
TXDGUDWLFDOO\ K\SRQRUPDO ZHLJKWHG VKLIWV

ZLWK WZR HTXDO ZHLJKWV

UDÝO H1 FXUWRW dqg LO ERQJ MXQJ_

Zh suhvhqw dq h{whqvlyh dqdo|vlv ri srvlwlyho| txdgudwlfdoo| k|srqrupdo zhljkwhg
vkliwv `k zlwk kf ' k� ' �1 Rxu pdlq uhvxow vwdwhv wkdw vxfk zhljkwhg vkliwv
derxqg$ Vshfl�fdoo|/ e| irfxvlqj rq uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv ri wkh
irup `�cE�c
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lv srvlwlyho| txdgudwlfdoo| k|srqrupdoj lv d forvhg frqyh{ vhw zlwk qrqhpsw|
lqwhulru1 Lq dgglwlrq/ zh duh deoh wr ghvfuleh lq ghwdlo wkh erxqgdu| ri U1

4 Lqwurgxfwlrq

Ohw K eh d vhsdudeoh/ lq�qlwh glphqvlrqdo/ frpsoh{ Kloehuw vsdfh dqg ohw OEK� ghqrwh wkh
dojheud ri doo erxqghg olqhdu rshudwruv rq K1 Dq rshudwru A 5 OEK� lv vdlg wr eh qrupdo li
A WA ' AA W/ k|srqrupdo li A WA � AA W/ dqg vxeqrupdo li A ' � mG/ zkhuh � lv qrupdo rq
vrph Kloehuw vsdfh N � K1 Lw lv zhoo nqrzq wkdw qrupdo , vxeqrupdo , k|srqrupdo/ zlwk
frqyhuvhv idovh1 Lq dq dwwhpsw wr eulgjh wkh jds ehwzhhq k|srqrupdolw| dqg vxeqrupdolw|/
wkh fodvvhv ri &0k|srqrupdo dqg zhdno| &0k|srqrupdo rshudwruv zhuh lqwurgxfhg dqg vwxglhg
lq ^Dwk`/ ^Fx4`/ ^Fx5`/ ^FxIl4`/ ^FxIl5` dqg ^FP[`1

Iru �c� 5 OEK�/ ohw d�c�o G' �����1 Zh vd| wkdw dq ?0wxsoh A ' EA�c � � � c A?�
ri rshudwruv rq OEK� lv k|srqrupdo li wkh rshudwru pdwul{ EdA W� c A�o�

?
�c�'� lv srvlwlyh rq wkh

gluhfw vxp ri ? frslhv ri K1 Iru & � � dqg A 5 OEK�/ A lv &0k|srqrupdo li EUc Ac � � � c A &�
lv k|srqrupdo1 Wkh ?0wxsoh A ' EA�c � � � c A?� lv zhdno| k|srqrupdo li b�A� n � � � n b?A? lv
k|srqrupdo iru hyhu| b� 5 �c � ' �c � � � c ?/ zkhuh � lv wkh vhw ri frpsoh{ qxpehuv1 Dq
rshudwru A lv zhdno| &0k|srqrupdo li EAc A 2c � � � c A &� lv zhdno| k|srqrupdo1 Lw lv zhoo0nqrzq
wkdw vxeqrupdo , &0k|srqrupdo , zhdno| &0k|srqrupdo/ iru hyhu| & � �> wr vwxg| wkh
frqyhuvhv/ xqlodwhudo zhljkwhg vkliwv zhuh frqvlghuhg lq ^Fx4`/ ^FxIl4` dqg ^FxIl5`1
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Iru zhljkwhg vkliwv/ wkh glvwlqfwlrq ehwzhhq &0k|srqrupdolw| dqg zhdn &0k|sr0
qrupdolw| lv forvho| uhodwhg wr wkh  dwqhvv ri wkhlu zhljkw vhtxhqfh1 Lq sduwlfxodu/ zhdn
50k|srqrupdolw|/ riwhq uhihuuhg wr dv txdgudwlf k|srqrupdolw|/ zdv �uvw frqvlghuhg lq ghwdlo
lq ^Fx4`1 Lw zdv vkrzq wkhuh wkdw iru d xqlodwhudo zhljkwhg vkliw`k/ zlwk k? ' k?n� iru vrph
?/ 50k|srqrupdolw| lpphgldwho| irufhv wkh zhljkw k wr eh  dw/ wkdw lv/ k� ' k2 ' � � � +Lq
^Vwd`/ M1 Vwdps l kdg suhylrxvo| hvwdeolvkhg wklv iru vxeqrupdo vkliwv/ dqg ^Fx4/ Fruroodu| 9`
vkrzv wkdw wkh dvvxphg �uljlglw|� uhdoo| shuwdlqv wr 50k|srqrupdolw|1, Frqfhuqlqj zhdn 50
k|srqrupdolw|/ D1 Mrvkl suryhg lq ^Mr4`/ ^Mr5` wkdw wkh xqlodwhudo zhljkwhg vkliw zlwk zhljkwv
kf ' k� ' @c k2 ' k� ' � � � ' Kc f 	 @ 	 Kc lv qrw txdgudwlfdoo| k|srqrupdo/ dqg odwhu S1
Idq ^Idq` hvwdeolvkhg wkdw iru @ ' �c K ' 2/ dqg f 	 r 	

s
D*Dc wkh rshudwru `k n r` 2

k lv
qrw k|srqrupdo1

Zlwk wkh dlg ri v|perolf pdqlsxodwlrq/ lw zdv vkrzq lq ^Fx4`/ ^Fx5` wkdw d k|sr0
qrupdo zhljkwhg vkliw zlwk wkuhh htxdo zhljkwv fdqqrw eh txdgudwlfdoo| k|srqrupdo zlwkrxw
ehlqj  dw1 D qdwxudo txhvwlrq wkhq dulvhv= Fdq d txdgudwlfdoo| k|srqrupdo vkliw kdyh wzr

htxdo zhljkwv zlwkrxw ehlqj  dwB Wkh h{lvwhqfh ri vxfk vkliwv zdv hvwdeolvkhg lq ^FxIl5/
Sursrvlwlrq 719`/ dqg lw ohg wr dq hvvhqwldo glvwlqfwlrq ehwzhhq 50k|srqrupdolw| dqg txdgudwlf
k|srqrupdolw|/ zklfk hyhqwxdoo| ehfdph wkh vwduwlqj srlqw iru dq lqgxfwlyh surfhgxuh wr vhs0
dudwh vxeqrupdolw| iurp sro|qrpldo k|srqrupdolw| ^FxSx4`/ ^FxSx5`1 Yhu| uhfhqwo|/ \1E1
Fkrl ^Fk` kdv vkrzq wkdw d txdgudwlfdoo| k|srqrupdo zhljkwhg vkliw zlwk wzr htxdo zhljkwv
k? ' k?n� +? � �, pxvw eh vxeqrupdo1 Wkxv/ wkh zhljkw vhtxhqfh ri d qrq0vxeqrupdo
txdgudwlfdoo| k|srqrupdo vkliw zlwk wzr htxdo zhljkwv lv qhfhvvdulo| ri wkh irup +xs wr d
vfdodu, k G �c �c k2c k�c � � � E� 	 k2 	 k� 	 �����

Frqqhfwhg zlwk wkh deryh h{dpsoh lv wkh sureohp ri �qglqj dghtxdwh ghvfulswlrqv ri
txdgudwlf k|srqrupdolw|1 D vljql�fdqw vwduwlqj srlqw lq wklv surjudp lv wkh sdudphwhul}dwlrq
ri doo txdgudwlfdoo| k|srqrupdo vkliwv zkrvh �uvw wzr zhljkwv duh htxdo wr 41 V|perolf
pdqlsxodwlrq vkrzv wkdw wkhuh duh qr vxfk vkliwv zlwk � 	 k2 ' k� ^Fx4/ Sursrvlwlrq 44`
^Fk/ Wkhruhp 4`/ wkdw k2 lv dozd|v ohvv wkdq

s
2/ dqg wkdw k� � E2� k2
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3�*21 Lq wklv sdshu/

zh jlyh dq h{whqvlyh ghvfulswlrq ri srvlwlyh txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv zlwk
kf ' k� ' �/ zlwk vshfldo hpskdvlv rq wkrvh vkliwv zlwk d uhfxuvlyho| jhqhudwhg wdlo1 Rxu
pdlq uhvxow vwdwhv wkdw vxfk zhljkwhg vkliwv derxqg$ +fi1 Wkhruhpv 714 dqg 7144,1

Wkh rujdql}dwlrq ri wklv sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh uhfdoo vrph whuplqrorj|
dqg qrwdwlrq frqfhuqlqj txdgudwlf k|srqrupdolw| dqg uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv/
zklfk zloo eh xvhg iuhtxhqwo| wkurxjkrxw wkh sdshu1 Lq Vhfwlrq 6 zh glvfxvv jhqhudo idfwv
derxw txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv `k zlwk kf ' k� ' �1 Zh frqvlghu lq
sduwlfxodu wkh uhodwlrqvkls ehwzhhq d vhtxhqfh ri zhljkwv dqg wkh ghwhuplqdqwv ri vxffhvvlyh
sulqflsdo plqruv ri wkh fdqrqlfdo lq�qlwh pdwul{ lqgxfhg e| wkh dvvrfldwhg vkliw `k1 Wklv
dqdo|vlv ohdgv wr d vhw ri vx!flhqw frqglwlrqv iru srvlwlyh txdgudwlf k|srqrupdolw|1 Lq Vhfwlrq
7 zh fkdudfwhul}h wkh uhfxuvlyho| jhqhudwhg srvlwlyho| txdgudwlfdoo| k|srqrupdo zhljkwhg
vkliwv zlwk zhljkw vhtxhqfh �c E�c
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+�2> wkh h{lvwhqfh ri vxfk vkliwv/ zlwk � 	 % 	 +/ zdv

hvwdeolvkhg lq ^FxIl5/ Sursrvlwlrq 719`1 Frqfuhwho|/ lw zdv vkrzq wkdw iru % ' ��
�f
wkhuh h{lvwv
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� vxfk wkdw wkh dvvrfldwhg vkliw lv srvlwlyho| txdgudwlfdoo| k|srqrupdo1
Lq dq h�ruw wr xqghuvwdqg wkh uhodwlyh srvlwlrq ri srvlwlyho| txdgudwlfdoo| k|srqru0

pdo rshudwruv zlwklq wkh fodvv ri vxeqrupdo rqhv/ zh irfxv khuh rq wkh sodqdu vhw U ri sdluv



