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Abstract

We obtain a Cartesian form of Putnam’s inequality for doubly commuting
hyponormal n-tuples, and we establish new relations between the Taylor and Xia
spectra, of such n-tuples.

Respectfully dedicated to Professor Michiaki Watanabe on his sixtieth birthday

1 Introduction

Let H be a complex separable Hilbert space. An operator T' € B(H) is said to be
hyponormal if T*T > T'T*, or equivalently, if i[H, K| > 0, where [H, K| := HK — KH,
and T'= H + 1K is the Cartesian decomposition of 7" in real and imaginary parts. If
T is hyponormal, Putnam’s inequality holds ([10, p. 43, (3.2.3)]):

* % 2
IT°T =TT} < —|IKIl- m(o(H)),

where o(H) is the spectrum of H and m is Lebesgue measure on the real line. This
inequality has been extended in several ways. In the case of a single operator, it was
generalized to p-hyponormal operators in [4] and to log-hyponormal operators in [12],
while a trace estimate for p-hyponormal operators was obtained in [8]. For several
operators, D. Xia introduced and studied hyponormal and semi-hyponormal n-tuples,
and obtained preliminary versions of Putnam’s inequality (cf. [16] and [17]). M.
Cho and T. Huruya extended these results to p-hyponormal tuples ([5]), and recently
Duggal did so to the class of doubly commuting n-tuples of p-hyponormal operators
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[9]. Finally, a version of Putnam’s inequality for doubly commuting n-tuples of log-
hyponormal operators has been obtained in [6].

All of the above mentioned extensions have been formulated in terms of the polar
decomposition T; = U;|T;| of the operators involved, and the standard assumption
has been that U; is unitary (j = 1,...,n). In this paper, we obtain a Cartesian form
of Putnam’s inequality for doubly commuting n-tuples of hyponormal operators (i.e.,
T;Ty, = T T; and 1,1} = T;T; for all j # k).

Let T = (11, ...,.T,) = (H, + iKy, ..., H, + iK,) be a doubly commuting n-tuple of
hyponormal operators. Then

| f[l(T]*TJ_TJT]*N — | ﬁ[Hj,Kj]H < (%)n“[(lH vies -m(Uja(H1,...,Hn))7 (1)

Jj=1

where 0;,(Hq, ..., H,) is the joint approximate point spectrum of H := (Hy, ..., H,),
and m is Lebesgue measure on R".

The inequality in (1) is sharp. For, let 7" be a hyponormal operator such that
|T*T=TT*|| = 2||K|-m(c(H)) (cf. [10,p. 137]). Then T} :=TQRI®...Q I, ..., T, :=
IRIQ..RQT satisfies

[17;7;, - 1,7

J=1

= T =TT"|" = (%IIKII -m(o(H)))"

V' NE " moj(HQRIR) ... QL. QI ... R H)

)nHKHnm(O'ja<H1, ceny Hn)

=
=

SERSES

Also, observe that the assumption about doubly commutativity is essential for our
purposes, because we shall need that both H := (Hy, ..., H,) and K := (K3, ..., K,,)
be commuting, and that H; K = K,H; whenever j # k. Since the joint approximate
point spectrum of a commuting n-tuple of hermitian operators coincides with any other
joint spectrum o*([18], [19, Theorem 5]), we can replace oj, in (1) by, e.g., the Taylor
spectrum op or the Harte spectrum op.

2 Joint Hyponormality
Let H= (Hy, ..., H,) be a commuting n-tuple of hermitian operators, and put

D,R:=i[H;,R|, R € B(H), j=1,2,...,n.



It can be easily verified that D;D;, = D;D;, 1 < j,k < n. Let Y be a hermitian
operator. The (n + 1)-tuple (H,Y) = (Hy, ..., H,,Y) is said to be hyponormal if

D, -D,Y > 0
for all 1 < j; < -+ < jp < n. If (H,Y) is hyponormal, then H; + Y is also
hyponormal, 1 < 7 < n.

We say that an operator R € B(H) has symbols S;"(R) and S; (R) with respect to
H; if for each « in 'H the limits

SHR)x := hm i Re= i and S R)z := lim e i Re'ti g
T (R)

t—o0

exist (cf. [16]). Since such limits exist also when we replace the continuous real
variable ¢ by any sequence t,, — oo, and since strong limits of sequences of bounded
operators are bounded, the symbols Si(R) belong to B(H) when they exist. If (H,Y)
is hyponormal, then all symbols Si(R) j=1,...,n, exist. For k € [0,1]" we now let

Yi = H (k; S+ (1= kj)SY, k= (ki, . k), 0 < k; < 1 (2)

([16],[17]); the Yi’s are the general symbols of Y with respect to H.
Let H = (Hy, ..., H,) be a commuting n-tuple of hermitian operators, let k =
(k1,...,kn) € ]0,1]", and let R be an operator in B(H) for which

Ry = [[[(k;S) + (1= k;)S;)IR
j=1
exists. Then H;Ry = Ry H,; for j =1,...,n 3 .

