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a b s t r a c t

Recent studies of a firing rate model for neural competition as observed in binocular rivalry and central
pattern generators [R. Curtu, A. Shpiro, N. Rubin, J. Rinzel, Mechanisms for frequency control in neuronal
competition models, SIAM J. Appl. Dyn. Syst. 7 (2) (2008) 609–649] showed that the variation of the
stimulus strength parameter can lead to rich and interesting dynamics. Several types of behavior were
identified such as: fusion, equivalent to a steady state of identical activity levels for both neural units;
oscillations due to either an escape or a releasemechanism; and a winner-take-all state of bistability. The
model consists of two neural populations interacting through reciprocal inhibition, each endowed with
a slow negative-feedback process in the form of spike frequency adaptation. In this paper we report the
occurrence of another complex oscillatory pattern, the mixed-mode oscillations (MMOs). They exist in
the model at the transition between the relaxation oscillator dynamical regime and the winner-take-
all regime. The system distinguishes itself from other neuronal models where MMOs were found by
the following interesting feature: there is no autocatalysis involved (as in the examples of voltage-gated
persistent inward currents and/or intrapopulation recurrent excitation) and therefore the two cells in the
network arenot intrinsic oscillators; the oscillations are instead a combined result of themutual inhibition
and the adaptation.We prove that theMMOs are due to a singular Hopf bifurcation point situated in close
distance to the transitionpoint to thewinner-take-all case.Wealso show that in the vicinity of the singular
Hopf other types of bifurcations exist and we construct numerically the corresponding diagrams.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Mixed-mode oscillations (MMOs) were observed in both ex-
periments and models of systems from chemistry [1–7], physics
[8,9] and neuroscience [10–16], and they are defined as com-
plex oscillatory patterns consisting of small amplitude oscillations
followed by large excursions of relaxation type, in each periodic
cycle. For example, localized structures of large amplitude oscilla-
tions on a background of small amplitude oscillations were iden-
tified in experiments on the photosensitive Ru(bpy)3-catalyzed
Belousov–Zhabotinsky reaction in a thin layer of silica gel with
photochemical global negative feedback imposed through illumi-
nation [5]; in the neural system, MMOs were found in central
pattern generators such as the lower brain stem network (the pre-
Bötzinger complex) that generates respiratory rhythm in mam-
mals [11], or in electrophysiological (in vitro) studies of spiny
stellate cells in layer II medial entorhinal cortex [10]; more re-
cently, MMOs were also discovered in dusty plasmas [9].
What are the functional consequences of the MMOs in these

chemical, physical and biological systems is still an open question,
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as well as is the understanding of the underlying mechanisms that
produce them.
The number, amplitude and shape of small and large excur-

sions in MMOs may vary depending on the specific structure of
the system (and so, on the mechanism leading to MMOs) and
on the values of certain parameters. Using techniques from dy-
namical systems and bifurcations theory, several distinct mech-
anisms have been proposed to explain the occurrence of MMOs
such as break-up (loss) of stability of a Shilnikov homoclinic
orbit [17,18], break-up of an invariant torus [19], subcritical Hopf-
homoclinic bifurcation [20], a (generalized, folded node type)
canard phenomenon [21–24], and, more recently, a singular Hopf
bifurcation [25].
In particular, the last two mechanisms are associated with

multiple-timescale dynamical systems. A common feature is that
the slow stable and unstable manifolds of the system (situated
exponentially close to the critical manifold) play an important
role in the generation of MMOs as they are involved in both the
definition of the global return map that corresponds to the large
relaxation-like excursion, and in the generation of small amplitude
oscillations. The intersection between the slow stable and slow
unstable manifolds (named the curve of folds or, simply, the fold)
is especially of interest.

http://www.elsevier.com/locate/physd
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The distinction between a (folded node type) canard generated
MMO and a singular Hopf generated MMO comes mainly from
the following fact: in the former case there is no equilibrium
point of the original system in the neighborhood where the small
(subthreshold) oscillations occur, while in the latter there is. The
theory has been developed for systems with at least one fast and
at least two slow variables since that guarantees that the solutions
are generic [25,26].
In the first case, the folded node is an equilibrium of the

desingularized flow on the critical manifold but not an equilibrium
of the original fast–slow system. The folded node belongs to
the fold. A whole family of solutions crosses via the folded
node singularity from the attracting to the repelling branch of
the slow manifold. The folded node possesses a unique (strong)
canard and non-unique (weak/secondary) canardswhich delineate
a trapping region (a funnel). Then any solution that ends up in the
funnel passes near the folded node singularity and, consequently,
experiences a delay; the delay is due to the rotational properties
of canards with the primary weak canard having the role of the
rotational axis [26].
In the singular Hopf case, an equilibrium of the original

fast–slow system exists in the neighborhood of the curve of folds.
In fact, a Hopf bifurcation point is on the critical manifold but
displaced from the fold by O(ε)-distance. Then the intersections
of the stable and unstable manifolds of this equilibrium point
together with those of the slow (stable and unstable) manifolds
contribute to the generation of MMOs [25,27].
In a recent paper, Guckenheimer [25] opens an interesting

discussion and direction for future research about the differences
in the characteristics of MMOs due to singular Hopf points and
those created through canards at folded nodes: for example, it
seems that in the case of singular Hopf the small oscillations of
MMOs start with very low amplitude, then grow slowly before
entering the relaxation oscillator phase. In the case of folded nodes,
the small oscillations of MMOs decrease and then increase in
amplitude, usually with the same number of cycles.
We should mention though that even in the case of the singular

Hopf, it is possible that a folded node still exists; nevertheless this
folded node is there because a parameter of the system varies
close to a value where a folded saddle–node type II singularity
occurs. The folded saddle–node type II singularity corresponds to
a transcritical bifurcation where the Hopf point crosses the curve
of folds [25,27,28]. That might explain why, in the literature, some
models with MMOs that were associated to folded node canards
exhibit only the increasing-in-amplitude small oscillations but not
the decreasing-in-amplitude ones (see for example [16]).
Mixed-mode oscillations in a two-cell inhibitory neural network.We
investigate in this paper the existence of MMOs in a neural sys-
tem with two fast and two slow variables and show that they are
associated with a singular Hopf bifurcation. The system models
competition between two populations of neurons and has been
used to describe perceptual bistability due to ambiguous external
stimuli [29–31], or, in a slightly modified form, for central pattern
generators [32–34]. For example, binocular rivalry (a classical ex-
ample of perceptual bistability) is experienced by a person when
his/her eyes are exposed simultaneously to two significantly differ-
ent images. Over a large range of stimulus conditions, the person
reports an alternation between the two competing percepts (im-
ages) as opposed to a mixture of them. The alternation is therefore
called perceptual rivalry. In modeling terms, the alternation corre-
sponds on average to an anti-phase periodic solution; competition
is implemented via reciprocal inhibition that acts effectively as a
fast positive feedback (disinhibition); in addition, a slow negative-
feedback process is assumed and it is associated to either the spike
frequency adaptation or to the synaptic depression.
A very interesting feature of this model is that its oscillations
(simple and/or mixed-mode) are a consequence of both coupling
and local feedback. In other words, the two cells (populations) in
the network are not intrinsic oscillators; in fact it can be proved
that, once decoupled (see (1) in Section 2 with β = 0), the only
possible state of each cell is the equilibrium [30]. This property
distinguishes the system we investigate here from other neuronal
models where MMOs were found: coupled-oscillators [12,13,23]
or neuron models involving autocatalysis in either an intrinsic
process form (like voltage-gated persistent inward currents) or
as synaptic process (like intrapopulation recurrent excitation)
[14–16,24]. There is no autocatalysis in this two-cell competition
network, the alternation being in fact a combined result of mutual
inhibition and adaptation. That has direct implications on the
return mechanism (large amplitude excursions) involved in the
formation of MMOs [27].
Moreover, comparedwith themodelsmentioned above, system