E%c +� jlylqj ulvh wr srvlwlyho| txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv `�cE�c
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Vhfwlrq 5 iru d ghvfulswlrq ri wklv vkliw,1 Rxu pdlq uhvxow/ Wkhruhp 7144/ ghvfulehv U dv d
forvhg frqyh{ vhw/ zlwk qrqhpsw| lqwhulru> lq dgglwlrq/ zh duh deoh wr ghvfuleh lq ghwdlo wkh
erxqgdu| ri U1 +Lq uhfhqw zrun/ wkh vhfrqg0qdphg dxwkru dqg V1V1 Sdun kdyh vkrzq wkdw
iru wkhvh vkliwv/ txdgudwlf k|srqrupdolw| dqg srvlwlyh txdgudwlf k|srqrupdolw| duh lghqwlfdo
qrwlrqv ^MxSd`1,

Vhfwlrq 8 lv ghyrwhg wr d glvfxvvlrq ri vrph srvvleoh jhqhudol}dwlrqv dqg gluhfwlrqv
iru ixwxuh uhvhdufk1

Dfnqrzohgjphqwv1 Wkh dxwkruv duh judwhixo wr Surihvvru Zrr \rxqj Ohh iru srlqw0
lqj rxw d vlpsol�fdwlrq lq wkh vwdwhphqw ri Wkhruhp 7151 Wklv sdshu zdv zulwwhq zkloh
wkh vhfrqg0qdphg dxwkru ylvlwhg wkh Ghsduwphqw ri Pdwkhpdwlfv dw Wkh Xqlyhuvlw| ri Lrzd
gxulqj wkh zlqwhu euhdnv ri 4<<: dqg 4<<;> kh zlvkhv wr wkdqn wkh idfxow| phpehuv lq wkdw
xqlw iru wkhlu zdup krvslwdolw|1 Vrph ri wkh fdofxodwlrqv lq Vhfwlrq 7 zhuh rewdlqhg wkurxjk
frpsxwhu h{shulphqwv xvlqj wkh vrizduh wrro Pdwkhpdwlfd ^Zro`1

5 Suholplqdulhv dqg Qrwdwlrq

Zh uhfdoo vrph qrwdwlrq zklfk zloo eh xvhg iuhtxhqwo| wkurxjkrxw wkh sdshu1 Dq rshudwru
A 5 OEK� lv txdgudwlfdoo| k|srqrupdo li AnrA 2 lv k|srqrupdo iru hyhu| r 5 �1 Ohw ie&j"&'f
eh dq ruwkrqrupdo edvlv iru K/ ohw �? ghqrwh wkh ruwkrjrqdo surmhfwlrq rqwr wkh vxevsdfh
jhqhudwhg e| efc ���c e?/ dqg ohw `k eh d k|srqrupdo zhljkwhg vkliw zlwk d zhljkw vhtxhqfh
k ' ik�j"�'f1 Iru r 5 �/ zh ohw
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dqg k3� ' k32 G' f� Fohduo|/ `k lv txdgudwlfdoo| k|srqrupdo li dqg rqo| li (?Er� � f iru
hyhu| r 5 � dqg hyhu| ? � f1 Wr ghwhfw wklv srvlwlylw|/ zh frqvlghu _?E�� G' _i|E(?E���1 E|
gluhfw frpsxwdwlrq zh kdyh

_f ' ^fc

_� ' ^f^� � mofm2c
_?n2 ' ^?n2_?n� � mo?n�m2_? E? � f�(

e| lqvshfwlrq/ _? lv dfwxdoo| d sro|qrpldo lq | G' mrm2 ri ghjuhh ? n �/ zlwk Pdfodxulq
h{sdqvlrq

_?E|� G'

?n�[
�'f

SE?c ��|�� +514,

Wklv jlyhv dw rqfh

SEfc f� ' �fc SEfc �� ' �fc SE�c f� ' ���fc

SE�c �� ' ���f n �f�� � �fc SE�c 2� ' ���fc

SE?n 2c �� ' �?n2SE?n �c �� n �?n2SE?n �c �� ��� �?n�SE?c �� ���

Revhuyh wkdw SE?c f� � f dqg SE?c ?n �� � f iru doo ? � f/ dqg wkdw _fE|� ' k2
fE� n |k2
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Zh dovr uhfdoo ^FxIl4` wkdw d zhljkwhg vkliw `k lv vdlg wr eh uhfxuvlyho| jhqhudwhg li wkhuh
h{lvw � � � dqg [ ' E[fc � � � c[�3�� 5 �

� vxfk wkdw

�? ' [�3��?3� n � � �n[f�?3� E? � ��c +515,

zkhuh �? E? � f� lv wkh prphqw vhtxhqfh ri `k/ l1h1/ �f G' �c �?n� G' k2
?�? E? � f�1

Ixuwkhupruh/ +515, lv htxlydohqw wr
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Jlyhq dq lqlwldo vhjphqw ri zhljkwv k G kfc � � � c k2& E& � f�c wkhuh lv d fdqrqlfdo surfhgxuh wr
jhqhudwh d vhtxhqfh +ghqrwh ek, lq vxfk d zd| wkdw `

ek lv d uhfxuvlyho| jhqhudwhg vkliw kdylqj
k dv dq lqlwldo vhjphqw ri zhljkwv +fi1 ^FxIl4/ s1 54<`,1 Zh qrz uhylhz wklv surfhgxuh lq d
vshfldo fdvh1 Jlyhq
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Wkh yhfwruv �f dqg �� duh olqhduo| lqghshqghqw lq+
2/ vr wkhuh h{lvwv d xqltxh[ ' E[fc[�� 5
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Ohw e�? G' �? Ef � ? � �� dqg ohw

e�? G' [�e�?3� n[fe�?32 E? � 2�� +518,

Vlqfh e�? : f E? � f� +fi1 ^FxIl4/ Surri ri Wkhruhp 618`,/ zh gh�qh

ek? G'

�e�?n�e�?
� �

2

E? � f� +519,

+vr wkdw ek? ' k? iru 3 � ? � 2,1 Khqfh zh rewdlq wkh frh!flhqwv ri d uhfxuvlyho| jhqhudwhg
zhljkwhg vkliw/ dqg

ek2
? ' [� n

[fek2
?3�

E? � ��� +51:,

E| uhduudqjlqj lqglfhv lq vrph ri wkh uhvxowv ri ^FxIl4`/ ^FxIl5` +fi1 ^FxIl5/ s1 6<7`,/ zh
rewdlq wkh iroorzlqj ohppd1

Ohppd 514 Ohw

k G kfc k�c � � � c k&32c Ek&3�c k&c k&n��
2

zlwk f 	 k&3� 	 k& 	 k&n� E& � �� dqg ohw `k eh wkh xqlodwhudo zhljkwhg vkliw dvvrfldwhg

zlwk k1 Wkhq
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6 Txdgudwlfdoo| K|srqrupdo Zhljkwhg Vkliwv

zlwk kf ' k� ' �

Ohw `k eh d k|srqrupdo zhljkwhg vkliw zlwk zhljkw vhtxhqfh k ' ik�j"�'f dqg dvvxph wkdw
_?E|� : f iru doo | : f dqg doo ? � f1 Lw iroorzv wkdw `k lv txdgudwlfdoo| k|srqrupdo +fi1
^FxIl5`,1 Frqyhuvho|/ li `k lv d txdgudwlfdoo| k|srqrupdo zhljkwhg vkliw/ wkhq reylrxvo|
_?E|� � f iru doo | � f dqg doo ? � f1 Pruhryhu/ li _?fE|f� ' f iru vrph ?f � f dqg |f : f/
wkhq kf � k� ' k2 ' � � � +fi1 ^FxIl4`,/ vr `k lv vxeqrupdo1 Wkhuhiruh/ wkh srvlwlylw| ri
_?E|� lv d idluo| jrrg ghwhfwru ri txdgudwlf k|srqrupdolw|1

Ohppd 614 Ohw `k eh d zhljkwhg vkliw zlwk kf ' k� ' �1 Li _�E|� � f/ wkhq k2 ' � ru

k2
� � �*E2� k2
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Surri1 Zlwk kf ' k� ' �c _�E|� ' SE�c 2�|2 n SE�c ��|� n SE�c e�|e/ dqg SE�c 2� ' k2
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� � �� � f1 Wkh uhvxow lv qrz reylrxv1



Sursrvlwlrq 615 Li kf ' k� ' k2 ' � dqg _eE|� � f/ wkhq _?E|� � f iru doo ? � �1

Surri1 E| wkh surri ri ^Fx4/ Ohppd <`/ lw lv hdv| wr vkrz wkdw k� ' �/ zklfk lpsolhv wkdw
_?E|� ' f iru doo ? � 21

D yduldwlrq ri Sursrvlwlrq 615 jlyhv ulvh wr wkh iroorzlqj uhvxow1

Sursrvlwlrq 616 Li k2 ' k� ' ke ' � dqg _�E|� � f/ wkhq _?E|� � f iru doo ? � f1

Surri1 Khuh _�E|� ' k2
f|

2d�k2
fE� � k2

��
� n ���o/ vr wkh srvlwlylw| ri _� irufhv k� ' �1 D

vwudljkwiruzdug fdofxodwlrq qrz vkrzv wkdw _?E|� � f iru hyhu| ? � f/ dv ghvluhg1

