X is given, ξ is any measure on X, Y is any compact metric space, η is a

probability measure on Y , and put

Z := X × Y, φ(x, y) ≡ πX(x, y) := x, and µ := ξ × η.

Then ξ = µ ◦ φ−1. Here E(f)(x) =
∫
f(x, y)dη(y) and the disintegration arises by letting

Φx(A) := η(πY (A ∩ ({x} × Y ))).

Proposition 8.11. Let x �→ Φx be a disintegration of µ with respect to φ. Then suppΦx = φ−1(x)

a.e. [ν].

We now list the main theorem on existence and uniqueness of disintegration of measures.

Theorem 8.12. Given a regular Borel measure µ on a compact metric space Z, and a Borel function

φ from Z into a compact metric space X, there is a disintegration x �→ Φx of µ with respect to φ. If

x �→ Φ
′
x is another disintegration of µ with respect to φ, then Φx = Φ

′
x a.e. [ν].

9. A new Necessary Condition for the Existence of a Lifting

We are now ready to calculate explicitly the measures ξj (j ≥ 0). Fix j ≥ 0 and observe that the

moments of ξj are given by∫
X
si dξj(s) = α2

0j · ...α2
i−1,j =

γij

γ0j
=

1
γ0j

∫ ∫
R
sitj dµ(s, t) (all i ≥ 0), (9.1)

where R := X × Y ≡ [0, a1] × [0, a2]. Since µ is regular and Borel, we now use Theorem 8.12 to

disintegrate µ with respect to φ ≡ πX and obtain

µ(A) =
∫

X
Φx(A) dµX(x),
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where as above µX = µ ◦ π−1
X . Now recall that suppΦx = φ−1(x) = {x} × Y , so with a slight abuse

of notation we shall regard Φx as a measure on Y and write dΦx(t) for dΦx(x, t). Therefore, for all

i ≥ 0 we have ∫ ∫
R
sitj dµ(s, t) =

∫
X

(
∫ ∫

R
sitj dΦx(s, t)) dµX(x)

=
∫

X
(
∫ ∫

{x}×Y
xitj dΦx(x, t)) dµX(x)

=
∫

X
(
∫

Y
sitj dΦs(t)) dµX(s). (9.2)

Combining (9.1) and (9.2) we obtain∫
X
si dξj(s) =

1
γ0j

∫ ∫
R
sitj dµ(s, t)

=
1
γ0j

∫
X

(
∫

Y
sitj dΦs(t)) dµX(s)

=
∫

X
si{ 1

γ0j

∫
Y
tj dΦs(t)} dµX(s) (all i ≥ 0).

Thus,

dξj(s) = { 1
γ0j

∫
Y
tj dΦs(t)} dµX(s).

We now observe that ξj is indeed µX
j . First recall that dµj(s, t) := 1

γ0j
tjdµ(s, t), so the above

disintegration of µ with respect to πX yields dµj(s, t) = 1
γ0j
tjdΦs(t)dµX(s). For a Borel set E ⊆ X,

it follows that

µX
j (E) = µj(E × Y ) =

1
γ0j

∫ ∫
E×Y

tj dΦs(t)dµX(s)

=
∫

E
{ 1
γ0j

∫
Y
tj dΦs(t))}dµX (s)

=
∫

E
dξj(s) = ξj(E).

We summarize this in the following result, but first recall

Definition 9.1. For µ on X × Y , the marginal measure µX is given by

µX := µ ◦ π−1
X ,

where πX : X × Y → X is the canonical projection onto X. Thus,

µX(E) = µ(E × Y ),

for every E ⊆ X. If µ is a probability measure, then so is µX .
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Theorem 9.2. Let µ be the Berger measure of a subnormal 2-variable weighted shift, and for j ≥ 0

let ξj be the Berger measure of the associated j-th horizontal 1-variable weighted shift Wα(j) . Then

ξj = µX
j (cf. Definition 4.6), where dµj(s, t) := 1

γ0j
tjdµ(s, t); more precisely,

dξj(s) = { 1
γ0j

∫
Y
tj dΦs(t)} dµX(s),

where dµ(s, t) = dΦs(t) dµX(s). A similar result holds for the Berger measure ηi of the associated

i-th vertical 1-variable weighted shifts Wβ(i) (i ≥ 0).

We next need an elementary result.

Lemma 9.3. Let µ and ν be two regular Borel measures on R, and assume that µ � ν. Then

µX � νX and µY � νY .

Theorem 9.4. Let µ, ξj and ηi be as in Theorem 9.2. For every i, j ≥ 0 we have

ξj+1 � ξj (9.3)

and

ηi+1 � ηi. (9.4)

Proof. Straightforward from Theorem 9.2 and Lemma 9.3. �

10. The New Necessary Condition is Not Sufficient

Definition 10.1. Let µ and ν be two positive measures on R+. We say that µ ≤ ν on X := R+, if

µ(E) ≤ ν(E) for all Borel subset E ⊆ R+; equivalently, µ ≤ ν if and only if
∫
fdµ ≤ ∫ fdν for all

f ∈ C(X) such that f ≥ 0 on R+.