(1) is relatively simple and so it has the advantage of being
tackled much easily with analytical methods. In the following
sections we identify and characterize analytically the conditions
for a singular Hopf bifurcation to exist at nontrivial equilibria and
we construct the associated normal form (Section 3.2). Once the
normal form is determined, we use it to explain the existence of
MMOs at the transition between rivalry oscillation and winner-
take-all dynamical regimes (Section 4). In addition,we numerically
investigate the phase space of (1) close to the transition point and
identify here several interesting limit point sets (Section 2.1).

2. Model description and numerical investigation

The two-cell (two-population) inhibitory neural network with
adaptation that we study in this paper is modeled by a four-
dimensional system of ordinary differential equations,

du1
dt
= −u1 + S(I − βu2 − ga1),

du2
dt
= −u2 + S(I − βu1 − ga2),

τ
da1
dt
= −a1 + u1,

τ
da2
dt
= −a2 + u2, (1)

where τ � 1 and S is a nonlinear gain function of inverse
F = S−1. The function S satisfies certain conditions such as being
differentiable, monotonically increasing from limx→−∞ S(x) = 0
to limx→∞ S(x) = 1 and with convexity-change (from concave-
up to concave-down) at some given value x = θ (Fig. 1A). Let us
define u0 as the value the function S takes at θ , that is u0 = S(θ).
Then the following conditions are true for the inverse function F :
limu→0 F ′(u) = limu→1 F ′(u) = ∞, F ′′(u) < 0 for u ∈ (0, u0),
F ′′(u) > 0 for u ∈ (u0, 1), F ′′(u0) = 0 (see the graph of F ′ in
Fig. 1B). The typical gain function is the sigmoid and it depends on
two parameters (positive r and real θ ) that control the slope and
the activation threshold,

S(x) =
1

1+ e−r(x−θ)
. (2)

Each fast equation is associated with one population of neurons
and describes the time evolution of its spatially averaged firing
rate (uj, j = 1, 2); each slow equation monitors the (slow)
time fatigue accumulation (aj, j = 1, 2); competition is achieved
through mutual inhibition of strength β and negative feedback
(such as spike frequency adaptation) of strength g; in addition,
each population receives external stimulation of equal strength I
(β , g and I are all positive parameters).
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Fig. 2. (A, B) Numerical bifurcation diagrams for system (1) and (C, D) examples of activity timecourses u1(t), u2(t) for parameters β = 1.1, g = 0.5, r = 10 and θ = 0.2.
The slow timescale of the adaptation variables is τ = 100. An obvious difference between regions II and IV in the bifurcation diagram of period T versus input I is that
oscillations obtained through an escapemechanism have longer period with decreased values for I ((B): region II and (C) timecourses at I = 1.5), while those due to a release
mechanism have longer period for increased values of I ((B): region IV and (D) timecourses at I = 0.5).
Previous studies [30,31] show that system (1)’s dynamical
properties change with input I from: (i) fusion at identically high
levels of activity (one attractive steady state with u1 = u2;
region I in Fig. 2A–B) to (ii) anti-phase oscillation due to an escape
mechanism (region II in Fig. 2A–B; see also Fig. 2C for timecourses
of u1(t) and u2(t) at I = 1.5); (iii) a winner-take-all behavior
due to the existence of two bistable equilibria with u1 6= u2
(region III, Fig. 2A–B); (iv) anti-phase oscillation due to a release
mechanism (region IV in Fig. 2A–B and D with timecourses of
u1(t) and u2(t) at I = 0.5); and (v) fusion at identically low
levels of activity (again one single attractive steady state with
u1 = u2; region V in Fig. 2A–B). Note that in biological terms
fusion, for example, would represent a steady state of the network
in which both population activities stabilize at the same level,
that is u1 = u2. Since the network reaches an equilibrium, the
slow variables become constant as well, and due to the form of
equations that describe their time evolution they asymptotically
approach the activity levels (a1 = u1 and a2 = u2); therefore
once the transients are ignored, all variables are equal. On the other
hand, the winner-take-all dynamics corresponds to the case when
one neural population remains active (dominant) and the other
inactive (suppressed) indefinitely and so the switching between
states does not take place anymore. Mathematically, this is also a
steady state but with u1 and u2 distinct (a1 = u1 6= u2 = a2).
We summarize these properties in the numerical bifurcation

diagrams from Fig. 2 for the choice of parameters: β = 1.1, g =
0.5, r = 10, θ = 0.2, τ = 100 and I = 1.5 and 0.5 respectively.
For a given value of I , stable (unstable) equilibria are represented
by thick (dashed) lines (Fig. 2A); similarly, branched circle-curves
correspond to the maximum and minimum amplitudes of the
oscillatory solutions and they are drawn as filled-circles (open-
circles) for stable (unstable) cycles. An obvious difference between
regions II and IV is that the oscillations obtained through an escape
mechanismhave longer period for decreased values of I (e.g. region
II in Fig. 2B), while those due to a release mechanism have longer
period for increased values of I (e.g. region IV in Fig. 2B). The terms
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escape and release were introduced and defined in the context of
neuronal competition models in [30] and they refer to the main
cause of the switch. During oscillation, the two neural populations
take turn in being active. If u1 is dominant then its negative
feedback a1 accumulates and the net input I−βu2−ga1 decreases;
on the other hand, the feedback a2 decays for the suppressed
population u2 and its net input I − βu1 − ga2 increases. The
high nonlinearity in gain function S comes now into play and
transforms equal changes in the net input of both populations into
significantly different effective responses S(I − βu2 − ga1) and
S(I−βu1−ga2). The switch is triggered by either the (more abrupt)
change in the response to an input to the suppressed population,
or to the change in the input response to the dominant population.
The former means that the suppressed population changes faster,
regains control and pushes its competitor down and therefore it is
called an escape mechanism. The latter means that the activity of
the dominant population drops faster and so becomes inefficient
in suppressing its competitor which becomes active; this case is
called a releasemechanism.
The bifurcation diagram of activity uj versus input I from

Fig. 2A is valid under the following assumptions: (i) the neural
network (1) is adaptation/negative feedback dominated instead of
inhibition/coupling dominated, that is β < g(τ + 1), and (ii) the
inhibition has sufficiently strong strength β >