Sursrvlwlrq 617 Dvvxph wkdw kf ' k� ' � dqg k2 ' k� � �1 Li _�E|� � f/ wkhq _?E|� � f
iru doo ? � f1

Surri1 Vlqfh _�E|� � f/ Ohppd 614 lpsolhv wkdw k2 ' � ru k2
� � �*E2 � k2

2�1 Li k2 9' �/
wkhq k2
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zklfk irufhv k2 ' �/ d frqwudglfwlrq1 Lw iroorzv wkdw k2 ' k� ' �1 Lw lv qrz vwudljkwiruzdug
wr yhuli| wkdw _fE|� ' � n |/ _�E|� ' |2/ dqg _? � f E? � 2�1

Fruroodu| 618 Ohw `k eh d k|srqrupdo zhljkwhg vkliw zlwk kf ' k� ' � dqg k2 ' k� '
s
@1

Wkh iroorzlqj vwdwhphqwv duh htxlydohqw1

+l, @ ' �>
+ll, _�E|� � f>
+lll, _?E|� � f iru doo ? � f1

Wkh qh{w uhvxow hvwdeolvkhv d olqn ehwzhhq wkh sur{lplw| ri k� wr k2 dqg wkh sur{0
lplw| ri k2 wr k�/ xqghu wkh dvvxpswlrq _� � f1

Sursrvlwlrq 619 Dvvxph wkdw kf ' k� ' �/ k2 '
s
K dqg k� '

s
Kn "1 Vxssrvh _�E|� � f1

Li " $ f/ wkhq K $ �1

Surri1 E| Ohppd 614/ Kn " � �*E2� K�/ wkdw lv/ K2 � E"� 2�Kn E�� 2"� � f1 Khqfh

E2� "��s
"E"n e�

2
� K � E2� "� n

s
"E"n e�

2
�

Lw qrz iroorzv wkdw " $ f lpsolhv K $ �1
Qh{w/ zh frqvlghu k|srqrupdo zhljkwhg vkliwv `k zlwk � ' kf ' k� 	 k21

Sursrvlwlrq 61: Dvvxph wkdw � ' kf ' k� 	 k21 Wkhq `k lv txdgudwlfdoo| k|srqrupdo li

dqg rqo| li _?E|� : f E| : f� iru doo ? � f1



Surri1 +'� Vhh ^FxIl5/ Ohppd 714`1
',� Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw wkhuh grhv qrw h{lvw dq lqgh{

? vxfk wkdw k? ' k?n� ' k?n2/ iru rwkhuzlvh k� ' k2 ' �/ e| ^Fx4/ Sursrvlwlrq 44`1 Wkxv/
�& : f iru doo & � 2 dqg �& : f iru doo & � f1 Li wkhuh h{lvwv ?f � f dqg |f : f vxfk wkdw
_?fE|f� ' f/ fkrrvh ?f plqlpdo1 Vlqfh _fE|� ' � n | : f/ _�E|� ' |Ek2

2 � � n k2
2|� : f/ dqg

_2E|� ' k2
2|

2dEk2
2 � ��k2

� n Ek2
2k

2
� � ��|o : f/ lw iroorzv wkdw ?f � �1 Iurp

_?fn�E|f� ' ^?fn�E|f�_?fE|f�� mo?fE|f�m2_?f3�E|f� ' �mo?fE|f�m2_?f3�E|f�c
dqg wkh idfw wkdw `k lv txdgudwlfdoo| k|srqrupdo/ zh rewdlq dw rqfh

s
|f�?f ' o?fE|f� ' f/

d frqwudglfwlrq1
Wkh iroorzlqj h{dpsoh vkrxog eh frpsduhg zlwk Sursrvlwlrq 61:1

H{dpsoh 61; Ohw `k eh d zhljkwhg vkliw zlwk zhljkw vhtxhqfh k G f 	 kf � k� ' k2 '
k� ' ke 	 kD � � � � 1 Wkhq `k lv qrw txdgudwlfdoo| k|srqrupdo1 Krzhyhu/ _?E|� � f iru doo

? � f1 Lqghhg/ ^� ' o2 ' o� ' f dqg _�E|� ' _eE|� ' f1 Khqfh _?E|� � f iru doo ? � f1

Ohw k G kfc k�c � � � eh d zhljkw vhtxhqfh1 Uhfdoo iurp ^FxIl5` wkdw `k lv srvlwlyho|
txdgudwlfdoo| k|srqrupdo li SE?c �� � f iru doo ?c � � f zlwk f � � � ?n� dqg SE?c ?n�� : f
iru doo ? � f1 Wklv qrwlrq lv vwurqjhu wkdq txdgudwlf k|srqrupdolw|/ dv vkrzq uhfhqwo| e|
wkh vhfrqg0qdphg dxwkru dqg V1V1 Sdun ^MxSd`= wkh| h{klelw dq h{dpsoh ri d txdgudwlfdoo|
k|srqrupdo vkliw zklfk lv qrw srvlwlyho| txdgudwlfdoo| k|srqrupdo1

Zh qrz eulh | glvfxvv wzr h{dpsohv ri xqlodwhudo zhljkwhg vkliwv forvho| uhodwhg wr
wkh Ehujpdq vkliw1 Lq rqh lqvwdqfh/ zh vkdoo hvwdeolvk wkdw wkh vkliw lv srvlwlyho| txdgudwlfdoo|
k|srqrupdo/ lq wkh rwkhu wkdw lw lv qrw txdgudwlfdoo| k|srqrupdo1

H{dpsoh 61< Ohw k G �c �c
s

b*Hc
s
�2*�fc

s
�D*�2c

s
�H*�ec � � � eh d zhljkw vhtxhqfh1 Wkhq

e| ^Fx4` `k lv srvlwlyho| txdgudwlfdoo| k|srqrupdo1 +Qrwh wkdw wkh vhtxhqfhs
2*�k G

s
2*�c

s
2*�c

s
�*ec

s
e*Dc

s
D*Sc

s
S*.c � � �

kdv d Ehujpdq wdlo1,

H{dpsoh 6143 Ohw k G �c �c
s
%c
s
S*ec

s
H*Dc � � � eh d zhljkw vhtxhqfh1 Wkhq `k lv qrw

txdgudwlfdoo| k|srqrupdo iru dq| % zlwk � � % � S*e1 Lqghhg/ gluhfw frpsxwdwlrq vkrzv wkdw

_� � f , � � % � e*�/ dqg wkdw iru dq| % lq d�c e*�o/ wkh sro|qrpldo _�S wdnhv rq d qhjdwlyh

ydoxh dw | ' �*2f1 +Qrwh wkdw wkh vhtxhqfh

E�*
s
2�k G

s
�*2c

s
�*2c +c

s
�*ec

s
e*Dc

s
D*Sc � � �

dovr kdv d Ehujpdq wdlo1,

Wkhruhp 6144 Ohw k G �c �c
s
@c
s
Kc
s
Sc
s
_c kSc � � � eh d zhljkw vhtxhqfh dqg dvvxph wkdw

`k lv k|srqrupdo1 Dvvxph wkdw

+l, ES@_� @K�E2K� @K� �� � K2ES� @�2c
+ll, ES_� @K�E@KS� KS� 2@2 n �@� �� � E@K� ��ES� @�2c dqg
+lll, Ek2

?n�k
2
?n2 � k2

?k
2
?3��Ek

2
? � k2

?3�� � k2
?Ek

2
?n� � k2

?3��
2 E? � e��

Wkhq `k lv srvlwlyho| txdgudwlfdoo| k|srqrupdo1



Surri1 Surri1 Revhuyh wkdw iru ? � D dqg f � � � ?n �/

SE?c �� ' �?SE?� �c �� n �?�?3� � � � �DE�eSE�c �� ?n ��� ��SE2c �� ?n ��� +614,

� ��SE2c �� ?n ��� n iE�?�?3� � �?3��SE?� 2c �� ��

n �?E�?3��?32 � �?32�SE?� �c �� 2� n ���

n �?�?3� � � � �SE�D�e � �e�SE�c �� ?n e�j�

Zh vkdoo hvwdeolvk wkdw

�eSE�c �� ?n ��� ��SE2c �� ?n �� � fc E� � 2�c +615,

dqg
�?n��? � �? � fc E? � e�� +616,

Qrwh wkdw +lll, krogv li dqg rqo| li +616, krogv1 Wr suryh +615, zh revhuyh wkdw

�eSE�c 2�� ��SE2c 2� � fc +617,

�eSE�c ��� ��SE2c �� � fc +618,

dqg
�eSE�c e� � f� +619,

Krzhyhu/ +617, dqg +618, duh htxlydohqw wr +l, dqg +ll,/ uhvshfwlyho|1 Vlqfh SE2c �� � fc SE�c �� �
fc dqg SEfc �� � f/ e| +617,/ zh kdyh SE�c 2� � f1 E| +618,/ zh kdyh SE�c �� � f1 Khqfh
SE�c �� � f/ f � � � e1 Frqvlghu ? ' e> zh kdyh

SEec �� ' �eSE�c �� n E�eSE�c �� ��� ��SE2c �� ���� +61:,

E| +617,/ +618, dqg +619,/ zh kdyh SEec �� � f/ f � � � D1 Khqfh/ e| pdwkhpdwlfdo lqgxfwlrq
dqg +614,/ zh kdyh SE?c �� � f/ iru doo ? � f dqg doo � � f1 Lw iroorzv wkdw `k lv srvlwlyho|
txdgudwlfdoo| k|srqrupdo1

Wkh vx!flhqw frqglwlrqv lq Wkhruhp 6144 uhdoo| shuwdlq wr qrq0uhfxuvlyho| jhqhudwhg
zhljkwhg vkliwv/ dv wkh iroorzlqj h{dpsoh vkrzv1

