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Notation and Preliminaries

L(H): algebra of bounded operators on a Hilbert space H
TeL(H)Is
@ normal if T*T =TT*
@ subnormal if T = N|, where N is normal and NH C 'H
@ hyponormal if T*T > TT*
@ ForS,T € B(H), [S,T] :=ST —TS.
@ Ann-tuple T = (Tq, ..., Tp) is (jointly) hyponormal if

[T*le] [T*’Tl] o [TrTle]
T.7] = [Ty a:T2] [T; ,:Tz] e [T ,:Tz]
[TLTal {73, Tl -+ [T3, Tl
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@ Fork > 1, an operator T is k-hyponormal if (T, ..., T*) is
(jointly) hyponormal, i.e.,

[T*T] - [T T]
: . . -0

[T*,Tk] [T*k,Tk]
@ An n-tuple T is normal if T is commuting and each T; is

normal

@ Tis subnormal if T is the restriction of a normal n-tuple to a
common invariant subspace

@ normal = subnormal = hyponormal.
@ (Bram-Halmos, n = 1)

T subnormal <« T is k-hyponormal for allk > 1
& (T,T2,...,T%)is hyponormal for all k > 1.

Raul Curto, Wabash Mini-Conference 2007 Powers of Commuting Pairs of Subnormal Operators



Problem

(Lifting Problem for Commuting Subnormals (LPCS)) Given a
commuting pair T = (Tq, T2), find necessary and sufficient
conditions on T; and T, to guarantee the subnormality of T.

It is well known that the subnormality of each of T, and T, is
necessary but not sufficient.

(RC-Muhly-Xia, 1988) Let T = (T1, T2) be a pair of commuting
subnormal operators. Then T is subnormal if and only if T is
hyponormal.
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@ We now know how to build many different kinds of
examples to disprove the conjecture; one of the
constructions even allows for T; = T,. We also know that
for every k > 1 one can build a pair T which is
k-hyponormal but not (k + 1)-hyponormal, therefore not
subnormal.

@ To study LPCS, we let £ denote the class of commuting
pairs of subnormal operators. More generally, we let .
denote the class of subnormal pairs, and for each integer
k > 1, we let ¢ denote the class of k-hyponormal pairs in
$o-
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@ Clearly,
oo S - CHCS - C H2 C H1 C Hos

these inclusions are all proper. Suitable examples have
been found in the class 7C, a large class of 2-variable
weighted shifts T = (T1, T) for which hyponormality and
subnormality are far apart. Briefly described, 7C consists
of hyponormal pairs T of subnormal operators such that

Tleer) = (1R Wa, Wz X)),

where c(T) is the core of T (a large invariant subspace).
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Weighted Shifts and Berger’s Theorem

Given a bounded sequence of positive numbers (weights)
o = ag, ag, ay, ..., the unilateral weighted shift on (2(Z.,)
associated with « is

W.ex = axexr1 (k >0).
The moments of « are given as
= (0) = 1 ifk =0
=W T 020, ifk>0 [°

@ W, is never normal

@ W, is hyponormal < ax < ax41 (allk > 0)

@ (Berger; Gellar-Wallen) W, is subnormal iff there exists a
positive Borel measure ¢ on [0, |[W,||%] such that

Y = /tk de(t) (allk > 0).
¢ is the Berger measure of W,,.
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@ For0 <a< 1lweletS,:=shift{a,1,1,...).
@ The Berger measures of U, is ¢;.
@ The Berger measure of S, is (1 — a?)dg + a26;.

@ The Berger measure of B (the Bergman shift) is
Lebesgue measure on the interval [0, 1]; the weights of B_;

are ap := /243 (n > 0).
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Multivariable Weighted Shifts

ak, Bk € £°(Z2), k= (ki ko) € Z2 := 74 x Zy
P(25) = P(24) Q) A(Zy).
We define the 2-variable weighted shift T = (T, T,) by
Tiex := OkCxyeg

Toek = BkCkey
where 7 :=(1,0) and 5 := (0,1). Clearly,

T1To =TTy <= Bie, 0k = e,k (allK).

