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Abstract

We first show that every ~-contractive commuting multioperator is unitarily equiv-
alent to the restriction of SO) @ W to an invariant subspace, where S() is a back-
wards multi-shift and W a v-isometry. We then describe ~-isometries in terms of
(7, 1)-isometries, and establish that under an additional assumption on 7', W above
can be chosen to be a commuting multioperator of isometries. Our methods provide,
as a by-product, a new proof of the existence of a regular unitary dilation for every

(1,...,1)-contractive commuting multioperator.

1 Introduction

The present paper continues and completes the work in [CuVa]; for the reader’s convenience,

we recall here the terminology and some basic facts.

*Research partially supported by a grant from the National Science Foundation



Let ‘H be a complex Hilbert space, let £L(H) be the algebra of bounded linear operators
on H, and let n > 1 be a fixed integer. If T = (T3,...,T,) € L(H)" is a commuting

multioperator (abbreviated c.m.), then for every v € Z" we set

|
AY =Y (~1)lel T _prapa (1.1)
r C; al(y —a)!
where, as usual, |a| := a1 + - + ap, o = !, T =TT and T* =

(Ty, ..., T?).

If we associate 7" with the commuting operators My, : L(H) — L(H) given by
Mr(X) :=T;XT; (Xe€L(H),j=1,...,n), (1.2)

then we have
Ap= (I —Mp)" (I — Mrg,)"(1), (1.3)
where 1 is the identity on H, and I is the identity of L(H).

Let e =e™ :=(1,...,1) € 7" and let v > e™ be a multi-index, which will remain fixed
throughout the paper. In [CuVa] we began to describe the structure of those c.m. T' € L(H)"
with the property A% > 0 for all & <+, up to the so-called polydisc isometries (a polydisc
isometry W is a c.m. consisting of contractions, and such that A%(/n) = 0). In the present
work we shall give the definitive form of this structure result, including the description of
the involved polydisc isometries.

We shall adopt the following terminology.

Definition 1.1 Let v > e™ be given. A c.m. T € L(H)" is said to be y-contractive if
AT >0 for all a <. A y-contractive c.m. T is said to be a y-isometry if AETW =0.
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If T' is y-contractive, then each 7} is a contraction (i = 1,...,n); for, if ; := (0, ...
then e; <5, andso A =1-T/T; >0(j =1,...,n).

It is also clear that a y-isometry is a polydisc isometry, but the converse is not true in
general. Indeed, if Ty € £L(H) is a contraction such that (I — Mz, )?(1) is not positive (such
operators do exist, see for instance [Agl]), and if T, = 1, then T = (T}, T3) is a polydisc
isometry which is not a (2, 1)-isometry (since 7" is not (2, 1)-contractive).

As in [CuVa), for a fixed v > €™ we consider the standard model S defined in the
following way. Let K :=¢*(Z";,H) (the Hilbert space consisting of those functions f : Z'} —

H such that Xaczn || f(@) [[*< 00), and let

™ |~ v , nog_
(S;7 ) PR flate)aeZl,j=1,...,n), (1.4)
where
pla) = =R e zy), (15)

Then SO := (Sp), ...,8") is a c.m. on K, also called the backwards multi-shift of type
(n,v) [CuVa].

We can now state the following structure result (see also [CuVa, Theorem 3.15]).
Theorem 1.2 Let T € L(H)" be a c.m. The following conditions are equivalent:
(1) T is y-contractive.

s unitarwy equivatent 1o e restriction o D o an muoariant suvspace, where
2) T is unitaril walent to the restriction of SO @& W t mvariant sub h

W is a y-isometry.



The proof of the implication (1)=(2) is a more refined version of the proof of the impli-
cation (a)=-(b) from [CuVa, Theorem 3.15] (where it was only shown that W is a polydisc
isometry). The proof of the implication (2)=-(1) is relatively easy, via Lemma 2.3. (Theo-
rem 3.15 in [CuVa, Theorem 3.15] is slightly inaccurate at this point, since the proof passes
through a third stronger condition.) We shall give a detailed proof of Theorem 1.2 in Section
2, along with the investigation of the structure of y-isometries. In section 3 we present some
related results, together with a new proof of the existence of regular unitary dilations (see
[SzFo, Theorem 1.9.1]).