Fruroodu| 6145 Ohw k G �c �c
s
@c E

s
Kc
s
Sc
s
_�2� Dvvxph wkdw

+l, ES_� @K�E2K� @K� �� � K2ES� @�2c dqg
+ll, ES_� @K�E@KS� KS� 2@2 n �@� �� � E@K� ��ES� @�2�
Wkhq `k lv srvlwlyho| txdgudwlfdoo| k|srqrupdo1

Surri1 Iru ? � e/ `k vdwlv�hv �?n��? � �? � f� Wkh uhvxow qrz hdvlo| iroorzv iurp
Wkhruhp 61441

H{dpsoh 6146 Ohw � � @ � K dqg ohw k G �c E�c
s
@c
s
K�21 Li `k vdwlv�hv surshuw| +l,

lq Wkhruhp 6144/ wkhq `k lv wkh xqzhljkwhg xqlodwhudo vkliw1 Lqghhg/ `k dozd|v vdwlv�hv

surshuwlhv +ll, dqg +lll, lq Wkhruhp 6144/ dqg lw vdwlv�hv surshuw| +l, li dqg rqo| li @ ' K ' �1



7 Txdgudwlfdoo| K|srqrupdo Vkliwv

zlwk Zhljkwv k G �c E�c
s
%c
s
+�a

Lq wklv vhfwlrq zh irfxv rq uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv ri wkh irup `k/ zkhuh
k G �c E�c

s
%c
s
+�2 dqg � � % � +1 Zh glvfxvv lq ghwdlo wkh uhjlrq

U G' iE%c +�m`k lv srvlwlyho| txdgudwlfdoo| k|srqrupdoj�
Zh duh qrz uhdg| wr vwdwh wkh pdlq uhvxow ri wklv sdshu1

Wkhruhp 714 Wkh sodqdu vhw U lv d forvhg frqyh{ vhw zlwk qrqhpsw| lqwhulru1

Lq zkdw iroorzv/ zh dvvxph � 	 % 	 + +wr dyrlg wkh wulyldo fdvh,/ dqg frqvlghu wkh
vhw �U G' U q iE�c ��j1 Zh ehjlq zlwk vrph qrwdwlrq1 Dv lq Ohppd 514/ ohw

[f G' �%E+ � %�

%� �
@?_ [� G'

%E+ � ��

%� �
c +714,

dqg ohw

g G' �[2
�

[f

uc +715,

zkhuh

u G'
[� n

s
[2

� n e[f

2
� +716,

E| ^FxIl5/ Wkhruhp 716` dqg lwv surri/ zh kdyh wkdw `k lv srvlwlyho| txdgudwlfdoo| k|sr0
qrupdo li dqg rqo| li

� � �n2 G'
� %2+ n %2E+ � ��g n %E+ � %�g2

%n %E+ � ��g n E� n %+ � 2%�g2

��*2
� +717,

E| gluhfw frpsxwdwlrq/ zh kdyh wkdw

�U ' iE%c +�m%E%+ � �� n %E%� ��E+ � ��g � E%� ��2g2 � fjc +718,

zkhuh

g '
%E+ � ��2

�
%E+ � �� n

s
%2E+ � ��2 � e%E%� ��E+ � %�

�
2E%� ��2E+ � %�

�

714 Ghvfulswlrq ri �U
Wkhruhp 715

�U ' iE%c +� m � 	 % 	 + dqg sE%c +� � fjc +719,

zkhuh sE%c +� '
S.

�'f ��+
� zlwk

�f G' %2 � e%� n D%e � %Dc
�� G' �2%n .%2 � 2%� � ��%e n %Dc
�2 G' �� 2%� .%2 n e%� n 2b%e � D%D n %Sc
�� G' �2%n 22%2 � ��%� � 22%ec



�e G' ���%2 n 2e%� n 2D%e � �%Dc
�D G' �%2 � �2%� � �D%e n �%Dc
�S G' e%� n e%e � %Dc
�. G' �%��

Ohppd 716 Ohw � G' %� � dqg & G' +� %1 Wkhq E%c +� 5 �U li dqg rqo| li E�c &� 5 X� _X2/

zkhuh

X� G' iE�c &� m s�E�c &� � fjc +71:,

X2 G' iE�c &� m s2E�c &� � fjc
dqg

s�E�c &� G'

.[
�'f

#�&
� '

��[
�'f

b��
�c

zlwk

#f G' �2�. � .�H � b�b � D��f � ���c
#� G' �.�S � �f�. � eD�H � 2H�b � S��fc
#2 G' e�e � D�D � D��S � bS�. � SS�H � �D�bc
#� G' e�� � �e � D.�D � ��.�S � HD�. � 2f�Hc

#e G' �2 � S�� � Df�e � b��D � SD�S � �D�.c
#D G' �b�2 � �S�� � D��e � �f�D � S�Sc
#S G' �D�� �S�2 � �H�� � H�e � �Dc
#. G' ��� ��� ��2 � ��c

bf G' �&.c
b� G' �D&S � �&.c
b2 G' &e � b&D � �S&S � �&.c
b� G' e&� � S&e � �S&D � �H&S � &.c
be G' e&2 � &� � Df&e � D�&D � H&Sc
bD G' �D&2 � D.&� � b�&e � �f&D � &Sc

bS G' �.& � D�&2 � ��.&� � SD&e � S&Dc
b. G' �2� �f& � bS&2 � HD&� � �D&ec
bH G' �.� eD& � SS&2 � 2f&�c
bb G' �b� 2H& � �D&2c
b�f G' �D� S&c
b�� G' ��c

dqg

s2E�c &� G'
S[

�'f

B�&
� '

b[
�'f

0��
� +71;,

zlwk

Bf G' ��S � ��. � ��H � �bc
B� G' ���D � �2�S � �D�. � S�Hc
B2 G' e�� � �e � 2��D � ���S � �D�.c
B� G' 2�2 � 2e�e � e2�D � 2f�Sc



Be G' ���2 � 2��� � ���e � �D�Dc
BD G' ���� �2�2 � �D�� � S�ec
BS G' ��� ��� ��2 � ��c

"f G' �&Sc
"� G' ��&D � �&Sc
"2 G' 2&� � �&e � �2&D � �&Sc
"� G' e&2 � 2�&e � �D&D � &Sc
"e G' �&2 � 2e&� � ��&e � S&Dc

"D G' ��& � 2�&2 � e2&� � �D&ec
"S G' ��� �2& � ��&2 � 2f&�c
". G' ��� �D& � �D&2c
"H G' ��� S&c
"b G' ���

Surri1 E| h{sdqglqj wkh lqhtxdolw| lq +718, zh kdyh

%E%+ � �� n %E%� ��E+ � ��g � E%� ��2g2 � f +, � � �
s
�c +71<,

zkhuh

� G' 2%S+ � 2%+2 n %2Ee+ n e+2 n 2+�� n %�E�2� ��+ n S+2 � 22+� n �2+e � �+D�c

n %eES n �+ � +2 n 2H+� � 2e+e n b+D � +S�

n %DE�D n H+ � 22+2 n �2+� � �+e�c

� G' %2E�+ n �+2 � �+� n +e� n %�E�+ � �f+2 n �2+� � S+e n +D�

n %eE�� n �+ � �+2 n +��c

� G' %2E�� n +�2 � e%E�� n %�E�%n +��

Lq whupv ri � dqg &/

� ' s2E�c &�E� n ��c

� ' &D n �Ee&e n �&D� n �2E.&� n ��&e n �&D� n ��E.&2 n 2e&� n �e&e n &D�

n �eEe& n 2e&2 n 2.&� n D&e� n �DE� n ��& n 2.&2 n �f&��

n �SE� n �e& n �f&2� n �.E� n D&� n �Hc

� ' E� n ��EE�� &�2 n �� n 2�2& n �&2��

Fohduo|/ � � f> wkhuhiruh/ wkh uljkw0kdqg lqhtxdolw| lq +71<, lv htxlydohqw wr�
�2 � �2�
� � f

c +7143,

zklfk lqgxfh hdvlo| wkh vhwv X� dqg X2/ uhvshfwlyho|1
Wkh qh{w ohppd zloo eh suryhg lq Vxevhfwlrq 7161

Ohppd 717 X� � X21



Frpelqlqj doo ri wkh deryh ohppdv/ zh rewdlq wkh iroorzlqj wkhruhp/ zklfk lv dq
reylrxv prgl�fdwlrq ri Wkhruhp 7151

Wkhruhp 718 Ohw k G �c E�c
s
%c
s
+�2 zlwk � 	 % 	 + dqg ohw � G' % � �/ & G' + � %1

Wkhq `k lv srvlwlyho| txdgudwlfdoo| k|srqrupdo li dqg rqo| li E�c &� 5 X�c l1h1/ li dqg rqo| li

s�E�c &� � f1

715 Wkh Vkdsh ri X4

Lq wklv vxevhfwlrq zh glvfxvv wkh uhjlrq X�> dv zh kdyh revhuyhg/ wklv lv htxlydohqw wr wkh
vwxg| ri �U1 Wr wklv hqg/ zh uhsodfh & e| |�/ zkhuh | lv d qrqqhjdwlyh uhdo qxpehu1 Wkhq zh
kdyh

s�E�c |�� ' E��E|��C�E�c |���
Dc +7144,

zkhuh

��E|� G' e|2 n e|� n |ec

C�E�c |� G' )�E|��n )2E|��
2 n )�E|��

� n )eE|��
e n )DE|��

Dc

)�E|� G' 2 n .|n D|2 n |� n S|e n b|D n D|S n |.c

)2E|� G' . n �f|n D�|2 n D.|� n Df|e n �S|D n �S|S n �|.c

)�E|� G' b n eD|n bS|2 n ��.|� n b�|e n D�|D n �H|S n �|.c

)eE|� G' D n 2H|n SS|2 n HD|� n SD|e n �f|D n H|S n |.c

)DE|� G' � n S|n �D|2 n 2f|� n �D|e n S|D n |S�

Ohw
�o�E�c |� G' ��E|��C�E�c |�

dqg ohw
� G' iE�c |� 5 -n � -n G �o�E�c |� ' fj�

Vlqfh lw lv hdv| wr h{klelw sdluv E�c |� dqg E��c |�� vxfk wkdw �o�E�c |� : f dqg �o�E�
�c |�� 	 f/ wkh

