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Abstract

Let $ (resp. Ho0) denote the class of commuting pairs of subnormal operators on
Hilbert space (resp. subnormal pairs), and for an integer k > 1 let $); denote the
class of k-hyponormal pairs in 9. We study the hyponormality and subnormality
of powers of pairs in £;,. We first show that if (71,7%) € 91, the pair (7%, Tz) may
fail to be in $;. Conversely, we find a pair (T1,Ts) € §o such that (T2, T2) €
but (T1,T>) ¢ $H1. Next, we show that there exists a pair (77,72) € $1 such that
TT3 is subnormal (all m,n > 1), but (17,7%) is not in $Ho; this further stretches
the gap between the classes $; and $.,. Finally, we prove that there exists a large
class of 2-variable weighted shifts (77,75) (namely those pairs in $)y whose cores
are of tensor form (cf. Definition 3.4)), for which the subnormality of (T2, Ty) and
(T1,T3) does imply the subnormality of (7%, T).
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1 Introduction

The Lifting Problem for Commuting Subnormals (LPCS) asks for necessary and sufficient
conditions for a pair of subnormal operators on Hilbert space to admit commuting normal
extensions. It is well known that the commutativity of the pair is necessary but not sufficient
([1], [23], [24], [25]), and it has recently been shown that the joint hyponormality of the pair
is necessary but not sufficient [16], thus disproving the conjecture in [13]. An abstract answer
to the Lifting Problem was obtained in [10], by stating and proving a multivariable analogue
of the Bram-Halmos criterion for subnormality, and then showing concretely that no matter
how k-hyponormal a pair might be, it may still fail to be subnormal. While this provides new
insights into the LPCS, it stops short of identifying other types of conditions that, together
with joint hyponormality, may imply subnormality.

Our previous work ([10], [16], [17], [18], [31]) has revealed that the nontrivial aspects of the
LPCS are best detected within the class $; of commuting hyponormal pairs of subnormal
operators; we thus focus our attention on this class. More generally, we will denote the class
of commuting pairs of subnormal operators on Hilbert space by £y, the class of subnormal
pairs by $., and for an integer k£ > 1 the class of k-hyponormal pairs in §y by $;. Clearly,
Do € ... €H, C ... € Hy C H C Hy; the main results in [16] and [10] show that these
inclusions are all proper. (The LPCS thus asks for necessary and sufficient conditions for a
pair T €99 to be in H.)

In [19], E. Franks proved that if T = (77, T3) € o and p(T) is subnormal for all polynomials
p € Clz] with degp < 5, then T is necessarily subnormal. Motivated in part by this result, and
in part by J. Stampfli’s work in [28] and [29], in this article we consider the role of the powers
of a pair in ascertaining its subnormality. Clearly, if T = (T}, T3) € $o0, and if m, n > 1, then
T = (T, TF) € Hoo, and therefore T/ T7 is a subnormal operator. It is thus natural to
ask whether the subnormality of both T and T(? can force the subnormality of T.

Our first main result shows that the class $ is not invariant under squares, as follows: we
construct a pair T = (1}, 1) € 9, such that T®Y = (T2 Ty) ¢ $, (Theorem 2.7). Conversely,
we find a pair T €6, such that T?Y = (T2, T3) € $; but T ¢ §;. We then show that for
a large class of commuting pairs of subnormal operators, the subnormality of both T
and T1? does force the subnormality of T. Concretely, if T € 7C, the class of all 2-
variable weighted shifts T € $), whose cores are of tensor form (see Definition 3.4 below),
then T2 € § < T®Y € H, & T € H (Theorem 3.9). Our results thus seem to
indicate that the subnormality of TV T2 may very well be essential in determining the
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subnormality of T within the class )y (Conjecture 3.11). Next, we prove that it is possible
for a pair T € $; to have all powers T{"T3' (m,n > 1) subnormal, without being subnormal
(Example 4.5). This provides further evidence that the gap between the classes $., and $;
is fairly large.

To prove our results, we resort to tools introduced in previous work (e.g., the Six-point Test
to check hyponormality (Lemma 2.1) and the Backward Extension Theorem for 2-variable
weighted shifts (Lemma 3.3)), together with a new direct sum decomposition for powers
of 2-variable weighted shifts which parallels the decomposition used in [14] to analyze k-
hyponormality for powers of (one-variable) weighted shifts. Specifically, we split the ambi-
ent space (*(Z3) as an orthogonal direct sum H° & H', where H™ := V72 {egokim) = 1 =
0,1,2,---} (m = 0,1). Each of the subspaces H® and H' reduces T} and T,, and T™?) is
subnormal if and only if each of T™"? ;0 and T2 ;1 is subnormal (cf. Figure 4).

We devote the rest of this section to establishing our basic terminology and notation. Let H
be a complex Hilbert space and let B(H) denote the algebra of bounded linear operators on
H. We say that T' € B(H) is normal if T*T = TT*, subnormal if T = N|3;, where N is normal
and N(H)C H, and hyponormal it T*T > TT*. For S,T € B(H) let [S,T]:= ST —TS. We

say that an n-tuple T = (T3, -+, T;,) of operators on H is (jointly) hyponormal if the operator
matrix
(17, 1) (13,14 - [T, 0]
Tr Ty (13, T5) - [T, T
ey | T T (57

(17, T (15, T -+ (15, T

is positive on the direct sum of n copies of H (cf. [2], [11], [13]). The n-tuple T is said to be
normal if T is commuting and each T; is normal, and T is subnormal if T is the restriction
of a normal n-tuple to a common invariant subspace. Finally, we say that a pair T = (T}, 1)
is 2-hyponormal if T is commuting and (T3, Ty, T¢, T1T», T§) is hyponormal. Clearly, normal
= subnormal = 2-hyponormal = hyponormal.