We note that if n = 1 and v = (m) (m > 1), then T' = (T}) is y-contractive if and only
if Ty is an m-hypercontraction in the sense of [Agl], so Theorem 1.2 is an extension of [Agl,
Theorem 1.10]. In particular, 77 is a 1-hypercontraction if and only if 7} is a contraction, and
Theorem 1.2 also extends an assertion from [SzFo, 1.10.1] which was, in fact, the starting
point of our investigations. Finally, if n > 1 is arbitrary and v = (1,...,1) € Z7, then
T = (11, ...,T,) ~y-contractive means precisely that T satisfies Brehmer’s condition for the
existence of regular dilations for commuting contractions (see [Bre] or [SzFo).

The authors are grateful to the referee for several useful comments, especially a suggestion

which improved the presentation of Lemma 2.7 and Theorem 2.8.



2 Completing the Structure Theorem

In this section we refine some auxiliary results from [CuVa] which are needed to obtain a
specific decomposition of y-isometries into simpler objects, up to unitary equivalence. The
proof of Theorem 1.2 is a by-product of these arguments. The basic operator Jy, constructed
in the next lemma, is a useful tool which will permit us to decompose every ~-contractive
multioperator into a direct sum of two ~y-contractive multioperators of a simpler form (see

also Lemma 2.2).

Lemma 2.1 Lety > e™ et T € L(H)" be y-contractive, and let p € {1,...,n}. Then the
limit

Joh := lim H —rMrg;)" (I — Mr,)" (1)h (2.1)

r—)l_] 1
exists for every h € H, and we have 0 < Jy < 1.

Moreover, for every 3 < 7,

n

111 = Mz,)%(Jo) > 0, (2.2)
7j=1
H (I — Mz,)P (1= Jo) > 0. (2.3)

ProofProof.  As in the proof of [CuVa, Corollary 3.7], we have

0 <s— lim H —rMp,)" (I — Mrp,)"(1) <1,

7"*»1*

showing that Jy exists and 0 < Jy < 1 (s-lim denotes limit in the strong operator topology of

L(H)).



For a fixed # <~ we have:

(= MTj)ﬂj X =y (I = rMg,)~ (I — My, )™ (1) (2.4)
= TLjoy(I = M) T1j =1
By # O8(T = rMzy) (1 = M, )+
x [Ij=1
B = 0P(I —rMg,)™% (I — Mg,)"(1).
Note also that the limit
s— lim [[j = 16; = 0°(1 — rMz,) ™ (I — My, (1) (2.5)

r—1-

exists, as in the first part of the proof. Since

[17 =18 # 0PI — Mr,)% [[j = 18; = O°(I — Mz,) [[(I — Mz,)%(1) >0

J>p
by hypothesis, it follows that
[jsp(I — My,)Pi x [Ij=1 (2.6)
6]' 7é OP(I - MTj)Bj
x Ilj=1

Bj = 0PI —rMq;)™ (I — Mr,;)(1) = 0,
by the series expansion of [[(/ — rMrz,)™ and the fact that the operators My, preserve

positivity. We have only to note that

lim (I — rMzg,)" (I — My,)%% = (I — Mg,)% (B; #0) (2.7)

r—1-



in the uniform topology, by an easy direct argument valid for Banach space contractions.
Letting » — 17 in (2.4), and using (2.5), (2.6) and (2.7), as well as the continuity of
the operators My, in the strong operator topology of L(H), we derive (2.2). To obtain the

estimate (2.3), note that
[17=18=0°(1 - Mz,)" (A7) 2 0

for all 6; < ~;, j € {k: B = 0}, by hypothesis. Therefore, by virtue of [CuVa, Lemma
3.6],
[1J =18 = 0P(I — rMyz,) 5 (I — My, (Af) < AF. (2.8)
Since the left-hand side of (2.8) has the same limit as the left-hand side of (2.4), letting
r — 17 in (2.8) we infer the estimate (2.3), which completes the proof of the lemma.End
Proof

We briefly pause to recall that a contraction D € L(H) is said to be of class Cjy.. if

s — limy_oo D¥ = 0 (see [SzFo)).