Definition 10.2. Let µ be a probability measure on X × Y ≡ R2
+ and assume that 1

t ∈ L1(µ).

The extremal measure µext (which is also a probability measure) on X × Y is given by dµext(s, t) :=

(1 − δ0(t)) 1
t‖ 1

t ‖L1(µ)

dµ(s, t).

Example 10.3. Let B+ be the Bergman shift on �2(Z+) and let M ≡ M1 :=
∨{e1, e2, ...}. The

shift B+|M is subnormal, with Berger measure dµ(t) := tdt on [0, 1]. Then dµext(t) = dt, so the

extremal measure µext is the Berger measure of B+.

Lemma 10.4. Let µ and ω be two measures on X × Y , and assume that µ ≤ ω. Then µX ≤ ωX .

Proposition 10.5. (Subnormal backward extension of a 2-variable weighted shift) For a 2-variable

weighted shift T, consider T|M , where M is the subspace associated to indices k with k2 ≥ 1.

Assume that TM is subnormal with associated measure µM and that W0 := shift(α00, α10, · · · ) is

subnormal with associated measure ξ0. Then T is subnormal if and only if

(i) 1
t ∈ L1(µM);
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(ii) β2
00 ≤ (

∥∥1
t

∥∥
L1(µM)

)−1;

(iii) β2
00

∥∥1
t

∥∥
L1(µM)

(µM)Xext ≤ ξ0.

Moreover, if β2
00

∥∥1
t

∥∥
L1(µM)

= 1, then (µM)Xext = ξ0. In the case when T is subnormal, the Berger

measure µ of T is given by

dµ(s, t) = β2
00

∥∥∥∥1
t

∥∥∥∥
L1(µM)

d(µM)ext(s, t)

+(dξ0(s) − β2
00

∥∥∥∥1
t

∥∥∥∥
L1(µM)

d(µM)Xext(s))dδ0(t).

Corollary 10.6. Let T ≡ (T1, T2) and M be as in Proposition 4.11, and assume that TM is

subnormal with Berger measure δ1 × η. Assume further that T1 and T2 are contractions, that

W0 := shift(α00, α10, · · · ) is subnormal with associated measure ξ0, and that T2 is subnormal. Then

T is subnormal.

One might wonder what happens if one insists on having all measures ξj and ηi 1-atomic. The

next result shows that the lifting is not guaranteed in that case either; as a matter of fact, it is even

possible for the pair to fail to be hyponormal.

Proposition 10.7. Consider the 2-variable weighted shift given by the weight diagram in Figure 5,

where α < 1. Then T ≡ (T1, T2) is commuting, each of T1 and T2 is subnormal, and all horizontal

and vertical marginal measures ξj and ηi (i, j ≥ 0) are 1-atomic, but T is not hyponormal.

Proposition 10.8. Let T ≡ (T1, T2) be the 2-variable weighted shift in Figure 6. Then

(i) T is hyponormal ⇔ 1 − 2x2 + y2 ≥ 0

(ii) T is subnormal ⇔ 1 − 2x2 + x2y2 ≥ 0.

As a consequence, for (x, y) ∈ R2
+ such that 1− 2x2 + x2y2 < 0 ≤ 1− 2x2 + y2, T is hyponormal but

not subnormal (cf. Figure 7 below).

We now allow the 0-th horizontal Berger measure ξ0 to be 3-atomic. The following example shows

that it is still possible for T1 and T2 to be commuting subnormals, for the pair T ≡ (T1, T2) to be

hyponormal, for the marginal measures to satisfy the conditions

· · · � µα2 � µα1 � µα0

and

· · · � µβ2 � µβ1 � µβ0,

and for T not to be subnormal. We first need some preliminary facts.

Proposition 10.9. Let

αn :=

⎧⎨⎩
√

1
2 , if n = 0√
2n+ 1

2
2n+1 , if n ≥ 1

. (10.1)
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

1 1 1 · · · 1 1

α α α · · · α · · ·

α2 α2 α2 · · · α2 · · ·

· · · · · · · · · · · · · · · · · ·

αn αn αn · · · αn · · ·

αn+1 αn+1 αn+1 · · · αn+1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

1

1

1

...

1

...

α

α

α

...

α

...

α2

α2

α2

...

α2

...

...

...

...

...

...

...

αn

αn

αn

...

αn

...

...

...

...

...

...

...

Figure 5. Weight diagram the of 2-variable weighted shift in Proposition 10.7

Then Wα is subnormal.