Ak, ka+1

(kl,k2+1) (k1+1,]€2+1)

(F1, k2) (k1 +1, ko)

Raul Curto, Wabash Mini-Conference 2007 Powers of Commuting Pairs of Subnormal Operators



(0,3)
1802 812 B2
Ty (0,2) Qo2 Q12 Q22
Bo1 811 1821
0,1) Qo1 Q11 Q21
Boo 510 1820
Qoo Q10 Q20
(0,0) (1,0) (2,0) (3,0)
T
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@ Trivially, a pair of unilateral weighted shifts W, and Wg
gives rise to a 2-variable weighted shift T = (T1, T); in
fact, using the canonical identification of ¢2(Z2 ) and
2(Z1) @ 1?(Z), one can let

T1%I®Wa
T, =W Q)1

In this case, T is doubly commuting, so T is subnormal
(resp. hyponormal) if and only if so are T, and T,. For this
reason, we only use these shifts when the above
mentioned triviality is desirable or needed.

and
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@ (Jewell-Lubin)
ki1 ko—1
W, is subnormal < =[] efio) ] A1)
i=0 j=0

_ /t'l‘ltlz(z du(ty, ) (allk > 0).

Thus, the study of subnormality for multivariable weighted shifts
is intimately connected to multivariable real moment problems.
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A Measure-Theoretic Formulation of LPCS

@ T = (T4, T,) subnormal = T; subnormal fori = 1,2. For
instance,
oo
@Wa(ih
i=0

where ai(j) =« Is the j-th row. If 1 is the Berger
measure of T, and if

d,u(tl, tz) =d (Dtl (tz)d 7}(t1)

is the canonical disintegration of p by vertical slices, we
prove that the Berger measure of W_ is

1%

Ty

1 : .
dl/j(tl) = tlqu)tl(tz).
70 J10.2]
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In terms of the marginal measures {1}, and {wi}{<, , LPCS
can be phrased as a

Problem (Reconstruction-of-Measure Problem (

Under what conditions on the measures {1} }2, and {wi }2,

does there exist a 2-variable measure y correctly interpolating
ky+Ko

all the powers t;*t;? (kq, ko > 0).
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Special Case (tensor core): Given &,7,&x, 1y, a, find 4.
MNN

T2%77y
~EXD

(0,0) (1,0) (2,0) (3,0)
Tlxé.x
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Definition

(i) The core of a 2-variable weighted shift T is ¢(T) := T| v
(ii) T is said to be of tensor form if T = (1 @ W,, Wz ®1). (When
T is subnormal, this is equivalent to requiring that the Berger
measure be a Cartesian product & x 7);

(iii)y 7C:={T € Ho : c(T) is of tensor form}.

Problem

Let T € 7C and assume T is hyponormal. Additionally, assume
that c(T) is subnormal, with Berger measure ¢ x n. Find
necessary and sufficient conditions on &, 7, &, 7y and a to
guarantee the subnormality of T.
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Extremal and Marginal Measures

w probability measure on X x Y, with % € LY(pn). The extremal
measure uext (also a probability measure) on X x Y is given by

dient(5.1) 1= (1~ do(t)) rrr—du(s.)

([

For 1. on X x Y, the marginal measure 1 is given by

X . _ -1
Pt = oy

where x : X x Y — X is the canonical projection onto X.
Thus,

1X(E) = u(E x Y),
for every E C X. If 1 is a probability measure, then so is p/*.
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Proposition (Special Case of ROMP)

(Subnormal backward extension for 2-variable weighted shifts)
M : subspace of ¢2(Z2) associated to indices k with k, > 1.
Assume T x4 subnormal with measure ., and

Wy := shift(agg, a1, - - - ) subnormal with measure v.

Then T is subnormal if and only if

M) €L (m);
(@) 5o < ([ Tllagup) ™

(i) 3Go H%HLl(uM) (BM)ga < V-
Moreover, if 58 ||t [ 1(,,,,) = 1- then (pm)e = v-
When T is subnormal, its Berger measure is

1

d (/’LM)eXt (S7 t)
LY (k)
1

+(dw(s) — B n d(1eat)ext (5))d o (t)-

L1
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(0,3)
Bo2 312 822
Ty (0,2) Q02 Q12 Q22
Bo1 1811 821
(0,1) Q01 1] 2]
Boo 310 320
Q00 Q10 Q20
(0,0) (1,0) (2,0) (3,0)
Ty




A Necessary Condition for the Existence of a Lifting

Theorem

Let i be the Berger measure of a subnormal 2-variable
weighted shift, and for j > 0 let & be the Berger measure of the
associated j-th horizontal 1-variable weighted shift W _g). Then

45() = - | ¥ 00s(0)} d*(s),

where d (s, t) = dds(t) duX(s). A similar result holds for the
Berger measure 7; of the associated i-th vertical 1-variable
weighted shifts W) (i >0).
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Let p, § and n; be as before. For everyi,j > 0 we have

i1 < §

and

Nit1 L i
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The Necessary Condition is Not Sufficient

Proposition

Let T = (T, T») be the following 2-variable weighted shift.
Then

(i) Tis hyponormal < 1 — 2x2 +y2 >0

(i) T is subnormal < 1 — 2x2 + x2y? > 0.