The Bram-Halmos criterion for subnormality states that an operator T' € B(H) is subnormal
if and only if

S (T'x;, TP %) > 0

2y
for all finite collections xg, x1,- - ,zx € H ([4], [5]). Using Choleski’s algorithm for operator
matrices, it is easy to verify that this condition is equivalent to the assertion that the k-tuple
(T,T?,---,T%) is hyponormal for all & > 1.

For a = {a,}32, a bounded sequence of positive real numbers (called weights) let W, :
(*(Zy) — (*(Z,) be the associated unilateral weighted shift, defined by Wae, = a,e,.1 (all
n > 0), where {e,}>2, is the canonical orthonormal basis in ¢*(Z,). For notational con-



venience, we will often write shift(ag,aq,---) to denote W,. In particular, we shall let
Uy = shift(1,1,---) (Uy is the (unweighted) unilateral shift) and S, := shift(a,1,1,--).
For a weighted shift W, the moments of « are given by

1 itk=0
szfyk(&) = 2 2

af--rag_y itk >0.

It is easy to see that W, is never normal, and that it is hyponormal if and only if oy <
a1 < ---. Similarly, consider double-indexed positive bounded sequences ay, Ok € EOO(Zi),
k = (ki,ko) € Z% = Zy X Zy, and let (*(Z2) be the Hilbert space of square-summable
complex sequences indexed by Z2 . (Recall that ¢*(Z3 ) is canonically isometrically isomorphic
to ((Zy) ®(*(Zy).) We define the 2-variable weighted shift T = (T}, T3) by

Tiex = agexie,
They = PiCries,

where €1 := (1,0) and &9 := (0,1). Clearly,
TiTy = ToT <= Bire,0c = Qire,f (allk € Z2). (1.1)
In an entirely similar way one can define multivariable weighted shifts.

A 2-variable weighted shift T = (77,75) is called horizontally flat if o, k) = o) for all
ki,ko > 1; T is called vertically flat if B, r,) = Ba,1) for all ki, ks > 1. If T is horizontally
and vertically flat, then T is simply called flat.

For an arbitrary 2-variable weighted shift T, we shall let R;;(T) denote the restriction of
T to M; NN, where M; (resp. N;) is the subspace of ¢*(Z2) spanned by the canonical
orthonormal basis vectors associated to indices k = (kq, ko) with &y > 0 and ky > i (resp.
ki > j and kg > 0).

Trivially, a pair of unilateral weighted shifts W, and Wjs gives rise to a 2-variable weighted
shift T = (71, T»), if we let o, k) = iy and B ky) = B, (all ki, ko € Z2 ). In this case, T
is subnormal (resp. hyponormal) if and only if so are 77 and T3; in fact, under the canonical
identification of ¢*(Z2) and (*(Z,) @ (*(Z4), T = IQ W, and Tr = W3 ® I, and T is also
doubly commuting. For this reason, we do not focus attention on shifts of this type, and use
them only when the above mentioned triviality is desirable or needed. Given k € Z3, the
moment of («, 3) of order k is

1 ifk =0
e = (o, B) = 00) " U -10) if ky > 1 and ko =0
5(20,0) o '5(20,1@—1) if by =0and ke > 1
2

C((O,O) A Oé%klfl,o)/B(le,O) A ﬂ(%ﬁ,kgfl) lf kl 2 1 a.nd kQ 2 1



(We remark that, due to the commutativity condition (1.1), 7% can be computed using any
nondecreasing path from (0,0) to (ki, k2).) We now recall a well known characterization of
subnormality for multivariable weighted shifts [22], due to C. Berger (cf. [5, II1.8.16]) and
independently established by Gellar and Wallen [20]) in the single variable case: T = (T}, T5)
admits a commuting normal extension if and only if there is a probability measure p (which we
call the Berger measure of T') defined on the 2-dimensional rectangle R = [0, a1] % [0, as] (where
a; = | T;||*) such that v = [, s*t"2dpu(s, t), for all k € Z2. In the single variable case, if W,
is subnormal with Berger measure &, and h > 1, and if we let £, := \/{e,, : n > h} denote the
invariant subspace obtained by removing the first i vectors in the canonical orthonormal basis
of (*(Z), then the Berger measure of W, |, is i—};df(s); alternatively, if S : £>°(Zy) — (>°(Zy)
is defined by
S(a)(n) :=an+1) (e € (*(Zy),n >0), (1.2)
then
(o () = —=dE(s). (1.3)
g
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2 The Class $; Is Not Invariant Under Squares

For a general operator T" on Hilbert space, it is well known that the hyponormality of T does
not imply the hyponormality of 72 ([21]). However, for a unilateral weighted shift W, the
hyponormality of W, (detected by the condition oy < gy for all & > 0) clearly implies
the hyponormality of every power W2 (m > 1). For 2-variable weighted shifts, one is thus
tempted to expect that a similar result would hold, especially if we restrict attention to the
class 7 of commuting hyponormal pairs of subnormal operators. Somewhat surprisingly, it
is actually possible to build a 2-variable weighted shift T € $); such that T3 ¢ §,, and we
do this in this section.

We begin with some basic results. First, we recall a hyponormality criterion for 2-variable
weighted shifts.

Lemma 2.1 (/6]) (Siz-point Test) Let T = (T, T5) be a 2-variable weighted shift, with weight
sequences o and (3. Then T is hyponormal if and only if

a? — ol Ote e —
Hy(k) := kber Tk ierealicrey = Ol >0 (allk = (ki k) € Z2),

C(k+82/3k+81 - Oékﬂk ﬂl2(+62 - ﬂl%



(0,3)
1 1 1
k+ 200 Ty | (0,2)—2 1 1
5k+€2 1 1 1
«
k + e KT o kter + e 0,1)—= 1 1
ﬂk k+e1 1 ak akK
g Qoo
ak Qk+ey ap o1 (%) e
[ L]
k k+e) k+ 2 0,0) (1,0) (2.0) (3,0)
Ty

Fig. 1. Weight diagram used in the Six-point Test and weight diagram of the 2-variable weighted
shift in Lemma 2.4.