Lemma 10.10. Let

α̂n :=

⎧⎨⎩
√

2, if n = 0√
2n+1
2n+ 1

2

, if n ≥ 1
,

then
∏∞

n=0 α̂n =
√

3 . (Observe that α̂n = 1
αn

, for αn given by (10.1).)

Proposition 10.11. Consider the weighted shift T ≡ (T1, T2) in Figure 8,
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(0, 0) (1, 0) (2, 0) · · ·
x 1 1 · · ·

x 1 1 · · ·

x 1 1 · · ·

· · · · · · · · · · · ·

T1

(0, 1)

(0, 2)

...

T2

y

1

1

...

y

1

1

...

y

1

1

...

...

...

...

...

Figure 6. Weight diagram of 2-variable weighted shift in Proposition 10.8

where y < 1 and ay ≤ 1√
3
. Let Wα := shift(α0, α1, α2, · · · ), with αn as in (10.1), i.e.,

αn :=

⎧⎨⎩
√

1
2 , if n = 0√
2n+ 1

2
2n+1 , if n ≥ 1

.

Then T is subnormal if and only if y ≤ min{ 1√
3(1−a2)

, 1√
3a
}.

For the next result, we will need the following lemma.

Lemma 10.12. Let T be a commuting 2-variable weighted shift such that

(i) T|∨{e(i,j):i≥0,j≥1} ∼= (U+
⊗
I, I
⊗
U+); and

(ii) T|∨{e(i,0):i≥0} is subnormal.

Then T is subnormal ⇔ T is hyponormal ⇔ T2 is subnormal.

Proposition 10.13. The 2-variable weighted shift T ≡ (T1, T2) defined in Proposition 10.11 is

hyponormal if and only if y ≤ min{
√

2
5−12a2+12a4 ,

1√
3a
}.
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0.7 0.8 0.9 1.0

� � �
x

y

T is hyponormal but not subnormal for (x, y) in this region

Figure 7. Graph of the regions of hyponormality and subnormality in Proposition 10.8

Theorem 10.14. The 2-variable weighted shift T ≡ (T1, T2) defined in Proposition 10.11 is hy-

ponormal and not subnormal if and only if

msub(a) : = min{ 1√
3(1 − a2)

,
1√
3a

} < y (10.2)

≤ min{
√

2
5 − 12a2 + 12a4

,
1√
3a

} =: mhyp(a).

Remark 10.15. Observe that for 0 < a < 1, the left-hand side of (10.2) in Theorem 10.14 is strictly

less than the right-hand side, so there is indeed a nonempty range of values for y that guarantees

that T is hyponormal but not subnormal. For, if we let f(a) := 1√
3(1−a2)

, g(a) :=
√

2
5−12a2+12a4

and h(a) := 1√
3a

, we can analyze the relative sizes of f , g and h to detect the set of points

{a ∈ (0, 1} : msub(a) ≡ min{f(a), h(a)}
< min{g(a), h(a)} ≡ mhyp(a)}

(cf. Figure 9 below).

Here a1 =

√
3−
√

7
3

2
∼= 0.607, a2 =

√
2

2
∼= 0.707 and a3 =

√
1+
√

7
3

2
∼= 0.795 are the a-coordinates of

the points of intersection between the graphs of g and h, f and h, and f and g, respectively. Thus,

msub(a) =

{
f(a) if 0 < a ≤ a2

h(a) if a2 < a < 1
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

√
1
2

√
5
6

√
9
10 · · ·

√
2n+ 1

2
2n+1 · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

· · · · · · · · · · · · · · · · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

y

1

1

...

1

...

ay√
1
2

1

1

...

1

...

ay√
1
2

√
5
6

1

1

...

1

...

...

...

...

...

...

...

ay√
γn

1

1

...

1

...

ay√
γn+1

1

1

...

1

...

Figure 8. Weight diagram of 2-variable weighted shift in Proposition 10.11

and

mhyp(a) =

{
g(a) if 0 < a ≤ a1

h(a) if a1 < a < 1
.

It easily follows that msub(a) < mhyp(a) precisely when 0 < a < a2. For this a-interval one can

always build a 2-hyponormal weighted shift T ≡ T (a, y) with the required properties.

In the following result, we strengthen considerably the necessary conditions (9.3) and (9.4), that

is, we require that the Berger measures of all horizontal and vertical slices be mutually absolutely

continuous, but that still does not suffice to yield (joint) subnormality.

Proposition 10.16. Consider the following 2-variable weighted shift (see Figure 10).
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a

y

� � � �
0.5 a1 a2 a3 0.85

h

g
f

T is hyponormal but not subnormal for (a, y) in this region

Figure 9. Graphs of f , g and h on the interval [0.5, 0.85], showing a1, a2 =
√

2
2 and a3.

