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1. (5%) Let A be a square matrix of order n, and let U and V be unitary of the same order.
Use the definition of the matrix {| - [|>-norm to show that VAV ||z = ||A]|..
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2. {15%) Consider two real systems
Qz=»>b, (Q+E)&=0b,

where @ is an orthogonal matrix. Assume ||E||; < 1. Prove the error bound
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3. (10%) Compute the LU factorization of the matrix
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4. (15%) Let A be a symmetric, positive definite matrix. Recall that the CG method for
solving Ax = b is the following:

Initialization. Given xp, compute rg = Azxp — b and set py, = —rg and k = 0.
Iteration. For k > 0, while 7, # 0, compute ay = T} 7¢/Pi Apy, it = Tk + WPy,
Thy1 = T+ APy, Bry1 = T.{+1Tk+1/"°{7'k, Prt1= ~Th+l T Br1Py-

Suppose for some nonsingular matrix C, the condition number of C-TAC™! is much smaller
than that of A. It then makes sense to apply the CG method to the system (C~TAC1)(Cx) =
C-Th. Derive formulas for such a preconditioned CG method, with the requirement that
the only additional operations are solving systems of the form My = g where M = CTC.
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5. (20%) Consider the system

4 -2 0 I b]_
-1 4 -1 T | =1 b2 |-
0 -2 3 T3 b3

(1) Show that for any right side, the system has a unique solution.
(2) Apply the Jacobi and GS methods to solve the system. Write down the iteration formulas.
(3) Can you determine if the Jacobi and GS methods converge for the given system? Explain.
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6. (15%) Apply the Sturm theory (Theorem 9.5 of the textbook on eigenvalues of a real

symmetri Rlagonal matrix) to separate the eigenvalues of the matrix
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7. {(20%) Let

A= (1)
1 2
(a) Find the eigenvalues.
/ (b) Let us choose 2 = (1,—1)7 as an initial guess and apply the power method. Find
{ the sequences w™, z(™ and A = w{™ /2" Does {A™} converge to the dominant
cigenvalue? Explain if this example contradicts the convergence theory of the power method
presented in Section 9.2.
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