Lemma 2.2 Let v > €™, let T € L(H)" be vy-contractive, and let p € {1,...,n}. Then
there are two Hilbert spaces G, M, two ~y-contractive c.m. R € L(G)", Q € LIM)", and an

wsometry V : H — G & M, with the following properties:

(i)



ii) Ri,...,R, are of class Cy., and (Q1, ..., Q,) is a vP) -isometry, where yP) := (vy;,...,7,) €
P p p

p .
v/

(iii) if for some k € {1,...,n} the operator T}, is an isometry (resp. Ty € Cy.), then both

Ry, Q. are isometries (resp. Ry, Qr € Cy.).
ProofProof. =~ We define an operator Vy : H — (*(Z%,H) by the formula

2 71/2
(Veh) () = |y (@)A7 | T2 (2.10)

for all h € H and a € Z%., where T := (T, ..., T,). It is easily seen that V'V = Jy, where
Jo is the operator (2.1) (see also [CuVa, (3.15), (3.21)]). In particular, V'V, < 1.

We set G := VoH, Vi := (1 — V5Vp)V2, and M := V;’H. Note the estimates

VoW < Vil
(j=1,...,n), (2.11)
THVET, < V2
which are particular cases of (2.2) and (2.3), respectively. By virtue of (2.11) we may define

the linear mappings

R; - Voh == WTh
(heH, j=1,...,n), (2.12)

Qj - Vih :=WViT;h
which can be continuously extended to the spaces G, M, respectively. We keep the same no-
tation for the extensions. It follows easily from (2.12) that R := (Ry,..., R,) € L(9)",Q :=
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(Q1,...,Qn) € LIM)" are c.m. In addition, if we set Vh := Vyh @ Vih for each h € H, then
V:H — G & M is an isometry satisfying (2.9), via (2.12).
We show now that R is y-contractive. Let 3 € Z7} be fixed. We set, for simplicity, ¢, 1=

(=D)llBlal(B — a)l]7t if a < 3, and ¢, 5 := 0 otherwise. Then we have for 3 < 7:

(ARVoh, Voh) = Saz0 Casl B Voh)?
= Y0 Casl|VoTR?
= (Ejo( = Mz,)% (ViVo)h, h) > 0
for all h € H, by virtue of (2.2), via (1.1) and (1.3). Hence A%, > 0 for all § < ~, i.e., R is
~y-contractive.
A similar argument (using (2.3) instead of (2.2)) shows that @ is y-contractive. Since we
have already noticed that (2.9) holds, the assertion (i) is established.

To obtain (ii) note that

~()

Vol; =SV Vo (5 =1,...,p), (2.13)

which follows as in ([CuVa, (3.22)]) (with SJ(-7(p)) given by (1.4)). Then, according to [CuVa,
Lemma 3.5], the operators R; = S](V<p))|g(j =1,...,p) are of class Cj..
We must also prove that Agfg) = 0, where QP := (Q1,...,Q,). Indeed, the equality

[1(7— Mr)(1— ViVe) =0, (214

J=1

holds, as a consequence of [CuVa, Lemma 3.10).
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Therefore

(A9 Vih, Vih) = acom (—D)I[QViR?

Sacew (DI R]*

- < ?Zl(I_MTj)<1_‘/O*%>h7h> =0

for all h € H, by (2.14) (here we have used the equality c, 3 = (—1)% when 3 = e®

a < B3). In other words, Q® is a P)-isometry, and so (ii) is also established.

Now, assume T}, is an isometry for some k. Then we have

=

(I MTk)(‘/O %) = S — 111}1_ ] MTk H — TMT i (I — MTj>7j(1) = 0,
r— j=1

via formula (2.1), since (I — My, )(1) = 0. Thus, by (2.12),
[ReVoh|| = [IVoTkh|| = [[Voh|l

for all h € 'H, showing that Rj is an isometry.
Next, observe that

(I = Mg, )(1 = VgV,) =0,

whence we infer that () is also an isometry, by a similar argument.

Finally, assume T}, of class Cy.. Since

VI = (B © Qp)V

11

and



for every integer m > 1, via (2.9), and since V is an isometry, we deduce readily that
R"Voh — 0 and Q' — Vih — 0 as m — oo, for each h € H. Then the fact that both Ry,
Q) are contractions, and the definition of the spaces G, M, imply that Rj, (), must be of

class Cp.. This establishes (iii), and concludes the proof of the lemma.End Proof

Lemma 2.3 Let H,G, M be Hilbert spaces, let T € L(H)", R € L(G)", Q € LIM)"™ be
cm. and let V : H — G & M be an isometry such that VI; = (R; & Q;)V(j =1,...,n).
Then we have

AL =V AL ® AV (B € Z7). (2.15)

ProofProof.  Let ¢, be as in the proof of Lemma 2.2. We also write Vh = Voh © Vih

for each h € H. Then we have

(ATh,h) = Taso CasllVTR|?