1+1/τ
S′(θ) . Moreover,

multiple equilibria occur if β is at least β > g + 1/S ′(θ) and
winner-take-all bistability appears for β > βwta for some value
βwta that can be analytically estimated (e.g. see formula (4.11)
in [30]).
The transition between fusion and oscillatory dynamics (re-

gions I and II, or V and IV) is well-understood and is due to
a supercritical Hopf bifurcation at the trivial equilibrium eI =
(uI , uI , uI , uI). The bifurcation diagram indicates also a subcritical
Hopf as reason for the change in stability of the nontrivial steady
states esI = (u1I , u2I , u1I , u2I) and eiI = (u2I , u1I , u2I , u1I) and oc-
currence of winner-take-all behavior. However it is still unclear
how the stable limit cycle disappears.
Let us notice that the symmetry of the bifurcation diagram

with respect to input parameter I is a direct consequence of
the symmetry of system (1) itself [30]. Therefore it is sufficient
to understand the mechanism of dynamical transition from, say,
regions II to III in system (1) because the same argument will apply
to the transition between IV and III. These are precisely the ranges
of the input values I where MMOs were numerically detected and
we will focus our attention on them.

2.1. Numerical simulations and bifurcation diagrams

We begin our study of the mechanism responsible for the
change from relaxation–oscillation to thewinner-take-all behavior
in system (1), by zooming in the range of parameter values I
close to the transition point. We will mainly focus on the change
between regimes II and III from Fig. 2A, since its symmetric case
(IV and III) is similar.
An appropriate adjustment (scaling) of the parameters helps us

magnify the transitional region and offers a very good perspective.
For example, the bifurcation diagram obtained for β = 2.5, g =
1.5, r = 10, θ = 0.2 and τ = 5 shows a supercritical Hopf point
at IHB, a pitchfork bifurcation point at IBP and two simultaneous
subcritical Hopf points at IsHB (Fig. 3). At IHB a stable limit cycle of
period T = 19.48 emerges from the trivial equilibrium eI ; at IBP
two additional steady states esI and eiI emerge; at IsHB the nontrivial
branches of solutions change stability and in both cases an unstable
limit cycle is born.
In order to facilitate the description of the changes that occur

in the system’s dynamics under stimulus strength variation, we
include in Table 1 a list of all parameter I significant values (e.g.
Table 1
Significant bifurcation points in a two-cell inhibitory neural network.

I Bifurcation type Figs.

IHB = 4.291 Supercritical Hopf at equilibrium eI 3 and 4
IBP = 3.956 Subcritical pitchfork at equilibrium eI 3
IN S = 3.7095 Neimark–Sacker 4 and 5
IPD = 3.6964 Period-doubling 5
Ĩ = 3.693 Cascade of NS and PD 5

IHL = 3.639 Double-homoclinic at eI 3 and 6A
IsHB = 3.569 Subcritical Hopf at eiI (and esI ) 3 and 6B
INS = 3.5437 Neimark–Sacker 6
IPD = 3.54303 Period-doubling 6
ILPC = 3.54299 Saddle–node of (unstable) limit cycles 3 and 6
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Fig. 3. Bifurcation diagram of the neural system (1) for a range of values I that
illustrates fusion, oscillation and winner-take-all dynamics. Other parameters are
β = 2.5, g = 1.5, τ = 5, r = 10 and θ = 0.2. The stable relaxation oscillator born
at IHB = 4.291 from the trivial equilibrium eI loses its stability at about Ĩ = 3.693.
At IsHB = 3.569 an unstable limit cycle is born at each nontrivial equilibrium (eiI
and esI ) and it merges with another unstable cycle at ILPC = 3.54299 through a
saddle–node for limit cycle bifurcation. The additional unstable cycle appeared from
a homoclinic bifurcation at IHL = 3.639. In fact, due to the symmetry of the system,
at IHL , a double-homoclinic exists.

IHB = 4.291, IBP = 3.956 and so forth). Each of these values
corresponds to a bifurcation point that is explicitly defined in
the table; trajectories resulting at the bifurcation points are then
numerically constructed in the (u1, a1, I) space and illustrated
in Figs. 4–6. We used XPPAUT [35,36] to draw the bifurcation
diagram (Fig. 3) and thenMATCONT [37] to draw several important
trajectories (Figs. 4–6).
The stable limit cycle that exists for values of I close to (and

smaller than) IHB corresponds to an oscillation of both activity vari-
ables u1 and u2 in the two-cell inhibitory network (1). The cycle ap-
pears at IHB with relatively constant period T ≈ 19.48 but close to
zero amplitude, and it changes for I near IHB into a relaxation oscil-
lator (that is an oscillation of large amplitude with fast transitions
between an active and a silent phase); the period of oscillation in-
creases with decreasing I (Fig. 5). Variables u1 and u2 are phase-
locked in anti-synchrony and take turn in being dominant. Their
trace as a function of time is similar to the trajectories in Fig. 2C
obtained for τ = 100 but, as expected here, their dominance pe-
riod is adjusted to (proportional to) τ = 5. The slow varying vari-
ables a1 and a2 oscillate as well in anti-phase but opposed to u1, u2
they do not experience any sudden jump (not shown). A numer-
ical continuation of the stable limit cycle born at the supercriti-
cal Hopf IHB is constructed in Fig. 4. The limit cycle goes through a
Neimark–Sacker bifurcation at ĨN S = 3.7095 and becomes un-
stable; then at ĨPD = 3.6964 a period-doubling bifurcation is
detected and it is followed by a cascade of Neimark–Sacker and
period-doubling points close to Ĩ (Figs. 4 and 5).
The point eI corresponds to the case when both cells in the

network have constant and equal activity values, u1 = u2 (after the
time-transients are discarded). Since the network is at equilibrium
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the slow variables a1 and a2 reach a constant level themselves
and, according to their equations in (1), they satisfy a1 = u1 and
a2 = u2. For this reason we call eI a trivial equilibrium; for large I
it is the only attractor of the system (1) but it loses stability at IHB
when the trajectories enter the oscillatory regimedescribed above.
At IBP two nontrivial equilibrium points eiI and esI emerge from

the trivial equilibrium eI . It can be shown that this is a subcritical
pitchfork bifurcation [30] and that all equilibrium points are un-
stable. Due to the multidimensionality of the eigenspace, eI does
not change its stability when one of its eigenvalues becomes zero;
instead it switches from an equilibriumwith two-dimensional sta-
ble and unstable eigenspaces to a three-dimensional stable and a
one-dimensional unstable eigenspaces. The newly born equilibria
eiI and esI are also unstable because they inherit the number of un-
stable modes from their ‘‘parent’’-equilibrium. Therefore the pa-
rameter change at IBP does not introduce any additional attractors
in system (1).
Nevertheless these three equilibrium points play a significant

role in the global dynamics of (1) as I approaches IsHB. At about
IHL = 3.639 a pair of unstable oscillatory solutions appear through
a double-homoclinic from eI (Figs. 3 and 6A). Each of those limit
cycles encompasses one of the two nontrivial points esI or eiI
respectively and acts as a separatrix in the phase space. Then
at IsHB a simultaneous subcritical Hopf bifurcation occurs at eiI
and esI and another pair of unstable oscillations appear. These
two solutions collide with the former and disappear at ILPC =
3.54299 (a saddle–node of limit cycles bifurcation; Figs. 3 and
6B). Numerically we detect some additional bifurcation points in
system (1) just before the collision of cycles: a Neimark–Sacker
bifurcation at INS = 3.5437 and a period-doubling bifurcation at
IPD = 3.54303 (Figs. 3 and 6B).
At IsHB the two nontrivial equilibria change their stability

properties and become attractors in a range of parameter I with
I < IsHB. Depending on the initial conditions, trajectories in the
phase space are attracted to either eiI and esI ; therefore this is
exactly the winner-take-all case discussed in Section 2.
What are the attractors of the system in the interval IsHB <