Next, given integers 4 and £ (€ > 1,0 < i < — 1), consider H = (*(Zy) = V32o{e;}. Define
Hi = ViZolerri}, so H = @'=} H;. Following the notation in [14], for a weight sequence o
let

Py(a) = a(l :4) = {2y rivm} 320; (2.1)
that is, a(¢ : 7) denotes the sequence of products of weights in adjacent packets of size
¢, beginning with «; - ;1. For example, a(2 : 0) : apay, agag, agas, -+, a2 : 1) :
e, g, asag, - - - and a(3 @ 2) 1 asagay, asagar, agagagg, - - - . Observe that, using the

notation introduced in (1.2), Py, = PyS®. For a subnormal weighted shift W,, it was proved
in [14] that Wp,,(«) is also subnormal (all ¢ > 1,0 <7 < ¢ —1). In fact, more is true.

Lemma 2.2 ([14)) For ¢ > 1, and 0 < i < { — 1, Wp,,(a) is unitarily equivalent to W|y,.
Therefore, W is unitarily equivalent to @f;épr(a). Consequently, Wt is k-hyponormal if
and only if Wp,,() s k-hyponormal for each i such that 0 < ¢ < £ — 1. Moreover, if W, is
subnormal with Berger measure &, then Wp,, ) 1s subnormal with Berger measure

Sl

Si

%)

S

Yi(a)

06p,a)(5) = dEpysia)(s) = ——dEn, (s) dea(st) (0<i<e—1).  (22)

Example 2.3 Let W, = shift(ag, aq,---) be a subnormal weighted shift, with Berger measure
. Then shift(apas, auos, ...) = Weya) is also subnormal, with Berger measure ——d&q(+/s).
01

To produce an example of T = (11, Ty) € $; such that T?Y ¢ §,, we start with an example



given in [10]. For 0 < k <1, let a = {a,,}5°, be defined by

K % ifn=0 23)
Qn n n . :
W if n>1.

We know that W, is subnormal, with Berger measure

2 2
déo(s) = (1 — K?)ddy(s) + %ds + %dél(s) ([10, Proposition 4.2]).

For 0 < a < 1, consider the 2-variable weighted shift given by Figure 1, with o = {«,,}52, as
above.

Lemma 2.4 ([10]) Let T = (T1,T5) be the 2-variable weighted shift whose weight diagram is

giwen by Figure 1, with 0 < a < \/g Then

(i) T\ and Ty are subnormal;
(i) T € $H1 if and only if 0 < k < hy(a) := wggjggi ;

(iii) T € $5 if and only if 0 < K < hy(a) = |/ At -

(iv) T € He if and only if 0 < k < hyo(a) =

2—a?’

Remark 2.5 Close inspection of the proof of Lemma 2.4 reveals that the hyponormality of the
2-variable weighted shift T whose weight diagram is given by Figure 1 extends beyond the range

0<a< \/g As a matter of fact, the hyponormality of T is controlled by the nonnegativity

of the two expressions, f(a) := 84— 95a* and g(a, ) := (72a*> —59)k? + 32 —48a*. Of course,

the nonnegativity of f requires a < %, while to analyze the second expression we need to

consider three cases: (i) 72a*> —59 < 0; (i1) 72a®> —59 = 0; and (iii) 72a*> —59 > 0. In case (i),
gla, k) > 04 a* < 2 and w2 < 2289 i case (i), a> = 2 and g(a, k) = 32 — 48(22)% < 0;

59—72a2 ’ 72
and in case (i), g(a,k) > 0 & a® > % and K? > gg:‘gz;. Now, it is easy to verify that

. . _ 4 . .
on the interval (1/%, ,/%] the expression gg_‘;g& 15 always greater than 1, and since we must

have k < 1, case (iii) cannot really happen. If we now observe that a < \/% 18 implied

by the condition a* < %, we conclude that T is hyponormal if and only if a < \‘%g and
—48a%

o < B = (o).

Theorem 2.6 Let T = (T, T3) be the 2-variable weighted shift whose weight diagram is given

by Figure 1. Then T3V = (T2, Ty) is hyponormal if and only if 0 < k < hy(a) = 3\/%,

with 0 < a < \‘%g )

Proof. For m = 0,1, let H,, := V52o{e@jimpr) : k= 0,1,2,---}. Then (*(Z%) = Ho D Ha,



and each of Hy and H; reduces T? and T,. We can thus write
(T7,Ts) = (Wa@o) @ (I ® Sa), Tolry) BWagn) & (I @ Us), Taln,).

By [16, Theorem 5.2 and Remark 5.3], the second summand, (Wy@1) @ (I ® Uy), To|y,), is
subnormal. Thus, the hyponormality of (TZ, T3) is equivalent to the hyponormality of the first
summand, (Wy.0)® (I ® 5,), Tals,). Now, to check the hyponormality of the first summand,
by Lemma 2.1 it suffices to apply the Six-point Test at k = (0,0). We have

a2/-c

2,92 2,92
H 0 o @3&2 - &1&0 apan - /’QCKOOCl
(Wazoy@(195:)Taly) (0) = | ,
— Koy 11—k
apQ

9 47,2 3.4 2,2
<15~ 3R Sa + 2a°k* > 0

< h(a, k) = (60a® — 47)K% + 27 — 45a* > 0.