Lqwhuphgldwh Ydoxh Wkhruhp uhdglo| lpsolhv wkdw � 9' >1

Ohppd 719 � lv d orrs zlwk srodu irup o ' sEw�c f � w � Z*21

Surri1 Revhuyh �uvw wkdw �o�Efc f� ' ��Ef��C�Efc f� ' f1 Qrz �{ |f 5 -n1 Vlqfh )�E|f� : f/
� ' �c 2c �c ec D/ C�E�c |f� lv vwulfwo| lqfuhdvlqj lq �/ vr wkhuh h{lvwv d xqltxh �f vxfk wkdw
��E|f� ' C�E�fc |f�1 Wklv suryhv wkh ohppd1

Zh qrz frqvlghu wkh wdqjhqw olqh wr wkh fxuyh � qhdu Efc f�1

Ohppd 71: Wkh wdqjhqw olqh wr � frqyhujhv wr wkh %0d{lv dv E�c |� $ Efc f�/ dqg lw frqyhujhv
wr wkh +0d{lv dv E&c |� $ Efc4�1



Surri1 Vlqfh & � |�/ zh kdyh
_&

_�
'

_|

_�
�n |c +7145,

dqg vlqfh �o�E�c |� ' f rq �/ zh pxvw kdyh

Y�o�
Y|

_|

_�
n

Y�o�
Y�

' f� +7146,

Wkdw lv/ �
_��E|�

_|
n E�)��E|��� )�2E|��

2 � � � � � )�DE|��
D�

�
_|

_�
+7147,

n E�)�E|�� )2E|�2�� ���� )DE|�D�
e� ' f�

Khqfh zh kdyh
_|

_�
'

)�E|� n )2E|�2�n � � �n )DE|�D�
e

_��E|�
_|

� )��E|��� )�2E|��2 � � � � � )�DE|��D
� +7148,

Ixuwkhupruh/ vlqfh | $ fndv � $ fnrq �c e| +7145, zh kdyh

*�4
�<fn

_&

_�
' *�4

�<fn

_|

_�
� �� +7149,

E| +7148, dqg +7144,/ *�4�<fn
_|
_�

' 4/ vr wkh olplw lq +7149, lv dq lqghwhuplqdwh irup/ dqg
zh pd| dsso| O*K÷slwdo*v uxoh wr fdofxodwh lw=

*�4
�<fn

_|

_�
� � ' *�4

�<fn

�
_�
_|

' *�4
�<fn

�
_
_�

�
_�
_|

� � +714:,

Qrwlfh wkdw
_

_�

�
_�

_|

�
'

Y

Y|

�
_�

_|

�
� _|
_�

n
Y

Y�

�
_�

_|

�
� +714;,

E| gluhfw frpsxwdwlrq/ zh kdyh

_

_�

�
_�

_|

�
'

8�E�c |�

82E�c |�
c +714<,

iru vrph h{suhvvlrqv 8�E�c |� dqg 8�E�c |� vxfk wkdw

*�4
�<fn

8�E�c |� ' ��2 dqg *�4
�<fn

82E�c |� ' fc +7153,

dqg 82E�c |� 	 f iru vpdoo E�c |� 5 -n �-n1 Wklv lpsolhv wkdw

*�4
�<fn

_

_�

�
_�

_|

�
' n4c +7154,

dqg wkhq

*�4
�<fn

_&

_�
' *�4

�<fn

_|

_�
� � ' f� +7155,



Qrz zh frqvlghu wkh wdqjhqw olqh wr � dv E&c |� $ Efc4�� Vlqfh & $ fn lv htxlydohqw wr
� $ fn rq � xqghu wkh htxdwlrq & ' |�/ zh kdyh

*�4
&<fn

_&

_�
' *�4

&<fn

�
_|

_�
�n |

�
' n4� +7156,

Wkh surri lv qrz frpsohwh1
E| frpelqlqj Ohppdv 719 dqg 71: zh rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 71; Wkh erxqgdu| ri wkh uhjlrq X� lv d orrs zlwk srodu irup o ' �o�Ew� zkrvh
wdqjhqw olqhv qhdu wkh ruljlq Efc f� frqyhujh wr wkh %0 dqg +0d{hv1

Zh vkdoo gudz wkh judsk ri o ' �o�Ew� lq wkh qh{w vxevhfwlrq1
Uhfdoo Ghvfduwhv*v Uxoh ri Vljqv wkdw li RE%� lv d sro|qrpldo zlwk uhdo frh!flhqwv/

wkhq wkh qxpehu ri srvlwlyh urrwv hlwkhu lv htxdo wr wkh qxpehu ri yduldwlrqv lq vljq ri RE%�
ru lv ohvv wkdq wkdw qxpehu e| dq hyhq qxpehu> dqg wkh qxpehu ri qhjdwlyh urrwv hlwkhu lv
htxdo wr wkh qxpehu ri yduldwlrqv lq vljq ri RE�%� ru lv ohvv wkdq wkdw qxpehu e| dq hyhq
qxpehu1

Ohppd 71< Jlyhq � : f/ wkhuh h{lvw dw prvw wzr urrwv +srvvleo| d grxeoh urrw, &f : f vxfk

wkdw s�E�c &f� ' f�

Surri1 Uhfdoo wkdw

s�E�c &� '

.[
�'f

��E��&
�c

zkhuh doo ri wkh frh!flhqwv ri ��E��/ � ' fc �c Dc Sc . duh qhjdwlyh +vhh Ohppd 716,1 Pruhryhu/
��E��/ � ' 2c �c e/ kdv rqh yduldwlrq lq vljq/ vr lw kdv h{dfwo| rqh srvlwlyh urrw k�c � ' 2c �c e/
uhvshfwlyho|1 Khqfh zh kdyh
+l, �2E�� � f rq f 	 � � k2

�' f�2fffe dqg �2E�� 	 f rq � : k2/
+ll, ��E�� � f rq f 	 � � k�

�' f�2�fee dqg ��E�� 	 f rq � : k�/
+lll, �eE�� � f rq f 	 � � ke

�' f�fHbf� dqg �eE�� 	 f rq � : ke1
Frpsdulqj wkh }hurv ri ��/ � ' 2c �c e/ lw iroorzv iurp wkh Ghvfduwhv*v Uxoh ri Vljqv wkdw iru
�{hg � : f/ wkh vljq ri s�E�c &� fkdqjhv wzlfh dv d sro|qrpldo lq &1 Khqfh wkh qxpehu ri
urrwv ri s�E�c &� ' f lv f ru 21

Xvlqj d vlplodu whfkqltxh lq Ohppd 71< zlwk ixqfwlrqv lq Ohppd 716/ zh rewdlq
wkh iroorzlqj ohppd1

Ohppd 7143 Jlyhq & : f/ wkhuh h{lvw dw prvw wzr urrwv +srvvleo| d grxeoh urrw, �f : f
vxfk wkdw s�E�fc &� ' f1

Wkh iroorzlqj lv rqh ri rxu pdlq uhvxowv/ ghvfulelqj wkh vkdsh ri X�1

Wkhruhp 7144 Wkh uhjlrq X� lv frqyh{1



Ehiruh surylqj Wkhruhp 7144 zh qhhg vrph fdofxodwlrqv wr rewdlq wkh ehkdylru ri
_2&
_�2

E�c |� iru d jlyhq sdudphwhu | 5 Efc4�1 Ohw ho�E�c |� G' ��E|� nC�E�c |� dv lq wkh uhpdunv
suhfhglqj Ohppd 719/ dqg frqvlghu wkh fxuyh ho�E�c |� ' f1 E| +7146,/ zh kdyh

_|

_�
' �

Y�o�
Y�
Y�o�
Y|

� +7157,

Dovr/ & ' |� ohdgv wr wkh htxdwlrq

_2&

_�2
'

_2|

_�2
� �n 2 � _|

_�
� +7158,

Qrz ohw xv gl�huhqwldwh wkh htxdwlrq +7146, zlwk uhvshfw wr � dqg rewdlq wkh htxdwlrq�
Y

Y|

�
Yho�
Y|

�
� _|
_�

n
Y

Y�

�
Yho�
Y|

��
� _|
_�

n
Yho�
Y|

�
�
Y

Y|

�
_|

_�

�
� _|
_�

n
_2|

_�2

�
+7159,

n
Y

Y|

�
Yho�
Y�

�
� _|
_�

n
Y2ho�
Y�2

' f�

E| +7157, dqg wkh gh�qlwlrq ri ho�E�c |�/ zh pd| vroyh iru _2|
_�2

lq +7159,1 Qrz vxevwlwxwlqj _2|
_�2

dqg _|
_�

lq +7158,/ zh kdyh _2&
_�2

1 Iru frqyhqlhqfh/ zh deeuhyldwh wklv dv iroorzv=

_2&

_�2
'

� E�c |�

'E�c |�2
c +715:,

iru vrph ixqfwlrq 'E�c |� dqg iru

� E�c |� � �E|� n 4�E|��n 42E|��
2 n � � �n 4bE|��

b

vdwlvi|lqj
+l, doo frh!flhqwv ri � duh srvlwlyh/
+ll, doo frh!flhqwv ri 4�/ � ' �c ec � � � c b duh qhjdwlyh/
+lll,