I < Ĩ remains however an open question. Numerical simulations
of the neural system (1) for values of I taken passed the double-
homoclinic point (I between IsHB and IHL) uncover complex
oscillatory patterns that combine small amplitude (subthreshold)
oscillations with large excursions of relaxation type (e.g. Fig. 7A for
I = 3.579 or Fig. 7B for I = 3.6). We prove the existence of the
mixed-mode oscillations in connection with a singular Hopf point
I∗ and we detect it in O( 1

τ
)-distance to the subcritical Hopf point

IsHB.

3. Singular Hopf bifurcations and reduction to the normal form

3.1. Preliminaries

In the following we study the system (1) dynamics for input
parameter I close to the subcritical Hopf point (Fig. 3). We are
interested in the range I > IsHB where equilibria eiI and esI are
unstable and MMOs were numerically detected. We will prove
analytically that the subcritical Hopf point exists and use its local
normal form to explain the creation of MMOs.
Our strategy is to show that there exists a singular Hopf point

(u∗1, u
∗

2, a
∗

1, a
∗

2) at I
∗ in system (1); then by singular perturbation

arguments, wewill gain insight into the typical trajectories close to
IsHB. Let us consider first the equivalent system to (1) obtained after
rescaling timewith ε = 1/τ . The point I∗ is called singular because
the linearization of this system at equilibria close to (u∗1, u

∗

2, a
∗

1, a
∗

2)
and with I close to I∗ admits a pair of eigenvalues with singular
imaginary parts; that is, eigenvalues µ1,2 = φ ± iψ with φ =
φ(ε) = O(1) and ψ = ψ(ε)→∞ as ε→ 0.
We apply the theory developed by Braaksma [38] to system

(1). For this, let us summarize below the main results necessary
to tackle our problem.
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Fig. 6. (A) An unstable limit cycle is born through a homoclinic bifurcation to the
saddle eI at IHL = 3.639. It acts as separatrix between the basins of eI and eiI . It goes
through a Neimark–Sacker bifurcation (INS = 3.5437) and then a period-doubling
bifurcation (IPD = 3.54303) before it merges at ILPC = 3.54299 with an unstable
orbit formed at a subcritical Hopf point (see B); (B) two unstable cycles around
nontrivial equilibrium eiI . Theywere born through a subcritical Hopf at IsHB = 3.569
and a homoclinic bifurcation (see A) respectively, and they merge at ILPC through a
saddle–node for cycles.

Proposition 1 (Braaksma 1998, [38]). Let U be an open subset of
Rm × Rn × R and let f : U → Rm, h : U → Rn be sufficiently
smooth functions depending on the parameter b, f = (f1, f2, . . . , fm)T

and h = (h1, h2, . . . , hn)T where T stands for the transpose. Let
(x̄, ȳ, b̄) ∈ U be a point where the following conditions on f , h and
their derivatives hold (the bar notation denotes functions evaluated
at the given equilibrium):

[N0] The Jacobian matrix f̄x is in real Jordan form,

[N1-3] f̄ = 0, h̄ = 0, det
(
f̄x f̄y
h̄x h̄y

)
6= 0

[N4-6] (f̄m)xm = 0, (f̄m)yh̄xm < 0, (f̄m)xmxm 6= 0,

[N7] χ 6= 0 where χ = −
(
(f̄m)xmx (f̄m)xmy

) ( f̄x f̄y
h̄x h̄y

)−1 ( f̄b
h̄b

)
+ (f̄m)xmb.
A

B
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Fig. 7. Mixed-mode oscillations in the two-cell inhibitory neural system for β =
2.5, g = 1.5, r = 10, θ = 0.2, τ = 5 and (A) I = 3.579; (B) I = 3.6. Note that the
closer I is to the bifurcation point (IsHB = 3.569), the longer the time spent on small
amplitude oscillations around each nontrivial equilibrium (for example in (A); the
timescale is in the order of hundreds while τ = 5).

Note that we use here the following matrix notation: fx :=
(
∂ fi
∂xj

)
i,j
,

fy :=
(
∂ fi
∂yk

)
i,k
, (fm)y :=

(
∂ fm
∂yk

)
k
, hxm :=

(
∂hk
∂xm

)
k
, fb :=

(
∂ fi
∂b

)
i
,

hb :=
(
∂hk
∂b

)
k
and so forth, with i, j = 1, . . . ,m and k = 1, . . . , n.

Then the system

ε
dx
dt
= f (x, y, b),

dy
dt
= h(x, y, b) (3)

with 0 < ε � 1 can be reduced to the following normal form

δξ̇ = E(u, ξ)+ O(δ),

u̇ = v +
1
2
u2 + δF (u, w, ξ ; λ)+ O(δ2),

v̇ = −u+ O(δ2),

ẇ = δH(u, w)+ O(δ2), (4)

with δ = O(
√
ε) and ξ ∈ Rm−1, u, v, λ ∈ R, w ∈ Rn−1. The dots

denote differentiation with respect to the slow time variable tslow =
δ−1t. The functions E,F , H have the structure E = Eξ ξ + 1

2Euuu
2,

F = λu + Fuξuξ + Fuwuw + 1
6Fuuuu

3 and H = Hww + 1
2Huuu

2,
and their coefficients can be expressed in terms of derivatives of f
and h at (x̄, ȳ, b̄). The constant matrices Eξ and Hw are invertible. The
coefficient λ of u in F is the bifurcation parameter and depends on
the difference (b− b̄); as λ crosses zero, the linearization of the (u, v)-
subsystem has a pair of purely imaginary eigenvalues at the origin.
The normal form is valid in an O(

√
ε) neighborhood of x̄m and in an

O(ε) neighborhood of x̄1, . . . , x̄m−1, ȳ, b̄.
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Proposition 2 (Braaksma 1998, [38]). Consider system (3), satisfying
the assumptions of Proposition 1 and the additional assumption that
the matrices Eξ and Hw in the corresponding normal form (4) have
no elliptic parts. Then the system (3) undergoes, for sufficiently small
ε, a Hopf bifurcation at b = b̄ + εB + O(ε

√
ε), where B =

−χ−1(f̄m)yh̄yh̄xm/(f̄m)yh̄xm . This Hopf bifurcation is super(sub)critical
if

1
2

Fuuu −FuwH−1w Huu −
3
2

FuξE−1ξ Euu < (>)0. (5)

Remark 1. Note that in (5) we corrected the typographical error
from [38] where the inequality-signs were listed in an inverted
order.