Then T ≡ (T1, T2) is commuting, hyponormal, with each of T1 and T2 subnormal, and ξj+1 ≈
ξj (j ≥ 0) and suppηi = {0, 1} (i ≥ 0), but T is not subnormal.

Definition 10.17. Let B(�)
+ := {shift(

√
�− 1

n+2) : � ≥ 1, n ≥ 0}; in particular, B(1)
+ ≡ B+ :=

shift(
√

1
2 ,
√

2
3 ,
√

3
4 , · · · ). This is the class of Bergman-like weighted shifts.

Theorem 10.18. (RC, Y.T. Poon and J. Yoon, 2004) All Bergman-like weighted shifts B(�)
+ (� ≥ 1)

are subnormal.

Proof of Proposition 10.16. The Berger measure of shift(α00, α10, ...) is dξ0(s) = ds
π
√

2s−s2
on [0, 2],

and of course dξj(s) = ds for all j ≥ 1. Thus, ξj+1 ≈ ξj for all j ≥ 0. Moreover, ηi = δ1 for all

i ≥ 0. Thus, T1 and T2 are subnormal. We will show later that the spectral picture of T fails to

fulfill the description in (RC-K. Yan, JFA, 1995) of the spectral picture corresponding to a subnormal

2-variable weighted shift. It then follows that T cannot be subnormal.

We now use the Six-point Test to show that T is hyponormal. In this case

H(0) =

⎛⎝ 1
2 −1

2

√
1
2

−1
2

√
1
2

1
2

⎞⎠ ≥ 0,
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

1

√
3
2

√
5
3 · · ·

√
2n+1
n+1 · · ·

√
1
2

√
2
3

√
3
4 · · ·

√
n+1
n+2 · · ·

√
1
2

√
2
3

√
3
4 · · ·

√
n+1
n+2 · · ·

· · · · · · · · · · · · · · · · · ·

√
1
2

√
2
3

√
3
4 · · ·

√
n+1
n+2 · · ·

√
1
2

√
2
3

√
3
4 · · ·

√
n+1
n+2 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

√
1
2

1

1

...

1

...

√
1
4

1

1

...

1

...

√
1
9

1

1

...

1

...

...

...

...

...

...

...

√
n!

2(n+1)(2n−1)!!

1

1

...

1

...

√
(n+1)!

2(n+2)(2n+1)!!

1

1

...

1

...

Figure 10. Weight diagram of the 2-variable weighted shift in Proposition 10.16

and for n ≥ 1, H((n, 0)) =

(
a b

b c

)
, where

a : =
2n+ 3
n+ 2

− 2n+ 1
n+ 1

b : =

√
n+ 1
n+ 2

√
(n+ 1)!

2(n + 2)(2n + 1)!!

−
√

2n+ 1
n+ 1

√
n!

2(n + 1)(2n − 1)!!

c : = 1 − n!
2(n+ 1)(2n − 1)!!

.
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After simplification, we have

detH((n, 0)) =

2(2 + 5n + 2n2)(2n − 1)!! − (3 + 8n+ 5n2 + n3)n!
2(n + 1)(n + 2)2(2n+ 1)!!

≥ 0 (all n ≥ 1).

It follow that T is hyponormal. �

11. The Spectral Picture of Subnormal 2-variable Weighted Shifts

The 1-variable case. Recall that the spectrum of a unilateral weighted shift Wα is always a

closed disk centered at the origin, of radius r(Wα). When Wα is hyponormal, the essential spectrum

is the circle centered at the origin, of radius r(Wα) ≡ ‖Wα‖.
The 2-variable case. For subnormal 2-variable weighted shifts, RC-K. Yan gave in 1995 a complete

description of the spectral picture, by exploiting the groupoid machinery in Muhly-Renault and RC-

Muhly, and the presence of a Berger measure, which they use to analyze the asymptotic behavior of

sequences of weights.

Notation 11.1. µ : compactly supported finite positive Borel measure on Cn (n � 1)

P 2(µ) : norm closure in L2(µ) of C[z1, · · · , zn]

Mz ≡M
(µ)
z := (M (µ)

z1 , · · · ,M (µ)
zn ) : multiplication operators acting on P 2(µ)

Mz on P 2(µ) is the universal model for cyclic subnormal n-tuples of operators

Definition 11.2. (i) E ⊆ Cn is Reinhardt if for every z ∈ E and every θ ∈ Rn, eiθz :=

(eiθ1z1, · · · , eiθnzn) ∈ E.
(ii) µ is Reinhardt if µ(eiθE) = µ(E) for every Borel subset E ⊆ Cn and every θ ∈ Rn

(suppµ is always a Reinhardt set)

(iii) For µ Reinhardt,

b.p.e(µ) = {λ ∈ Cn : p→ p(λ), p ∈ C[z],

extends to a bounded point evaluation from P 2(µ) to C.}

(iv) The kernel function associated with µ is

K(z,w) ≡ K(µ)(z,w) :=
∑
α

zαwα

‖zα‖2 ,

α ≡ (α1, α2, · · · , αn) ∈ Zn
+, z and z ∈ Cn.