As in Remark 2.5, three cases arise: (i) 60a? —47 < 0; (ii) 72a*—59 = 0; and (iii) 60a? —47 > 0.
In case (i), h(a,k) > 0 & a* < 2 and x? < 9654, in case (i), a® = 4 and h(a,x) =

47—-60a2 * 60
27 — 45(31)? < 0; and in case (iii), h(a, k) > 0 < a* > g and K2 > ZZ:ggZ; As before, it is
easy to verify that on the interval (4/ %, 1] the expression Z;:égg; is always greater than 1, and

since we must have k < 1, case (iii) cannot really happen. We conclude that T is hyponormal

if and only if a < \‘y% and k < i$:650“:2) = hyi(a), as desired. [

We are now ready to formulate our first main result. Consider the two functions h; and ho; in
Remark 2.5 and Theorem 2.6, respectively, restricted to the common portion of their domains,
namely the interval (0, \7%] A calculation shows that there exists a unique point a;,; € (0, /2]
such that hq(aint) = hoi(aime); in fact, a;ne = 0.8386. Figure 2 shows two regions in the (a, x)-
plane, one where T is hyponormal but T?Y is not, and one where T3 is hyponormal but

T is not. For added emphasis, we include the graphs of hy and h,, mentioned in Lemma 2.4,
which are only defined on the interval (0, \/g] We thus have:

Theorem 2.7 Let T be the 2-variable weighted shift whose weight diagram is given by Figure



1. Then
(i) T €9 and TV ¢ 9, <= a;y < a < {4/5 and hg(a) < k < hy(a) (see Figure 2).
(ii) T ¢ 91 and T?V € §, <= 0<a < ay and hi(a) < k < hy(a) (see Figure 2).

K T € $; and T?Y ¢ §; for (a,x) in this region
1ol T ¢ 91 and TG € 9 for (a,x) in this region hy

0.9

0.8

0 0.2 0.4 0.6 @ 0.8] a

Qint

Fig. 2. Graphs of hq, ha1, hy and hs on the interval [0, </§]

3 A Large Class for Which (7%, 7,) € 9o < (11,T%) € Hoo <= (T1,T3) € Hoo

It is well known that for a single operator T', the subnormality of all powers T" (n > 2)
does not imply the hyponormality of 7', even if T" is a unilateral weighted shift ([29]). In
the multivariable case, the analogous result is nontrivial if one further assumes that each
component is subnormal. To study this, we begin by recalling some useful notation and
results. Given a weighted shift W, a (one-step) backward extension of W, is the weighted
shift W), where a(z) : z, ap, o, g, - - -

Lemma 3.1 (Subnormal backward extension of a 1-variable weighted shift; cf. [7], [16, Propo-
sition 1.5]) Let W, be a weighted shift whose restriction W, |z to L := V{ey, ea, -} is sub-
normal, with Berger measure yz. Then W, is subnormal (with Berger measure ) if and only
of
(Z) % S Ll(:uﬁ)f and

)2 1 -1
(i) of < (|¢,.,.)7"

In this case, du(t) = O‘ng,uﬁ(t) +(1—a? HH

11( ))déo(t), where 0y denotes Dirac measure at
pe

0. In particular, W, is never subnormal when pz({0}) > 0.

Corollary 3.2 Let W, be a subnormal weighted shift, let Lo = V{eq,e3, -} and let ur,
denote the Berger measure of Wylz,. Then oy is completely determined by jr,, namely o =



)"t More generally, for j > 3 let L; := V{ej,ej41,---}, and let yuz; denote the

)

(HH L (uc,)

: |2
Berger measure of Wa|c,; then oy = (H;

L' (pc;)

Proof. Without loss of generality, we prove only the first assertion. Since W, |, is subnormal,
)~1. If strict inequality occurred, then the measure

Lemma 3.1 implies that a? < (H% Dac,)

e would have an atom at 0, which would render the subnormality of W, impossible. [

To state the 2-variable version of Lemma 3.1, we need to recall two notions from [16]: (i) given a

probability measure ppon X XY =R, xR, with % € L' (u), the extremal measure jiey; (Which

is also a probability measure) on X X Y is given by dpiez(s,t) = (1 — 50(15))Wd,u(5, t);
L (p)

and (ii) given a measure p on X x Y, the marginal measure p™ is given by uX := powy!,

where my : X x Y — X is the canonical projection onto X. Thus, u*(E) = u(E x Y), for

every E C X. Observe that if x4 is a probability measure, then so is . For example,

A(E X D)ear(s,8) = (1 — %(t))ﬁdasm(w (3.1)

L)

t

and (§ x n)* =¢.

Lemma 3.3 (Subnormal backward extension of a 2-variable weighted shift; cf. [16, Proposi-
tion 3.10]) Consider the following 2-variable weighted shift (see Figure 3), and let M be the
subspace of EQ(Zi) spanned by the canonical orthonormal basis vectors associated to indices
k = (k1,ka) with ky > 0 and ke > 1. Assume that Ryo(T) = T|am is subnormal with Berger
measure iy, and that Wy := shift(aoo, aig, - -+ ) is subnormal with Berger measure v. Then
T is subnormal if and only if

(i) 1 e L' (um);
(i) S < (i
a0 |1

(i) B Ht LI(NM)(
Moreover, if 33, H% L (ipt)

Berger measure i of T is given by

)—1.
L'(um)”
,UM)ggct <v.

= 1, then (upm)X, = v. In the case when T is subnormal, the

1

| R ds(e).

d(pir)ext (s, 1) + (dv(s) — ﬁgo

1
d,U,(S, t) = ﬁgo ;

L (pa) L (pa)

Definition 3.4 (i) The core of a 2-variable weighted shift T is the restriction of T to MinN
N1, in symbols, ¢(T) := T|pm,n, = Ru1(T).

(i1) A 2-variable weighted shift T is said to be of tensor form if T = (IQW,, Wz®1I). When
T is subnormal, this is equivalent to requiring that the Berger measure be a Cartesian product
ExXm.

10



(0,3)
Go2 o o . (63 5o
Ty (0,2) Q02 Q12 @22 To iz a1 o2
o1 = o2 Y1 61 51
(0, 1)|—Co1 Qi Q21 z (23] a2
. 2. cyoar
Goo o = Yo s S
@0 [0310) 20 ce Jde) T o ..
(0,0) (1,0) (2,0) (3,0)  (0,0) (1,0) (2,0) (3,0)
T Ty

Fig. 3. Weight diagram of the 2-variable weighted shift in Lemma 3.3 and weight diagram of a
2-variable weighted shift with Rq1(T) = (I ® Wy, W ® I), respectively.