We can write Ry as a linear combination of operators of the form R,,,, where Ry = R,
R, = SmSom it .. SP'R (n>m > 1), and Gm, Gm-1,...,a1 € {4, —}. Therefore, it
sufﬁces to show that H;R, = R,H; for j = 1,2,...,n. This follows immediately from
the following three identities:

Sy (H;R) = H;Sm(R), (3)
Sy (RH;) = Sym(R)H; (m # j),and
H;S8;7(R) = S;(R)H;.

For,
H;R, = H;S-- 858/ (R;-1)
Spn - S HS (Ry-1)
= S SHVIST (Rj-1) Hj)
- RnHj



Now, the first two identities in (3) follow from the definition of S and from the fact
that H; and H,, commute for j # m. For the reader’s convenience we reproduce here
the proof of the third identity, given in [16]. For simplicity, we focus on the case when
a; = + (the case when a; = — being entirely similar). Fix a real number 7 and write

Sf(R)x

= lim e
t—o00
eZTH]' ( lim ethj Re—thj)e—ZTH]-x

t—00

— €iTHjS]—-i_(R)€_iTHj£L'.

i(t+7) JRe i(t+7) HJ$

Thus ;7 (R) = ™S (R)e™"™"i, or
SHR)e™i = ™S (R)(allT € R).

J

If we now pass to Taylor expansions we obtain

Z SH(R (27') >, Hf(im)"

=2
n=0
Comparing the coefficients of 7 on both sides of (4), we obtain S;"(R)H; = H;S; (R).
The conclusion now follows.
The following concept (without its name) was used by D. Xia in [16].
Let H = (Hy, ..., H,) be a commuting n-tuple of hermitian operators, and let Y
also be a hermitian operator. The Xia spectrum of (H,Y") is

S;(R). (4)

n! n!

ox(H,Y):= |J oju(Hi,..., Hy, Yi), (5)

ke[0,1]™

where Yy is given by (2).

In Definition 2, Y need not commute with H;; however, if (Hy, ..., H,,Y) is hy-
ponormal, then Lemma 2 ensures that (Hy, ..., H,, Yi) is commuting for all k € [0,1]",
so in particular ox (H,Y') is nonempty.

Our proof of Theorem 1 will make use of the following result due to Xia ([16],
Theorem 10).

Theorem A. Let H = (Hy, ..., H,) be a commuting n-tuple of hermitian operators,
and let Y be hermitian. If (H,Y") is hyponormal, then

Dy DY < o= - m(ox (H,Y)),

1
@
where m/(-) denotes Lebesgue measure in R™"*1.
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3 Proof of Theorem 1

We start with the following result.

Let T=H+ iK = (H, + Ky, ..., H, + iK,,) be a doubly commuting n-tuple of
hyponormal operators, and let Y := Ky - ... - K,,. If K; > Oforall j (j =1,....,n),
then (H,Y") is hyponormal.

Since

i#j

it follows that

Djl o DjnLY [Hjl’ K ] e [Hj7rL7 Kj’m]( H ] Kl) Z 0

for every 1 < ji < -+ < jm < n, because (i[H;,, K], ...,i[H},, Kj, |, Tiz
a commuting (m + 1)-tuple of positive operators. Hence (H Y') is hyponormal.

Proof of Theorem 1. Let a; := [|K|| (j = 1,...,n); then K; +a; > 0 (all
j=1,..,n). Also, let Y(a) := (Ky+ay)--- (K,+ay,). By Lemma 3, (Hy, ..., H,, Y (a))
is hyponormal. Since

T I * *
Dl"'DnY(a):HZ[HJ’? J _Q_HTTJ'_TjTj)a

J=1 Jj=1

Theorem A implies that
" * * n 1
HITGT = T = 2" Dy --- DY (a)l| < —m(ox (H, Y (a))). (6)
j=1

On the other hand, the projection property for o;, ([2], [11]) implies that
Ga(H,Y (@))€ 030(H) x o(Y(al), 7)
for every k € [0,1]". Let k = (kq, ..., k,) € [0,1]" and put
Bj = k;SF(K;) + (1 — kj)S;(K;) (j=1,...,n).

Then

1Bl < k| S (EG) I+ (1 = E)[IS; (EG)I < gl Bl + (1 — k) 1551 = (1K1



Since (T4, ..., T,) = (Hy+iKy, ..., H,+iK,) is a doubly commuting n-tuple of hyponor-
mal operators, we have

Y(ah = [H (S7 + (1= k)S7)Y (a)
= ([ISF + (1= k)SON(K +a) .- (kS (K
J#i
= (Bi+a) - (Bn+ay).