(v) The set of convergence of K is

C(K) := {λ ∈ Cn : K(λ, λ) <∞}

(vi) The (joint) point spectrum of M (µ)∗
z is

σp(M (µ)∗
z ) = σp(M∗

z ) := {λ ∈ Cn : M∗
z − λ has a joint eigenvector}.
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Proposition 11.3. (RC-K. Yan)σp(M
(µ)∗
z )∗ = b.p.e(µ) = C(K).

Corollary 11.4. (RC-K. Yan) Let µ be a Reinhardt measure. Then σp(M
(µ)∗
z ) is polynomially

convex.

Theorem 11.5. (RC-K. Yan) Let µ be a Reinhardt measure on Cn and let K := suppµ. Then

int.K̂ ⊆ b.p.e.(µ).

Lemma 11.6.

Theorem 11.7. (RC-K. Yan, 1995) Let µ be a Reinhardt measure on C2, and let C := log
∣∣∣K̂∣∣∣.

Then

(i) ∂K̂ ⊇ σ�(Mz, P
2(µ)) = σ�e(Mz, P

2(µ)) ⊇ (exp(∂0C × T2))−

(i’) If, in addition, µ is well-behaved, then σ�e(Mz, , P
2(µ)) = (exp(∂0C × T2))−.

(ii) σT (Mz, P
2(µ)) = σr(Mz, P

2(µ)) = K̂

(iii) σTe(Mz, P
2(µ)) = σre(Mz , P

2(µ)) = ∂K̂

(iv) int.K̂ ⊆ σp(Mz , P
2(µ)) = b.p.e.(µ) ⊆ K̂

(v) index(Mz − λ) =

{
1 if λ ∈ int.(K̂)

0 if λ /∈ int.(K̂)

(vi) kerD1
Mz−λ = ranD0

Mz−λ for all λ ∈ int.(K̂).

(0, 0) (a, 0) (1, 0)

|z2|

(0, b)

(0, 1)

’

-

|z1|

Figure 11. Graph of the Taylor spectrum of a typical subnormal 2-variable weighted shift
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(0, 0) (a, 0) (1, 0)

|z2|

(0, b)

(0, 1)

’

-

|z1|

Figure 12. Graph of the Taylor essential spectrum of a typical subnormal 2-variable

weighted shift

12. The Spectral Picture of the Shift in Proposition 10.16

Theorem 12.1. Consider the following 2-variable weighted shift (see Figure 10). Then

C(K) = (D × D) ∪ (D × {0}),
where C(K) means closure of C(K).

Corollary 12.2. C(K) � σr(T1, T2).

Theorem 12.3. σT (T1, T2) = σr(T1, T2) = σH(T1, T2) = (D × D) ∪ (
√

2 · D × {0}) �= C(K)

Lemma 12.4. (0, y) � σ�(T1, T2), for 0 < y ≤ 1.

Theorem 12.5.

σ�e(T1, T2) = ({1} × D) ∪ (
√

2 · T × {0})

and

σre(T1, T2) = (D×{1}) ∪ (
√

2 · T × {0}).

Corollary 12.6. σ�(T1, T2) = σ�e(T1, T2).
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(0, 0) (1, 0) (
√

2, 0)

�

|z2|

(0, 1)

|z1|

Figure 13. Graph of C(K) for the 2-variable weighted shift of Example 10.16

(0, 0) (1, 0) (
√

2, 0)

|z2|

(0, 1)

|z1|

Figure 14. Graph of the left essential spectrum of the 2-variable weighted shift of

Example 10.16

Theorem 12.7. σTe(T1, T2) = σHe(T1, T2) = (
√

2T, 0) ∪ ((T × D) ∪ (D × T)).

Theorem 12.8. Let K := ( 1√
2
D × D) ∪ (D × {0}). Then K̂ = K, where K̂ means polynomially

convex hull of set K.
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(0, 0) (1, 0) (
√
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|z2|

(0, 1)

|z1|

Figure 15. Graph of the right essential spectrum of the 2-variable weighted shift of

Example 10.16

(0, 0) (1, 0) (
√

2, 0)

|z2|

(0, 1)

|z1|

Figure 16. Graph of the Taylor essential spectrum of the 2-variable weighted shift

of Example 10.16

Corollary 12.9. (exp(∂0 log
∣∣∣K̂∣∣∣× T 2)) = 1√

2
T × T

Corollary 12.10. ̂(D × D) ∪ (
√

2 · D×{0}) = (D × D) ∪ (
√

2 · D × {0}).
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

1 1 1 · · · 1 1

α α α · · · α · · ·

α2 α2 α2 · · · α2 · · ·

· · · · · · · · · · · · · · · · · ·

αn αn αn · · · αn · · ·

αn+1 αn+1 αn+1 · · · αn+1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

1

1

1

...