(iii) The class of all 2-variable weighted shifts T € o whose cores are of tensor form will be
denoted by TC, that is, TC := {T € ¢ : ¢(T) is of tensor form}.
(iv) For each k = (ky, ko) € Z%, let Ax :={T € $¢ : Ry, (T) € TC}.

Observe that for k,m € Z2 with k < m (i.e, m —k € Z2), we have Ay C A,,. Thus,
the collection {Ayx} forms an ascending chain with respect to set inclusion and the partial
order induced by Z%. Moreover TC = Ag C Ay for all k € Z%. All 2-variable weighted shifts
considered in [16], [17], [18] and [10] are in 7C. Thus, 7C is a rather large class; as a matter of
fact, much more is true. The following theorem shows that an outer propagation phenomena
occurs for 7C.

Theorem 3.5 For allk € 73, Ay = TC.

Proof. Since we always have 7C C Ay, we prove the reverse inclusion. Without loss of
generality, it is enough to show that if T € 9o and T|y,nn, is of tensor form, then ¢(T) is
of tensor form. If T|r,nn, is of tensor form, then shift(fag, Bas, -« ) = shift(Br,2, Oryss )
for all k&; > 2. The subnormality of T, then implies that shift(Bk,0, Ok,1, ) i subnormal

for all k; > 2. By Corollary 3.2, we have (1 = (H% Lie ))*1 (kv > 2), where &, is
k1

the Berger measure of shift(Ok,2, Ok,3, ). Thus, shift(fa1, Paz, -+ ) = shift(Be,1, Ory2s )
for all k; > 2. Now, since o1 = fk,1 (all k; > 2), the commutativity of 77 and T implies
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Qg0 = 1 for all kg > 2. Thus, shift(qe, asy, -+ ) = shift(agg,, sk, -+ ) for all ky > 1. By
the subnormality of 77 and Lemma 3.1, we have shift(aqi, as1, -+ ) = shift(oqg,, Aoy, )
for all ko > 1. Therefore ¢(T) is of tensor form. [

We now consider the 2-variable weighted shift given by Figure 3, where W, := shi ft(xg, 1, - )
and Wy, := shift(yo, y1,- - -) are subnormal with Berger measures p,, and (i, respectively. Fur-
ther, we let W, = shift(ai, aq,---) and Wy := shift(fy, Ba, - - - ) be subnormal with Berger
! € (0, 00] and d&(s) := %(S). We then

measures § and 7, respectively, and we let r := |3

L1(¢)
have:

Theorem 3.6 Let T = (T7,T3) € TC. Then Rio(T) € Huo if and only if z*rn < (uy),. In
this case, the Berger measure of Rio(T) is x2§ x n+ 6 x ((ny), — z*rn), where (n,), is the
Berger measure of the subnormal shift shift(y1,ya, -+ ).

Proof. This is a straightforward application of Lemma 3.3, if we think of Ro(T) as the
backward extension of ¢(T) (in the s direction). [

Proposition 3.7 Let T = (T1,1T3) € TC. Then H%‘ where (1),

_ 21
L)y H t‘ L (ny)3)’
(resp. (ny)g) is the Berger measure of shift(y1,ya, ) (resp. shift(yays, Yays,---)). More-
1‘ i = I H%‘ where 1% is the Berger measure of shift(S20s, 845, ).
n

t

over, LRy
Proof. Since shift(yo,y:,--) has Berger measure 1, we have (dn,), = y%dny(t); moreover,
0
the Berger measure of shift(ys,ys,---) is (dny), (t) = %dny(t). Thus by Lemma 2.2,
01
shift(yays, Yays, - - - ) has Berger measure (dny)g = yg—tygdny(\/f). Observe that
091

1 1 A1 1 S LT 1

N e = [T = [T =Y

Ht Ly Y Jooyg " yg o yodo t 2 T w2
where A := [[shift(yo, 1, )||>. Thus, we get || Py~ W I Dy 28 desired:

Next, we observe that dn(t) = %dn(t) is the Berger measure of shift((3s, 83, - ) and dni(t) =

%dn(\/f) is the Berger measure of shift((320s, 8405, ). Let B := ||shift(fo, [, - ~)H2; we
then have

[

1
t t

)
LY(n?)

B 1 B2 1 ) B2 1 \/E -
L'(n) :/0 zdﬁ(t) :/0 %dﬁ(\/i) = Bl/o zﬁ_%dn(\/i) =3

as desired. O
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We next recall that (77,7%) can be regarded as the orthogonal direct sum of two 2-variable
weighted shifts. For m = 0,1, let

o0

Hm = \/ {e(j,2k+m) : j = 0, 1, 2, ce }
k=0
Then (*(Z%) = H°@&H' and each of H? and H' reduces Ty and T5. Thus, (17, 7%) is subnormal

if and only if each of (T, T3 )]s and (T1,T3)|# is subnormal. The weight diagrams of these
2-variable weighted shifts are shown in Figure 4.

(0,6 (0,7
4Y5 3435 13435 Y596 3536 3536
x152083 x31828354
(0 4 Y1Y2ys an a2 (0 5 Y1Y2Y3Ya aq a2
72| 77|
HO Y2Y3 3233 3233 s Y3Y4 13334 13334
zBh1 z5182
(O 9 Y1 ] a9 (O 3 Y1y2 ] a9
zyoS1 zyofran
oY1 o v Y192 5152 5152
i) sl T2 X (&5} a9
Tl ‘HO Tl ‘Hl

Fig. 4. Weight diagrams of (77, T22)\HO and (717, T22)]H1 in the proof of Proposition 3.8 and Theorem
3.9.

