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1. Introduction

My research interests are in application of topology to biology. Currently I work on
DNA topology. DNA topology is a study of the topological conformation and path of the
DNA sequences in three dimensional space. We predict or confirm this DNA topology by
mathematical theory. Especially, I am interested in the topology of the DNA within a
protein-DNA complex. In my thesis, I used a tangle analysis, knot theory, graph theory and
low dimensional topology to predict the topological shape of DNA in the complex.

2. Motivation

DNA recombination refers to a process in which DNA is rearranged within a genome.
There is a DNA recombination where two specific short DNA sequences are exchanged. This
process is called site-specifie recombination and the specific sequences are called target sites.
This reaction requires specialized proteins, called recombinases. Recombinases recognize the
target sites and bind to them. The DNA within the protein-bound DNA complex is cleaved
and strands are exchanged before the DNA is resealed. During this recombination process,
the topology of DNA is often changed. Thus to know topology of DNA within the protein-
DNA complex is very important to understand the recombination and also for successful
recombination.

An n-string tangle is a three dimensional ball with n-strings properly embedded in it. In
late 80’s, C. Ernst and D. Sumners introduced a tangle model of protein-DNA complexes
[4]. This model assumes that the protein is a 3-dimensional ball and protein-bound DNA
are strings embedded inside the ball. See Figure 1.

Figure 1. (a)AFM image of a Cre synapatic complex with circular DNA [7]
and a corresponding 2-string tangle model; (b) Electron microscope image of
Hin invertasome formed with circular DNA [5] and a corresponding 3-string
tangle model.
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Originally tangle model applied to a protein such as Cre which binds two DNA segments.
The protein breaks and rejoins the DNA segments and then creats knotted DNA [4]. When
this kind of protein complex bounds a circular DNA, after protein binds two DNA segments,
there will be two DNA loops outside of DNA-protein complex. Hence we can use 2-string
tangle model for this complex (Figure 1 (a)). More recently, Pathania, Jayaram and Harshey
predicted that the topological structure within the Mu protein complex consists of three
DNA segments containing five crossigs [6]. Since Mu binds DNA sequences at 3 sites, the
Mu protein-DNA complex can be modeled by a 3-string tangle. In general, 3-string tangle
analysis is much complicated than 2-string tangle analysis. Darcy, Leucke and Vazquez
analyzed the experimental results of [6] by using 3-tangle analysis [3]. And this is also
computationally analyzed in [2].

3. Difference topology and its application on Mu protein complex

Cre is a site-specific recombinases which binds to two tarteg sites. Cre cuts these target
sites and changes the topology of the DNA before resealing it again. The local reaction of
Cre can be modeled by 2-string tangle as shown in Figure 2.

Figure 2. A 2-string tangle model for the local action of Cre at target sites.
Figure from [3]

If Cre acts on unknotted DNA not bound by any proteins except for Cre, then the main
products of Cre recombinations are unknots and unlinks, respectively. If, however, a protein
complex such as Mu binds the DNA before Cre acts, the products can be more complicated.
This difference in products was used in [6] to determine the topological conformation of the
DNA bound by Mu. This methodology is called difference topology. Note that every product
topology of Mu protein complex after Cre recombination experiments was (2,p)-torus knot
or link.

4. My work

From the 3-string tangle analysis of Mu protein-DNA complex, we addressed a possibility
that a protein binds DNA sequences at four sites. There are a number of protein-DNA
complexes, such as those involved in replicating and transcribing DNA, in which multiple
proteins interact with each other and with multiple segments of DNA. Thus it is highly likely
that protein-DNA complexes exist involving four or more DNA segments. Such a protein
complex bound to a circular DNA is modeled by a 4-string tangle with four loops outside of
the tangle (Figure 3 (a)).

In nature, circular DNA is negatively supercoiled and it is plectonemic if the DNA does
not wrap a protein. Plectonemic supercoiled DNA is usually branched [1]. Figure 3 (b) is
an example of biologically reasonable model of DNA-protein complex involving four DNA
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segments. We can generalize this to a mathematical tangle model in Figure 3 (c), where ni’s
are the number of left handed half twists. We call a tangle in Figure 3 (c) a standard tangle.
Furthermore, we addressed a possibility that a pair of supercoiled DNA branches can be
twisted. An example of tangle model of this case is shown in Figure 3 (d). A tangle which
is obtanined from standard tangle by twisting pairs of branches called R-standard tangle.
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Figure 3. (a) A 4-string tangle model of a DNA-protein complex. (b) Ex-
amples of 4-string tangle model which are biologically relevant. (c) Standard
tangle. (d) An example of R-standard tangle.

For Cre recombination, we need to put target sites on two of the outside loops. In the 3-
string tangle model, there are three choices for a pair of loops on which to place Cre binding
sites. On the other hand, in the 4-string tangle model, there are six different possible pairs
of loops. Based on difference topology experiments, we focus on a 4-string tangle model such
that all six product topology is (2,p)-torus knot or link.

We define a 4-string tangle T as a solution tangle if all six product topology of protein-
bound DNA after doing Cre recombination on a pair of outside loops is (2,p)-torus knot or
link. See Figure 4.
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Figure 4. A 4-string solution tangle. In (b)∼(f), T is rotated. The dotted
circle represents a Cre recombinases.

Fianlly, let me introduce our main result and some definitions to understand that:

Definition 1. Two tangles are freely isotopic to each other if they are ambient isotopic
allowing the boundary to move.
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Definition 2. A rational tangles is ambient isotopic to a tangle which has no crossings if
we allow the boundary of the three ball to move.

Theorem 1. Suppose T is a 4-string tangle which has less than 8 crossings up to free isotopy.

If T is a solution tangle, then T is R-standard.

In other words, if a 4-string tangle T satisfies all the equations of Figure 4 and has less
than 8 crossings up to free isotopy, T can be represented by an R-standard tangle. Since all
rational tangles are freely isotopic to a tangle which has no crossings, we can find all rational
solutions.

Remark. A tangle is rational if and only if its strings can be pushed to lie on the boundary
of the 3D ball so that no string crosses over another string on the boundary of this ball. If the
DNA wraps around the protein “ball” so that the DNA does not cross itself on the boundary
of this protein ball, then the tangle modeling it is rational. Also, in nature, circular DNA
is supercoiled. Protein-bound DNA is also often supercoiled. Hence rational tangles are
generally believed to be the most biologically reasonable models for protein-bound DNA.

5. Future Plans

First, I plan to complete the work started with my dissertation. That is, I would like to
extend the number of crossings in Theorem 1. Even though rational tangle is the most biolog-
ically relevant tangle model of DNA-protein complexes, mathematically, it is still interesting
problem.

Besides that, I’m working on a double branched cover of 3-string tangle. For 2-string
tangle, a double branched cover of 3-ball along the tangle is a torus. Thus, the fundermental
group (π1) of a torus is Z⊗Z, abelian. However, for 3-string tangle, since a double branched
cover is a torus with genus two, π1 is not abelian and very complicated. I am interested
in finding π1 of double branched cover of general rational 3-tangle, and analyze the DNA
conformation within Mu-protein complex by using this theory.
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