Hence
Y (aell < N (Br+an)ll - - [[(Bn + an)|| < 2" Kl - - [ K-
Since Y (a)y is positive, we know that o(Y (a)x) C [0,2" || Ky|| - - - || K,]|]. It follows that
m( J o(Y(a)) <2"[[Kill - [| K- (8)
ke(o,1]m

By combining (6), (5), (7) and (8) we see that

ITGT =B < omloxEY @) € ol U B 1)
< SmlouEm( U of¥(aw)

ke[0,1]™

< ) mlou(H)E - K,

as desired. The proof is now complete.

4 Relations between the Taylor Spectrum and the
Xia Spectrum

Let T = H + K be a doubly commuting n-tuple of hyponormal operators. The Xia
spectrum of T is
ox(T):=0x(H,Y),
where Y .= Ky --- K,,.
Observe that unlike the Taylor spectrum or(T) ([7], [13], [14]), the Xia spectrum

of T is a compact nonempty subset of R"*!. In this section we prove the following
result.



Let T = (T3, ..., T,) be a doubly commuting n-tuple of hyponormal operators, and
consider the map P : C" — R™"! given by P(a;+iby, ..., ay+iby,) := (ay, ..., an, by-...-by,).
Then

P(or(T)) = ox(T).

We have already discussed the role of doubly commutativity in Theorems 1 and 4
(see last paragraph of the Introduction). Moreover, a careful analysis of the proof of
Lemma 5 below exhibits the significance of hyponormality in the statement of Theorem
4.

We first consider the single operator case. Let T'= H + 1K be hyponormal. In this
case ox (1) = Ukepo) 0ja(H, Ki), where Kj := kSi(K) + (1 — k)Sz(K) (k € [0,1]).
As shown in [17, Chapter 2, Theorem 2.6], K}, is self-adjoint and H K} = K, H for all
k € [0,1].

Let T'= H + iK be a hyponormal operator. Then

a+ibe o(T) < (a,b) € ox(T).

For k € [0,1] let T} := kSH(T) + (1 — k)Sy(T). Clearly T}, = H + iK}, and by
[17, Chapter 4, Theorem 3.1] we have o(T') = Ugep0(Tk). Let f(z,y) = v + 1y
and let k£ € [0,1]. Since (H, K}) is a commuting pair of hermitian operators and
Ty, = H + 1Ky, = f(H, Ky) (observe that T} is indeed normal), the spectral mapping
theorem for o, when applied to f, yields

floju(H, Ky)) = flor(H, Ky)) = o(f(H, K)) = o(Ty).

Then
o(T) = U o(Ty) = U f(oju(H, Ky))
ke€lo,1] ke[0,1]
= [l L[J]aja(H,Kk)]—f[ax(H,K)]—f[Ux(T)]-

We shall also need the Berberian Extension Theorem ([1], Theorem 1).

Theorem B. Let B(H) be the algebra of all bounded operators on H. There exist
an extension space KC of H and a faithful *-representation 7 : B(H) — B(K), S+ S°
such that

Uja<517 ceey Sn) = O'ja(Sf, ceey SZ) = O'p(Sf, ceey SZ), (9)

where o, denotes (joint) point spectrum. Moreover, if 7" is hyponormal, then 7 is also
hyponormal.



Proof of Theorem 4. (i) Proof of the inclusion ox(T) C P(op(T)). Assume
that (ay,...,a,,b) € ox(11,...,T,,). Using mathematical induction, we shall show that
there exist real numbers by, ..., b, such that (a; + iby, ..., a, + ib,) € or(T1,...,T,,) and
b=10b;-...-b,. For n =1 we use Lemma 4. Suppose Theorem 4 holds for (n— 1)-tuples.
Since (ay, ..., an,b) € ox (11, ..., T,,), there exist k = (k1 ..., k,) € [0,1]" and a sequence
{z¢} of unit vectors such that

(Hj —aj)zy —0(j=1,...,n) and (Yx —b)zy — 0 ({ — 00), (10)

where as usual Y := Kj - ... - K, and Yy = [T}, (k;S] + (1 — k;)S;)]Y. Let B; :=
kiST(K;) + (1 — k;)S; (K;); Bj is self-adjoint (all j = 1,...,n), B;H,, = H,,B; and

B;B,, = B,,B; (all j,m =1,....,n). Moreover, Yy = By - ...- B,,. Using Theorem B, let
IC be the Berberian extension space of H. Define

M = Ker(H, — ay,).