We first focus on (71, T5)|3:

Proposition 3.8 Let T = (T},T3) € TC. Then (T1,T)|n, is subnormal if and only if
R10(T) is subnormal.

Proof. First, recall that shift(yo,y1,y2, - - - ) has Berger measure 7,, that d (1), (t) = %dny(t)
0
and that d (1), (t) = %dny(t). Now, Theorem 3.6 states that
071

(T1, T3)| m, is subnormal < z°rn < (n,), .
On the other hand, Theorem 3.6 (applied to (T, T%)|, ) says that

(T1, T2)|3, is subnormal <= z%rn* < (n,)7,

13



and if (T1,Ty)|x, is subnormal, its Berger measure is 226 x 5% 4 §y X ((n,)? — 2®rn?), where
(ny)f is the Berger measure of shift(y1y2, ysys,---) and n? is the Berger measure of Wy :=

shift(510s, 3304, -+ ). By observing that

2 < ()} & 2Prdp(Vt) < d(n,), (V1) & 2*rdi(t) < d(n), (t),
we obtain the desired result. [J
Theorem 3.9 Let T = (T1,T,) € TC. Then

(T1,T3) € 95 = (T}, Th) € Hoo <= (T1,T1) € Hoo.

Corollary 3.10 Let T = (T1,T3) € TC. If (T1,T%), (T}, T2) € Heo, then (T1,T2) € Hoo-
In view of Corollary 3.10, the following conjecture for 2-variable weighted shifts seems natural.
Conjecture 3.11 If (T1,T3), (T2, T3) € Heo, then (T1,Ts) € Hoo-
Proof of Theorem 3.9. Clearly, it is enough to show that (71,7%) € He = (T1,T3) €
Hoo- Since (T1,T) € 9o = (T1,TF)|30 € Hoo, Our strategy consists of first characterizing
the subnormality of T and of (T}, T%)|30 in terms of the given parameters (yo, v, etc), and
then establishing the desired implication at the parameter level. That is, we will show that
(Ty, T3) |10 € Hoo = T € Hoo using their parametric characterizations. Proposition 3.8 will

help us characterize the subnormality of T. Recall that (71, 7%)|x, is subnormal if and only
if (11, T5)|m, is subnormal, and in that case the Berger measure of (77, 75)|um, is

fia = 22 X 1+ 8 x ((ny), — x*rn).

We then have

1 /1 1 1 1 1
! = [dpats, ) =22 |-+ [Zam), @) - |7 —H— . (3.2)
Ht L (i) t thow thoi e lor ),

Thus, we get

d(,u./\/l)e:tt(sa t) = d{x2§ xXn + 50 X ((Uy)1 - x2r77>}ext(57 t)

L ragis)yan(e) + doy(s)(d (my), (1) — a*rdn(t))}

tH% LY (pm)
_ 1 22dE(s dn_(t) s d (), (t) _ xzrdn_(t) '
- H% P { df( ) ¢ +d50( )( ¢ t )}

14



From (3.2), it follows that

N 1 2[00
(MM)eact = H 1- Hli 50' (33)

L ((my)1) EILY ((ny)y)

If we let ¢ denote the right-hand side in (3.3), it follows that
(T1,Ty) is subnormal < 13 p (pam)s, < v (by Lemma 3.3) (3.4)
L (nm)
2 |1 :
Syl v < p, (using (3.2).
EL1 (o))

We have thus characterized the subnormality of T.

We now consider the 2-variable weighted shift (77, T)|xo and the associated subspace HM :=
V{ex € H® : ky > 1}. Observe that (77, T%)|#o can be regarded as a backward extension of
(T1, T)|#¢m, and that the latter is subnormal with Berger measure

Qﬁ ZL‘QT’ﬁQ
0 := 1§><m+5o><<(ny)§— 2177f>,
?J Y1

where 1? (resp. (ny);) is the Berger measure of shi ft(52/33, B45, - - - ) (vesp. shift(yays, yays, - -)).
We then have

1 1
H_ - H_ ) (3.5)
Lt NTILL ()2
and
d(,u/HM)ext(S, t) = deext(s, t)
1
= ———df(s,1).
45
L (ppan)
From (3.5), we have
1 232111 ~ 1 2,32 111
o (1 RS L IO 1 BT T
H? Ll((ny)g) b Lt (n7) L ((ny)3) Yi Lt(n?)
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If we now let ¢ denote the expression in braces in the right-hand side of (3.6), Lemma 3.3
combined with (3.5) imply that

(T1, T3)|#o is subnormal

(/‘L'HM)ea;t <ve y0y1¢ < o (37)

L (n ) }S'ux'

S Yout ||+

o {wsl:

M)

-t}

LY(n?) (yl

Observe that

yoH \Ll(n))w uxﬁyoylH L) ¥ S He

2) .21 ¢ 2|1 — 22,1
<~ Yo {l‘ Ht L1(n)§+ <y1 y)g) T Ht Ll(n)) 60} S Mo (38)
< yg {x2ﬁ% i LY( %)f—i- (y% ((ny)3) —7 Tﬂl H LY(n3 )) O} = fa:

By combining (3.7) and (3.8), we easily see that

© <l (3.9)

(T1, T3)|40 is subnormal < y7 |- <
LY ((ny)y)

t

We thus have a characterization of the subnormality of (T1,T%)|30. From (3.4) and (3.9) it
now follows that the subnormality of (T3, T%) implies the subnormality of (T, T5). O

It is straightforward from Definition 3.4 that a flat 2-variable weighted shift T € £ necessarily
belongs to 7C. Thus, the following result is an easy consequence of Theorem 3.9.