1

...

α

α

α

...

α

...

α2

α2

α2

...

α2

...

...

...

...

...

...

...

αn

αn

αn

...

αn

...

...

...

...

...

...

...

Figure 17. Weight diagram the of 2-variable weighted shift in Proposition 10.7

13. The Spectral Picture of the Shift in Proposition 10.7

Proposition 13.1. Consider the 2-variable weighted shift given by the weight diagram in Figure 17,

where α < 1. Then T ≡ (T1, T2) is commuting, each of T1 and T2 is subnormal, and all horizontal

and vertical marginal measures ξj and ηi (i, j ≥ 0) are 1-atomic, but T is not hyponormal.

Theorem 13.2.

σT (T) = σr(T1, T2) = C(K) = [(|z1| ≤ 1) × {0}]
⋃

[{0} × (|z2| ≤ β0)]
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and

σTe(T) = σ�(T1, T2) = σre(T1, T2) = σ�e(T1, T2)

= {(0, 0)}
⋃

{[
∞⋃

k=0

(|z1| = αk)] × {0}}
⋃

{{0} × [
∞⋃

�=0

(|z2| = β0α
�)]}.

|z1|
(0, 0) 1β0aaβ0a2a3 aβ2

0an

· · ·· · ·
’ ’’

|z2|
1

β0

a

aβ0

a2

a3

aβ2
0

aβ3
0

an

anβn
0

...

...

-

-

-

-

-

Figure 18. Graph of the Taylor spectrum of the 2-variable weighted shift in Theorem 13.2

14. Joint k-hyponormality

Problem 14.1. (Lifting Problem for Commuting Subnormals) Find necessary and sufficient con-

ditions on T1 and T2 to guarantee the subnormality of T ≡ (T1, T2).

We recall that a pair S = (S1, S2) of commuting subnormal operators is called polynomially

subnormal if p(S) is subnormal for all 2-variable polynomials p ∈ C[z1, z2].

• (Franks, 1994) If p(S) is subnormal for all p with deg p ≤ 5, then S is subnormal.

Using Franks’ result, we can give an abstract answer to Problem 14.1.

Definition 14.2. A commuting pair T ≡ (T1, T2) is called k-hyponormal if T(k) := (T1, T2, T
2
1 , T2T1,

T 2
2 , · · · , T k

1 , T2T
k−1
1 , · · · , T k

2 ) is hyponormal, or equivalently

([(T q
2T

p
1 )∗, T n

2 T
m
1 ])1≤m+n≤k

1≤p+q≤k
≥ 0.
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Proposition 13.3.

(0, 0)
|z1|

1β0aaβ0a2a3 aβ2
0an

· · ·· · ·
’ ’’

|z2|
1
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aβ0
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a3
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0

aβ3
0

an

anβn
0

...

...

-

-

-

-

-

Figure 19. Graph of the Taylor essential spectrum of the 2-variable weighted shift

in Theorem 13.2

Clearly, subnormal ⇒ (k + 1)-hyponormal ⇒ k-hyponormal for every k ≥ 1.

We now present our multivariable version of the Bram-Halmos criterion for subnormality. When

combined with Theorem 14.5 below, Theorem 14.3 provides an abstract answer to Problem 14.1, by

showing that no matter how k-hyponormal the pair T might be, it may still fail to be subnormal.

Theorem 14.3. (Multivariable Version of the Bram-Halmos Criterion) Let T ≡ (T1, T2) be a

commuting pair of operators on a Hilbert space H. The following statements are equivalent.

(i) T is subnormal.

(ii) T(k) is subnormal for all k ∈ Z+.

(iii) T is k-hyponormal for all k ∈ Z+.

In the single variable case, there are useful criteria for k-hyponormality, and for 2-variable weighted

shifts, we have the Six-point Test for joint hyponormality. We now present a characterization of

k-hyponormality for 2-variable weighted shifts.

Theorem 14.4. Let T ≡ (T1, T2) be a 2-variable weighted shift with weight sequences α ≡ {αk} and

β ≡ {βk}. The following statements are equivalent.

(a) T is k-hyponormal.

(b) ((T n
2 T

m
1 )∗[(T q

2T
p
1 )∗, T n

2 T
m
1 ](T q

2T
p
1 ))1≤m+n≤k

1≤p+q≤k
≥ 0.

(c) (
〈
[(T q

2T
p
1 )∗, T n

2 T
m
1 ]eu+(m,n), eu+(p,q)

〉
)1≤m+n≤k
1≤p+q≤k

≥ 0 for all u ∈ Z2
+.