3.2. The normal form reduction

The goal of this section is to bring system (1) to the normal
form (4) so that we can verify all hypotheses of Proposition 2. The
calculation is algorithmic and we will apply in this context the
method introduced in [38]. Before using the normal form reduction
algorithm, we need however tomake some preparations andwrite
the system in real Jordan form (in fact, in our case, it will be a
diagonal form) with respect to the fast variables u1, u2 and their
fast subsystem (see condition [N0]/ Proposition 1).
The initial step is to write system (1) in slow time t̂ = t/τ and

use the notation ε = 1/τ , that is: ε duj
dt̂
= −uj + S(I − βuk − gaj),

daj
dt̂
= −aj+ uj, (j 6= k; j, k = 1, 2). This system has a singular Hopf

bifurcation point eH = (u∗1, a
∗

1, u
∗

2, a
∗

2) with a
∗

1 = u
∗

1 , a
∗

2 = u
∗

2 at
parameter value I∗ defined by equations{
(i) I∗ = F(u∗1)+ gu

∗

1 + βu
∗

2 = F(u
∗

2)+ gu
∗

2 + βu
∗

1,

(ii) F ′(u∗1)F
′(u∗2) = β

2.
(6)

The above conditions for singular Hopf point come from the
necessity to have a simple zero eigenvalue in the fast subsystem,
that is a simple zero eigenvalue for the upper-left corner two-by-
two submatrix in the linearization

A =

 −1/ε −β/(εF ′(u∗1)) −g/(εF ′(u∗1)) 0
−β/(εF ′(u∗2)) −1/ε 0 −g/(εF ′(u∗2))

1 0 −1 0
0 1 0 −1

 .
Consequently, the fast subsystem component A(u1,u2) of A pos-
sesses two eigenvaluesλ1 = −2/ε andλ2 = 0with corresponding
eigenvectors (β, F ′(u∗1)) and (−β, F

′(u∗1)). The eigenspace under-
lies the change of variables U1 =

u1
2β +

u2
2F ′(u∗1)

, U2 = −
u1
2β +

u2
2F ′(u∗1)

and leads to the system

ε
dU1
dt̂
= −U1 +

S(I − βF ′(u∗1)(U1 + U2)− ga1)
2β

+
S(I − β2(U1 − U2)− ga2)

2F ′(u∗1)
,

ε
dU2
dt̂
= −U2 −

S(I − βF ′(u∗1)(U1 + U2)− ga1)
2β

+
S(I − β2(U1 − U2)− ga2)

2F ′(u∗1)
,

da1
dt̂
= −a1 + βU1 − βU2,

da2
dt̂
= −a2 + F ′(u∗1)U1 + F

′(u∗1)U2. (7)

Let us consider now a singular perturbation around the singular
Hopf point eH at I = I∗:
I = I∗ + εΛ, (ε = 1/τ). (8)

For any such perturbation of the parameter I we would like to
regularize the system’s dynamics to aΛ-independent equilibrium
(U1,U2, a1, a2). We can achieve our goal by rescaling again the
time t̂ to s = t̂/

√
ε(= t/

√
τ) and by choosing appropriate

expansions of the variables:

U1 =
u∗1
2β
+

u∗2
2F ′(u∗1)

+ εx1 − εα3Λ+ O(ε2),

a1 = a∗1 + εy1 − εα1Λ+ O(ε2),

U2 = −
u∗1
2β
+

u∗2
2F ′(u∗1)

+
√
εx2 − εα4Λ+ O(ε2),

a2 = a∗2 + εy2 − εα2Λ+ O(ε2).

(9)

The coefficients αj, j = 1, . . . , 4, will be determined later such
that the O(1) part of the new system remains independent of Λ,
or, equivalently, of the parameter I . Note that the definition of U2
introduces an additional O(

√
ε) term.

The Taylor expansion of the right hand side terms in system (7)
take into account the fixed point conditions S(I∗−ga∗1−βu

∗

2) = u
∗

1
and S(I∗−ga∗2−βu

∗

1) = u
∗

2 and use the notation F for the inverse of
S (F = S−1). Therefore we write S(I − βF ′(u∗1)(U1 + U2)− ga1) =
u∗1 + S

′(F(u∗1))X1 +
1
2S
′′(F(u∗1))X

2
1 +

1
6S
′′′(F(u∗1))X

3
1 + h.o.t . and

S(I − β2(U1 − U2)− ga2) = u∗2 + S
′(F(u∗2))X2 +

1
2S
′′(F(u∗2))X

2
2 +

1
6S
′′′(F(u∗2))X

3
2 + h.o.t . with X1 = −

√
εβF ′(u∗1)x2 + εΛ[1 +

gα1 + βF ′(u∗1)α3 + βF
′(u∗1)α4] − ε[gy1 + βF

′(u∗1)x1] + O(ε2) and
X2 =

√
εβ2x2 + εΛ[1+ gα2 + β2α3 − β2α4] − ε[gy2 + β2x1] +

O(ε2). If we choose α1, α2, α3 and α4 appropriately (Appendix A),
all differential equations will have O(1) part independent of Λ.
Moreover, at the singular Hopf point some additional equalities
are true: F ′(u∗1)F

′(u∗2) = β2, S ′′(F(u∗j )) = −F
′′(u∗j )/F

′(u∗j )
3 and

S ′′′(F(u∗j )) = [3F
′′(u∗j )

2
− F ′(u∗j )F

′′′(u∗j )]/F
′(u∗j )

5 for j = 1, 2.
After simplifications, we obtain the following equivalent dy-

namical system

√
εẋ1 = −2x1 −

g
2βF ′(u∗1)

y1 −
g
2β2
y2 −

B
2
x22 + O(

√
ε),

ẋ2 =
g

2βF ′(u∗1)
y1 −

g
2β2
y2 +

A
2
x22 +
√
ε

(
γΛx2 + Bx1x2

+
gF ′′(u∗1)
2F ′(u∗1)2

x2y1 +
gF ′′(u∗2)
2F ′(u∗2)2

x2y2 +
C̃
6
x32

)
+ O(ε),

ẏ1 = −βx2 +
√
ε(βx1 − y1)+ O(ε

√
ε),

ẏ2 = F ′(u∗1)x2 +
√
ε(F ′(u∗1)x1 − y2)+ O(ε

√
ε) (10)

where the dotmeans differentiationwith respect to the new time s
(s = t/

√
τ ), · = d/ds, and the system’s coefficients are defined by

A =
1

2β
√
F ′(u∗2)

(
F ′(u∗2)

3
2 F ′′(u∗1)− F

′(u∗1)
3
2 F ′′(u∗2)

)
,

B =
1

2β
√
F ′(u∗2)

(
F ′(u∗2)

3
2 F ′′(u∗1)+ F

′(u∗1)
3
2 F ′′(u∗2)

)
,

γ =
1

4β4ω2 + 2β2g2
[(β − g − F ′(u∗2))F

′(u∗2)F
′′(u∗1)

+ (β − g − F ′(u∗1))F
′(u∗1)F

′′(u∗2)] (11)

and C̃ = 3(A2 + B2) − 1
2F ′(u∗2)

(
F ′(u∗2)

2F ′′′(u∗1)+ F
′(u∗1)

2F ′′′(u∗2)
)
.