4�E|� ' ��e n 2S.|n �H��|2 n e.eS|� n S.e.|e n .�DD|D

n SfHf|S n efHH|. n �DHe|H � ��D|b � eHb|�f

� 2DH|�� � SD|�2 � .|��c

+ly,

42E|� ' ��bS� 2DS|n 2HeH|2 n ���Hf|� n �H.Sf|e

n �D�Se|D n 2SfH|S � bHHf|. � �D.Se|H � �e�D2|b � H.ee|�f

� �eSH|�� � HfH|�2 � He|���

Lq sduwlfxodu/ ohw xv frqvlghu wkh yduldwlrq lq vljq ri 4�/ � ' �c 21 Lw lv hdv| wr vkrz wkdw 4�/
� ' �c 2/ kdv dw prvw wzr srvlwlyh urrwv1 Krzhyhu/ e| gluhfw fdofxodwlrq/ zh rewdlq h{dfwo|
wzr srvlwlyh urrwv qE��

� ri 4�E|�/ � ' �c 2 G q
E��
�

�' f�fef�2eH/ qE��
2

�' 2�fH..H/ qE2�
�

�' f�2f2e�2/

dqg q
E2�
2

�' f�bHb��b/ uhvshfwlyho|1 Qrwh wkdw iru hdfk | : f/ zh nqrz wkdw �E|� : f dqg
4�E|� 	 f/ � ' �c � � � c b1 Khqfh zh fdq hdvlo| ghgxfh wkdw lq doo fdvhv/ wkh yduldwlrq lq vljq ri
� E�c |� lv 41 Zh kdyh wkxv suryhg wkh iroorzlqj uhvxow1



Ohppd 7145 Jlyhq | : fc wkh htxdwlrq

_2&

_�2
E�c |� ' f +715;,

kdv h{dfwo| rqh srvlwlyh urrw1

Qrz uhfdoo wkdw wkh fxuydwxuh V ri d fxuyh � lv wkh udwh ri fkdqjh ri wkh gluhfwlrq
dqjoh zlwk uhvshfw wr dufohqjwk> wkdw lv/ li � lv ri wkh irup & ' sE��/ wkhq

VE�� G'
s ��E��

i� n ds �E��o2j�*2 � +715<,

Vlploduo|/ iru d fxuyh ri wkh irup � ' }E&�/

VE&� G'
s ��E&�

i� n d}�E&�o2j�*2 � +7163,

Qrz ohw xv uhwxuq wr rxu fxuyh � � iE�c |� G ho�E�c |� ' fj1 E| Ohppd 71</ ho�E�c |� ' f
frqvlvwv ri wzr dufv ri wkh irup & ' sE�� e| lqwhuvhfwlqj wkh fxuyh zlwk d ud| ri wkh irup
| ' |f1 Zh wkxv kdyh wkh iroorzlqj uhvxow1

Ohppd 7146 Iru d vx!flhqwo| vpdoo ydoxh ri | zlwk f 	 | 	 |f dqg � : f vxfk wkdwho�E�c |� ' f/ zh kdyh VE�c |� : f1

Surri1 Vlqfh wkh ixqfwlrq � E�c |� lq +715:, lv srvlwlyh iru vpdoo ydoxhv ri | dqg � rq �/ dq
dssolfdwlrq ri +715<, frpsohwhv wkh surri1

E| Ohppd 7143/ wkh fxuyh ho�E�c |� ' f dovr frqvlvwv ri wzr dufv ri wkh irup � ' sE&�
e| lqwhuvhfwlrq zlwk d ud| | ' |�1 Xvlqj wkh deryh phwkrg zh rewdlq vlploduo| wkh iroorzlqj
uhvxow1

Ohppd 7147 Iru d vx!flhqwo| odujh ydoxh ri | zlwk | : |� dqg � : f vxfk wkdw ho�E�c |� ' f/
zh kdyh VE�c |� 	 f1

Qrz zh duh uhdg| wr suryh Wkhruhp 71441

Surri ri Wkhruhp 71441 +Lw iroorzv iurp Ohppd 7145 wkdw wkh qxpehu ri }hurv ri wkh
fxuydwxuh VE�c |� ri � lv rqh zlwk uhvshfw wr �/ dqg e| Ohppd 7146/ VE�c |� lv srvlwlyh iru
vx!flhqwo| vpdoo � vxfk wkdw ho�E�c |� ' f1 Ohw X� ' Y ^Z / zkhuh

Y G' iE�c |��mho�E�c |� � fc f 	 | � |fj +7164,

dqg
Z G' iE�c |��mho�E�c |� � fc |f 	 |j� +7165,

Vxssrvh wkdw Y lv qrw frqyh{1 E| wkh gh�qlwlrq ri frqyh{lw|/ lw lv hdv| wr vkrz wkdw VE�c |� 	 f
iru vrph | 	 |f1 Vlqfh wkh fxuyh lv d forvhg fxuyh/ jhrphwulf frqvlghudwlrqv uhdglo| lpso|
wkdw wkh htxdwlrq VE�c |� ' f pxvw kdyh dw ohdvw wzr srvlwlyh urrwv zlwk uhvshfw wr �/ zklfk
jlyhv d frqwudglfwlrq1 Wkxv/ Y pxvw eh frqyh{1 Xvlqj Ohppdv 7143 dqg 7147/ zh fdq suryh
vlploduo| wkdw Z lv frqyh{1 Wkh gh�qlwlrq ri |f dqg dq dqdo|vlv ri Iljxuh 4 ehorz qrz
hvwdeolvk wkdw X� lv frqyh{1



716 Wkh Vkdsh ri X5

Lq wklv vhfwlrq/ zh glvfxvv wkh vkdsh ri X2 dqg suryh Ohppd 7171 D vlpsoh frpsxwdwlrq
hvwdeolvkhv wkh iroorzlqj uhvxow1

Ohppd 7148 Iru | : f/ ohw & ' |�1 Wkhq

s2E�c |�� ' �o2E�c |��
Dc +7166,

zkhuh

�o2E�c |� G' �22E|��
e[

�'�

��E|��
�

zlwk

�22E|� G' |2Ee n 2|�c
��E|� G' � n �|n |2 n �|e n �|D n |Sc
�2E|� G' � n �2|n 2�|2 n 2e|� n 2�|e n �2|D n �|Sc
��E|� G' � n �D|n ��|2 n e2|� n ��|e n �D|D n �|Sc
�eE|� G' � n S|n �D|2 n 2f|� n �D|e n S|D n |S�

Dv d pdwwhu ri idfw/ li zh iroorz wkh phwkrg lq wkh surriv ri Ohppdv 719 dqg 71:/
zh vkrz hdvlo| wkdw wkh erxqgdu| ri X2 lv d orrs zlwk srodu irup o ' }Ew� zkrvh wdqjhqw
olqhv qhdu Efc f� frqyhujh wr wkh %0 dqg +0d{hv1 Dovr zh pd| gudz wkh judsk ri s2E�c &� ' f
dv lq Iljxuh 4 e| xvlqj d wdeoh olnh Wdeoh 41

Iurp fdofxoxv/ ohw xv uhfdoo Wd|oru*v irupxod zlwk ghulydwlyh uhpdlqghu1 Vxssrvh
wkdw sE%� kdv frqwlqxrxv ghulydwlyhv ri rughuv �c 2c ���c ? zkhq k � % � q/ dqg d ghulydwlyh
ri rughu ? n � zkhq k 	 % 	 q� Wkhq/ li @ dqg % duh dq| wzr qxpehuv vxfk wkdw hlwkhu
k � @ 	 % � q ru k � % 	 @ � qc wkhq Wd|oru*v irupxod lv jlyhq e|

sE%� ' sE@� n s �E@�E%� @� n � � �n s E?�E@�

?-
E%� @�? n

s E?n��E1�

E?n ��-
E%� @�?n�c +7167,

zkhuh 1 lv vrph qxpehu ehwzhhq @ dqg %1 Lq sduwlfxodu/ li zh sxw % ' @n �c +7167, fdq eh
h{suhvvhg dv

sE@n �� ' sE@� n �s �E@� n � � �n �?
s E?�E@�

?-
n

�?n�

E?n ��-
s E?n��E@n w��c f 	 w 	 �� +7168,

Zh qrz suryh Ohppd 7171

Surri ri Ohppd 7171 Wr frpsduh �o�E�c |� dqg �o2E�c |�/ zh gh�qh

-E�c |� G' �o2E�c |�� �o�E�c |�c +7169,

vr wkdw zh kdyh

-E�c |� ' �/E|� n
D[

�'�

/�E|��
�c +716:,



zkhuh

/E|� G' |e n 2|�c

/�E|� G' � n e|n e|2 n |� n �|e n S|D n e|S n |.c

/2E|� G' e n �H|n �2|2 n ��|� n 2b|e n 2e|D n ��|S n �|.c

/�E|� G' S n �f|n S�|2 n .D|� n Sf|e n �S|D n �D|S n �|.c

/eE|� G' e n 22|n D�|2 n SD|� n Df|e n 2e|D n .|S n |.c

/DE|� G' � n S|n �D|2 n 2f|� n �D|e n S|D n |S�

Li zh iroorz wkh phwkrg xvhg wr suryh Ohppdv 719 dqg 71:/ zh vhh wkdw -E�c |� ' f lv d orrs
zlwk srodu irup o ' oEw�c f � w � Z

2
1 Iru hdfk �{hg |f/ wkhuh h{lvwv �f : f vxfk wkdw

-E�fc |f� ' fc

-E�c |f� 	 f Ef 	 � 	 �f�c

-E�c |f� : f E� : �f��

Khqfh zh kdyh

�o�E�fc |f� ' �o2E�fc |f�c

�o�E�c |f� : �o2E�c |f� Ef 	 � 	 �f�c

�o�E�c |f� 	 �o2E�c |f� E� : �f��

Iru d jlyhq |/ ohw �� dqg �2 ghqrwh wkh xqltxh ydoxhv vxfk wkdw �o�E��c |� ' �o2E�2c |� ' f> zh
pxvw vkrz wkdw �� � �2 +vhh Iljxuh 4 ehorz,1