(d) (γuγu+(m,n)+(p,q) − γu+(m,n)γu+(p,q))1≤m+n≤k
1≤p+q≤k

≥ 0 for all u ∈ Z2
+.
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(e) Mu(k) := (γu+(m,n)+(p,q))0≤m+n≤k
0≤p+q≤k

≥ 0 for all u ∈ Z2
+. (For a subnormal pair T, the matrix

Mu(k) is the truncation of the moment matrix associated to the Berger measure of T.)

As an application of Theorem 14.4, we build a two-parameter family of 2-variable weighted shifts

(see Figure 20 below), and we identify the precise parameter ranges that separate hyponormality

from 2-hyponormality, 2-hyponormality from 3-hyponormality, etc., and k-hyponormality from sub-

normality. We believe these are the first examples in the literature of commuting pairs of subnormal

operators which are k-hyponormal but not (k + 1)-hyponormal.

For 0 < y ≤ 1, let x ≡ {xn}∞n=0 where

xn :=

⎧⎨⎩ y
√

3
4 , if n = 0√

(n+1)(n+3)

(n+2) , if n ≥ 1.

It can be shown that Wx ≡ shift(x0, x1, · · · ) is subnormal.

Theorem 14.5. For 0 < a ≤ 1√
2
, the 2-variable weighted shift T given by Figure 20 is

(i) hyponormal ⇔ 0 < y ≤
√

32−48a4√
59−72a2

;

(ii) k-hyponormal ⇔ 0 < y ≤
√

(k+1)2

2k(k+2)
−a2

a4− 5
2
a2+ (k+1)2

2k(k+2)
+ 2k2+4k+3

4(k+1)2

(k ≥ 2);

(iii) subnormal ⇔ 0 < y ≤
√

1
2−a2 .

In particular, T is hyponormal and not subnormal if and only if
√

1
2−a2 < y ≤

√
32−48a4√
59−72a2

.

Remark 14.6. (i) Even for 1-variable weighted shifts, it is generally difficult to provide concrete

parameterizations that separate k-hyponormality from (k+ 1)-hyponormality. That we can accom-

plish the same separation for 2-variable weighted shifts is an indication that the condition in Theorem

14.4(e) is sharp.

(ii) Theorem 14.5 gives a new family of examples, with explicit parameter values to distinguish

between k-hyponormality and (k + 1)-hyponormality, and a fortiori between hyponormality and

subnormality.
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(0, 0) (1, 0) (2, 0) · · · (n, 0) (n + 1, 0)

x0 x1 x2 · · · xn · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

· · · · · · · · · · · · · · · · · ·

a 1 1 · · · 1 · · ·

a 1 1 · · · 1 · · ·

T1

(0, 1)

(0, 2)

...

(0, n)

(0, n + 1)

T2

y

1

1

...

1

...

ay
x0

1

1

...

1

...

ay
x0x1

1

1

...

1

...

ay
x0x1x2

1

1

...

1

...

ay
x0···xn−1

1

1

...

1

...

...

...

...

...

...

...

Figure 20. Weight diagram of the 2-variable weighted shift in Theorem 14.5

• (15-point Test) Let T ≡ (T1, T2) be a 2-variable weighted shift, with weight sequences α

and β. Then

T is 2 − hyponormal

⇔Mk(2) := (γk+(n,m)+(p,q))0≤n+m≤2
0≤p+q≤2

≥ 0 (all k ∈ Z2
+)

⇔

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γk1,k2 γk1+1,k2 γk1,k2+1 γk1+2,k2 γk1+1,k2+1 γk1,k2+2

γk1+1,k2 γk1+2,k2 γk1+1,k2+1 γk1+3,k2 γk1+2,k2+1 γk1+1,k2+2

γk1,k2+1 γk1+1,k2+1 γk1,k2+2 γk1+2,k2+1 γk1+1,k2+2 γk1,k2+3

γk1+2,k2 γk1+3,k2 γk1+2,k2+1 γk1+4,k2 γk1+3,k2+1 γk1+2,k2+2

γk1+1,k2+1 γk1+2,k2+1 γk1+1,k2+2 γk1+3,k2+1 γk1+2,k2+2 γk1+1,k2+3

γk1,k2+2 γk1+1,k2+2 γk1,k2+3 γk1+2,k2+2 γk1+1,k2+3 γk1,k2+4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
≥ 0 (all k ∈ Z2

+).
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(k1, k2) (k1 + 1, k2) (k1 + 2, k2) (k1 + 3, k2) (k1 + 4, k2)

αk1,k2 αk1+1,k2 αk1+2,k2 αk1+3,k2

αk1,k2+1 αk1+1,k2+1 αk1+2,k2+1

αk1,k2+2 αk1+1,k2+2

αk1,k2+3

(k1, k2 + 1)