As a consequence, for (x,y) € R? such that

1-2x%24x%y? <0<1—2x%2+4y?

T is hyponormal but not subnormal.
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Yy 1 1
T210,9)
1 1 1
y 1 1
(0,1)
X l/ y
T 1 1
(0,0) (1,0) (2,0)
T
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T is hyponormal but not subnormal for (x,y) in this region

0.7 0.8 0.9 1.0 T
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2-variable Shifts Whose Cores are of Tensor Form

MNN

Tzzny
~EXD

(0,0) (1,0) (2,0) (3,0)
T1%§x
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Assume that c(T) is subnormal, with Berger measure £ x 7,

and let
P = (ﬂy)l—az s n
LL(¢)
and
1 a?y? ||1 1
o] w-ZE[Y JY
Ullirey) S lIslle 1t

where (ny), is the Berger measure of the subnormal shift
shift(yy,y2,---). Trivially, ©» and ¢ are measures, but they may
or may not be positive measures.
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Let T = (T1, T2) € Ho be a 2-variable weighted shift whose core
is of tensor form. ThenT € $H,, <= ¥ >0and p > 0.

Sketch of Proof.
(<) It suffices to find a probability measure p satisfying

w(T) = /tkdu(t) = /t'l‘lt'z‘Zdu(t), for all k > 0.

Let

= x (6 — ) + Y&

Sl dox ($—if) + & x 7

Li(4)
L dyt). O

dn(t) and do(t) == t”;Hl
thi(y)

where d7(t) :

_ 1
tH%HLl(n)

-
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Can Powers Detect Lifting?

J. Stampfli (1962)

() If T is hyponormal and T" is normal for some n > 1,then T
is normal.

(i) There exists T hyponormal, non-subnormal, such that T" is
subnormal for all n > 1; e.g., a shift with weights a,b,1,1,-- -,

where0 <a<b < 1.

If W,, is a weighted shift, then W2 is a direct sum of two shifts,

with weights agaq, asas, - -- and ajas, azag, - - -, resp.

In two variables, we consider (T2, T,) and (Tq, TZ), which can

be split as orthogonal direct sums. For instance,

(TZ,T2) = (W20 @(1®Sa), Toln,) @(Wa(z;l)@(|®u+)>Tz\Hl)-
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(0, 1)

(o, 0). (1% (25 .

T2
1
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We give an example of T = (T, T2) € 9, such that
(T2,T2) ¢ H1. For0 < x < 1, let a = {an}2°, be defined by

X e ifn=0 o
n (n+1)(n+3) . :

W, is subnormal, with Berger measure

déa(s) = (1 — k?)ddo(s) + ’;zds + Iidél(s).

For 0 < a < 1, consider the 2-variable weighted shift shown
below, with a = {an}22, as above.
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(0,3)
1 1
T2 | (0,2 —2 - .
1 1
1 1
(0,1) —=
% azzl
a0 a1 a2
(0,0) (1,0) (2,0) (3,0)
T
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Theorem

Let0<a< \/g Then
(i) T, and T, are subnormal;

(i) Te$Hyifandonlyif 0 <k < hy(a) = /32=48,

(iii) T e 9 ifand onlyif 0 < k < ha(@) = \/ 157 asor e s
i I i < S 1 .
(iv) Te 9 ifandonly if 0 < k < hy(a) : Wearet

(v) Then (T2, T,) is hyponormal if and only if

0<k< h21(a) = 3\/43:728;2.
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K T € H; and TV ¢ 9, for (a,) in this region

T ¢ 91 and T € §; for (a,) in this region

Aint
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A Large Class for Which

(T2, T2) € 9o < (T1,T2) € Hoo < (T1,T2) € Hu

We recall that (T, T22) can be regarded as the orthogonal direct
sum of two 2-variable weighted shifts:

HO = \/{6(0,0)79(0,2),9(0,4)7 o, €(1,00€(1,2)€(1,4)s "

and

H = \/{e(O,l)ae(O,B)ue(O,S)a 5 €1,1)€(1,3)81,5), }e
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0,1 @ @ O Q

(o, 0). (15 (25 O

Ty
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Thus, (T1,T) is subnormal if and only if each of (T1,T2)50
and (T1,T2)|;x is subnormal. The weight diagrams of
(T1,T2)|30 is shown below.