By (10) and (9), M # (0). Since (Hy, ..., H:, B}, ..., B;) is a commuting 2n-tuple, M
is invariant under By, ..., By. Also, since b € o(Y}d|m), there exist by, b, and a non-zero
vector z° € M such that

(B]-...-By,_; —by)z° =0, (B, —0b,)z°=0 andb= byb,

(by the spectral mapping theorem for o;, and Theorem B). Put Yy := K; - ... - K,
and kg := (ky,...,k,—1). Then

n—1

[Tk S+ (1= k)S7)Yo = By - ... - Baoa.

Jj=1

It follows that
(al,...,an_l,bg) - O-X(Hﬂ/\/t,-~7H7C;_1|M7YV()O|M>-

By induction, there exist by, ..., b,_1 such that by = b; - - - b,_1 and
((ll —+ ibl, cees Q1 + ’ibn_l) € O'T(TIO|M, e qu—ll/\/l)'

Since (T7|m, -, T))_1|m) is a doubly commuting (n — 1)-tuple of hyponormal operators
on M and (ay + by, ..., an—1 + iby—1) € or(T7| My -y T2_1| 1), the operator

ST — (a5 + b)) (TS — (a5 + b)) + (HS — an)? + (BS — by)?

J=1



is not invertible on M and hence not invertible on I (recall that o = o,, the right
spectrum, for doubly commuting n-tuples of hyponormal operators [7]). By Theorem
B we have

((11 — ibl, ey 1 — ibn_l, Ay, bn) € Up(Tlo*, ceey T;;il, HZ, BZ)
Let N := Ker(H? — a,) N Ker(B — b,). Then there exists a non-zero vector y° in N
such that

(T} — (a; +1ibj))"y° = 0 (forallj =1,..,n—1).

Let

£:= () Ker(T? - (a; +iby))").

j=1
Then NN L is a non-zero subspace of . Hence we have (a,,b,) € 0ju(H:|z, BYlc)
and (an,b,) € ox(H?|z, K2|z). By induction we have a,, + ib, € o(T?|z). Since T |,
is hyponormal on £, the operator

(17 = (a; +ib;)) (T} — (aj +ibs))"
—1

J

is not invertible. Hence, by Theorem B, there exists a non-zero vector w°® € L such
that
(T, — (an +ib,)) w® = 0.

Therefore, there exists a sequence {x,} of unit vectors in H such that

(15 — (aj +1ibj))*x, — 0 (p — 00) (forallj =1,...,n).
Hence we have (ay + iby, ..., a, + ib,) € op(Th,...,T,,) and b =by - ... - by,.

(ii) Proof of the inclusion P(or(T)) C ox(T). Assume that (¢, +idy, ..., ¢, +id,) €

or(Ty, ..., T,,). Hence there exists a sequence {x,} of unit vectors such that

(T; — (¢j +id;))*zy — 0 (¢ — o0) (forallj =1,...,n).
Consider again the Berberian extension space K of ‘H and let

U= Ker((T;, — (¢, +1id,))").

By Theorem B there exists z° € U such that

(T? — (¢; +1id;)) 2° =0 (forallj =1,...,n —1).

J



Since (17, ...,T5_;) is a doubly commuting (n — 1)-tuple of hyponormal operators on
U, we know that (¢; +idy,...,cn_1 +idy—1) € op(T7 |y, ., T3_1|u). By induction we
have

(Cl, .y Cp—1, dl cee dnfl) S Ux(Tlo‘u, ...,T;Z_l‘u).

Hence there exist (my, ...,m,_1) € [0,1]""! and a non-zero vector u® € U such that

(H —cj)u® = (EY - ...- B, _ —(dy - ... -dp_q))u® =0,

J

where E; := m;S; (K;) + (1 —m;)S; (K;) (j =1,...,n —1). We next let

J

n—1
= ﬂ Ker(H; —¢;) () Ker(E} - .- Ey_ — (dy - ... - dn_1)).

Since U NV # (0), we have
cn +id, € a(T)]y).

Thus, by Lemma 4 we have (c,,d,) € ox(T,) and hence there exists 0 < m,, < 1
such that (¢,,d,) € 0jo(Hp, Ey,), where E,, := m,S;(K,) + (1 — m,)S, (K,). Since
H, +iFE, is a normal operator, there exists v° € V such that

(H, —cp)v° = (E;, —dp)v° =0.
Put m = (my,...,m,). Since

Ei- o By = {muSH(KL) + (1 — m)Sy (KD} - oo - {manST () + (1 — mp)So (K}

n

ﬁ ij+ ]_ - m])S_)](Kl et Kn) = Ym,

J

7=1
we have
(c1y ey Cnydy - - dy) € 0,(HY, ..., Hy Y o).
Therefore, since (c1,...,¢n,dy - ... - dy) € 0jo(Hi, ..., Hy, Yim), we see at once that

(c1yensCpydy - dy) € ox(T1, ..., T,). The proof is now complete.
Acknowledgment. The authors would like to thank the referee for helpful suggestions
related to Theorems 1 and 4.
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