�f �� �2 & ' �o2E�c |�

& ' �o�E�c |�

Iljxuh 4= �� dqg �2 vxfk wkdw �o�E��c |� ' �o2E�2c |� ' f1

Iluvw/ revhuyh wkdw X� ^ X2 � dfc �
�f
�� -n1 Pruhryhu/

-E
�

�f
c |� '

�

�fffff
E�eSe� n S�22S|n ���n ����f|.� : fc iru dq| | : fc

vr zh kdyh -E�c |� : f iru �
�f

� � 	 �
�f
1 Wkxv li zh ohw |�� dqg |�2 ghqrwh wkh ydoxhv vdwlvi|lqj

�o2E
�
�f
c |��� ' f E� ' �c 2�/ zlwk |�� 	 |�2/ wkhq iru dq| |�� � | � |�2c zh kdyh �� 	 �2> qrwlfh

wkdw |�� �' f�2e�e.b dqg |�2 �' ��HHbDD2 +vhh Iljxuh 5 ehorz,1



� ' �
�f

& ' |�2�

�o2
�o�

& ' |���

0.025 0.05 0.075 0.1 0.125 0.15 0.175

0.05

0.1

0.15

0.2

0.25

0.3

Iljxuh 5= Jhrphwulf lqwhusuhwdwlrq ri wkh vhfrqg sduw ri wkh surri ri Ohppd 7171

Li zh qrz frqvlghu d vpdoohu ydoxh ri �/ vd| � ' �
2f
/ zh kdyh

-

�
�

2f
c |

�
'

�beeH� n .bSeeS|n ���n �HD22f|.

�2fffff
: f Ef 	 | 	 f�eb2HSc | : ��.DHeD��

Zh wkxv kdyh -E�c |� : f iru �
2f

� � 	 �
�f

dqg f 	 | 	 f�eb2 +ru | : ��.DH,1 Li zh ghqrwh
e| |2� dqg |22 wkh ydoxhv vdwlvi|lqj �o2E

�
2f
c |2�� ' f E� ' �c 2�/ zlwk |2� 	 |22/ wkhq iru dq|

|�� � | � |2�c |�2 � | � |22 zh kdyh �� 	 �2 +revhuyh wkdw |2� �' f��e�.� dqg |22 �' 2�Hf..,1
Frqwlqxlqj wklv surfhvv/ zh fdq rewdlq d froohfwlrq i|6�j6'�c���c�

�'�c2
vxfk wkdw |�� 	 � � � 	 |��/

|�2 	 � � � 	 |�2/ |�� vpdoohu wkdq dq| suhvfulehg srvlwlyh qxpehu +surylghg � lv odujh
hqrxjk,/ dqg |�2 eljjhu wkdq dq| suhvfulehg srvlwlyh qxpehu +djdlq surylghg wkdw � lv
odujh hqrxjk,1 Lw iroorzv wkdw �� 	 �2 iru | 5 d|��c |�2o1

Lw uhpdlqv wr suryh wkdw wkh lqhtxdolw| �� � �2 dovr krogv qhdu wkh ruljlq dqg qhdu
lq�qlw|1 Vlqfh wkh yduldwlrq lq vljq ri ho2E�c |� zlwk uhvshfw wr � lv 4 +vhh Ohppd 7148,/ho2E�c |� kdv h{dfwo| rqh srvlwlyh urrw iru hdfk |1 Pruhryhu/ ho2E�c |� lv d sro|qrpldo ri ghjuhh
7 zlwk uhvshfw wr �/ vr e| gluhfw frpsxwdwlrq zh pd| rewdlq wkh srvlwlyh urrw ixqfwlrq
RE|� iru | � f1 +R kdv d udwkhu frpsolfdwhg h{suhvvlrq/ vr zh rplw lw khuh1, Zh fodlp wkdw
� E|� G' ho�ERE|�c |� 	 f iru doo ydoxhv ri | lq d vpdoo qhljkerukrrg l ri wkh ruljlq1 +Wkh vl}h
ri wkh qhljkerukrrg zloo wkhq ghwhuplqh wkh qxpehu � ri qhhghg lwhudwlrqv ri wkh suhylrxv
dujxphqw/ dv |�� pxvw ehorqj wr l1, Wr gr vr/ zh frqvlghu Wd|oru*v irupxod iru � E|�1 Qrwlfh
wkdw

_ho�
_|

'
Yho�
Y|

n
Yho�
Y�

� _�
_|

+716;,



&

�

X�

s�E�c &� ' f

0.02 0.04 0.06 0.08 0.1 0.12
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0.06

0.08

0.1

0.12

Iljxuh 6= Iru k G �c E�c
s
� n �c

s
� n �n &�2/ `k lv

srvlwlyho| txdgudwlfdoo| k|srqrupdo +, E�c &� 5 X�1

dqg

_

_|

�
_ho�
_|

�
'

_

_|

�
Yho�
Y|

�
n

_

_|

�
Yho�
Y�

� _�
_|

�
+716<,

'
Y

Y|

�
Yho�
Y|

�
n

Y

Y�
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Yho�
Y|

�
� _�
_|

n
_

_|

�
Yho�
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�
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_|

n
Yho�
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_|

�
_�

_|

�

'
Y2ho�
Y|2

n
Y2ho�
Y�Y|

� _�
_|

n

�
Y

Y|

�
Yho�
Y�

�
n

Y

Y�
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E| gluhfw frpsxwdwlrq/ *�4|<f R
�E|� ' fc vr e| +716;, zh kdyh *�4|<fn �

�E|� ' f� Dovr e|
+716<, lw lv hdv| wr vkrz wkdw

*�4
|<fn
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�
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Y|2

n
Yho�
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�

+7173,

' H� 2 � *�4
|<fn

R��E|��

D fdofxodwlrq vkrzv wkdw
1f G' *�4

|<fn
R��E|� � H : Dc +7174,



Q k n Q k n Q k n

4 313337:7 313333:7 67 314548;5 313:4<36 9: 313:3:<6 31457447

5 31334;4< 3133338: 68 31456467 313:8789 9; 31399:97 31454777

6 31336<57 313334;8 69 314577;7 313:<333 9< 31395:48 3144;77<

7 313399:< 31333753 6: 31458964 313;5857 :3 3138;999 3144846;

8 3133<<;5 31333:;8 6; 314598:9 313;9354 :4 31387968 31444858

9 31346:73 313345<; 6< 3145:64: 313;<7;3 :5 31383978 3143:959

: 3134:;99 31334<:5 73 3145:;88 313<5;<5 :6 31379:47 31436794

; 313555;4 31335;47 74 3145;4;< 313<957: :7 31375;97 313<<387

< 31359<49 31336;63 75 3145;653 313<<868 :8 3136<448 313<7764

43 31364:43 31338355 76 3145;57: 31435:78 :9 313687;6 313;<954

44 31369939 313396;; 77 3145:<:3 31438;99 :: 31364<;; 313;7987

45 31374893 3133:<5; 78 3145:7<3 3143;;;9 :; 3135;977 313:<895

46 31379864 3133<969 79 31459;39 31444:<8 :< 31358799 313:76;3

47 313847;6 3134483: 7: 31458<54 314478:< ;3 31355798 3139<475

48 313896;9 3134686: 7; 31457;67 3144:55: ;4 3134<986 31396;;6

49 31394548 31348:4: 7< 3145687: 3144<:58 ;5 3134:369 3138;96;

4: 31398<7; 3134;374 83 31455393 31455393 ;6 31347953 31386774
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4< 313:838: 313563<3 85 3144;833 314594<3 ;8 31343734 31376658

53 313:<737 31358;33 86 31449764 3145:<89 ;9 3133;8<; 3136;79;

54 313;68<; 3135;955 87 314474:6 3145<837 ;: 31339<<9 31366:;9

55 313;:963 3136487< 88 31444:64 31463;53 ;; 313388<3 3135<63:

56 313<47<5 313678:5 89 3143<443 31464;<4 ;< 313376:6 3135838:

57 313<84:< 3136:9;7 8: 31439648 31465:36 <3 31336668 31354394

58 313<;9;7 31373;:9 8; 31436686 31466575 <4 3133579; 3134:677

59 31435336 31377474 8< 31433564 314667<9 <5 31334:8< 31346<5;

5: 31438467 3137:7:3 93 313<9<8< 31466786 <6 313344<9 31343;69

5; 3143;3:7 31383;88 94 313<6878 31466434 <7 31333:97 3133;3;;

5< 31443;4< 313875<3 95 313<3334 31465766 <8 3133377< 31338:38

63 3144669< 3138::97 96 313;966< 3146476; <9 31333566 31336:3;

64 31448:54 313945:4 97 313;58:4 31463445 <: 313333<< 3133544<

65 3144:;:8 31397;35 98 313:;:47 3145;783 <; 31333363 31333<89

66 3144<;5< 3139;67< 99 313:7:;5 31459783 << 31333336 31333575

Wdeoh 4= Qxphulfdo gdwd iru Iljxuh 6

dqg wkhq
*�4
|<fn

� ��E|� ' H� 2 � 1f 	 �2� +7175,

Wkxv/ iru | vx!flhqwo| vpdoo/ � ��Er� � �� surylghg f 	 r � 2|1 Pruhryhu/ vlqfh *�4|<fn � E|� '
fc zh pd| uhgh�qh � vr wkdw � Ef� ' f� E| +7168, zh kdyh

� E# n |� ' � E#� n � �E#�|n
� ��E# n wE#�|�

2-
|2 Ef 	 | 	 4� +7176,

iru vrph qxpehu wE#� zlwk f 	 wE#� 	 �� Wdnlqj # $ fnc zh vhh wkdw

� E|� ' *�4 t�T
#<fn

� ��E# n wE#�|�

2-
|2 � �|2

2
c +7177,

ehfdxvh r G' # n wE#�| � # n | � 2| dv # $ fn1 Wkhuhiruh/ � E|� lv qhjdwlyh iru vpdoo ydoxhv
ri |/ zklfk vkrzv wkdw �� 	 �2 iru | lq d vpdoo qhljkerukrrg ri wkh ruljlq1 Ixuwkhupruh/
xvlqj | ' �

5
c zh fdq suryh vlploduo| wkdw �� 	 �2 iru ydoxhv ri | lq d qhljkerukrrg ri lq�qlw|1

Khqfh zh kdyh �� � �2 lq doo fdvhv/ wkxv hvwdeolvklqj wkdw X� � X21

717 Judsk ri s4E�c &� ' f dqg s5E�c &� ' f

Zh frqfoxgh wklv vhfwlrq e| suhvhqwlqj d gudzlqj ri wkh uhjlrq X� xvlqj qxphulfdo dssur{l0
pdwlrq1 Iluvw zh frqvlghu d vfdoh w ' Z

2ff
dqg sxw

A E�� G' |@?E
Z

2ff
��� +7178,



Ilqglqj wkh urrwv � vxfk wkdw
�o�E�c A E���� ' f +7179,

iru � ' �c 2c � � � c bb/ zh rewdlq Wdeoh 4 deryh1 Wkh judsk ri s�E�c &� ' f rewdlqhg iurp
Wdeoh 4 lv vkrzq lq Iljxuh 61 Lq d vlplodu zd| zh fdq gudz wkh judsk ri s2E�c &� ' f1

8 Frqfoxglqj Uhpdunv dqg Rshq Txhvwlrqv

Ohw k G �c E�c
s
%c
s
+�2 zlwk � � % � +1 Vlqfh U G' iE%c +�m`k lv srvlwlyho| txdgudwlfdoo|

k|srqrupdoj lv d forvhg vhw/ wkhuh h{lvw pd{lpxp ydoxhv %� dqg +� ri % dqg + vxfk wkdw
U _ Ei%�j �+� dqg U_ E+� i+�j� duh vlqjohwrqv1

Sureohp 814 Ilqg d frqfuhwh h{suhvvlrq iru %� dqg +� 1

Frqvlghu qrz wkh fdvh ri k G �c �c E
s
%c
s
+c
s
5�2 zlwk � � % � + � 5� Iurp wkh uh0

vxowv lq wklv sdshu/ lw lv fohdu wkdw Y G' iE%c +c 5�m`k lv srvlwlyho| txdgudwlfdoo| k|srqrupdoj
lv d vrolg lq �0glphqvlrqdo vsdfh1

Sureohp 815 Ghvfuleh Y dqg lwv erxqgdu|1

Lq d gl�huhqw gluhfwlrq/ zh kdyh

Sureohp 816 Ohw k G �c �c
s
%c E

s
@c
s
Kc
s
S�2 zlwk � � % � @ � K � S� Ilqg Z G' i%m`k lv

txdgudwlfdoo| k|srqrupdoj1

Lq Vhfwlrq 6 zh glvfxvvhg jhqhudo idfwv derxw txdgudwlfdoo| k|srqrupdo zhljkwhg
vkliwv`k zlwk kf ' k� ' �1 Zh frqvlghuhg lq sduwlfxodu wkh uhodwlrqvkls ehwzhhq d vhtxhqfh
ri zhljkwv dqg wkh ghwhuplqdqwv ri vxffhvvlyh sulqflsdo plqruv ri wkh fdqrqlfdo lq�qlwh pdwul{
lqgxfhg e| wkh dvvrfldwhg vkliw `k1 Zh odwhu lqyhvwljdwhg lq ghwdlo txdgudwlf k|srqrupdolw|
iru vkliwv ri uhfxuvlyh w|sh/ zlwk wkh dlg ri uhfxuvlyh frh!flhqwv dvvrfldwhg zlwk wkh wdlo ri
wkh zhljkw vhtxhqfh1 Iru vkliwv zkrvh wdlo lv vxeqrupdo ri qrquhfxuvlyh w|sh/ krzhyhu/ wkh
Qhvwhg Ghwhuplqdqwv dssurdfk lv qrw yhu| h�hfwlyh/ dqg zh pd| qhhg wr �qg dqrwkhu xvhixo
pdfklqh wr vwxg| txdgudwlf k|srqrupdolw|1

Sureohp 817 Ohw �k G �c �c
s
kfc

s
k�c

s
k2c ���/ zkhuh`k lv d qrquhfxuvlyh vxeqrupdo zhljkwhg

vkliw1 Fkdudfwhul}h txdgudwlf k|srqrupdolw| iru `�k1

Uhihuhqfhv

^Dwk` D1 Dwkdydoh/ Rq mrlqw k|srqrupdolw| ri rshudwruv/ Surf1 Dphu1 Pdwk1 Vrf1
436+4<;;,/ 74:07561

^Fk` \1E1 Fkrl/ D sursdjdwlrq ri txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv/ suhsulqw
4<<;1



^Fx4` U1 Fxuwr/ Txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv/ Lqwhjudo Htxdwlrqv dqg Rshu0
dwru Wkhru| 46+4<<3,/ 7<0991

^Fx5` U1 Fxuwr/ Mrlqw k|srqrupdolw|= D eulgjh ehwzhhq k|srqrupdolw| dqg vxeqrupdolw|/
Surf1 V|psrvld Sxuh Pdwk1 84+4<<3,/ Sduw LL/ 9<0<41

^Fx6` U1 Fxuwr/ Sro|qrpldoo| k|srqrupdo rshudwruv rq Kloehuw vsdfh/ lq Surfhhglqjv ri
HODP YLL/ Uhylvwd Xqlöq Pdw1 Duj1 6:+4<<4,/ 5<0891

^FxIl4` U1 Fxuwr dqg O1 Ildonrz/ Uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv dqg wkh vxeqrupdo
frpsohwlrq sureohp/ L/ Lqwhjudo Htxdwlrqv dqg Rshudwru Wkhru| 4:+4<<6,/ 53505791

^FxIl5` U1 Fxuwr dqg O1 Ildonrz/ Uhfxuvlyho| jhqhudwhg zhljkwhg vkliwv dqg wkh vxeqrupdo
frpsohwlrq sureohp/ LL/ Lqwhjudo Htxdwlrqv dqg Rshudwru Wkhru| 4:+4<<6,/ 53505791

^FP[` U1 Fxuwr/ S1 Pxko| dqg M1 [ld/ K|srqrupdo sdluv ri frppxwlqj rshudwruv/ Rshudwru
Wkhru|= Dgy1 Dsso1 68+4<;;,/ 40551

^FxSx4` U1 Fxuwr dqg P1 Sxwlqdu/ H{lvwhqfh ri qrq0vxeqrupdo sro|qrpldoo| k|srqrupdo
rshudwruv/ Exoo1 Dphu1 Pdwk1 Vrf1/ 58+4<<4,/ 6:606:;1

^FxSx5` U1 Fxuwr dqg P1 Sxwlqdu/ Qhduo| vxeqrupdo rshudwruv dqg prphqw sureohpv/ M1
Ixqfw1 Dqdo1/ 448+4<<6,/ 7;307<:1

^Idq` S1 Idq/ D qrwh rq k|srqrupdo zhljkwhg vkliwv/ Surf1 Dphu1 Pdwk1 Vrf1 <5+4<;7,/
5:405:51

^Lrk` L1 Lrkylgry/ Kdqnho dqg Wrhsolw} Pdwulfhv dqg Irupv/ Elunkçxvhu Ervwrq/ 4<;51

^Mr4` D1 Mrvkl/ K|srqrupdo sro|qrpldov ri prqrwrqh vkliwv/ Sk1G1 glvvhuwdwlrq/ Sxugxh
Xqlyhuvlw|/ 4<:41

^Mr5` D1 Mrvkl/ K|srqrupdo sro|qrpldov ri prqrwrqh vkliwv/ Lqgldq M1 Sxuh Dsso1 Pdwk1/
9+4<:8,/ 9;409;91

^MxSd` L1E1 Mxqj dqg V1V1 Sdun/ Txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv dqg wkhlu h{dp0
sohv/ Lqwhjudo Htxdwlrqv dqg Rshudwru Wkhru|/ wr dsshdu1

^PfFS` V1 PfFxoorxjk dqg Y1 Sdxovhq/ D qrwh rq mrlqw k|srqrupdolw|/ Surf1 Dphu1 Pdwk1
Vrf1 43:+4<;<,/ 4;:04<81

^Vkl` D1 Vklhogv/ Zhljkwhg Vkliw Rshudwruv dqg Dqdo|wlf Ixqfwlrq Wkhru|/ Pdwk1 Vxuyh|v
46+4<<7,/ 7<045;1

^Vwd` M1 Vwdps l/ Zklfk zhljkwhg vkliwv duh vxeqrupdo/ Sdfl�f M1 Pdwk1 4:+4<<9,/ 69:0
6:<1

^Zro` Zroiudp Uhvhdufk/ Lqf1 Pdwkhpdwlfd/ Yhuvlrq 613/ Zroiudp Uhvhdufk Lqf1/ Fkdp0
sdljq/ LO/ 4<<91

Udýo H1 Fxuwr
Ghsduwphqw ri Pdwkhpdwlfv
Wkh Xqlyhuvlw| ri Lrzd
Lrzd Flw|
Lrzd 85575
XVD

Lo Erqj Mxqj
Ghsduwphqw ri Pdwkhpdwlfv
Froohjh ri Qdwxudo Vflhqfhv
N|xqjsrrn Qdwlrqdo Xqlyhuvlw|
Wdhjx :350:34
Nruhd



4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu| 7:E6:/ 7:E53> Vhfrqgdu| 7:037/ 7:D8:1

Nh| zrugv dqg skudvhv1 Txdgudwlfdoo| k|srqrupdo zhljkwhg vkliwv/ vxeqrupdo vkliwv/  dw
zhljkw vhtxhqfhv/ frqyh{ sodqdu uhjlrq1