Here we used the notation

ω =

√
g
2β2

(F ′(u∗1)+ F ′(u
∗

2)). (12)
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We transform the system one more time such that to linearly
decouple variable x1 from the slow variables y1, y2 while still
preserving the diagonal form structure of the subsystem (x1, x2).
Indeed the change of variables: y1 = ỹ1 − ε

2β x̃1, y2 = ỹ2 −
ε
2F
′(u∗1)x̃1, x2 = x̃2 and x1 = x̃1 −

g
4βF ′(u∗1)

ỹ1 −
g
4β2
ỹ2 +

√
ε
(
gF ′(u∗1)
8β2
−

g
8F ′(u∗1)

)
x̃2 allows us to write (10) in the form

√
ε ˙̃x1 = −2x̃1 −

B
2
x̃22 + O(

√
ε),

˙̃x2 =
g

2βF ′(u∗1)
ỹ1 −

g
2β2
ỹ2 +

A
2
x̃22

+
√
ε

[
γΛx̃2 + Bx̃1x̃2 +

(
gF ′′(u∗1)
2F ′(u∗1)2

−
gB

4βF ′(u∗1)

)
x̃2ỹ1

+

(
gF ′′(u∗2)
2F ′(u∗2)2

−
gB
4β2

)
x̃2ỹ2 +

C̃
6
x̃32

]
+ O(ε),

˙̃y1 = −β x̃2

+
√
ε

[
−

(
1+

g
4F ′(u∗1)

)
ỹ1 −

g
4β
ỹ2 −

βB
4
x̃22

]
+ O(ε),

˙̃y2 = F
′(u∗1)x̃2 +

√
ε

[
−
g
4β
ỹ1

−

(
1+

gF ′(u∗1)
4β2

)
ỹ2 −

F ′(u∗1)B
4

x̃22

]
+ O(ε). (13)

The form of system (13) is now suitable for the singular Hopf
normal form method of Braaksma [38] (see also Appendix B).
We construct the normal form under the assumption that the
coefficient of the quadratic term x̃22 in the second equation is
nonzero, that is A 6= 0. This is a necessary condition for the
reduction.
The calculation is tedious and we refer the reader to [38] for

more details. For convenience and clarity, we have also included
a list of the important steps in Appendix B. Essentially, we apply
a series of smooth transformations to system (13) together with
timescaling t̃ = sω (that is t̃ = tω/

√
τ where t is the time in the

original equation (1)) in order to obtain the equivalent form

δξ ′ = −
2
ω2
ξ +

1
2
(−Bω)
A

u2 + O(δ),

u′ = v +
1
2
u2 + δ

(
λu+

B
Aω
uξ +

g2D
Aβ4
uw +

C
6
u3
)
+ O(δ2),

v′ = −u+ O(δ2),

w′ = δ

(
−

(
1+

g2

2β2ω2

)
w +

1
2

(−g2D)
Aω4F ′(u∗2)2

u2
)
+ O(δ2). (14)

The differentiation is taken with respect to t̃ (′ = d/dt̃) and the
coefficients are δ =

√
ε/ω, A, B, γ and ω defined by (11) and (12),

and λ, D and C defined below:

λ = γΛ−
β2ω2(2+ ω2)− g2

2β2ω2
(15)

and

D =
1
4

(
F ′(u∗2)F

′′(u∗1)+ βF
′′(u∗2)

)
,

C = −
ω2

2A2F ′(u∗2)

(
F ′(u∗2)

2F ′′′(u∗1)+ F
′(u∗1)

2F ′′′(u∗2)
)

−
g2

2β2ω2
+ 1+

3ω2

2
+
3B2ω2

A2

+
g

2AβF ′(u∗2)
1
2

(
F ′(u∗2)

1
2 F ′′(u∗1)− F

′(u∗1)
1
2 F ′′(u∗2)

)
. (16)
This system is in the normal form (4) and have negative
coefficients for ξ andw in first and last equations.We conclude that
Eξ and Hw are free of elliptic parts and then apply Proposition 2 to
(14). If A and γ are nonzero then the existence of a Hopf bifurcation
point in system (1) results immediately; it occurs at a value of
parameter I in O(ε)-distance to I∗.
Let us summarize the result in the following theorem.

Theorem 1. Consider the critical value of input parameter I∗, and its
corresponding values u∗1 and u

∗

2 according to Eq. (6). IfF
′(u∗2)

3
2 F ′′(u∗1)− F

′(u∗1)
3
2 F ′′(u∗2) 6= 0,

(β − g − F ′(u∗2))F
′(u∗2)F

′′(u∗1)
+ (β − g − F ′(u∗1))F

′(u∗1)F
′′(u∗2) 6= 0

(17)

then, for sufficiently large τ , the system (1) undergoes a Hopf
bifurcation at

IH = I∗ +
β2ω2(2+ ω2)− g2

(2γ β2ω2)τ
+ O

(
1

τ
√
τ

)
(18)

where γ and ω are defined by (11) and (12) respectively.

Proof. Conditions (17) are equivalent to nonzero A and γ as
defined in (11). Therefore we apply Proposition 2 to system (14)
and note that I = I∗ + εΛwith ε = 1/τ . The projection of system
(14) onto (u, v) variables has an equilibriumwith purely imaginary
eigenvalues when λ crosses zero. Clearly, the zero condition for λ
is equivalent toΛ = β2ω2(2+ω2)−g2

2γ β2ω2
(see Eq. (15)) and leads to IH as

above. �

Remark 2. At IH the nontrivial equilibrium (u1h, u2h, a1h, a2h)with
u1h 6= u2h satisfies the equalities: u1h = a1h, u2h = a2h and
F(u1h) + ga1h + βu2h = F(u2h) + gu2h + βu1h = IH . These
conditions are similar to (6) except that the product F ′(u1h)F ′(u2h)
is no longer equal to β2. Let us observe that the singular Hopf
value I∗ can be computed by first determining u∗1 and u

∗

2 according
to the last equality in ((6)-i) together with ((6)-ii), and only then
determining I∗. However we cannot apply this strategy to the case
of nonsingular (ε = 1/τ perturbed) system (1). On the contrary, in
system (1) we need to first find IH from Theorem 1 and only then
solve for (u1h, u2h, a1h, a2h).