(0,6)
Yays 3405 3435
zB18283
Y1y2Y3 o Qs
(0,4)
T2
2 |H0 Y2Yys3 32 33 G2 33
Py
Y1 aq [6P]
(0,2)
Yoy1 —”“'?;0061 w;)(;@;lm
Zo T T2
(0,0) (1,0) (2,0)
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(0,3)
Bo2 312 822
Ty (0,2) Q02 Q12 Q22
Bo1 1811 821
(0,1) Q01 1] 2]
Boo 310 320
Q00 Q10 Q20
(0,0) (1,0) (2,0) (3,0)
Ty




Proposition

Let T = (T,,T) € 7C. Then (T1,T22)|H1 is subnormal if and
only if T| o is subnormal.

| A

Theorem

LetT = (Tl,Tz) € 7C. Then

(T1,T2) € 900 <= (T3 T2) € Hoo <= (T1,T2) € Hon.
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Sketch of Proof. Clearly, it is enough to show that
(T1,T2) € Hoo = (T1, T2) € Hoo. Since
(T1,T2) € Hoo = (T1, T2) |10 € Hoo, OUI Strategy consists of first
characterizing the subnormality of T and of (T1, T2)|,0 in terms
of the given parameters (yg, v, etc), and then establishing the
desired implication at the parameter level.
First, the Subnormal Backward Extension Theorem helps us
characterize the subnormality of T, with Berger measure given
by _

g = X2E x4 8o x ((1y), — x%rn).
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(T1,T,) is subnormal & y@ ()8 < v

t LY (k)
5|11
<~ Yo T © < px.
L1 ((my)1)

We then use reconstruction-of-measure techniques to prove
that

(T1,T2)|5p0 is subnormal < y&

< .
t ® = Hx

L ((ny)1)

We thus have a characterization of the subnormality of
(T1,T2)|p0. It now follows that the subnormality of (Ty, T2)
implies the subnormality of (T1, T>). O
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Subnormality for Powers of Hyponormal Pairs

We study the connection between the joint subnormality of
pairs (T1, T2) € H; and the subnormality of the associated
monomials T"TJ' (m,n > 1). Our results further exhibit the
large gap between the classes )., (subnormal pairs) and $g
(commuting pairs of subnormal operators).

Proposition

Let T = (T4, T2) be hyponormal, and assume that (T;",TJ') is
normal for some m > 1 and n > 1. Then (Ty, T») is normal.

In view of this result, one might conjecture that if (T1, T») is
hyponormal and TlmTzn is normal forsome m > 1 and n > 1,
then (T, T2) is normal. But this is not true even if we assume
that (T4, T») is subnormal and T;"T}' is normal for all m > 1 and
n>1.
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132 32 132

Tg a 1 1
31 181 151

a 1 1
y ay ay

T 1 1

(0,0) (1,0) (2,0) (3,0)

T
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Theorem

For the above mentioned 2-variable weighted shift T = (T, T»),
the following are equivalent.

(i) T{"TJ is subnormal forallm > 1 and n > 1;

(i) T1T} is subnormal for alln > 1;

(i) y < %- i 1 1/H1HL1( my foralln > 1, where

dn™(t) = 5 dtn).

n 1
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For a concrete example, Ietdn(t) :=dt on [2,2] Then
1= 06165 B 1—f1 "y (t) = 5(°5+) and

Yon—1 = 21n(322n ), we can give explicit expressions for the
Berger measures of shift(5n, Gnt1,---) and

: - 3
shift (M2 46, M0 06, - ).
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We conclude that

(i) Ty issubnormalif0 <a < x < 1;
(i) T2 is subnormal <y < /s

. A/1—x2
(i) (T1,To) €Ny <m:= mln{\/ﬁ, n3t;

(V) (T, To) € oo &0y < 5= /s 220

Fors<y <mand0 < a<x <1, we have
() T=(To,Tp) € 91;

(i) T=(T1,T2) ¢ Hoo;

(i) T"TJ is subnormal forallm > 1,n > 1.

Recall that E. Franks proved that T is subnormal if and only if
p(T) is subnormal for all poly’s p with degree at most 5.
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@ LPCS has abstract solution (Multivariable Bram-Halmos),
but we seek concrete solution for multivariable weighted
shifts.

@ ROMP is a measure-theoretic formulation of LPCS for
Berger measures.

@ For a large collection of 2-variable weighted shifts (those
whose core is of tensor form), we find a complete solution.

@ Solution entails checking the positivity of two 1-variable
measures, naturally associated to the initial data.

@ We address the question: Can the powers (T2, T) and
(T1,T2) detect the existence of a lifting?
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