= Xaz0 Cas([|RVoh]* + [Q°V1A|?)

= (ARVoh, Voh) + (A Vih, Vih)

= (V*(A%R ® AQ)Vh, h)
for all h € H. Hence (2.15) holds.End Proof
Proof of Theorem 1.2. (1)=-(2) This is a consequence of Lemma 2.2, with p = n, via
(2.13).
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(2)=-(1) This follows from Lemma 2.3, by virtue of [CuVa, Lemma 3.5]. The proof of
the theorem is now complete.End Proof

For additional results along the lines of Theorem 1.2 the reader is referred to [Vas].

Unlike the spherical isometries studied in [MuVal), the polydisc isometries, are, in general,
not subnormal (see [CuVa, p. 802]). Nevertheless, y-isometries possess a certain structure

which seems to merit further consideration.

Definition 2.4 Let v € Z7, v > e®™ detpe{l,...,n}, and let T € L(H)" be a c.m. We

say that T is a (v, p)-isometry if the following conditions are satisfied:

1. T is y-contractive;

2. there are p distinct integers ki, ..., k, in the set {1,...,n} such that (Tj,,...,T},) is

a ('Ykp ce e ,’Ykp)—isometry;

3. It je{l,....,n}\ {ki,..., k,} then either T} is an isometry or 7j is of class Cj..
Remark 2.5.
(i) Every 7-isometry is a (v, n)-isometry.

(ii) If T € L(H)™ is a c.m. consisting of isometries, then T is a (7, 1)-isometry for all

v > el

(i) If T € L(H)" is a (7, 1)-isometry not of the form in (ii) above, then, without loss of
generality, we may suppose that T = (T1,...,Ty, Tyt1,...,T,), where 1 < ¢ <n —1,
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Ty, ..., T, are of class Cy., and Tj44,..., T, are isometries. We may apply Lemma 2.2
to this particular situation (with p = ¢). Note also that the operator (2.10) is in this

case an isometry, via [CuVa, Lemma 3.9]. Consequently, 7" has the form
(87NG, ..., S0 G, Ry, .., Ry), (2.16)

modulo unitary equivalence, where G = VoH (V given by (2.10)), and Ry41, ..., R,

are isometries on G, by virtue of Lemma 2.2.

Our goal is to describe the structure of an arbitrary ~-isometry in terms of (v, 1)-

isometries. We need two more technical lemmas.

Lemma 2.6 Let T € L(H)" be a (v, p)-isometry, with p > 2. Then there exist Hilbert spaces

Gy, c.m. R® ¢ L(G,)" (k=1,2,3), and an isometry V : H — G1 ® Go ® G3 such that
VT = (R o R? @ RYW (j=1,...,n),

where RY is a (v, 1)-isometry, and R®, R®) are (v, p — 1)-isometries.

ProofProof. Without loss of generality we may assume that 7" = (11, ..., T, Tpi1, -, Ty Tyt1,

., 1), where T®) := (T}, ..., T,) is a yP-isometry (v := (v1, ..., %)), Tpt1, ---, Ty are isome-
tries, and T}44, ..., T;, are of class Cj. (of course, the last two kinds of operators may be ab-
sent). We shall apply Lemma 2.2 to «, T, and p — 1. Let V{ be the operator given by (2.10).
We also set G := ViH, V, := (1 = VI*V)V2 H .= V/H and V'h := VJh & V/h (h € H).
According to Lemma 2.2, there exist c.m. RY € £(GW), T € L(H)" which are 7-
contractive, such that V'T; = (R§1) © T))V' (j = 1,...,n). Moreover, Rgl), s Rz(yl_)l are
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of class Cy., and (77,...,T, ) is a 7P~V isometry. It also follows from Lemma 2.2 that

R

i1y SROD T T} are isometries, and that Ré?l, .y R, 1714, 1, are of class Cp..

q 7 pt+D

Let us show now that R}(}) is an isometry. Indeed, since T® is a v®)-isometry, we have:

(I — MTp)(‘/O/*V =s— lim H — TMT ’Yj(.[ - MTj)’Yj (I - MTp)(l) =0.

r~>1—

Hence [|[RWVh| = [[ViT,h|l = |[Vgh| for all h € H, via (2.12) and the above remark, i.c.,
1 . .