As an example, we computed the singular Hopf point for the
choice of parameters as in Fig. 7:β = 2.5, g = 1.5, r = 10, θ = 0.2
and τ = 5. From formulas (6) we find I∗ = 3.4016 and equilibrium
(u∗1, u

∗

2, u
∗

1, u
∗

2) with u
∗

1 = 0.99355, u∗2 = 0.48302 close to
the transition point from escape to winner-take-all regimes. The
hypotheses from Theorem 1 are satisfied (A = 193.6323 and γ =
1.7964 are nonzero) so, according to formula (18), we compute
the expected value for the Hopf bifurcation point IsHB ≈ 3.6094.
Since τ is not very large, this result is in quite good agreement
with value 3.569 determined in the numerical diagram (Fig. 3).
The first Lyapunov coefficient from the normal form is calculated
according to formula (5) from Proposition 2 and it is positive
(3.8252) implying a subcritical bifurcation (Note that because of
the symmetry of the system, another singular Hopf point at I∗ is
(u∗2, u

∗

1, u
∗

2, u
∗

1).).
A distinct value Ĩ∗ that also introduces a singular Hopf in system

(1) is found at the transition between release and winner-take-
all regimes. It is Ĩ∗ = 0.998387 with ũ∗1 = 0.51698 and ũ

∗

2 =

0.0064489. In this case γ is negative, but its absolute value is the
same as above (γ = −1.7964). Interesting enough we also found
the same value for ω in both situations (ωI∗ = ωĨ∗ = 1.3860); this
suggests that not only the product (see condition F ′(u∗1)F

′(u∗2) =
β2), but also the sum of derivatives F ′(u∗1) and F

′(u∗2) is constant at
any singular Hopf for a fixed set of parameters β and g .
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4. Neural competition and mixed-mode oscillations

We have seen in Section 3.2 that the occurrence in (1) of the
bistable regime between two steady states with, say, u1 < u2 and
aj = uj is due to a subcritical Hopf bifurcation. This is the winner-
take-all state as discussed in [30]. In fact, because of the system’s
symmetry the two stable equilibria eiI = (u1I , u2I , a1I , a2I) and
esI = (u2I , u1I , a2I , a1I) emerge simultaneously, that is at the same
value of the parameter I = IH (see formulas (18), and then (12),
(11) for ω and γ ). The additional trivial equilibrium point eI =
(uI , uI , uI , uI) remains unstable when I crosses the value IH [30].
The Hopf bifurcation point IH corresponds to λ = 0 in the

normal form (14). That means that in a neighborhood of IH , for
large enough τ , the local dynamics of (1) around equilibria eiI
and esI is accurately described by the (u, v)-subsystem. The two-
dimensional subsystem is only weakly (linearly) coupled to the
rest and at λ = 0 its trivial equilibrium has a pair of purely
imaginary eigenvalues. However, close to the bifurcation point, the
linearization in (u, v) has the matrix

(
δλ 1
−1 0

)
with eigenvalues

δλ
2 ± i

√
1− ( δλ2 )

2. This is an important observation that shows
that close to the bifurcation point the eigenvalues have imaginary
part of order O(1) but real part of only O(δ) order, or equivalently,
of O

(
1

ω
√
τ

)
. We can use the result to explain how subthreshold

oscillations as part of MMOs occur in system (1) for certain values
of input I close to IH (Figs. 3 and 7); a construction of the global
return map that concatenates trajectories from both slow and fast
dynamics leading to MMOs is the subject of a different paper [27].
Let us discuss what happens for values of stimulus strength I ,

at the transition between the oscillatory regime due to the escape
mechanism and the winner-take-all regime (for the transition
from release to winner-take-all we will have opposite signs and
inequalities in the calculations below; however the conclusion is
identical).
By decreasing I through the value IH the equilibrium points eiI

and esI change from unstable to stable fixed points. In addition, to
the left of IH an unstable limit cycle of small amplitude appears.
Nevertheless the dynamics of the system on the other side (to the
right) of IH just before the bifurcation point is what we would like
to investigate. This corresponds to the situationwhenmixed-mode
oscillations are observed in numerical simulations of system (1),
Fig. 7.
For I > IH we have Λ = τ(I − I∗) = 1

ε
(I − I∗) >

β2ω2(2+ω2)−g2

(2γ β2ω2)
. We also find that γ is positive which implies,

according to definition (15), that so is λ (for example γ = 1.7964
in the case I∗ = 3.4016 as discussed in Section 3.2). When the
global dynamical map through the relaxation oscillator brings the
point in the immediate vicinity of the unstable equilibrium, say,
eiI , the point is repelled by eiI . In the equivalent normal form (14)
the equilibrium is the origin and its projection on (u, v)-plane is
a focus. Therefore a point starting close to the repelling focus will
have a spiral orbit.
In first order approximation, the amplitude of the oscillations

is proportional to e
t̃δλ
2 and starts to significantly increase only

when t̃ = O( 1
λδ
). Therefore for a fixed λ, in time interval of

order O( 1
δ
), the trajectory rotates several times around the focus

with amplitude approximately constant (or very slow increasing)
before the global return map takes it to the neighborhood of the
other equilibrium esI and vice versa. Moreover the smaller λ is, the
slower the increase in amplitude is and so the longer is the time the
trajectory spends near the unstable focus. That is consistent with
the observation of the increased time spent by the system (1) in
either the dominant or suppressed phase of the global relaxation
cycle as I approaches IH (compare Fig. 7A for I = 3.579with Fig. 7B
for I = 3.6).
While the number of small amplitude oscillations in MMOs is

significantly affected by very small changes in I (e.g. 10 peaks at I =
3.579 in Fig. 7A, but only 4 peaks at I = 3.6 in Fig. 7B), their period
is less variable. A rotation around the unstable focus is completed

in time t̃ approximately equal to 2π/
√
1− δ2λ2

4 . Expressed in real

time t which is related to t̃ by t̃ = tω
√
ε, and using δ =

√
ε

ω
, ε = 1

τ
and λ = τγ (I − IH), the approximate period for the subthreshold
oscillations is

TsubthOsc ≈
2π
√
τ

ω

√
1− τγ 2

4ω2
(I − IH)2

and it does not change much with I close to IH . For example,
numerical simulations show TsubthOsc ≈ 12.8 at I = 3.6 in Fig. 7B
and TsubthOsc ≈ 11.8 at I = 3.579 in Fig. 7A. (To compare, the above
formula gives an estimation of TsubthOsc = 10.147 for I = 3.579.)

5. Discussion

We investigated the occurrence of a complex oscillatory pattern
in a reduced firing rate model for two neuronal populations. The
network is coupled through direct inhibition, each unit is subject
to a slow negative-feedback process in the form of spike frequency
adaptation and an external stimulus of equal strength is applied
to both populations. For simplicity, adaptation depends linearly
on the population activity but the results can be extended to the
nonlinear dependency case (τa′j = −aj + σ(uj) where σ is a
sigmoidal function).
The system is generic and has been used in neuroscience to

model several experiments such as the central pattern generators
[32,34] or perceptual bistability [29–31]. Previous studies [30,31]
have classified the types of dynamics in this neuronal competition
model into five: fusion at equal activity level, either high or
low; rivalry oscillations due to either an escape or a release
mechanism; and awinner-take-all behavior. In this paperwe show
that more complicated trajectories can be found and they appear
as the stimulus strength is varied. These trajectories appear at the
transition from oscillation to a winner-take-all regime and consist
of small amplitude oscillations that alternatewith large relaxation-
like oscillations during each periodic cycle; they are called mixed-
mode oscillations (MMOs).
Numerical bifurcation diagrams constructed for the range of

stimulus strength close to the transition point reveal several local
and global bifurcations such as a double-homoclinic and period-
doubling, Neimark–Sacker and limit point bifurcations for cycles.
However none of these can consistently and clearly explain the
occurrence of MMOs.
We show that the MMOs are associated with a singular Hopf

bifurcation point. By constructing the normal form at the singular
Hopf we propose a mechanism for the formation of subthreshold
oscillations in MMOs. Just before the bifurcation that leads to
the winner-take-all bistable state, the linearization matrix of the
normal form has two complex eigenvalues with positive real
part; essentially, however, their real part is O

