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Name: Score:

1. (5%) How to avoid the loss of significance error in computing f(x) = (ex2 − 1)/(4x) for x

close to 0?
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2. (15%) What is the order of convergence of the iteration xn+1 =
xn(x2

n + 3a)

3x2
n + a

as it converges

to the fixed point α =
√

a?

3. (10%) Consider the function sin x on [−π, π] and its approximation by an interpolating

polynomial. For n ≥ 1, let h = 2π/n, xj = −π + jh, j = 0, 1, · · · , n, and let pn(x) be the

nth-degree polynomial interpolating sin x at the nodes x0, · · · , xn. Prove that

max
−π≤x≤π

| sin x− pn(x)| → 0 as n →∞
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4. (20%) Consider the linear system A x = b with A =

 1 1.1

0.9 1

. With b = (1, 1)T ,

the solution is x = (−10, 10)T . If we perturbe b to b̂ = (1.1, 1)T , then the solution becomes

x̂ = (0, 1)T . Explain why a small change in b causes a large change in x.
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5. (30%) Consider the system
4 1 1

1 2 0

0 2 3




x1

x2

x3

 =


b1

b2

b3

 .

(1) Show that for any right side vector b = (b1, b2, b3)
T , the system has a unique solution

x = (x1, x2, x3)
T .

(2) Apply the Jacobi and Gauss-Seidel methods to solve the system. Write down the iteration

formulas.

(3) Do the Jacobi and Gauss-Seidel methods converge for the given system? Why?
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6. (20%) Consider the initial value problem

Y ′(x) = Y (x), Y (0) = 1.

(1) What is the backward Euler’s method for solving the problem?

(2) Denote the backward Euler solution at an arbitrary node xn by yh(xn), with h the

step-size. Show that for fixed x = xn, there holds the convergence limh→0+ yh(x) = Y (x).
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