(k1, k2 + 2)

(k1, k2 + 3)

(k1, k2 + 4)

βk1,k2

βk1,k2+1

βk1,k2+2

βk1,k2+3

βk1+1,k2

βk1+1,k2+1

βk1+1,k2+2

βk1+2,k2

βk1+2,k2+1

βk1+3,k2

Figure 21. Weight diagram used in the 15-point Test

15. Propagation in the 2-variable Hyponormal Case

We show that if a commuting, hyponormal pair T ≡ (T1, T2) with T1 quadratically hyponormal

satisfies α(k1+1,k2) = α(k1,k2) for some k1, k2 ≥ 1, then (T1, T2(I ⊗ Uk2−1
+ )) is horizontally flat. We

also prove that this result is optimal in the following sense: the propagation does not extend either

to the left (0-th column) or down (below k2-th level).

Definition 15.1. A 2-variable weighted shift T is horizontally flat (resp. vertically flat) if α(k1,k2) =

α(1,1) for all k1, k2 ≥ 1 (resp. β(k1,k2) = β(1,1) for all k1, k2 ≥ 1). We say that T is flat if T is

horizontally and vertically flat (cf. Figure 22), and we say that T is symmetrically flat if T is flat

and α11 = β11.

Theorem 15.2. Let T ≡ (T1, T2) be a commuting, hyponormal 2-variable weighted shift.

(i) If T1 is quadratically hyponormal and α(k1,k2)+ε1
= α(k1,k2) for some k1, k2 ≥ 1, then (T1, T2(I ⊗

Uk2−1
+ )) is horizontally flat.

(ii) If, instead, T2 is quadratically hyponormal and β(k1,k2)+ε1
= β(k1,k2) for some k1, k2 ≥ 1, then

(T1(Uk1−1
+ ⊗ I), T2) is vertically flat.
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(0, 0) (1, 0) · · · (k1, 0) (k1 + 1, 0) · · ·
α0,0 α1,0 · · · αk1,0 αk1+1,0 · · ·

α0,1 1 · · · 1 1 · · ·

α0,2 1 · · · 1 1 · · ·

· · · · · · · · · · · · · · · · · ·

α0,k2 1 · · · 1 1 · · ·

α0,k2+1 1 · · · 1 1 · · ·

T1

(0, 1)

(0, 2)

...

(0, k2)

(0, k2 + 1)

T2

β0,0

β0,1

β0,2

...

β0,k2

...

β1,0

b

b

...

b

...

...

...

...

...

...

...

βk1,0

b

b

...

b

...

βk1+1,0

b

b

...

b

...

...

...

...

...

...

...

�
�

�

�
�

�

�
�

�

Figure 22. Weight diagram of a flat 2-variable weighted shift (with round dots for

horizontal flatness, triangular dots for vertical flatness)

Remark 15.3. The proof of Theorem 15.2 shows that for T ≡ (T1, T2) commuting and hyponormal,

and for k1, k2 ≥ 0,

α(k1,k2)+ε1
= α(k1,k2) ⇒ β(k1,k2) = β(k1,k2)+ε1

(15.1)

Moreover, if k2 ≥ 1,

α(k1,k2)+ε1
= α(k1,k2) and α(k1,k2)+ε1−ε2

= α(k1,k2)−ε2
⇒ α(k1,k2)+ε1

= α(k1,k2)+ε1−ε2
.

To demonstrate optimality, we recall the class of Bergman-like weighted shifts.
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Definition 15.4. For � ≥ 1, the Bergman-like weighted shift acting on �2(Z+) is

B
(�)
+ := shift({

√
�− 1

k+2) : k ≥ 0}); that is,

B
(�)
+ ek :=

√
�− 1

k + 2
ek+1 (k ≥ 0).

In particular, B(1)
+ ≡ B+ := shift(

√
1
2 ,
√

2
3 ,
√

3
4 , · · · ) is the Bergman shift.

Remark 15.5. (i) B+ is subnormal with Berger measure dξ(s) := ds.

(ii) (RC, Y.T. Poon and J. Yoon) B
(2)
+ is subnormal with Berger measure dξ(s) := sds

π
√

2s−s2
.

Theorem 15.6. For every k2 ≥ 1 there exist

(i) a family {B(�i)
+ }k2−1

i=0 of Bergman-like weighted shifts,

(ii) a hyponormal weighted shift Wβ := shift(β0, β1, β2, · · · ) (with βn < βn+1 for all n ≥ 0), and

(iii) a constant α0 < 1,

such that the commuting 2-variable weighted shift with a weight diagram whose first k2 rows are

B
(�0)
+ , · · · , B(�k2−1)

+ , whose remaining rows are Sα0 , and whose 0th column is given by Wβ is hyponor-

mal (see Figure 23 for the case k2 = 2).
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