(
1
√
τ

)
while their

imaginary part is O(1) as τ takes large values. The main effect of
this property is that the orbit of a point in close neighborhood
of any of the (unstable) nontrivial equilibria rotates several times
around the latter with very slow increasing amplitude. Moreover
the closer the parameter is to the transition bifurcation point, the
slower the increase in amplitude is. Therefore the point spends
longer time near the unstable equilibria before is pushed away
through a global map (Fig. 7).
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The analysis of the general dynamics, including the switching
between the two phases of the relaxation oscillator, needs to take
into account the global return map and it is more complicated.
However we expect that the singular Hopf point found in system
(1) corresponds to a folded saddle–node singularity of type II. This
is because previous studies on system (1) show that it has an S-
shaped criticalmanifoldwith two attractive external branches (say
Sa) and one middle repelling branch (Sr ) [30]. In addition, on this
manifold, the curve of ‘jumping’ points (the fold curve) is defined
by a condition similar to (6), that is F ′(u∗1)F

′(u∗2) = β
2. As pointed

out in [25,28], this is a common situation when a singular Hopf
bifurcation point of a slow–fast system is associated with a folded
saddle–node singularity. A folded saddle–node singularity of type
II is of interest because it allows the reduced flow to cross from
the attractive region of the manifold, Sa, to the repelling region
Sr before it switches to a different state through a fast fiber; such
trajectories are called singular canards and they persist under small
perturbations ε = 1

τ
� 1. The construction of the global return

map as part of canard trajectories would prove how the small
subthreshold oscillations discussed in Section 4 are concatenated
with the fast fibers to form mixed-mode oscillations. We consider
it in a future paper [27].

Appendix A. Choice of coefficients αj in the singular perturba-
tion expansion

The singular perturbation expansion (9) in system (7) leads to
the equivalent form (10)with noO(1) part dependency onΛ if and
only if

α1 =
β − g − F ′(u∗2)
2β2ω2 + g2

, α2 =
β − g − F ′(u∗1)
2β2ω2 + g2

,

α3 =
−g(β + F ′(u∗2))
2β2(2β2ω2 + g2)

, α4 =
(g − 2β)(β − F ′(u∗2))
2β2(2β2ω2 + g2)

.

Appendix B. The normal form construction

The system (13) has the form
√
ε ˙̃x1 = f̂x1 x̃1 +

1
2
f̂x2x2 x̃

2
2 + O(

√
ε),

˙̃x2 = f̄yY +
1
2
f̄xxx̃22

+
√
ε

(
αx̃2 + f̄x1x2 x̃1x̃2 + f̄xyx̃2Y +

1
6
f̄xxxx̃32

)
+ O(ε),

Ẏ = h̄xx̃2 +
√
ε

(
h̄yY +

1
2
h̄xxx̃22

)
+ O(ε) (B.1)

with Y = (ỹ1, ỹ2)T and coefficients f̂x1 = −2, f̂x2x2 = −B,
f̄xx = A, α = γΛ, f̄x1x2 = B, f̄xxx = C̃ and f̄y = (

g
2βF ′(u∗1)

,−
g
2β2
),

f̄xy = (
gF ′′(u∗1)
2F ′(u∗1)

2 −
gB

4βF ′(u∗1)
,
gF ′′(u∗2)
2F ′(u∗2)

2 −
gB
4β2
), h̄x = (−β, F ′(u∗1))

T ,

h̄xx = (−
βB
2 ,−

F ′(u∗1)B
2 )T and

h̄y =

−1−
g

4F ′(u∗1)
−
g
4β

−
g
4β

−1−
gF ′(u∗1)
4β2

 .
At this pointwe can apply themethod introduced byBraaksma [38]
and reduce system (13) to the normal form (4).
Note that conditions [N0]–[N5] in Proposition 1 are satisfied.

Here the equilibrium point is ¯̃x = (0, 0), Ȳ = (0, 0) at value ᾱ = 0
of the parameter α. For example, the linear part in the x̃-subsystem

is defined by the matrix
(
f̂x1/
√
ε 0

0 α
√
ε

)
and it leads at (¯̃x, Ȳ , ᾱ) to
the matrix
(
−2/
√
ε 0

0 0

)
which is in Jordan form. Condition [N3]

reduces to (2β2ω2+g2)which is obviously nonzero and condition
[N5] is equivalent to f̄yh̄x = −ω2 < 0. Therefore the reduction to
the normal form is possible as long as A 6= 0 (see condition [N6] in
Proposition 1) and γ 6= 0 (condition [N7]).
Following the steps in [38] we first introduce a new scalar

variable V = f̄yY and then change the slow variables Y to W =
Y + V

ω2
h̄x. In this way we obtain two subsystems {x̃1, x̃2, V } and

{W } that are only weakly (O(
√
ε)) coupled. Moreover x̃1 is linearly

decoupled from the rest of the system.
A simplification of the O(1) part of the slow subsystem to a

parameterless form results from the scaling ξ = Aωx̃1, ũ =
Ax̃2/ω, ṽ = AV/ω2, w̃ = AW/ω2, t̃ = sω, together with a
scaling of the small parameter δ =

√
ε/ω. This is followed by a

near-identity transformation that simplifies the O(δ) part without
any disturbance of the O(1) terms and by the removal of the
O(δ) part in the ṽ-equation. That is done with the changes w =
(w1, w2)

T
= w̃ + δ(I2 + 1

ω2
h̄x f̄y) 1ω2 h̄yh̄xũ and u = ũ − δ f̄y(h̄yw −

1
ω2
h̄yh̄xṽ + 1

2A h̄xxũ
2) where I2 is the two-by-two unit matrix. We

should mention that this change of coordinates also replaces the
parameter α = γΛ by λ = γΛ− 1

ω2
f̄yh̄yh̄x.

We can remove the uṽ quadratic term in the u-equation with
the change u = u + 1

3δΩ(
1
2u
2ṽ − u2 + ṽ2) and v = ṽ − 1

3δΩuṽ
whereΩ = −( 1

ω2
f̄yh̄yh̄x + 1

A f̄xyh̄x +
1
A f̄yh̄xx).

The last step is to eliminate oneof the twovariables in the vector
w which is certainly superfluous. That is because we introduced
V (and so v) as a new scalar variable to the original system but
also kept all others. We note that f̄yW = f̄yY + V

ω2
f̄yh̄x = V (1 +

1
ω2
(−ω2)) = 0 impliesw2 =

β

F ′(u∗1)
w1+O(δ). Therefore we define

the scalar w = w1; then we discard the equation for w2 while
keeping only that ofw1 with the appropriate changes. System (14)
results immediately.
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