Ré ) is an isometry.

Consequently, R is actually a (v, 1)-isometry. We have to deal now with the c.m. T €

L(H')", in which T is simply a contraction. We shall apply Lemma 2.2 to v, 7", 1, where

T" = (T, T, ..., T, Thprs ., T0).

-1 “p+1>

According to Lemma 2.2, there are two Hilbert spaces G, G5, two y-contractive c.m. R
L(Gy)", R®) € L£(Gs)", and an isometry V" : H' — Gy & Gy such that V"T] = (RE-Q) ®
Rg-g))V”(j =1,...,n). Note that (R(Q) . ,Rf_)l), (R(3) o ,RI(,B'_)I) are P~Y_isometries, by
Lemma 2.3 and the corresponding property of (T7,...,T, ;). We also have that R, 421, cee R((f),
R;:izl, ..., R are isometries, and that Ré%zl, ...,R®, Ré‘?l, ..., R®) are of class Cy., by
Lemma 2.2 and the corresponding properties of 17, ,,...,T,, resp. T,,y,...,T,. Finally, it
follows from Lemma 2.2 that Rl()z) is of class (Y., and Rég) is an isometry. Therefore both
R® R® are (v, p — 1)-isometries. We have only to note that V : H — G, ® Go © Gs, given

by V := (1@ V")V’ is the required isometry, via the properties of V', V", This completes

the proof of the lemma.End Proof
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Lemma 2.7 Let T € L(H)" be a (v, p)-isometry with T®W) := (T,...,T,) a v -isometry,
YP) := (y1,...,7,). Then there are Hilbert spaces Gp, y-contractive c.m. RY € L(Gr) (I #

F C{1,...,p}) and an isometry

ViH— b G (2.17)
0#FC{1,....,p}
with the following properties:
(1)
VI;=( @ RHV (2.18)
0#FC{L,....p}

forallj=1,... n.

(2) RY is an isometry if j € F, and RY is of class Cy. if j € {1,...,p} \ F.

(3) RY is an isometry (resp. of class Cy.) whenever T; is an isometry (resp. of class Cp.)

forall 3 > p+1.

ProofProof. We prove the assertion by induction with respect to p > 1, for an
arbitrary n > p. If p = 1, T} is an isometry; moreover, Tj is either an isometry or of class
Co. for all j > 2. Hence the property holds with Gg;; = H and V' the identity on H.

Now, assume that the assertion holds for p—1 (p > 2), and let us prove it for p. Let T be as
in the statement of the lemma. According to (the proof of) Lemma 2.6, we can find Hilbert
spaces G,, HY, H® and v-contractive cm. R®) € £(G,)", Z®) € L(HW)" (k = 1,2) with

the following properties:
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(i) R§p>, e R;p,)l are of class Cy., and Rl(f) is an isometry;

(ii) (Zl(k), . .,Z},’i)l) are yP~Y-isometries (k = 1,2), Zlgl) is of class Cy., and Zzgz) is an

isometry;

(iii) R](p ), Z}k) are isometries (resp. of class Cj.) whenever 7} is an isometry (resp. of class

Co)forall j >p+1, k=12

(iv) there is an isometry

VO.H -G aHYoH? (2.19)

such that VOT; = (RP @ 2V @ ZP)VO for all j = 1,...,n. (Note that (G,, R®) is

the pair needed in (2.17), (2.18) for F' = {p}.)

By the induction hypothesis, there are Hilbert spaces Gy s, vy-contractive c.m. RM/ €

L(Grs) 0 #JC{1,..,p—1}) and isometries
VO HO @D G (2.20)

such that

k) (k) k,J k
vz = p  RyHvW
0#£JC{1,....p—1}

forall j =1,...,n and k£ = 1,2. Moreover, the R?’J are isometries if 7 € J or 7 > p, and

Z ](k) is an isometry, and they are of class C. otherwise.

Let F C{1,...,p}, F # 0. Then we set

17



Gp if F={p}

9r=4 Gur if p¢F

g2,F\{p} if p e F7 F 7é {p}
We also define

RP) if F={p}
RF = LF :
- R if p¢F

R2FMPY if pe F) F # {p}.