Corollary 3.12 Let T = (11,T3) be a flat 2-variable weighted shifts, that is, a 2-variable
weighted shift T € $o given by Figure 5. Then we have (Ty,T) € Hoo if and only if (TE,Ty) €
ﬁoo Zf and Only Zf (TlaTQ) € ﬁoo

For a flat, contractive 2-variable weighted shift T = (7}, T3), we can give a concrete condition
for the subnormality of T. To do this, let shift(ao, a1, ---) and shift(fy, b1, - - ) have Berger
measures £ and 7, respectively. Also, recall that for 0 < o < 3, shift(«, 3,3, ...) is subnormal,
with Berger measure (1 — g—;)éo + g—;égz. To avoid trivial cases, and to ensure that each of T}
and 75 is a contraction, we need to assume that ab" < II7_,5;, and we shall see in Theorem

3.13 that we also need “ , where 7, is the Berger measure of shift(/5, 02, B3, - ).
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Finally, we know from [17, Theorem 3.3] and [18, Section 5] that if T = (71, T3) is subnormal,
then & and 7 are of the form

E=pdo+qh+[1—(p+q)lp

(3.10)
n = udy + vop2 + [1 — (u+v)]o,

where 0 < p,q,u,v < 1, p+q < 1, u+v < 1, and p,o are probability measures with
p({0}U{1}) =0, o({0} U {b*}) = 0. We then have:

(0,3)F
32 b b ) 3o 3o
ab
T2 (07 2) \/1(m1) 1 1 e TQ a 1 1
51 b b 51 51 51
(O 1) a 1 1 a 1 1
afo afo ay ay
o Vin® V@ / g z
(o)) aq a9 o x 1 1 ...
(0,0) (1,0) (2,0) (3,0) (0,0) (1,0) (2,0) (3,0)
Tl Tl

Fig. 5. Weight diagrams of the 2-variable weighted shifts in Theorem 3.13 and Lemma 4.3, respec-
tively.

Theorem 3.13 Let T = (11, T3) € Ho be a contractive 2-variable weighted shift whose weight
diagram 1is given by Figure 5, let v := n({b*}) and & = pdy + qd1 + [1 — (p + q)]p, with
p,qg >0, p+q<1(cf (310)), and let n, denote the Berger measure of shift((y, s, -).
Then (T1,T3) € Heo if and only if

. )b D b
ﬁo S min a\/a7 1 2y a\/aa
(H? Lim) ) )
Proof. We first observe that
MM = CLQ(Sl X 5b2 + 50 X (771 — &251,2). (311)
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Using (3.10) and (3.11), a calculation shows that (T3, 73)|m, € $u if and only if Gy < 24/v.

Observe that ) ,
1 1 a a
(MM)Ae)gnt - H_ - 13 50 + —251 .

I3 thoig b b
LY ()

By [16, Theorem 5.2], (T4, T%)|n, € Hoo- Therefore

(11, T2) € Hoo © Y5 H%

@ﬁé{(H%\
©ﬂ0§min{3\/@ T Ve W}
(HtHLl(m) v2) t1lL(ny)

(1pm)X, < v (by Lemma 3.3) and §y < /v
L () @

L) Z—2> 0o + 5—251} < {and fly < 3/ (3.12)

4 Subnormality for Powers of Hyponormal Pairs

In this section we study the connection between the joint subnormality of pairs (71, Ts) €
and the subnormality of the associated monomials 77"T3" (m,n > 1). Our results will further
exhibit the large gap between the classes £, (subnormal pairs) and $)y (commuting pairs of
subnormal operators). We begin with the following proposition, which is a direct consequence
of a well known result of J. Stampfli’s ([28], [29]): if T is hyponormal and 7™ is normal for
some n > 1, then 7T is necessarily normal.

Proposition 4.1 Let T = (T3, Ts) be hyponormal, and assume that (17", T3") is normal for
somem > 1 andn > 1. Then (T1,T3) is normal.

In view of Proposition 4.1, one might conjecture that if (77, 7%) is hyponormal and T{"T3 is
normal for some m > 1 and n > 1, then (7%, T5) is normal (cf.[29]). But this is not true even
if we assume that (77, T5) is subnormal and T{"T;" is normal for all m > 1 and n > 1, as the
following example shows.

Example 4.2 Let T} := U, @ 00 and Ty := 0o @ Uy, then (T1,T5) is subnormal and T Ty
is normal for allm > 1 and n > 1. However, (T1,T3) is not normal.

Whether Proposition 4.1 holds with “normal” replaced by “subnormal” is not at all obvious.
Our main result of this section states that it is indeed possible to have a pair (71, T3) € $; with
17Ty subnormal for all m > 1 and n > 1, but such that (71, 72) ¢ $oo. (Observe, however,
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that the subnormality of the monomials 77"77' is a condition weaker than the subnormality
of the pairs (77", Ty").) To do so, consider a subnormal weighted shift shift(3, 3a,---) with
Berger measure 7. For 0 <a <z <1 and y > 0, let

z ifki=0and ky, =0
ak):=<3a ifk =0andky>1

1 otherwise

and
Br, ifka>1
Bk):={y ifk =0andky =0
4 ifky > 1 and ky =0,
(k = (k1, ko) € Z2). We now let T := (T3,73) denote the pair of 2-variable weighted shift on
(*(Z%) defined by a(k) and S(k). We then have:

Lemma 4.3 Let T = (11,T5) be the 2-variable weighted shift associated with o and 3 above.

Then
(1) T = (T1,Ts) € $H1 if and only if

y < min 4 VL= 27 Hl o
- Va2 4+ at —2a222 \ Nt [

(1) T = (T1,Ts) € Hoo if and only if
1! 1 — 22

RN

tllLim 1—a?

Proof. First observe that if shift(y, £, B2, ) is subnormal then 75 is subnormal. To
-1

L(n)
it suffices to apply the Six-point Test to k = (0, 0), since

1

: . For the hyponormality of (7}, T3),

guarantee this, by Lemma 3.3 we must have y < H

Rio(T) = (1, Tr)|pm, = (I ® U+7Shift(%aﬁluﬁ27 )@ 1) € Heo

and

ROI(T) = (Tl,TQ)’_/\/’l = (I & Saashift(ﬁlaﬁ%ﬂ& o ) ® I> € Noo-
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Thus,

2
1—2% ¥ —qy

xT

, >0 (by Lemma 2.1)
Ly F—y

&A1+ 5 - 20%) < B(1 - 2?)