Note that R} is an isometry if j € F', and of class Cy. if j € {1,...,p}\F. The isometry
V required for (2.18) is now easily obtained from (2.19) and (2.20). The proof of the lemma
is complete.End Proof

Lemma 2.7 shows, in particular, that every «-isometry is unitarily equivalent to a (finite)
direct sum of (v, 1)-isometries restricted to invariant subspaces.

Combining Theorem 1.2 and Lemma 2.7, we derive the following structure result.

Theorem 2.8 Let vy € Z7, v > e and let T € L(H)" be y-contractive. Then there exist

Hilbert spaces Gr, vy-contractive c.m. R € L(Gr)" (F C {1,...,n}), and an isometry

ViH— & Gr (2.21)
FC{1,...,n}
with the following properties:
(1)
VI;=( @ RV (2.22)
FC{1,...,n}



forallj=1,... n.

(2) RY,...,R?

n

are operators of class Cy., and for every F C {1,...,n}, F # 0, the operators

Rf are isometries if j € F, and are of class Co. if j € {1,...,n} \ F.

ProofProof. According to Theorem 1.2, there are Hilbert spaces Gy, H’, y-contractive
cm. RO € L(Gy)", T' € L(H)", and an isometry V' : H — Gy @ H’ such that V'T; =
(Rg-o) & THV' (j =1,...n). Moreover, R consists of operators of class Cp. (via ([CuVa,
Theorem 3.16]), and 7" is a 7-isometry. To complete the proof of the theorem, we define
Gy == Go, R? := RY and we apply Lemma 2.7 (with p = n) to T". From (2.17) and (2.18)
written for 77, as well as using R?, Gy and V', we infer readily (2.21) and (2.22), which
concludes the proof.End Proof

Let us remark that if the c.m. Te L£(H)" satisfies (2.22), with all RF v-contractive, then

T is also vy-contractive by virtue of (an extended version of) Lemma 2.3.

3 Some Related Results

Theorem 2.8 shows that the structure of a c.m. consisting of contractions, even if some pos-
itivity conditions are satisfied, is in general rather complicated. Unlike the case associated
with the geometry of the unit ball (see [MuVa]), the case associated with the polydisc is
unexpectedly intricate. Besides the standard model (1.4) or those c.m. consisting of isome-
tries, which can be regarded as “extreme” cases, there also occur “mixed” cases. We refer
here to (7, 1)-isometries 7' € L(H)™ (n > 2) whose form (modulo a permutation of indices)
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is T = (T1,...,Ty,...,T,), where T\, ..., T, are operators of class Cy., and Ty41,...,T, are
isometries (1 < ¢ <n —1), as in Remark 2.5(3). Since for the extreme cases more informa-
tion is available, we think it is useful to give a version of Theorem 2.8 in which the “mixed”

c.m. are automatically eliminated.

Proposition 3.1 Let v > e™ and let T € L(H)" be a c.m. The following conditions are

equivalent.

(a) T is y-contractive, and

where
Jo =5 — liria H(I — rMTj)*“’j(A}). (3.2)
rT— _jzl

(b) T is unitarily equivalent to the restriction of S @ Q to an invariant subspace, where

Q@ s a c.m. consisting of isometries.

ProofProof.  (a)=-(b) We follow the line of the proof of Theorem 1.2 (or, rather, that
of Lemma 2.2). We have the equality (2.9), in which R may be replaced by S (via (2.12)
and (2.13)), and @ is a ~-isometry. We have only to show that Qi,...,Q, are actually
isometries.

Indeed, since .Jy given by (3.2) coincides with Jy given by (2.1) (for p = n), we have,

using the notation of Lemma 2.2, ViV = Jy, and V# = 1 — Jy. Since (3.1) can be rewritten
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as

Tj*VIQTj = ‘/12(] =1,... ,TL),

it follows from (2.12) that Q1,..., @, are isometries.

(b)=>(a) It follows from (b) that there are Hilbert spaces G C (*(Z",H) and M, and an
isometry V' : H — G @& M such that VT; = (Sj(d) &Q;))V(i=1,...,n). Let Rj := S](V)|Q for
all j, and R := (Ry,...,Ry).

Note that

> pa (@) (AR Rg|I” = llg]*(g € 9), (3.3)

a>0

by [CuVa, Lemma 3.5, (3.21) and (3.23)]. Then we have

J()h - ZQZO p’y(Oé>T*aA%Tah

= V*[(Saz0ps (@) RALRY) @ 0] Vi

= V*1e0)Vh

for all h € H, by [CuVa, (3.15)], Lemma 2.3, (3.3), and since A}, = 0.
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Therefore 1 — Jy = V*(0 @ 1)V, whence

(I = Mz)(VO0D1)V) = V0e )V -T: V(0 1)VT;

= V0ae )V -V (R eQ)0®1)(R;&Q;)V = 0

for all j, since each @); is an isometry. Since T is clearly ~-contractive, this establishes the
implication (b)=-(a), which concludes the proof of the proposition.End Proof

An important particular case of all previous assertions is obtained when v = e := (™.
According to Definition 1.1, a c.m. T' € L(H)™ is e-contractive if A} > 0 for all @ < e. This
is precisely Brehmer’s condition, which is equivalent to the existence of a regular unitary
dilation (see [Bre] or [SzFol; see also [CuVa, Section 4]).

The standard model S = S® defined via (1.4), becomes
(Sif)e) = flate) (feKaeZl,j=1,..n) (3-4)
(recall that I = (*(Z'},’H) and observe that p.(a) = 1). Since

(Sif)@) = fla—e) if a;=1, (3.5)
=0 if a;=0
forall fe K, a€Z},j=1,...,n, asimple computation shows that
flate,—e;) if a;>1

(S:Skf) () = (SeStf)(a) =
0 if a; =0,

whenever j # k. In other words, the c.m. S is doubly commuting. From this observation
we derive the equality
Sragh — ghgre (3.6)
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valid for all o, f € Z with ao =0, where a0 3 := (a1 f1,...,0.0,).
Now, let £ := (*(Z",H). The space K can be naturally embedded into £ via the isometry
K> f— feL, where f(&) = f(a) if o € Z7, and f(a) = 0 otherwise.

The counterparts of (3.4) and (3.5) on L are, respectively,

(Ujg)(a) = gla+ ;) (3.7)
and
(U7 g)(a) = gla —¢€;), (3.8)

forallge £, a€Z", j=1,...,n. Note that U := (Uy,...,U,) is a c.m. on L consisting of

unitary operators. Moreover, we have
Uref=(Sif) (feK,j=1,....n),
as one can easily check. Therefore
U“f=(5°f) (acZ, fek). (3.9)

As we have already mentioned, if ' € L(H)" is e-contractive, then 7" has a regular unitary
dilation (see, for instance, [SzFo, Theorem 1.9.1]). In other words, there is a Hilbert space
R, an isometry W : H — R and a cm. D € L(R)" consisting of unitary operators such
that

W*D**DPW = T*T" (3.10)
for all o, 3 € Z7 with a o 3 = 0. For brevity, we shall say that (R, W, D) is a r.u.d. for T.
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We shall show that our methods provide, in particular, a new proof of the existence
of a regular unitary dilation for every e-contractive c.m. ([SzFo, Theorem 1.9.1]). In the

remaining part of this section we shall discuss this question.

Lemma 3.2 Let T € L(H)" be e-contractive. If s —limj, oo TF =0 (j =1,...,n), then T

has a regular unitary dilation.

ProofProof. We keep the above notation. By virtue of [CuVa, Theorem 3.16], we
may assume without loss of generality that 7; = S;|G, where G C K is invariant under
S; (j =1,...,n). We shall show that (£,W,U) is a r.u.d. for T
Indeed, let W : G — L be the isometry Wg := g, and let «, 3 € Z% be such that a o 3 = 0.

Then for all g1, g2 € G we have:

(WU U Wgy,00) = (UG, U 5p)

= (51, 5g,) = (591, )

= (T*°T%g1, o)
by (3.9), (3.6), and the invariance of G under Si,...,S,. This shows that (3.10) holds, i.e.,

(L,W,U) is a raud. for T.End Proof

Lemma 3.3 Let T' € L(H)™ be a c.m. consisting of isometries. Then T has a regular

unitary dilation.
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ProofProof. According to [SzFo, Proposition 1.6.2], there is a Hilbert space R, an
isometry V : ' H — R, and a cm. D € L(R)" consisting of unitary operators such that

D;V = VTj for all j. It is an easy matter to prove that
V*D**DPV = 11" (3.11)

for all o, 3 € Z7. Thus, (R,V, D) is a r.u.d. for T.End Proof

Remark.3.4. Let T, W, D be as in (3.10). If a« € Z", then « can be uniquely written as

+

a =a" —a, with o™, a® € Z71, where o := max{a;,0}, o = max{—a;,0} for all j.