BrzvV1—x2
CYS T

Therefore, T = (T3, T,) € $; if and only if

Va2 + a* — 2a22?’

. { ﬂlllf\/ 1 - 33'2 1 - }
y < min
Ll
We now study the subnormality of T. Since ppq(s,t) = [(1 — a?)do(s) + a?d1(s)] - n(t) is the
Berger measure of (I ® S,, shift((1, s, 03, ) Q@ I), Lemma 3.3 implies that

T is subnormal

pia(s, )%, < (1 —2?)do(s) + 2°01(s) and y < H

LY () L (n)

. [(1 = a®)do(s) + a?d1(s)] < (1 — 2?)dg(s) + x261(s)

andy< H

LY (n)
o VEE AT 2RI
y =< \/m \/%

(because x > a implies

<:>y§min{

1—22 x 1—22
o < Zand (/17 < 1).

O

We now detect the hyponormality and subnormality of the powers of (T3, 75) in Lemma 4.3.
Let

Himi) = V{emjriy :m>1,0<i<m—1land k=0,1,2,---}.
j=0
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Then (2(Z2) = @' H(m,- Under this decomposition, we have

m=nPUlel)d - PUeUy)

and
T2 gTQ @(Shlft( 7ﬂ17ﬂ27 ®[ @ @ Shlft 7ﬂ17ﬂ27 ) )

Thus, for all m > 1 and n > 1,
m—1
i=1

where C':= I ®Uy and D := (shift(%, 31, B2,--+))"®@1. But, since (C, D) is subnormal, the
hyponormality(or subnormality) of (77", 73') is equivalent to the hyponormality (or subnor-
mality) of (T1,Ty'). Therefore, (T1,Ty') is hyponormal (or subnormal) if and only if (77", T3")
is hyponormal (or subnormal) for all m > 1.

Theorem 4.4 For the 2-variable weighted shift T = (Ty,Ts) in Lemma 4.3, the following are
equivalent.

(i) Ty is subnormal for allm >1 and n > 1;

(i) TVTy is subnormal for alln > 1;

(iii) The shift(u 153, 1150 85, - -+ ) is subnormal for all n>1;

j=2n
(iv) y<=- Hn—llﬁ' Hl ;1 for all n > 1, where dn™ (t) := ﬁg dn( 7).

Proof. (i) <= (i) From the above observations, we can see that 77"7T3' is subnormal for
all m > 1 and n > 1 if and only if 7175 and C'D are subnormal for all n > 1. But observe
that C'D is always subnormal if shift(%, 81, 32, --) is subnormal.

(ZZ) <~ (ZZZ) Let M(i,j) = \/{ei+k7j+k k= 0,1,2,"'} for 7,7 > 0 with ¢ = 0. Then
(*(Z%) = @750 Mi5)- Under this decomposition, we have

S DWW DD

where

W_i:= shift(aH2” lﬁgaﬂgn 15371_[4” 1@, e ) : M(01 I M(01

7j=2n j=3n
Wo : = shift(ay - 1= 65, T2 35, T 185+ -+ )+ Moo — M), and
W, - _smft(— 052 65, T 35, T By, -+ ) = Moy — M)

Since W_; is subnormal, the result follows from the fact that if W, is subnormal then Wj is
also subnormal.
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(17i) <= (iv) Since shift(3, Fa, B3, -+ ) has Berger measure 7, we can use mathematical
induction to show that shift(8,, Bnr1, Bni2, - - ) has Berger measure #dn(t) for each n >
1 n—1

1. Thus by Lemma 2.2, shz’ft(HQ" L6, TS 6, I4ns 'B;,+-+) has Berger measure dn™(t) =

j=2n Jj=3n
52 52 dn(t) for each n > 1. Therefore, by Lemma 3.1 we sce that

-1
shift(—LZ—= AL lﬁ] HQ" 1@,1_[?"2%@-,-~-)issubnormalifand only ify < %ﬁ HH d
e

Li(n(m)

For a concrete example, let dn(t) = dt on [3,3],

= In3.
t(n)

3 n n .
Since v,y = B3B3+ B2, = [2 " Ndn(t) = (32 and yo,1 = o (5t), it follows that
2

shift(Bn, Bnt1, - -+ ) has Berger measure "%anl_ldt for each n > 1 on [%, %] and

shift(I, 1@, 113251 B;, - - ) has Berger measure dn™(t) = 22 [(%)n, (%)n] (alln > 1).

]2n

_ 371_1 . .
Moreover, ,/ ; Ll(n(")) = /53~ Thus, Lemma 4.3 implies that

(i) Ti is subnormal if 0 < a < z < 1;

(i) T is subnormal < y < y/1i5;

(iii) (71, Tr) € 91 <y <m:= min{\/%, Vs )i
(iv) (T1,T2) € He &y < 5= /755

In3 1—a?
Therefore, we have the following result.

Example 4.5 Fors<y<m and 0 <a <z <1, we have
(Z) T = (TlaTZ) S 57)1;
(ZZ) T = (Tl,TQ) ¢ ~600;
(1ii) T3 is subnormal for allm > 1,n > 1.
. x2 v/ 1—x2

For, observe that if 0 < a < x < 1, then s = \/1531 = < \/:EQM%I —— and s < ; thus,
s < m, and it 1s then possible to choose values of y between these two qucmtmes From
Theorem 4.4, we can see that T{"T} is subnormal for all m > 1,n > 1 if and only if y <

-1 : z : mmn
z. i lfﬁj H% L1 () = f\/ﬁ- But sincey < \/ﬁ < a\/ﬁ, it follows that T T3 is subnormal
for allm >1,n>1.
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