Then (3.10) can be rewritten as
W*DOW = T 7" (3.12)
for all & € Z™, where D* = Di'* - -- D makes sense since Dy, ..., D, are unitary.

Lemma 3.5 Let T € L(H)" (n > 2) be an (e,1)-isometry of the form T = (1Ti,...,

T,

v In) (1 <p<n-—1), where Ty, ..., T, are of class Cy., and T,41, ..., T, are isometries.

Then T has a reqular unitary dilation.

ProofProof. According to [SzFo, Section 1.9], it is sufficient to show that for every

function f : Z" — H with finite support, and all o, 3 € Z7}, we have:

S (T T f), £(3)) > 0. (3.13)

o,

In order to show that (3.13) holds, we shall use the corresponding properties of the c.m.
T = (Th,...,1,), T" :== (Tp41, ... Ty). For every a € Z7 we also let o := (o, ..., o) € ZP,
"= (i1 Qp) € ZMP.
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First of all notice that

ea—B)"pla—B)T _ islal—B')~ (o’ —B)~ il B (el —6")* (3.14)

for all o, 8 € Z7}..
From the proof of Lemma 3.3 (and without loss of generality) it follows that there exist

a Hilbert space R” O H, and a c.m. U” € L(R")" consisting of unitary operators, such that

U/''H=T; (j =p+1,...,n). Then, with f as in (3.13), we have:

(TP 0" f(a), f(B)) = UV T f), T f(5)  (3.15)

— <T/*(O/_ﬁ/)7T/(a,_ﬁ/)+T”a”f<O{>7 T/l,@”f(ﬁ)> ’
by (3.14) and (3.11) (and since U” is an extension of 7").
Now, let U" € L(R')" be a regular unitary dilation of 7", which exists by Lemma 3.2.

We may assume R’ O H. Then we can write, via (3.12),
(TP ), T f(8)) = (UM U T f(0), T £(B)) . (3.16)

But we have
2

STUT fa)|| > 0; (3.17)

(67

Z <U’a/T//a”f(Oé), T//ﬁ”f(ﬁ)> _

a75

consequently, (3.13) holds since the left-hand side of (3.13) coincides with the left-hand side
of (3.17), via (3.14)—(3.16). This concludes the proof of the lemma.End Proof

Although our proof of Lemma 3.5 needs Naimark’s dilation theorem (see [SzFo, Theorem
1.7.1]), the hypothesis therein is easily verified in this particular case.
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Lemma 3.6 Let T € L(H)", R®) € L(H®)" be c.om. (k = 1,....m), and let V : H —

HO @ - @ H™ be an isometry such that
V=RV @ aRMV (j=1,...,n). (3.18)
If every R™) has a regular unitary dilation, then T has a reqular unitary dilation.

ProofProof.  Let (R®) W, D®) be a ru.d. for R® (k = 1,...,m). Define R :=
RO G- RO and D; := D](~1) @---@D;m (j=1,...,n), and let V} : H — H® be given
by

Vh=Vih&---&Vyuh (heH).

Note that

VT = BPVik (G =1,..n k=1,...,m). (3.19)

which follows from (3.18). Let W : HY @ - -@H™ — R be the isometry W : W, @- - - @ W,,.

Then WV :'H — R is an isometry, and for all o, 3 € Z7} with a0 8 =0, and all hy,hy € H

27



we have

(VWD DPWVhy hy) = @y DPPWiVihy, @, DWW, Vihs )
= Y (WEDWe DWSW, Vi, Vihy )
= >, <R(k)*aR(k)ﬂthl’ th2>
= S (ViTPhy, ViThs)
= (VIPhy,VT?hy)
= <T*ﬁTah1, h2>
by (3.19) and the fact that (R®) W), D®) is a r.u.d. for R*®. Thus, (R, W, D) is a r.u.d.

for T.End Proof

We can give now a new proof of the following result (see also [SzFo, Theorem 1.9.1]).
Theorem 3.7 Let T € L(H)" be e-contractive. Then T' has a regular unitary dilation.

ProofProof. The assertion follows from Theorem 2.8 and Lemmas 3.2, 3.3, and

3.5.End Proof
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